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ABSTRACT

In the present study, we investigated a problem of steady laminar mixed convection flow over a vertically stretching sheet with partial slip under
convective surface boundary condition. The governing partial differential equations of the boundary layer flow are reduced into a set of nonlinear
ordinary differential equations using a suitable similarity transformations. The system of non linear ordinary differential equations are solved by the
Keller box method. Velocity, temperature and heat transfer rate are analyzed by considering the important parameters: Prandtl number Pr, convective
parameter ε, slip parameter K and mixed convection parameter λ on the fluid flow and the corresponding results are presented graphically and
discussed in detail. The investigation shows that surface heat transfer rate is affected by Prandtl number Pr, slip parameter K and mixed convection
parameter λ. Increasing Prandtl number and mixed convection parameter λ increases surface heat transfer rate but decreasing mixed convection
parameter λ and increasing the slip parametrK reduces it. The numerical results obtained are compared with previously reported cases available from
literature and they are found to be in very good agreement.
Keywords: Boundary layer. Mixed convection. Convective boundary condition. Keller box method. Partial slip.

1. INTRODUCTION

Mixed convection flow over a surface is a phenomenon having wider im-
portance from both theoretical and practical situations due to its numer-
ous applications in many engineering and geophysical areas. The pro-
cesses occur when the effects of buoyancy forces in forced convection
or the effects of forced flow in free convection become significant at the
same time.

A free convection heat transfer due to the action of buoyancy and
induced magnetic forces was investigated by Sparrow and Cess (1961)
pointing out that presence of a magnetic field significantly affects the free
convection heat transfer. Patil et al. (2009) considered a mixed convec-
tion flow over a continuously moving semi-infinite vertical plate due to
the combined effects of thermal and mass diffusion by solving the cou-
pled nonlinear partial differential equations numerically using implicit
finite difference scheme in combination with quasilinearization. Bound-
ary layer flow past a stretching plate have been studied by Ahmad et al.
(2010) by using variable thermal conductivity to the flow problem and
Aydin and Kaya (2009) analyzed the mixed convection flow of a vis-
cous dissipating fluid about a vertical flat plate taking into account the
effects of Ohmic heating and viscous dissipation. Bhattacharyya et al.
(2013) examined effects of slip at the boundary on the mixed convec-
tive boundary layer flow over a flat plate. A problem of boundary layer
flow over a stretching sheet in the presence of magnetic field has been
solved by Pop and Tsung (1998). A similar work was done by Kumaran
et al. (2010), who studied the transition effect of boundary layer flow
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due to an imposed and withdrawal of magnetic field over a viscous flow
past a stretching sheet and have analyzed the problem numerically us-
ing one of the implicit finite difference methods called Crank-Nicholson.
Later, Khan and Pop (2010) analyzed numerically the problem of lami-
nar fluid flow past a stretching sheet in a nanofluid including the effects
of Brownian motion and thermophoresis properties. A natural convection
boundary-layer flow of nanofluid in a porous medium along a vertical
plate be examined by Hady et al. (2011) wherein the problem has been
solved numerically and analytically. Free convection and mass trans-
fer flow over a vertical surface with the fluid considered to be electric
conducting through a pours medium with constant heat flux in the pres-
ence of magnetic field is analyzed by Acharya, Dash, and Singh (2000)
and Mansur and Ishak (2013) also studied the boundary layer flow of
a nanofluid past a stretching/shrinking sheet with a convective boundary
condition . Further, Bakar et al. (2012) extended the steady laminar flow
over a stretching sheet with a convective boundary condition and consid-
ering the effect of partial slip. Most recently, Ali et al. (2014) discussed
the problem of steady laminar magnetohydrodynamic (MHD) mixed con-
vection stagnation-point flow of an incompressible viscous fluid over a
vertical stretching sheet.

The flow over a stretching sheet has a wider applications in many
industrial manufacturing processes such as the aerodynamic extrusion of
plastic sheets and polymer extrusion, liquid film, hot rolling, wire draw-
ing, paper production, drawing of plastic films, metal spinning, cooling
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of nuclear reactors during emergency shut down conditions, glass− fiber
production and so on (Ferdows et al., 2012; Khan and Pop, 2010; Mahdy,
2012; Nadeem et al., 2013). This motivates us to study the problem of
mixed convection flow over a stretching sheet. The aim of the present
study is to investigate mixed convection boundary layer flow over a ver-
tically stretching sheet with convective boundary condition and effect of
partial slip. It is a new insight into such flow problems over a stretching
sheet and also identifies the parameters that will affect the surface heat
transfer rate. The boundary layer flow governed by the partial differen-
tial equations are first transformed into a system of nonlinear ordinary
differential equations, before being solved numerically using Keller box
method (Cebeci and Bradshaw, 1984; Na, 1979).

