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ABSTRACT: Quantum Amplitude Amplification (QAA), the generalization of Grover’s algorithm, is capable of
yielding optimal solutions to combinatorial optimization problems with high probabilities. In this work we extend the
conventional 2-dimensional mathematical representation of Grover’s (marked and non-marked orthogonal collective
states) to oracle operators which encode cost functions, such as those shown in previous studies with QUBO (Quadratic
Unconstrained Binary Optimization). We show that unconstrained linear cost functions (no quadratic or higher terms)
are a special case whereby the symmetry of the system leads to an exact formula for determining optimal oracle
parameter settings, the first known case for non-Grover QAA. Using simulations of problem sizes up to 40 qubits we
demonstrate QA A’s algorithmic performance using our derived equation for oracle parameter values across all possible
solutions, with an emphasis on the closeness in Grover-like performance for solutions near the global optimum. We
conclude with a first-of-its-kind experimental demonstration of generalized QAA on both IBMQ (superconducting)
and IonQ (trapped ion) qubits, with and without error mitigation techniques from the respective hardware vendors.
In addition to the first ever 5-qubit Grover’s experimental demonstration on a trapped ion system, we show that the
observed probabilities of each basis state agree with theoretical predictions for the full range of free parameter values
in the oracle and diffusion operators.
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1 Introduction

Quantum Amplitude Amplification (QAA) is the generalization of Grover’s algorithm, first proposed
nearly three decades ago [I] as a means of searching for a marked subset of an unstructured database.
This problem is framed as having access to a black-box boolean oracle function f : {1,2,3,..., N} - {0,1}
mapping elements of the database to either 0 or 1, for which the solver must find the instance(s) f(x) =1in
the fewest calls to f. An optimal classical algorithm requires O(N) calls to the oracle function. Encoding
f as a unitary operation, Grovers algorithm solves this problem in only O(\/N) calls to f using a
quantum computer. It was shown shortly thereafter that Grover’s algorithm is optimal [2,3], and later that a
deterministic (fixed-point) quantum search for marked states is possible with the same speedup [4-7].

Fast-forward nearly 30 years, and the mathematical framework of Amplitude Amplification has been
analyzed and generalized in numerous ways [8-15], used to solve various problems beyond database
searching [16-23], and incorporated into subroutines for other quantum algorithms [24-27]. Many of these
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theoretical advancements were developed in the absence of physical hardware, but simultaneously there have
been several successful implementations of QAA across multiple quantum technology platforms [28-35].

In this study we focus on a particular variant of QAA which solves combinatorial optimization
problems [36-42]. This formulation of QAA uses an oracle operator similar to the phase-separator operator
in QAOA [43-49], applying phases proportional to every solution of a discrete cost function (Hamiltonian),
which we call cost oracles. Although we shall use the name oracle in this study to keep with normal
convention, we stress that these operators contain no black-box element to them. The motivation for these
oracle operations is their quantum circuit efficiency, addressing a common point of criticism of implementing
Grover’s [50-52], namely the requirement of full N-Toffoli gate operators or quantum dictionaries [21,53] for
the oracle.

QAA as defined in this study consists of applying two alternating operations: oracle and diffusion, each
containing a free parameter which can in principle vary with each application. One way to determine these
values is through measurement feedback and a classical optimizer, effectively QAOA using diffusion as the
mixer [47-49]. Alternatively, it has been shown that cost oracle QAA can succeed in the same manner as
Grovers, using a single parameter value for each operator [37-42]. As in this study, using 7 as the diffusion
free parameter setting has been shown to be capable of achieving high probabilities of measurement for
optimal solutions [38,39,41,42] (90%+).

The challenge of QAA as described above is that every combinatorial optimization problem results in
a unique oracle operation, which in turn requires determining the optimal free parameter setting(s) for the
oracle, diffusion, and total iterations k. For both regular [1] and deterministic (fixed-point) Grover’s [5-7]
optimal values for each are exactly computable, while here we show that unconstrained linear cost functions
(no quadratic or higher terms) produce a symmetry of solutions which can be used to derive an exact formula
for predicting oracle parameter settings. Using simulations of problem sizes up to 40 qubits we show peak
probabilities and iterations k for finding all possible solutions, highlighting that algorithmic performance for
globally optimal solution identification becomes increasingly Grover-like with problem size.

We conclude with experimental results showing a single iteration of generalized QAA up to 5 qubits,
run on both IBMQ and IonQ, with and without noise mitigation techniques implemented by the respective
vendors [54,55]. Each experiment is designed around varying the free parameter in either the oracle or
diffusion operator, comparing the measured probabilities of each basis state with their predicted theoretical
values. Our results show the first ever experimental demonstration of generalized QAA using cost oracles.

2 Amplitude Amplification
We begin by defining the QAA algorithm, given in Algorithm 1.

Algorithm 1: Amplitude amplification algorithm

Initialize Qubits: |¥) = [0)®N

Prepare Equal Superposition: H®N|¥) = |s)

for k iterations do
Apply Oracle Operation: Ug(¢)|¥) or Uc(ps)|¥)
Apply Diffusion Operation: U, (0)|¥)

end for

Measure |¥')
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Algorithm 1 applies to both parametrized variations of QAA using Grover’s oracle Ug(¢) and cost
oracles Uc(p;). Starting from the N-qubit equal superposition state |s) defined as

1 2
|s) = ﬁZ'ZO’ 1

where Z; is a length- N binary string, we perform k iterations of alternating oracle (Ug or U¢) and diffusion
(Us) operations until concluding with a measurement on |¥) in the computational basis (the Bloch sphere
z-axis of each qubit). Ideally, the result of this measurement yields the target state(s) |Z;) solving the
problem encoded by the oracle. The optimal runtime of Algorithm 1 using Ug(7) together with U () is

k ~ Z\/2Y[N,, for N,, solutions [1-3].

2.1 Oracle Operations

The Grover oracle Ug(¢) is a quantum operation defined by the unitary operator

e'?|Z;) if|Z;) € marked,

1Z;) otherwise

Uc($)1Z:) ={ , (2)

which applies a phase of e’¢ to marked target states. The number of marked states, which we denote N,,, can
be as few as one and typically no more than 2V /4 [13]. Realizing this fully entangling operation on quantum
hardware is a known challenge [50-52].

