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Abstract: In the present research, Tiwari and Das model are used for the
impact of a magnetic field on non-Newtonian nanofluid flow in the presence
of injection and suction. The PDEs are converted into ordinary differential
equations (ODEs) using the similarity method. The obtained ordinary dif-
ferential equations are solved numerically using shooting method along with
RK-4. Part of the present study uses nanoparticles (NPs) like TiO2 andAl2O3
and sodium carboxymethyl cellulose (CMC/water) is considered as a base
fluid (BF). This study is conducted to find the influence of nanoparticles,
Prandtl number, and magnetic field on velocity and temperature profile, how-
ever, the Nusselt number and coefficient of skin friction parameters are also
presented in detail with the variation of nanoparticles and parameters. The
obtained results of the present study are presented using MATLAB. In addi-
tion to these, some simulations of partial differential equations are also shown
using software for graphing surface plots of velocity profile and streamlines
along with surface plots and isothermal contours of the temperature profile.

Keywords: MHD; non-Newtonian; nanofluids; porous medium; similarity
solution; Blasius flow

Nomenclature

A Constant
c Constant
Cp Specific heat at constant pressure
f Un-dimensional flux form
fw The constant value of transpiration
h Coefficient of Convection
k∗ Thermal conductivity
Pr Prandtl No.
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N Power law index
T Fluid Temp
U∞ The velocity of the free stream
ŭ Velocity vector in x-direction
v̆ Velocity vector in the y-direction
x Coordinate along with the sheet
y Coordinate perpendicular to the sheet surface

Greek Symbols
α Thermal diffusivity
η Variable for similarity solution
μ Dynamic viscosity
θ Non dimensional temperature
ψ Stream function
υ Kinematic viscosity coefficient....
σ Electrical conductivity
ϕ Volume fraction

Subscripts
f Fluids
nf Nanofluids
s Solids
∞ Ambient conditions

1 Introduction

Solving Partial differential equations associated with fluid flow problems are the most fas-
cinating and challenging task to perform. Its analysis, in reality, is also a hard job. In recent
years computational techniques, coupled with laboratory framework, give more insight to fluid
flow problems. The industries have an increasing interest in a non-Newtonian branch of fluid
flow with different boundary conditions along with very similar parameters [1]. Such a convection
mechanism is studied by Sui et al. [2] by considering non-Newtonian fluids to solve heat transfer
problems using boundary methodology. Jalil et al. [3] obtain the solution to boundary flow with
the assumption of the plane having properties of the permeable stretching sheet. They focused on
the computational solution of this problem and compared the results with the analytical solution
by the similarity of the equations. Patil et al. [4] studied the flow problem of power-law by
considering mixed convection heat transfer on a flat vertical plate. Such a phenomenon gives rise
to chemical reactions coupled with radiation under the assumption of a darcy porous medium.
Researchers like Suresh et al. [5] focused on horizontal flat permeable moving slip velocity with
heat and mass transfer.

The term NFs was introduced by Choi, and these are suspensions of solids particles with a
diameter ranging from 1 nm to 100 nm. NFs containing base fluids and NPs are considered as a
subclass for heat transfer fluids. In NFs, nanoparticles used are generally made of nano-metals.
NFs are sufficiently viscous, adequate steady, better wetting, scattering and spreading property on
solid surfaces even for modest NPs fixation. Choi et al. [6] investigated the increasing thermal
conductivity of fluids with NPs. In view of the non-uniform thermal conductivity, Jha et al. [7]
examined thermal transfer from non-Newtonian pseudo-plastic fluids. In a heat source traveling
sheet, Mahmoud [8] has studied the impact of slip velocity on NFs power law fluid. Gadson
et al. [9] discussed the application and convective heat transfer of NFs. Lin et al. [10] explored
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radiation transfer from a non-Newtonian Pseudoplastic NFs over a flat plate and Marangoni
convection heat. The non-Newtonian Nanofluids flowing on a sheet with heat generation and
MHD boundary layer absorption were analyzed numerically by Ramesh et al. [11]. Madhu
et al. [12] reviewed the flow of non-Newtonian nanofluids over a non-linear stretching sheet. Yazdi
et al. [13] studied the numerical calculation of magnetoconvection non-Newtonian nanofluids slip
from a porous surface.

