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ABSTRACT: Heterogeneous composite material property identification suffers from prohibitive computational
overhead and inefficient inversion procedures. To overcome these limitations, this paper presents a complex-variable
hyper-reduced order model (CV-HROM) for the efficient identification of multi-peak heterogeneous thermal properties.
Built upon the conventional finite element method, the proposed hyper-reduced order model replaces expensive global
numerical integration of heterogeneous domain with localized discrete element integration via the discrete empirical
interpolation method (DEIM), substantially accelerating forward heat conduction simulations. In the parameter
identification process, the Levenberg—Marquardt algorithm is adopted to minimize the loss function, wherein the
gradients are evaluated through the complex-variable derivative method (CVDM). Specifically, an infinitesimal
complex perturbation is introduced into the hyper-reduced order model, such that the real part of the solution
constructs the loss function while the imaginary part directly yields the temperature derivatives with respect to the
targeted parameters. The accuracy and efficacy of the proposed method are validated through thermal property
inversion of a heterogeneous rocket nozzle composite, considering both single-peak and dual-peak heterogeneous
distributions. Numerical results demonstrate that the CV-HROM achieves over tenfold acceleration in solving
inverse heat conduction problems. The method enables stable, accurate estimation of multi-parameter, multi-peak
heterogeneous thermal conductivity distributions, making it a promising tool for efficient thermal property inversion
of large-scale composite structures.

KEYWORDS: Hyper reduced order model; complex variable derivative method; heterogeneous thermal property;
inverse heat conduction problem

1 Introduction

Thermal properties of composite materials—thermal conductivity in particular—dictate heat transfer
behavior across a broad spectrum of engineering disciplines, spanning microelectronic thermal manage-
ment, chemical reactor thermal control, and aerospace propulsion systems [1-3]. The rapid advancement of
additive manufacturing, or three-dimensional (3D) printing, has enabled the widespread adoption of hetero-
geneous composites in critical load-bearing and thermally loaded components such as rocket nozzles, where
they exhibit thermal performance unattainable with homogeneous materials [4]. Accurate characterization
of heterogeneous thermal properties is therefore indispensable for optimization designs, operational safety
assurance, and service-life extension of such high-performance components. Nevertheless, the spatially
varying nature of thermal parameters in heterogeneous composites presents formidable challenges for both
experimental measurement and numerical identification [5,6].
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Identification of heterogeneous thermal properties is conventionally formulated as an inverse heat
conduction problem (IHCP), wherein unknown thermal parameters are reconstructed from available
temperature measurements [7,8]. The IHCP is intrinsically ill-posed: minor perturbations in measured
temperature data can propagate to substantial deviations in the identified parameter fields [9]. Compounding
this ill-posedness, the forward heat conduction simulation at the IHCP solver typically relies on the finite
element method (FEM) for geometrically complex structures. The large number of degrees of freedom
inherent in FEM leads to prohibitive computational costs and severely degrades inversion efficiency,
particularly in large-scale engineering applications or multi-parameter identification scenarios [10,11].
This computational bottleneck constitutes a major impediment to the practical application of the IHCP in
real-time or large-scale thermal property identification tasks.

To alleviate the computational burden of FEM-based forward simulation, reduced order models (ROMs)
have been extensively developed and integrated into IHCP frameworks [12-14]. ROMs project the original
high-fidelity model onto a low-dimensional subspace, thereby drastically accelerating forward simula-
tions. However, conventional ROMs—exemplified by Galerkin-projection-based formulations—remain
constrained by the computational overhead associated with assembling parameter-dependent terms or
performing global numerical integration, which limits their efficiency gains in heterogeneous heat con-
duction problems [15,16]. To overcome this limitation, hyper-reduced order models (HROMs) have been
proposed. These combine ROMs with hyper-reduction techniques—most notably the discrete empirical
interpolation method (DEIM)—to replace global numerical integration with localized discrete element
integration, delivering additional efficiency gains for forward simulation [17-19].

In the IHCP solution procedure, the gradient of the loss function critically determines both the
convergence rate and the identification accuracy of the optimization algorithm. Conventional gradient
evaluation approaches, namely the finite difference method (FDM) and the adjoint method, each carry
inherent limitations. The FDM necessitates additional forward simulations for every parameter perturbation,
driving up computational cost and introducing numerical instability tied to the choice of perturbation
step size [20,21]. The adjoint method, by contrast, requires solving an auxiliary adjoint equation, entailing
substantial implementation complexity and non-negligible computational overhead, especially for high-
dimensional parameter identification problems [22,23]. The complex-variable derivative method (CVDM)
offers a compelling alternative: by introducing an infinitesimal complex perturbation, it recasts partial
derivative evaluation of implicit functions as direct function-value computation [24]. This approach obviates
both step-size selection and adjoint equation solving, thereby simultaneously preserving high gradient
accuracy and computational efficiency.