We shall define Ml and N as sets containing all marked and non-marked Z;, respectively. The Grover

oracle subdivides the state |¥') into a two-dimensional subspace spanned by the orthogonal basis states in M
and N as defined by

1 1
Z,‘ s = Z,’ . 3
\/N_mZ,Ze:M| bl \/N_nZ%:N| ) ©)

m) =

For an N-qubit system one typically has N,, + N,,, = 2V, but more generally this summation can be any
integer when using qudits [56] or qubits [57]. Writing |¥') in terms of the collective states |n) and |m) allows
the oracle operation to be rewritten as

Ug(¢) = |n)(n] + &' |m){m|. (4)

Now we shall extend the formalism of Eqgs. (3) and (4) to oracles which apply more than two unique
phases, which is how we define cost oracles in this study. Given a cost function C(Z), we define C; as the
value obtained from evaluating the bit string Z; (C(Z;) = C;). The result of applying a cost oracle to any basis
state is given by

Uc(ps)|Zi) = 4P| Z,). (5)

Next we can generalize the notion of the collective states |n) and |m) to |C;), defined as

1

ICy) >, 1Zi). (6)

N; 7,
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Analogous to |n) and |m), which are defined by the sets of binary strings N and M in Eq. (3), here each
collective state |C;) is defined by the corresponding set C;. Specifically, each C; is the set of all Z; which
evaluate to the same cost function value C(Z;) = C;. We can then rewrite the cost oracle as

D
Uc(pe) = 3 ICNCile o7 o

The unitary operator U¢ has one free parameter p,, which we use to stand for the phase scale [41,42]
(equivalent to y in the QAOA literature [47-49]). Analogous to Ug, applying Uc subdivides |¥) into a
D-dimensional subspace spanned by the orthogonal collective states |C;), where D is the number of unique
evaluations obtainable from C(Z). Importantly, the quantum circuit construction of U¢ does not require any
knowledge of these collective states or the |Z;) contained within them (see [41,42] and Appendix E), which
are assumed to be unknown to the solver.

To conclude, D =2 is by definition a Grover oracle, while D € [3, 2N ] defines cost oracles, where D
is problem dependent on C(Z). Note that Eqs. (6) and (7) reduce to the form of (3) and (4) for the case
D=2, ps=¢, {|C1),|C2)} ={|n),|m)}, {C1, Co} ={0,1}, {Ny, N2} = {N,,, N, }. Thus, our equations for
cost oracles are a generalization of Grover’s to higher dimensions D > 2.

2.2 Diffusion
We now turn to the diffusion operator U;(0), defined by

Us(6) =TI~ (1-e")ls) (sl, (®)

corresponding to the quantum circuit construction shown in Fig. 1. This is the standard construction of
U () as originally proposed by Grover [1], also referred to as the Grover mixer in QAOA [46,47]. This
multiqubit operation is the N-qubit equivalent to P(#) shown in Eq. (9), applying a phase of e’? to the basis
state |1)®Y, and no phase to all other |Z;).

P(6) - [}) e‘?e] ©

@i —
= B
P ue [ = JEHx

an : — - P(9)

Figure 1: Quantum circuit for the diffusion operator U,(6) acting on N qubits.

Because oracle operations only apply phases, in QAA the diffusion operator is solely responsible
for increasing and decreasing amplitude magnitudes (probabilities). The manner in which it does so is
proportional to &, the arithmetic mean of all amplitudes «; (amplitudes of each basis state: a; =(Z;|¥)),
given by

N

[ 8]

1 1

&:

1l
uly
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1 D
:2—NZNi.(xi) (11)
i=1
while
(Z|U(0)¥) = a; - (1-e)a. (12)

Eq. (12) is the change in amplitude experienced by each basis state |Z;) resulting from diffusion. The
typical choice for diffusion is 6 = 7, which from Eq. (12) results in Aa; = a; — 2&. This change in amplitude
is then maximal when «; and & are 7 phase different, which is the situation created by Ug () for the marked
state(s) [1]. Next in Section 3, we show that this same 7 phase matching condition can be achieved for U¢
encoding unconstrained linear cost functions.

3 Solving Linear Cost Functions

For Ug, the optimal ¢, 6, and k values for Algorithm 1 are determined by the size of the unmarked and
marked subspaces N, and Ny, [1,6,7]. For cost oracles U¢, these parameters are determined by C; and N;. In
practice however, these values are unknown except through evaluations C(Z), so a realistic implementation
of QAA for combinatorial optimization needs to be able to determine p;, 8, and k values without excessive
classical precalculation. Here we demonstrate one such example for unconstrained linear cost functions and
discuss the mathematical properties which make it possible.

3.1 Problem Symmetry and &

Consider the case of a set of N randomly selected, real-valued weights W; with W = { W}, W5, ..., Wy }.
We define linear cost functions in this study as

N

C(Zi)=> Wz, (13)
i=1

where each binary variable z; is assigned to one weight W;. Implementing C(Z) according to Eq. (13) as a cost

oracle Uc(ps) is achieved through single qubit phase gates P(W; - p;) on each qubit [41,42] (Appendix E).

The key feature of this C(Z) that allows one to predict optimal p; values is the symmetric distribution of the

solution space about the arithmetic mean C, given by

2N
-:%;Q (14)
2 .

Eq. (14) is generic to all C(Z), while (15) is a property of linear C(Z) as defined by Eq. (13) (proof
in Appendix C). For linear C(Z) the value of C can be obtained by evaluating any Z ; and its bitwise inverse
—Z;. The significance of this symmetry of C; solutions about C is that the resulting mean amplitude after the
first oracle operation Uc(ps)|s) is

& = |&le’CP, (16)

whereby the phase of & is proportional to C (Appendix C). Even though the value of & itself requires complete
information of all |C;), for linear C(Z) knowing the phase of & does not. Thus, using Eq. (16), we can derive a
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formula for p; such that the phase of & is made to be exactly 7 different from the phase applied to any target
collective state |C;) of one’s choosing.