The flow alongside a fixed horizontal shield in a fluid stream flowing at a constant rate is
a classic fluid mechanics problem. Blasius addressed such a flow in 1908. In this problem, the
free stream is generated by the fluid motion. A related situation occurs when the plate moves in
still fluid at a constant velocity. This topic was first handled by Sakiadis (1961). Dai et al. [14]
explained Sakiadis and Blasius flow in NFs through a permeable surface in the existence of heat
flow under a convective surface boundary condition. Study-related to the magnetic field effect on
the classical Sakiadis and Blasius flow of NFs was discussed Ahmed et al. [15] over an inclined
shield. A numerical computation was presented by Gupta et al. [16] in NFs on the Sakiadis and
Blasius problems under isothermal conditions. From the outcomes of this study, it was come to
know that the heat transfer and fluid flow properties of NFs are affected by solid volume fraction.
In 1908 Blasius [17] solved the classical problem for the first time and still, it is a field of current
research. Characteristics like heat and flow transfer in NFs were studied by Narsu et al. [18] in
the presence of thermal radiation.

MHD refers to the investigation of magnetic properties for the fluid having electrical con-
duction. MHD has a wide range of applications in various fields of engineering such as power
generator, cooling of reactors, MHD accelerator, and design for heat exchange. Alfven was the
first physicist who gave the idea of MHD fluid flow. He reported that an electromotive force is
produced due to the random motion of each conducting liquid placed in a magnetic field, which
produced current, this current gives rise to the mechanical forces due to which fluids change their
state of motion. Such type of rearrangement established electromagnetic hydrodynamic relations.
Narsu and Rushi Kumar have analyzed the unsteady, laminar, two-dimensional MHD radiated
and chemically reacting flow of Blasius and Sakiadis in the account of variables conductivity.
The theoretical investigation of the assorted convective boundary layer flow with magnetic field
NFs over an inclined plate was investigated by Devi and Kumar, and this study was discussed
in account of both Blasius and Sakiadis flow. Further, the transformed governing equations were
solved numerically with the help of MATLAB. The unsteady, laminar, and natural convective
MHD with Blasius and Sakiadis flows with the help of various variable conditions and properties.
And explained heat transfer and analyzed the existence of a crosswise magnetic field, injection,
and suction, taking into consideration Brownian motion [19–22]. Arif et al. [23] observed the
MHD nanofluid flowing with a chemical reaction over the rotating disc. Maleki et al. [24] studied
flow and heat transfer in non-Newtonian nanofluids over a porous medium. Mustafa et al. [25]
have analyzed the numerical solution for radiative heat transfer in ferrofluids flow due to a
rotating disk. The focus of Umavathi et al. [26] was on the flow and heat transfer of the nanofluid
porous composite medium. The magnetic field effects on Blasius and Sakiadis flow of nanofluids
through a sliding plate have been checked by Anjali Devi et al. [27]. Mahanthesh et al. [28]
observed heat and mass transfer effects over a moving vertical plate on mixed convective fluid
flow of chemically reacting nanofluid. Oztop et al. [29] observed the numerical study of natural
convection in partially based rectangular enclosures filled with nanofluids.
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2 Formulation

Take into account the flow of a non-Newtonian power-law fluid along with a horizontal
porous plate with indicating the velocity components in the directions of x and y-axes respectively,
where x is the coordinate along with the plate, and y is the coordinate vertical to the x-axis.
Fig. 1 shows the graphical model and the coordinate structure. Stream velocity and ambient
temperature are represented by respectively. CMC/water is used as the base fluid for a pseudo-
plastic non-Newtonian NFs. Tiwari and Das formulated a model on Boussinesq boundary layer
approximation based on the nanofluid equation by considering the classical Blasius flow of nano
liquid, equation of motion and heat transfer is elaborated as follow:

ŭx+ v̆y = 0, (1)
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∂y

)
− σnf B0

2

ρnf

(
ũ
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Figure 1: Geometry of fluid flow model

Boundary conditions are given as:

ŭ→U∞ as y→∞,

ŭ= 0, v̆=Vw (x) at y= 0. (4)

−knf
∂T̆
∂y

= hf
(
Tf −Tw

)
at y= 0,

T̆→T∞ as y→∞. (5)
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where ρ̃nf , α̃nf are respectively the density and thermal diffusivity of the nanofluids, ŭ and v̆ are
the horizontal and vertical components of velocity in x and y directions respectively, and B0 are
taken as the strength of the magnetic field.

3 Thermo Physical Characteristic

The thermo physical characteristics of considered nanofluids are listed in Tab. 1 The com-
parison values of skin fraction for non-Newtonian case for selected values of transpiration are
listed in Tab. 2. The comparison values of Nusselt number for non-Newtonian case for different
values of Prandtl number are listed in Tab. 3.

The results in Tab. 1 laminar, incompressible flow regime is considered for the model in
Tabs. 2 and 3 shows that our results are more efficient than the previous results which shows in
the table.