2. MATHEMATICAL FORMULATION

Consider a steady laminar mixed convection flow over a vertically stretch-
ing sheet of uniform surface temperature Tw immersed in an incom-
pressible viscous fluid and a Cartesian coordinate system is considered
in which the x-axis is measured along the plate in the upward direction
and the y-axis is measured in the direction normal to the stretching sheet.
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Fig. 1 Physical model and coordinate system

The sheet is stretched and its velocity is assumed to be uw = ax,
where a is a positive constant. The boundary-layer equations, under the
Boussinesq approximation and for steady state flow conditions in the ab-
sence of heat generation and viscous dissipation, are given by:

∂u

∂x
+
∂v

∂y
= 0 (1)

u
∂u

∂x
+ v

∂u

∂y
= v

∂2u

∂y2
+ gβ(T − T∞) (2)

u
∂T

∂x
+ v

∂T

∂y
= α

∂2T

∂y2
(3)

with the boundary conditions:
u = uw + L ∂u

∂y
and v = 0 at y = 0 and u→ 0 as y →∞ for the

velocity field
−k ∂T

∂y
= hf (Tf − Tw) at y = 0 and T → T∞ as y → ∞ for

the thermal field, where L is the proportionality constant of the velocity
slip, u and v are the velocity components in the x and y directions respec-
tively. We assume that the left surface of the sheet is heated by convec-
tion. We apply the following transformations to transform the nonlinear
partial differential equations into a system of non linear ordinary differ-
ential equations.

η = y
(
a
ν

) 1
2 , ψ(x, y)=(νa)

1
2 f(η), G(η)= T−T∞

Tf−T∞
.

The stream function ψ(x, y) is defined as: u = ∂Ψ
∂y
, v = − ∂Ψ

∂x
.

Continuity equation (1) is satisfied with the variable η and the dimension-
less stream function f(η). Using the similarity transformations and the
function f(η), equation (2) and (3) respectively reduce to the following
ordinary differential equations:

f ′′′ +
f

2
f ′′ − f ′2 + λG = 0 (4)

G′′ + PrfG′ = 0 (5)

In order to get similarity solution we take hf = c√
x

, where c is
constant. The transformed boundary conditions can be written as :

f ′(0) = 1 +Kf ′′(0), f(0) = 0, G′(0) = −ε(1−G(0)), (6)

f ′ → 0, G→ 0 as η →∞,

where K = L
√

a
ν

, ε = c
k

√
ν
u∞

and λ =
gβ(Tf−T∞)

a2L
.

The physical quantities of interest are the local skin friction Cf and the
local Nusselt number Nux which are defined as:

Cf =
2τw
(ρu2

w)
(7)

Nux =
xqw

k(Tf − T∞)
, (8)

where the surface shear stress τw and the surface heat flux qw are given by

τw = µ ∂u
∂y
|y=0, and qw = −k ∂T

∂y
|y=0.

Using the similarity variable, equation (7) and (8) respectively becomes

1
2
Cf
√
Rex = f ′′(0), Nux√

Rex
= −G′(0),

where Rex = Uwx
ν

is the Reynolds number.

3. RESULTS AND DISCUSSION

The non linear ordinary differential equations (4) and (5) with the bound-
ary condition (6) were solved numerically by Keller box method. The
computations have been carried out for different values of Prandtl num-
ber Pr, convective parameter ε, slip parameter K and mixed convection
parameter λ. Figures 2 - 9 show the effect of these parameters on veloc-
ity & temperature profiles and Figures 10 - 12 discuss the effect of the
parameters on surface heat transfer rate. In order to validate our method,
we have compared steady state results of heat transfer coefficient G′(0),
ηδ and η∞ with those of the works by Cortell (2008) and Anilkumar
(2011). Where, ηδ is non-dimensional thickness of the boundary layer
and η∞ is the value of η at the free stream when the flow is the boundary
layer flow on a flat plate with no effect of convective parameter ε, slip pa-
rameter K and mixed convection parameter λ. The comparison is given
in Table 1.

Figures 2 and 3 depict the effect of mixed convection parameter
λ and Prandtl number Pr on velocity profile keeping other parameters
constant. We see from these figures that there is no significant effects of
λ & Pr on velocity of the fluid. The velocity profile decreases as the slip
parameter K increases as it is interpreted by Figure 4. From this we can
deduce that as K increases the skin coefficient friction f ′′(0) decreases
in magnitude. Figure 5 explains the relationship between convective
parameter ε and the non-dimensional temperature. As indicated in the
figure, when the value of convective parameter ε getting large the temper-
ature also rises. This is to mean that temperature of the hot fluid which is
found to the left of the sheet is convicted to the right fluid. This causes the
surface temperature to rise and consequently increases the temperature of
the fluid which is found to the right of the stretching sheet. The reverse
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Table 1 Comparison of G′(0), ηδ and η∞ with those of the works by
Cortell (2008) and Anilkumar (2011) with no effect of ε, K and
λ.