C-ps=Ci-pe =+, (17)

1

Eq. (18) ensures a 7 phase difference between & and the target state |C;) after the first oracle operation,
while in Appendix C we show that this phase difference holds for subsequent iterations when using U, (7).
A visualization of this property is shown in Fig. 2, displaying a series of complex plane plots for |¥') after
applying Uc(p;) according to Eq. (18) for the first five iterations, corresponding to the 10-qubit C(Z) given
in Appendix A, Fig. A1 (W) as well as Fig. A2. As indicated by the axes scale below each plot, the probability
of measuring the target state is increasing with each subsequent iteration in a manner exactly analogous to
Grover iterations Us(7) Ug(7) (m phase between |m) and &), but for an oracle encoding a cost function

Us(m)Uc(ps)-

Uc(p,) Uc(py)Us(m)Uc (p) Uc(p)(Us(m)Uc(p,))’ Uc(p)(Us(m)Uc(p,))’ Uc(p,)(Us(m)Uc(p,))*
30
‘ 208N,
10
) . 00
-0.03 0 0.03-0.04 0 0.04 -0.06 0 0.06 -0.75 0 0.75 -0.1 0 0.1

Figure 2: Five complex plane plots of [¥) after the application of the operators shown above each panel, corresponding
to the 10-qubit C(Z) given in Appendix A. The value of p, used in U is from Eq. (18), for C; = 2. Each colored point in
the plots represents the amplitudes contained within one collective state |C;), with N; indicated by the accompanying
color scale. The extrema states |Cpnin ) and |Cpax ) are plotted as square and triangle markers, respectively. In each panel
the value of & is depicted by the red x, and the origin of the complex plane with a black +. A red-dotted line is drawn
in each panel from & to the collective state |C; = 2}, illustrating their 7 phase difference via the lin€’s intersection with
the origin.

3.2 Algorithmic Performance

The success of QAA for solving a combinatorial optimization problem encoded as U¢ is dependent
on correctly choosing the three parameters p;, 0, and k. A reliable means of determining these parameters
for problems such as QUBO or harder [37-42] remains an open research question, while here shall show
that Eq. (18) for p, together with U;(7) is sufficient for reliable algorithmic performance.

For the 20-qubit linear C(Z) composed of the integer weights W, given in Appendix A, Fig. 3 shows the
joint peak probabilities (solid-colored lines) obtainable for the ten most optimal |C;) states as a function of
ps. Specifically, each colored curve represents the combined probability of measuring |C; = T') or its inverse
|C; =2C - T) (for example, |C; = —223) and |C; = 194) shown in blue). Over the range of p, values shown,
each peak probability was obtained by simulating Algorithm 1 up to the iteration k where it peaks for the
first time (see Fig. 4). The resonance-like shape of these curves is a well-understood feature of Grover’s
algorithm [8,58-60], also observed for harder combinatorial problems such as QUBO [41,42], and emerges
from the condition for constructive interference for the target state (see Appendix D, Fig. A3 for more
details).
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Figure 3: (solid-color lines) Combined peak probability as a function of p; for the ten highest (lowest) |C;) states, for
the N = 20 linear C(Z) composed of the weights W, from Appendix A. (gray-dashed lines) The p, values produced
from Eq. (18) for the integers T € [-223,-209], with N; values reported atop each line.
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Figure 4: Simulations of QAA showing probability vs. iterations k for qubit sizes N = 10, 20, 30, 40 (top right corner),
comparing the joint probability of |C; = 2) and its inverse (solid-black lines) to |m) for standard Grover’s (dashed-
red lines) for Ny, = 2. The p value used for each Uc is from Eq. (18), while the weights of each linear C(Z) are W,
from Appendix A.



82 J Quantum Comput. 2026;8

Accompanying the curves in the figure are vertical gray lines corresponding to p; values obtained
from Eq. (18) for the integers T € [-223,—-209]. Above each line is the corresponding N; value for each
|C; = T) state (or zero if no such solution exists). As evidenced by the closeness of the lines to each of the
ten probability curve peaks, linear C(Z) with integer weights is the ideal scenario for QAA using Fq. (18).
Specifically, a solver knows to only check integer values for Eq. (18). Although it is a simple problem instance,
it demonstrates that at 20 qubits an exact equation for p; is capable of producing measurement probabilities of
60%-75%+ for |C;) near the extrema. However, these probabilities are low compared to larger qubit problem
sizes, such as those shown in Fig. 4.

-

Fig. 4, together with Fig. 5 illustrate two key features of QAA algorithmic performance. Firstly, as
qubit size increases the achievable probabilities of solutions near the extrema, and the iterations k to reach
these probabilities both become increasingly Grover-like. Secondly, within a single problem instance the
peak achievable probabilities of each |C;) decrease for solutions further away from the extrema. This first
feature is an important strength for cost oracle QAA, illustrating Uc (ps ) is capable of producing comparable
probabilities to Ug (¢) without the need for expensive oracle circuits [21,50-53], especially for extrema C;
which are typically the solutions of interest for combinatorial optimization problems.

°
0.81¢ ™ .
o . o W,
j;\ max
—= 0.61
o
3
&) 04 T
S
[l
0.2
6000001 *7 T Nw=2 _ oz [2¥
4 Np
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200000 %
100000 { % K
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Figure 5: (top) Plot of peak achievable probabilities for each |C;) state (colored circles) as a function of o (p;) using
ps from Eq. (18), for the N = 40 cases W, and W3 given in Appendix A. (bottom) Plot of iterations k corresponding to
the probabilities shown in the top plot. For comparison, lines indicating the number of iterations for Grover’s (Ug (7))
using various N,, are plotted. Beside each line is Ak, showing a 5% increase in k from Grover’s.
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Focusing now on Fig. 5, the top plot shows the complete spectrum of achievable probabilities for all |C;)
for two 40-qubit linear C(Z) using p, from Eq. (18), while the bottom plot shows the corresponding number
of iterations k needed to achieve these probabilities. For completeness, given below in Eq. (19) is a(p;), the
standard deviation of all C; solutions after scaling by ps, which is a convenient way to plot all C; solutions
for both C(Z) on the same axis.

—
o(ps) = JZ (G - €-po) (19))

The significance of Fig. 5 is the bottom plot, particularly the black lines which show the value of k for
standard Grover’s for various values of N,,,. Beside each black line is a 5% increase in k, labeled Ak, illustrating
that for these 40-qubit problem instances the optimal number of iterations for cost oracle QAA is consistently
around 5% more than standard Grover’s. Thus, the results shown in Figs. 3-5 illustrate a special case of QAA,
oracles encoding linear C(Z) composed of integer weights, whereby a solver can reliably determine near

optimal parameter settings for p, 6, and k. These results are particularly encouraging because the same
underlying features have been observed for QAA using oracles encoding QUBO [37-42], suggesting that
these harder problem instances may also have reliable strategies for approximating optimal parameter values
as well. In particular, the important condition which led to Eq. (18) is solution space symmetry, which may
be applicable to some NP-hard problem instances.