Table 1: Thermophysical characteristics of Nps and base fluid [29]

Physical properties CMC (0.0%–0.3%) Cu Al2O3 CuO TiO2

Cp 4179 385 765 535.6 686.2
Density 997.3 8933 3970 6500 4250
K∗ 0.613 400 40 20 8.9538

Table 2: Comparison of the values of f ′′ (0) n= 0.85 and for various values fw

fw Chen et al. [20] Mostafa et al. [25] Present results

0 −0.4438 −0.4437 −0.4436
0.1 −0.4737 −0.4736 −0.4735
0.5 −0.603 −0.602 −0.601
1 −0.7864 −0.7862 −0.7861

Table 3: Comparison of values θ ′ (0) for various values Pr when fw = 0 and n= 0.85

Pr Chen et al. [20] Mostafa et al. [25] Present results

0.7 0.3425 0.3423 0.342
1 0.44375 0.44372 0.44371
7 1.387 1.377 1.376
10 1.6802 1.68 1.6801

In the present discussion, NFs are used from [29] which are given as

α̃nf =
knf(
ρCp

)
nf

, μ̃nf =
u(
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, ρ̃nf = (1−ϕ)ρf +ϕρs. (6)
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4 Solution Procedure

We use the following transformation laws for the conversion of governing equations into
dimensionless form

ψ =
(
U∞2n−1vfx

)1/n+1
f (η) , ŭ=ψy, v̆=−ψx, (7)

ŭ=U∞f (η) , v̆=− 1
n+ 1

(
vf U∞2n−1

xn

)1/n+1

, η=
(
U∞2−n

vf x

)1/n+1

y, θ = T̆ −T∞
Tf−T∞

(8)

On applying boundary conditions the Blasius flow of the momentum and energy equations
can be described as

1
A4A1
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+ 1
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where
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√
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Boundary conditions are changed as follows

f (0)= fw, f ′ (0)= 0, f ′ (∞)= 1, (12)

θ ′ (0)=A3a (1− θ (0)) , θ (∞)= 0. (13)

fw=−1, 0, 1 stands for impermeable sheet suction and injection respectively.

A1 = 1
(1−ϕ)+ϕρs/ρf

, A2 =− 1

(1−ϕ)+ϕ (ρCp)s / (ρCp)f
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(
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(
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) , A4 = 1

(1−ϕ)2.5 .

⎫⎪⎪⎪⎪⎬
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(14)

5 Quantities of Engineering Interest

The local skin friction coefficient Cf and the local Nusselt number Nu are quantities of
physical interest and are defined in this paper as

Cfx =−2τw/ρf U
2, Nux = xqw

kf (Tw−T∞)
(15)

By employing similarity variables in (15), the following forms are obtained.

τ =μnf
(
|uy|n−1uy

)
y=0

qw =−knf
(
Ty
)
y=0 ũ=U∞f ′ (η) (16)
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τw = ∂u
∂y

=U∞
(
U∞2−n/vfx

)
1/n+ 1f ′′ (η) (17)

Putting values in Eq. (15) then following results are obtained

CfxRex1/n+1 =−2
μnf

μf
f ′′ (0) |f ′′ (0) |n−1 (18)

Similarly if we want to find Nusselt number we use Eq. (15) and the following
temperature equation

T = (Tf −T∞
)
θ (η)+T∞ (19)

Differentiate Eq. (19) with respect to y following results are obtained

∂T
∂y

= (Tf −T∞
)
θ ′ (η)

(
U∞2−n/vfx

)1/n+1
(20)

The following results can be obtained by the use of Eq. (20)

Nux =
x
(
knf
) (
Tf −T∞

)
θ ′
(
U∞2−n/vfx

)1/n+1

kf (Tw−T∞)
(21)

After simplifying the above equation, the following results can be obtained

NuxRx−1/n+1 =−knf
kf
θ ′ (0) Rex = U2−nxn

vf
(22)

CfxRex1/n+1 =−2
μnf

μf
f ′′ (0) |f ′′ (0) |n−1, NuxRex−1/n+1 =−knf

kf
θ ′ (0) . (23)

6 Results and Discussions

The parameters used in a present study like Prandtl number and Nusselt number are defined
below. Fig. 2 is drawn to explain the influence of Blasius flow on the velocity profile for the non-
Newtonian case. It is clear from the diagram that the velocity profile is raising with increasing
values of volume fraction.

Fig. 3 shows the relation between magnetic parameter M and the velocity profile for Blasius
flow. The velocity profile is seemed to rise for bigger values ofM for non-Newtonian fluids.

Fig. 4 is formed to investigate the effect of fw on velocity profile for Blasius flow. When fw
increases, velocity profile, increases in the suction case, whereas reverse tendency is examined in
the injection case.