Cortell (2008) Anilkumar (2011)
Pr G′(0) ηδ η∞ G′(0) ηδ η∞
0.7 0.29268 5.64 8.36 0.29268 5.64 8.36
5 0.57669 2.75 4.07 0.57668 2.74 4.07
10 0.72814 2.17 3.22 0.72812 2.16 3.20
30 1.05173 1.50 2.24 1.05171 1.50 2.22
50 1.24729 1.27 1.90 1.24729 1.26 1.91
100 1.57183 1.01 1.52 1.57181 1.00 1.52
1000 3.38709 0.46 0.72 - - -

Present
Pr G′(0) ηδ η∞
0.7 0.29268 5.64 8.36
5 0.57670 2.75 4.07
10 0.72816 2.17 3.22
30 1.05173 1.50 2.24
50 1.24736 1.27 1.90
100 1.57197 1.00 1.51
1000 3.38843 0.47 0.72

situation also happen when the right hand side is assumed to be hot as it
is shown by Figure 6.
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Fig. 2 Velocity profile for some values of λ
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Fig. 3 Velocity profile for some values of Prandtl number
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Fig. 4 Velocity profile for different values of slip parameter K
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Fig. 5 Effect of convective parameter ε on temperature profile
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Fig. 6 Effect of convective parameter ε on temperature profile
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Fig. 7 Effect of mixed convection parameter λ on temperature profile
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Fig. 8 Effect of Prandtl number on temperature profile
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Fig. 9 Temperature profile for different values of K
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Fig. 10 Effect of Prandtl number Pr and slip parameter K on surface
heat transfer rate when ε = 0.1 and λ = 0.5
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Figure 7 illustrates that when the mixed convection parameter λ
increases the thermal boundary layer getting thick. Consequently this
reveals that the surface temperature gradient increases in magnitude in
which this produces an increase in the surface heat transfer rate. Physi-
cally λ > 0 means that it is assisting flow and which means heating of
the fluid or cooling of the surface of the stretching sheet. Effect of Prandtl
number on temperature profile is depicted in Figure 8. According to the
figure, as the Prandtl number Pr increases the thermal boundary layer is
getting thin. This is because a higher Prandtl number fluid has relatively
low thermal conductivity which reduces conduction. It is also evident
from the figure that temperature gradient at the surface increases in mag-
nitude as the Prandtl number increases. This indicates that there is an
increase in the surface heat transfer rate. A correlation between the di-
mensionless temperature G and slip parameter K is presented on Figure
9. The figure tells us that as the slip parameter K increases the surface
heat transfer rate decreases. Which implies that the dimensionless tem-
perature tends to rise up. Influence of Prandtl number and slip paramter
K on a local Nusselt number named as surface heat transfer rate is dis-
played in Figure 10. It is seen from the figure that decreasing the Prandtl
number and increasing the slip parameter K will result in a decrease of
the surface heat transfer rate. But increasing the Prandtl number and the
mixed convection parameter λ increases the surface heat transfer rate as
it is shown by Figure 11. Impact of mixed convection parametr λ and the
slip parameter K on surface heat transfer rate is described by Figure 12.
It is revealed by the figure that decreasing the mixed convection parame-
ter λ and increasing the slip parameter K is to decrease the surface heat
transfer rate.

4. CONCLUSIONS

We studied the problem of steady mixed convection boundary layer flow
over a vertically stretching sheet in a viscous incompressible fluid with
convective surface boundary condition and partial slip. The governing
partial differential equations are transformed into ordinary differential
equations using similarity transformation, which are more convenient for
numerical computation. The transformed ordinary differential equations
are then solved numerically by the Keller box method. The numerical
results obtained are compared with previously reported cases available
from literature and they are found to be in very good agreement. The ef-
fect of Prandtl number Pr, convective parameter ε, slip parameter K and
mixed convection parameter λ on velocity, temperature and surface heat
transfer rate are presented. From the present investigation, we found that:

• Effects of Prandtl number Pr and mixed convection parameter λ
on velocity profiles are insignificant.

• Raising the Prandtl number or mixed convection parameter λ tends
to increase the surface heat transfer rate.

• The velocity profile decreases as the slip parameter K increases.

• Rise of the temperature can be observed in an increase of convec-
tive parameter ε.

• A decrease of Prandtl number Pr and an increase of slip parameter
K will result in a decrease of surface heat transfer rate.

• Increasing Prandtl number and mixed convection parameter λ in-
creases the surface heat transfer rate but decreasing the mixed con-
vection parameter λ and increasing the slip parametr K reduces
it.
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NOMENCLATURE

Cf local skin friction coefficient
cp specific heat capacity
F dimensionless velocity
f dimensionless stream function
G dimensionless temperature
hf heat transfer coefficient
k thermal conductivity
K slip parameter
L proportionality constant of the velocity slip
Nux local Nusselt number
Pr Prandtl number
qw surface heat flux
Rex local Reynolds number
T temperature of the fluid
Tf temperature of the hot fluid
T∞ temperature of the fluid far away from the wall
Tw temperature at the wall
u velocity component in x-direction
Uw stretching sheet wall velocity
v velocity component in y-direction
Greek Symbols
α thermal diffusivity
ν kinematic viscosity
µ dynamic viscosity
ρ density of the fluid
η transformed variable
ψ stream function
τw wall shear stress
λ mixed convection parameter
ε convective parameter
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