4 Experimental Demonstration

To conclude this study here we present experimental results demonstrating current hardware progress
towards the realization of generalized QAA [12] on both IBMQ’s superconducting qubits as well as IonQ’s
trapped ion qubits. Each experiment is a single iteration of Us(0)Uc(ps) or Us(0)Ug(¢), varying either
0 or ps across 100 different values and tracking the measured probabilities of each basis state |Z;). At
each parameter value we ran the quantum circuit 10,000 times, totaling one million circuit executions per
experiment per qubit size. Our results confirm that these probabilities match the theoretically predicted
values from our equations, to our knowledge the first ever such experimental demonstration of generalized
QAA using cost oracles.

In total we conducted three unique experiments, which we refer to by number, with quantum circuits
for each experiment given in Appendix E, Figs. A4 and A5 (for circuit depth and further details on
circuit decomposition for Ug and U, see Figs. A6-A8). Each experiment was implemented for qubit
sizes N = 2,3,4,5, run on five unique devices: IonQ’s arial ion trap, IBMQ’s fez and torino (heron), and
IBMQ’s kyiv, and brisbane (eagle) superconducting processors, with and without error mitigation techniques
provided by the respective hardware vendors [54,55]. The implementation of the multicontrolled phase gate
CN-P(0) used for both U,(0) and Ug () is adapted from [61,62], discussed in detail in Appendix E

4.1 The First Iteration

Here we present equations for the theoretical quantum states of experiments 1-3, corresponding to the
first iteration of QAA using Grover and cost oracles, analogous to [7,12]. We begin with Eqs. (20) and (21)
below.

3

a(¢) = (ZLN) (No+ N, (20)
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_ 1\ & ey
oc(ps)=(2—N) -%:e PN, (1)

which are the average amplitudes & (Eq. (11)) as a function of ¢ and p; for the states Ug (¢)|s) and Uc(ps)|s),
respectively. Using these equations in combination with (12), we obtain the quantum states after the first
iteration for both oracle types given by

) el?® )
U.(6)Us(9)ls) - W(% —&(¢)(1—e’9>)|n> W(ﬁ —a<¢><l—e19>)|m> 22)

_ z ) ﬂ_& — el )
U5<9>Uc<ps>|s>—;ﬁj( a0 >)\cj>. (3)

Experiments 1 and 2 correspond to Eq. (23), whereby in exp. 1 we prepared and measured 100 quantum
circuits for the state Us(7) Uc(ps) (varying the parameter p,) and likewise U;(60)Uc(1) for exp. 2 (varying
6). Experiment 3 corresponds to states of Eq. (22) Us(6)Ug(7), Ny, =1, varying 6 over the full range
of 2. Taking the squared magnitude of the amplitudes given in Eqs. (22) and (23) yields the expected
theoretical measurement probabilities for each collective state, which we experimentally verify in the
coming subsections.

4.2 Performance Metric

Because each experiment is a composition of 100 different quantum circuits, here we shall briefly
describe the quantity f, which is a metric that pools the results from all 100 circuits into a single value com-
paring experimentally measured probabilities vs. theory, full mathematical description given in Appendix B.
The quantity f is a ratio comparing experimentally observed measurement counts of each | Z;) to probabilities
predicted by Eqs. (22) and (23): f = 1 means that the basis state was observed with the same probability as
theoretically expected, while f = 0 means an observed probability of 1/2V (the equal superposition state |s)),
i.e., a completely decohered quantum state. Values of f < 0 occur when a basis state’s measured probability
was found to be on the opposite side of 1/2V as predicted from theory, signaling that the qubits had reached
an unintended final |¥') not attributable to decoherence. Shown in Fig. 6 is an example plot illustrating three
theoretical values of f (no experimental data) for experiment 2, the quantum state |¥) = U,(0)Uc(1) over
the full 277 range of 6 (see Fig. Al for the |C;) corresponding to each color).

4.3 Improvement from Error Mitigation

A recent advancement in both IBMQ and IonQ’s commercially available quantum computing platforms
is the addition of error mitigation as an option for users [54,55]. More specifically each service offers both
Pauli gate twirling and dynamical decoupling. In this study we report on qubit performance for error
mitigation ‘on’ and ‘oft’, which refers to the use of both techniques together by the respective hardware
vendors, or neither. An example of difference in performance for on vs. off is illustrated in Fig. 7. In each plot
the solid-colored lines represent f = 1(Eq. (23)), while the colored data points show the measured probability
counts for each |Z;) state (colored according to the |C;) each basis state belongs to), with fey, for the entire
experiment reported in the top right (fex, given in Appendix B). Examples of f < 0 for individual |Z;) can be
seen in the top plot (error mitigation off), illustrating noisy |¥) states with clear underlying structure (ripe
for error mitigation/correction techniques) as opposed to complete decoherence.
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Figure 6: (solid-colored) Probabilities representing f =1 for each basis state as a function of diffusion angle 6 for
experiment 2, N = 2, as predicted from Eq. (23) over the range 0 € [0, 27r]. For comparison, probabilities corresponding
to f = 0.7 (dashed-colored) and 0 (black-dash-dotted) are also plotted.
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Figure 7: A comparison of measurement results for exp. 1, N = 3, on IBMQ’s brisbane with (bottom) and without (top)
error mitigation. The solid-colored lines represent probabilities for f =1 (Eq. (23)), while the colored data points are the
experimental measurement probabilities obtained for each basis state. Reported in the top right corner is the cumulative
f for the experiment, fey, from Eq. (A9) in Appendix B.

4.4 Experimental Results

Given in Fig. 8 below are the full results for exps. 1-3, with error mitigation techniques turned on (top)
and off (bottom). The numerical values shown in each table are fe, from Eq. (A9) (Appendix B), the average
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f value from all 2" basis states. The color of each cell indicates the ranked performance of each device within
a single experiment, from best to worst: [blue, green, yellow, orange, red]. Cells that are instead colored gray
are for values fey, < 0.15.