Fig. 5 indicates that the suction parameter is increased when the temperature falls that is
equivalent to saying faster cooling of the plate occurs with the greater suction which is essential
for many applications in engineering even to waterproof and suction plate non-dimensional
surface. While in injection case opposite trend is examined for both case TiO2.
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0

Figure 2: Effect of f ′ (η) with ϕ

Figure 3: Effect of f ′ (η) with magnetic parameter M

Figure 4: Effect of f ′ (η) with fw

Fig. 6 indicates that the suction parameter is increased when the temperature falls, which is
essential for many applications in engineering. While in injection case opposite trend is shown for
both cases Al2O3.
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Figure 5: Effect of θ (η) with fw

Figure 6: Effect of θ (η) with fw

Fig. 7 shows the effect of volume fraction parameter on the temperature profiles. It is evident
from the figure that rises in the volume fraction increases temperature profiles.

Figure 7: Effect of θ (η) with ϕ
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Fig. 8 shows the impact of the Prandtl number on the temperature profile. From the figure,
it is clear that an increase in the Prandtl number increases the temperature profile.

Fig. 9 shows the impact of magnetic field parameters. From the figure, it is clear that the
increase in the magnetic field increases the temperature profile.

Figure 8: Effect of θ (η) with P

Figure 9: Effect of θ (η) with magnetic parameter M

Fig. 10 shows the impact of convective parameters. From the figure, it is clear that by
increasing convective parameters, the dimensionless surface temperature enhances.

Fig. 11 shows the variation of power-law index n. from the figure, it is clear that by increasing
n parameters, the dimensionless surface temperature increases.

Fig. 12 is plotted for variation of Nusselt number agaist M It is found that the Nusselt
number is reduced for various nanofluids against M parameter.
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Figure 10: Effect of θ (η) with convective parameter a

Figure 11: Effect of θ (η) with n

Figure 12: Effect of Nu with magnetic parameter M
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Fig. 13 is drawn to show the variation of skin friction against M parameter. It is found that
the skin friction number enhances with the increase of the magnetic field.

Figure 13: Effect of Cfx with magnetic parameter M

In addition to this, the solution of partial differential equations which are governing
equations of Non-Newtonian power-law fluid flow over the sheet is found using the software-
based finite element method. Using the software, following kinematic viscosity is chosen for
power-law fluid

μ= η (γ )m−1

γ =max
(√

D : D,γmin

)
, D= 1

2

(
Δu+ (u)t) .

(a)

(b)

(c)

Figure 14: Surface plots of the velocity profile with m= 0.1, m= 0.5, and m= 2



CMES, 2020, vol.125, no.3 1131

where γmin = 0.01
1
s
and n = 1. Figs. 14 and 15 show the surface plot with the variation of the

parameter m. The effect of the parameter on the boundary layer and streamlines can be seen in
these figures. An increase in the thickness of the boundary layer increase with the enhancement
of m and corresponding streamlines can be seen in Fig. 15. Similarly, the effect of normal inflow
velocity on surface plots of velocity and isothermal contours can be seen in Figs. 16 and 17.
An effect of normal inflow velocity on the thermal boundary layer and corresponding isotheral
contours can be seen in Figs. 15 and 16. The convective heat flux is used at the bottom wall
which is given by

−n. (−k∇T)= h. (Text−T)

(a)

(b)

(c)

Figure 15: Plot of streamlines with m= 0.1, m= 0.5, and m= 2

(a)

(b)

(c)

Figure 16: Surface plots of the temperature profile
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(b)

(c)

(a)

Figure 17: Isothermal contours with U0 = 1, U0 = 5, and U0 = 10

where h = 5 and Text = 1 where Text is the temperature of the outside fluid. A Dirichlet type
boundary condition for temperature is used at the top and left walls. The left wall is used as
an inlet, and the right wall is used as an outlet. The normal inlet velocity is denoted by U0. In
Figs. 12–15, the power-law fluid model without considering the effects of the magnetic parameter
is used instead of the nanofluid model given earlier in this work.

7 Conclusion

In this paper, we investigate the Blasius flow. We take into account the effects of the magnetic
field with a power law. Moreover, we consider the Newtonian and non-Newtonian case for Blasius
flow. The leading equations for the flow model are changed into non-dimensional ODEs by using
appropriate similarity transformation. Then the system of ODEs is numerically solved by using
the shooting method along with the R-K method. The effect of different parameters on velocity
and temperature profiles for Blasius is considered. We observed some important results from our
discussion, which are as follows:

• Velocity profile decreases for Blasius flow against various values of volume fraction for
both cases of Newtonian and non-Newtonian fluid.

• In both cases of Newtonian and non-Newtonian fluid, the Blasius flow decreases against
the velocity profile in order to reduce the value of the transpiration rate. Temperature
profiles are found to be enhancing in the case of Blasius flow against the rising values of
volume fraction in cases of a Newtonian fluid.

• The temperature profile increases with an increase in the Prandtl number.
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