Error Mitigation: On

ionq_arial ibm fez ibm_torino ibm kyiv | ibm brisbane
Exp 1 0.949 0.935 0.915 0.930 0.936
2-qubit Exp 2 0.959 0.949 0.931 0.950 0.942
Exp 3 0.956 0.930 0.901 0.879 0.936
Exp 1 0.700 0.871 0.790 0.800 0.809
3-qubit Exp 2 0.922 0.899 0.866 0.828 0.843
Exp 3 0.616 0.850 0.783 0.742 0.706
Exp 1 0.792 0.804 0.739 0.677 0.656
4-qubit Exp 2 0.635 0.844 0.797 0.731 0.691
Exp 3 0.394 0.680 0.629 0.455 0.419
Exp 1 0.281 0.561 0.436 0.248 -0.009
5-qubit Exp 2 0.528 0.675 0.612 0.447 0.153
Exp 3 0.044 0.220 0.169 -0.122 -0.125
Error Mitigation: Off
ionq_arial ibm_fez ibm_torino ibm _kyiv | ibm_brisbane
Exp 1 0.818 0.942 0.898 0.920 0.897
2-qubit Exp 2 0.889 0.927 0.929 0.939 0.917
Exp 3 0.834 0.928 0.870 0.887 0.899
Exp 1 0.708 0.820 0.831 0.598 0.141
3-qubit Exp 2 0.822 0.860 0.870 0.484 0.346
Exp 3 0.601 0.841 0.721 0.536 0.262
Exp 1 0.252 0.645 0.568 -0.206 -0.128
4-qubit Exp 2 0.590 0.779 0.719 0.099 -0.273
Exp 3 -1.432 0.309 0.286 -1.002 -0.597
Exp 1 -0.379 -0.632 -0.136 -0.926 -1.013
5-qubit Exp 2 0.143 0.451 0.460 -0.109 -0.121
Exp 3 -1.773 -1.005 -0.926 -0.543 -0.439

Figure 8: Two tables summarizing the experimental results of exps. 1-3 for error mitigation on (top) and oft (bottom).
The numerical value of each cell is fey, from Eq. (A9), with colors indicating ranked performance. Gray cells indicate
values less than 0.15.

A summary of the results shown in Fig. 8 is as follows. The effect of error mitigation provided by both
vendors improved fe,p in 55 out of the 60 experiment runs, producing an overall average increase in fcx, by
0.39. Regarding the performance of the individual devices, IBMQ’s heron processors fez and torino ranked
first and second in 13 out of 18 experiments for qubit sizes N > 3. However, with error mitigation IonQ’s
arial trap was first in all three 2-qubit experiments, including the highest overall fey, value of 0.959 as well
as the highest 3-qubit value of 0.922. Shown in Fig. 9 are the highest f.,, achieved for all experiments and
qubit sizes.
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Figure 9: Experiment results showing the highest f., achieved for each combination of experiment and qubit size. The
data points in each plot are Meas.(|Z;)) from Eq. (A4), colored according to |C;) states (see Appendix A). The solid-
colored lines in each plot represent f = 1 for each collective state, obtained from Eqs. (22) and (23). Reported in the top
right corner is the cumulative f for the experiment, fey, from Eq. (A9) in Appendix B, as well as f,, for exp. 3 (f for
only the blue data points corresponding to |m), the all |1) state).

5 Conclusion

In this study, we have generalized the common |n) and |m) collective state formalism of Grover’s
algorithm to cost oracles encoding combinatorial optimization problems [37-42], and shown that for the
special case of unconstrained linear C(Z) an exact equation exists for determining the free parameter
value of the oracle operator. In Section 3, we used simulations of QAA up to 40 qubits to demonstrate the
closeness in algorithmic performance of cost oracle QAA using our equation for ps with standard Grover’.
And finally, in Section 4, we verify our derived equations of generalized QAA [7,12] on two different qubit
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technologies, showcasing progress in state-of-the-art commercial quantum devices and their respective error
mitigation capabilities.

Outlook and Future Research

The motivation for studying cost oracle QAA [37-42] stems from the quantum circuit efficiency of
Uc [63,64] as compared to the full N-Toffoli gates needed for Ug [21,23,31,32,50-53], especially when
considering the additional overhead needed for error correction [65,66]. For both oracle cases however,
implementing the diffusion operator still remains as a technological bottleneck. Progress in circuit depth
efficiency [67-70] is one solution towards achieving large N-Toffoli gates, as well as going beyond 2-qubit
gates [/1-74]. Additionally there is also the potential for realizing QA A outside of the gate-based model, such
as quantum programmable processors [75,76] for implementing fixed unitary operators such as diffusion.

In this work we focus on linear cost functions composed of integer weights to demonstrate ideal
conditions for cost oracle QAA. Specifically, integer weights limit the possible values obtainable from the
cost function, which in turn are used for selecting the free parameter setting of the oracle via our derived
equation. The same algorithmic performance as demonstrated in this study has been shown for QUBO
and more complex problems [38-42], but determining the free parameter setting of the oracle for these
harder problem instances remains an open research question. Alternatively, one way to sidestep this issue at
the cost of increased runtime is the Grover-Mixer QAOA [47-49] style of determining optimal parameter
settings for each iteration via measurement results and a classical optimizer. The advantage of QAA as
demonstrated in Section 3 is efficiency, requiring ideally only a few measurements to find the desired solution
of a cost function.

Lastly, the experimental results of Section 4 show current commercial hardware’s ability to achieve
QAA up to N =5 qubits, in essence demonstrating their ability to implement the N-Toffoli gate operation.
Based on experimental trends of the last 5+ years [29-35] and progress in circuit efficiency [67-70], it
does not appear likely that this number N will dramatically increase in the next several years without a
significant technological breakthrough (extending N into the 10s or 100s of qubits). By contrast, current
hardware (especially superconducting qubits which support parallel gates) is already powerful enough to
implement cost oracle operations up to hundreds of qubits, making diffusion the technological bottleneck
limiting QAA. Therefore, another avenue for future research is exploring QAA performance using less
than full N-qubit diffusion, instead replaced by multiple low qubit-sized diffusions in parallel. This would
significantly reduce circuit depth, but also introduces more 6 degrees of freedom which complicate the
algorithm. If small diffusions in parallel can produce probabilities comparable to full N-qubit diffusion, then
QAA could potentially be a viable near term quantum algorithm alongside QAOA for solving combinatorial
optimization problems.
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Appendix A Cost Functions & Distributions

Found in Sections 3 and 4 are references to a particular problem cases of linear cost functions which can
be found here. Given in Eq. (A1) is Wy, the set of positive integers from 1 to N, which are the sets of weights
for Figs. 2, 4, and 5, as well as experiments 1 and 2 in Section 4. Also shown in Fig. 5 is a second 40-qubit
cost function corresponding to the weights W3 given in Eq. (A3).

W, ={1,2,3,...,N} (AD)

W, = {~44, -35,-33, -32, -23, -20, 11, 11, -10, -4, 2,6, 9, 11,11,17, 21, 34, 40, 43} (A2)

W; = {-731,-722, 676, —668, 663, —662, 564, —563, —555, —409, —209, ~189, —135, —43,
1,3,28,48,73,127,139, 156,160, 286, 307, 308, 427, 461, 490, 512, 548, 551, 568, 583, 589,
642,776,917,929, 948,949} (A3)

For the results of experiments 1 and 2 found in Section 4, which use Uc(p;) encoding linear C(Z)
according to Eq. (A1), Fig. Al below provides a table all of the collective states |C;) along with the basis states
|Z;) contained within them.

N |Ci)
2 |0) = 100) [1) = [10) [2) = |01) [3) = I11)
3 |0) = 1000) |1) = |100) [2) = 010) [3) = |110), 001)
[4) = |101) |5) = 1011) [6) = [111)
|0y = ]0000) [1) = [1000) |2) = [0100) |3) = [1100),0010)
4 |4) = 11010}, |0001) |5) = |0110), |1001) |6) = 1110}, |0101)
[7) = |1101),]0011) |8) = [1011) |9) = |0111) [10) = |1111)
|0) =100000) |1} =]10000)  |2) = |01000)
[3) = 111000}, |00100) |4) = 110100, |00010)
I5) = |01100), [10010),]00001)  |6) = |11100), |01010), |10001)
5 [7) = |11010), |00110),]01001)  [8) = |10110),]11001), |00101)
19) = |01110), [10101), [00011) ~ |10) = [11110), |10011),|01101)
|11y = |01011),]11101) [12) = |00111),|11011)

|13) = [10111) |14) = |01111) [15) = |I11111)

Figure Al: A table displaying all of the collective states |C;) for experiments 1 and 2, corresponding to a linear C(Z)
composed of the weights W from Eq. (A1) up to N = 5, as well as the basis states | Z;) contained within them.

Appendix B Fidelity Metric

Here we discuss in full mathematical detail the calculation of f, the metric of performance used
in Section 4. We begin with Eq. (A4) for Meas.(|Z;)), which is simply the experimentally observed probability
of a basis state. ‘Shots’ refers to the number of times a quantum circuit was run, producing that number of
measurement results, which in this study is 10,000. Given in Eq. (A5) is the the quantity AP;, which is the
difference in probability between measured counts of a | Z;) basis state (Eq. (A4)) and its theoretical expected
probability given by Eq. (23) or (22).
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Meas.(|Z;)) = m;t;cilszm (A4)

AP; = |Meas.(|Z;)) - |(Zi| )] (A5)
The problem with using raw probability difference to evaluate performance is that good or bad is relative

for each basis state. This was the motivation for introducing f, which compares each AP; against probabilities

corresponding to a completely decohered equal superposition state, given below in Eq. (A6) as AP;.

_1 .

AP; = |2—N - zZ:|¥)P| (A6)
The computation of f is based on the ratio between root mean square calculations of AP; and AP; values

from all 100 circuits, as shown in Eq. (A7) (note that i refers to the basis state while j refers to one of the 100

quantum circuits). For each basis state |Z;) we compute f; according to Eq. (A8) (where RMS is obtained
from using AP; values in Eq. (A7)). Averaging all 2N fi together yields fexp, given in Eq. (A9).

(A7)

(A8)

foxp = 55 2. (A9)

40 1 oo, —C
35 1 . .
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Figure A2: Histogram of all C; solutions to a 10-qubit C(Z) using the weights W given in Eq. (Al). (red line) The value
C from Eq. (14).

Appendix C Symmetry Proofs for Linear C(Z)

To assist with the forthcoming derivations, given below in Fig. A2 is a histogram of all C; solutions to
the 10-qubit linear C(Z) composed of the set of weights W; from Eq. (Al). Each black circle shown in the
figure corresponds to one collective state |C;) containing N; basis states.
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Eq. (16) from Section 3 states that for any Uc(p;s) encoding a linear C(Z) the resulting phase of &
is equal to the C- p,. Here we shall derive the equations leading to this relation, showing explicitly the
computation of & after the first two applications of Uc(p;). The results which follow are specifically for
C(Z) according to Eq. (13) and do not generalize to more complex problems such as QUBO. We begin
with Eq. (A10) below which defines a pair of inverse solutions Z; and —Z;, two binary strings that have equal
and opposite 0 and 1 values on every bit such that their binary sum equals 2~ - 1 (base-10). For linear C(Z)
the evaluation of any pair of inverse Z; is equal to the full sum of W.

Zi+-Z;=11..1=2N -1 (A10)

N
C(Zl) + C(—\Z,) = Z I/Vl = Wsum (All)

Using Eq. (Al1) we can now prove Eq. (11), the mean cost function value C according to Eq. (14) is always
equal to half of the sum of any pair of inverse solutions, given by Eqs. (A12)-(Al5) below.

2
C= zLN Z C(Z;) (A12)
2N—1
= 2LN Z C(Z;) +C(=Z;) (A13)
N-1,
= w (A14)
2

For the next derivation let us define AC;, given in Eq. (A16), which is simply the difference between the
mean cost function value and any C(Z;).

AC; = C-C(Z)) (Al6)

Mlustrated in Fig. A2 is the symmetry property of linear C(Z) that all solutions come in equal and
opposite pairs that are equidistant from C. Given in Eqs. (A17)-(A19) below is the proof that these symmetric
solutions are in fact pairs of inverse Z;.

C(Z;) +C(~2;) =2C (A17)
C-AC;+C(-Z;))=2C (A18)
C(-Z;) = C+AC; (A19)

Using Eqs. (Al6) and (A19), we can now prove the relation between C and & given in Eq. (16)
of Section 3. The following equations use the amplitudes «; corresponding to the state |¥) = Uc(ps)|s), the
first oracle application acting on the equal superposition state. By rewriting the summation for & first in
terms of inverse Z; pairs and then substituting in AC; and C equivalents, we arrive at Fq. (A24).

a = 2_N Z a; (A20)
J
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1 & ic(z))
ZN‘ /2N 7
1 2N—l . N ' N
= w Z (e’C(ZJ)Ps + elC(—\ZJ) Ps) (A22)
(2N)2 5
12 . .
= (HN)3/2 Z e'“ (e_lACj.ps + eZACj.pS) (A23)
(2N)2 5
eiCops Nt
= @y 2 208G ) (A24)
]

To summarize, the equations above show that the value of &, after the first application of Uc is equal
to e’C'Ps times a constant, confirming the relation given by Eq. (16), which in turn is used to derive Eq. (17)
for finding p, values which create a 77 phase difference between & and any |C; ). Here we have shown that the

phase of & is proportional to C, but the full computation of & still requires complete knowledge of all C;.

So far we have shown that Eq. (16) holds for the first oracle application, so next we shall prove that
it holds for the second as well. Given in Eq. (A25) below are the amplitudes a’, corresponding to the state

j
V) = Us(m)Uc(ps)ls)-
iC(Z;)-ps .
o = e 2| |eC P (A25)

] /2N

Eqs. (A26)-(A29) below show the calculation of &;, the mean amplitude following the second oracle
application.

1 2Y pi2C(Z))ps

Ay = — _ 2|d1|ei(C+C(Zj))~p5 (A26)
RV
L2 (eiZC(Zj)ps + e12C(=2))ps ) ( )
- _ 2|d1|eiC'Ps 2! C(Z)ps 4 piC(=Z))ps (A27)
2N Z /2N
J
N _1 —i2ACjps i2ACj-ps
0i2Cps 2N (e P +e ! ) ) .
_ _ 2|&1|(e—lACj'P5 + etACj‘ps) (A28)
2N Z /2N
J

265 2% c0s(2AC; - P,
_¢ 3 cos(2AC; - ps) — 2Jdy|cos(AC; - py) (A29)

2N—1 ; /2N

In Eq. (A29) above we see that the phase of &, is equal to 2C - p,, but once again the full value of &,
requires complete knowledge of every amplitude value. To conclude, we note that the derivation of two
iterations given above is general, showing that phase relation given in Eq. (16) holds, also supported by the
simulation results of Section 3, but does not constitute a complete proof by induction.

Appendix D Resonance Width in Grover’s

The QAA algorithm using iterations of Us(0)Ug(¢) in Algorithm 1 is optimal when both free
parameters are [0, ¢] = [, m] [1-3]. However, it is important to understand the behavior of the algorithm
when these phases differ, particularly when considering noisy gates which lead to imperfect implementations
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of the oracle [8,58]. In this appendix we show the relation between peak achievable probabilities as a function
of ¢ around 7 following closely the approach of [59]. The resonance phenomena demonstrated here for
Grover’s at ¢ = 7 is the same as those shown in Fig. 3 for each of the individual |C;) states [38,41,42]. Eq. (18)
from Section 3 produces near optimal p; values for linear C(Z), but in general determining p, values which
align with |C;) resonance peaks for QUBO and harder problem instances is an open research question [40].
We begin with Eq. (A30) below, the equal superposition state |s) expressed as a column vector. For simplicity

the initial amplitudes of |m) and |n) are sin § = \/N,, /2N and cos 8 = \/N,, /2", respectively.

s) = sin B|m) + cos f|n) = [sinﬁ ] (A30)

cos

Next we need the 2 x 2 matrix form of Us(0) Ug(¢), which we call G in Eq. (A31) below.

G = U(0)Us(¢) (A31)

_ ei¢(1+(e[9—1)sin2(ﬁ)) (eig—l)sin(ﬁ)cos(ﬁ) (A32)
e"‘b(eigfl)sin(ﬁ)cos(ﬁ) 1+(e"671)cosz(ﬁ)

Since G given in Fq.(A32) is a unitary matrix, it can be represented generically by the matrix
decomposition given in Eq. (A33), where U is some unitary 2 x 2 matrix and D is a diagonal matrix with
values A, and A_. The matrix U has columns given by the normalized eigenvectors of Eq. (A34), with
eigenvalues given in Eqs. (A35) and (A36).

G=U"DU, (A33)
e_i% COS X —sinx
Uy = u_ = Y (A34)
sin x e'2 cosx
(6+9)
1 +w
AL =—e 2 (A35)
-0 0
cosw = cos( ¢ 5 ) —2sin % sin 5 sin? B. (A36)

Using Eqs. (A33)-(A36), we can write the general form of the Grover operator G after ¢ iterations, given
in Eq. (A37).

G! = [ e™ cos® x+e ™ sin® x ie_'g sin(wt) sin(2x) (A37)

) : ;
ie'2 sin(wt)sin(2x) e™'sin® x+e”’

vtcos? x

Next we need expressions for the angle x, which can be found by using the equation Gu, = A u,,
or equivalently by setting the off-diagonal elements of U*GU to 0. Solving this first expression yields the
equations for sin x and cos x given in Eqs. (A38)-(A40) below.

PR
sinx = 1,,,% sin 5 sin(2f3) (A38)
¢-0
2

¢ .0,
)+2cosEs1nEsm [3] (A39)

Im = ( sin g sin(zﬁ))2 + [sinw + sin(¢T_9) +2cos % sin g sin” ﬁ]z (A40)

_1
cosx =1, [sinw + sin(
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Using the equations above for G, we can compute the amplitude of |m) at any iteration ¢ using Eq. (A41)
below.

(m|G'|s) = sin Bcos(wt) + i(e"gb/2 cos Bsin(2x) + sin B cos(2x)) sin(wt) (A41)

Taking the absolute value squared of Eq. (A41) yields P,,(t) = [(m|G"|s)?, the probability of measuring
|m) after t iterations. In the large 2 limit, this probability simplifies significantly to Eq. (A42) below.

P, (t) ~ sin®(2x) sin®(wt) (A42)

s

The probability P, (t) is maximal at =7,
yields Eq. (A43) for Pp,y, the maximum achievable probability for |m) as a function of ¢ and 6.

which after substituting into the equation above

4sin® —
2 (A43)

Pmax ~

¢

.0
)+4s1n551n5cos(

2Nsin2(6;¢ 9;¢)

And finally, we are interested in the case of 0 = 7, yielding Eq. (A44) for Py, as a function of Ug oracle
angle ¢. Shown in Fig. A3 are four plots for various problem sizes N, illustrating the resonance behavior
sharply peaked around ¢ = 7, becoming narrower with increasing problem size N.

1
Prax = (p oN . (A44)
sin? = + Z— cos? =
2 4 2

1.0 ‘ NS

I —N=20

0.8 — N=25
P 06 M
max i
0.4- i
| \‘ \

0.2- |
0 77/: ‘5\ 7\ B

284 299 T 329 344

Figure A3: Peak achievable probability P,,x from Eq. (A44) as a function of oracle phase ¢ for various N-qubit problem
sizes. Each plot shows the resonance behavior around ¢ = 7 for Grover’s algorithm using U, () for diffusion searching
for a single marked state N,,, = 1.

Fig. A3 illustrates the degree of precision in ¢ necessary for Grover’s algorithm as problem size N
increases, also representing the required accuracy in p; for cost oracles [38,42]. We can quantify this required
precision with Eq. (A45) below, the full width half maximum (FWHM) for problem sizes N > 2.

d¢ = 2cos™! ( (A45)

#)
V2N -4
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Appendix E Quantum Circuits

Here we present the quantum circuits for experiments 1-3 from Section 4, with further details on the
decomposition of the C¥-P(6) gate given in the next subsection. Shown in Fig. A4 below is the quantum
circuit for experiments 1 and 2, corresponding to the state Us(8)Uc(ps)|s) given in Eq. (23). The oracle Uc
here encodes W, from Eq. (Al). Experiment 1 uses 8 = 7 while varying p;, while conversely experiment 2
uses p; = 1 while varying 0. The value of N’ is given by Eq. (A46) below.

1
N'=Yi= E(N2 +N) (A46)
i=1

o PO 23] - {P}-x)-{ad

Figure A4: Quantum circuit for experiments 1 and 2.

The quantum circuit for experiment 3 is given in Fig. A5, using Ug(7) as the oracle while varying 6 in
the diffusion operator. The CN-Z operator shown in the figure was implemented using CV-P () as discussed
in the next subsection. The quantum state produced from this circuit is Eq. (22). Given in Fig. A6 is a table
detailing the circuit depth and 2-qubit gate count for all three experiments on IBMQ’s four processors, where
circuit depth is defined as parallel gate layers [63].

o+ | HHZHHH X PO) [H X H]

Figure A5: Quantum circuit for experiment 3.

Fez Torino Kyiv Brisbane
Experiment | Qubits | Depth 2q Gates | Depth 2q Gates | Depth 2q Gates | Depth  2q Gates
2 23 2 23 2 28 2 28 2
1 3 51 9 57 9 71 9 56 9
4 113 20 113 20 111 20 124 20
5 239 48 239 48 235 48 259 48
2 23 2 23 2 28 2 28 2
2 3 51 9 51 9 60 9 61 9
4 113 20 119 20 111 20 130 20
5 239 48 239 48 228 48 296 63
2 32 4 32 4 42 4 27 4
3 3 95 21 95 21 124 21 127 21
4 219 43 219 43 232 43 246 43
5 493 126 534 126 626 126 615 126

Figure A6: Circuit depth and number of 2 qubit gates across all experiments and devices.
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The most resource-intensive component of both the Grover oracle and the diffusion operator is the fully-
entangling CN-P(0) gate. This multiqubit gate must be transpiled into 1 & 2-qubit instructions, for which
there are several approaches. In this work, we opt for a simple decomposition that is not optimized for any
particular architecture. We send the same quantum circuit to both IBMQ and IonQ, decomposing CNP(6)
into 2-qubit CX and single qubit P(8) operations. For IBMQ we transpiled directly to the backend’s qubits,
while for IonQ qubit selection and gate transpilation were left to the hardware provider.

The decomposition procedure used in this study is adapted from [61,62]. Consider a sequence of
binary variables z; for i € [1, N]. We want to apply a 2 x 2 unitary gate U, in our case the phase gate P(6)
from Eq. (9), to the N'" qubit if and only if z; = 1for all i € [1, N — 1]. This operation can be expressed by the
identity given in Fq. (A47).

2" Nz Az A Azg) =Dz = Y (2 @ z) o A ()TN (@ @ - @ zy) (A47)
n K<k,

The operation above can be implemented using a Gray sequence to determine the control and target
qubits. An N-bit Gray code is the sequence of 2V binary numbers with adjacent elements in the sequence dif-
fering by a single bit flip. The particular Gray sequence that we use can be determined recursively as follows.
We denote a Gray sequence by Gy = (g1, g2, - - - » £2v ), with the base case Gray sequence given by G; = (0,1).
We can recursively define a Gray sequence given by Gy1 = (0Gy, 1Gy ), where G is the reverse ordering of
G. For example, this produces G, = (00, 01,11,10) followed by G5 = (000, 001, 011, 010, 110, 111, 101, 100). To
implement this code as gates, we note that the leading 1 corresponds to the target qubit and the remaining I's
correspond to the XOR combination for which we apply the gate V or V*. The parity of the bits determine
which is applied: V if even or V* if odd. Given in Fig. A7 below is the quantum circuit used in this study for
implementing a CN-P(6) gate, with further details given in Fig. AS.

We note that the approach used in this study requires O(2Y) CNOT gates, and thus is only practical for
small N instances. However, our approach did give shallower circuit depth and fewer gate counts than the
native CY-P(0) implementation by Qiskit at the time of running (pre-Qiskit 2.0). For example, at N = 5 our
transpilation for diffusion was 48 CNOTs as compared to Qiskit's MCPhase gate which transpiled to 70.

. 1 -
2

e — 1P —

qs __Un

qn —

Figure A7: Quantum circuit for implementing the gray code.
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Figure A8: Quantum circuits for each of the unitaries U, as shown in Fig. A7. For achieving an N-qubit CN-P(0) phase
gate, the operators V and V* are the single qubit phases gates P(8") and P(-"), respectively, where 6’ = 6/2N71,
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