While HROMs and CVDM have each been applied to IHCP independently, their combination for
heterogeneous thermal property identification remains largely unexplored. Existing studies either leverage
HROMs for forward acceleration without refining the gradient computation process, or employ CVDM
within high-fidelity models without tackling the forward simulation bottleneck [25-27]. For structurally
complex heterogeneous composites, the dual challenges of expensive forward simulation and inaccurate gra-
dient evaluation remain unresolved, resulting in inefficient inversion and unstable parameter identification.

Accordingly, the present work proposes a complex-variable hyper-reduced order model (CV-HROM)
for rapid, accurate identification of heterogeneous thermal properties. The framework synergistically
integrates HROM and CVDM: the HROM accelerates forward heat conduction simulations, while the
CVDM enables efficient, high-precision gradient evaluation of the objective function. Specifically, the
HROM is constructed upon FEM and DEIM, replacing global numerical integration with localized discrete
element integration to reduce forward simulation cost. During parameter identification, an infinitesimal
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complex perturbation is injected into the HROM: the real part of the computed response forms the loss
function, whereas the imaginary part directly yields the temperature derivatives with respect to the
targeted parameters. The Levenberg—Marquardt (LM) algorithm is adopted to minimize the objective
function, ensuring rapid convergence and robust identification performance. The proposed methodology is
validated using a heterogeneous composite rocket engine nozzle case, demonstrating superior computational
efficiency and identification accuracy relative to conventional approaches.

2 Methodology
2.1 Hyper Reduced Order Model for Heterogeneous Heat Conduction Problem

To reduce the prohibitive computational cost of the finite element method (FEM) in forward heat
conduction simulation of heterogeneous composite materials, this section develops a hyper reduced order
model (HROM) for heat conduction problem. The proposed HROM retains the accuracy of the high-
fidelity FEM while substantially reducing computational overhead. It reconstructs global integrals via
localized discrete elements, thereby establishing an efficient forward-simulation foundation for parameter
identification in inverse heat conduction problems.

2.1.1 FEM of Heterogeneous Heat Conduction

For three-dimensional heterogeneous composite structures with spatially varying thermal conductivity,
the governing equation of steady-state heat conduction problem can be expressed as:

V- (k(x, p)VT(x)) =0 (1)

where x € Q denotes the spatial coordinate in the computational domain Q, T(x) is the temperature field,
k(x, p) represents the heterogeneous thermal conductivity to be identified (with y being the vector of
identified parameters), and V is the gradient operator.

The outer boundary T' of the computational domain Q is subject to the Dirichlet, Neumann and Robin
boundary conditions respectively prescribed as:

T(x) = T(x),x €Ty (2a)

q(x) = _k(?T(x, D =q(x),x €Ty (2b)
anrz

q(x) = h(T(x) — Teo(x)), x €T3 (2¢)

where T is the prescribed temperature on T';. g is the imposed heat flux on T, and n is the normal vector
outside the boundary. h and T represent the convective heat transfer coefficient and ambient temperature
on I's, respectively.

Applying the Galerkin finite element method to Eq. (1), yields the discretized heat conduction system:

KT = F 3)

where K(y) € R™™ is the parameter-dependent thermal conductivity matrix, F € R™ is the load vector,
T € R™ is the nodal temperature vector, and m denotes the total number of degree of freedom (DoF) of
the FEM.
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The thermal conductivity matrix in Eq. (3) is assembled via global domain integration, given by:

K(p) = / k()NTNdQ + / hANTNdAT, (4)
The load vector is assembled via boundary integration over the Neumann and Robin boundaries,

given by:

F = /qurz + /hTooNdrg (5)

where N denotes the shape function of the adopted element type.

2.1.2 HROM of Heterogeneous Heat Conduction

As evident from Egs. (4) and (5), the dimensionality of the thermal conductivity matrix is a dominant
factor governing the computational efficiency of heat conduction simulations. To reduce the dimensionality
of the full-order FEM model, the discrete empirical interpolation method (DEIM) is employed to reconstruct
the global domain integration of the thermal conductivity matrix, yielding:

_ |/ KWNTNdQ,
K(p) = Yx ¥k : + / hANTNdT; (6)
J k(WNTNdQ,

where W is the orthogonal basis corresponding to the thermal conductivity matrix. ¥k is the interpolation
matrix of the orthogonal basis associated with the interpolation nodes = = [&, & - &,], defined as:

Yr(é, &) - Pr(é, &)
Vi = : . : (7)

\IIK(gr’ Szl) \PK(ffra fr)

where Qy, -+ Q, represents the adjacent discrete elements of the interpolation nodes E = [&], & -+ &,].
The orthogonal basis matrix Y in Eq. (6) is constructed via the proper orthogonal decomposition (POD):
Vi V; V
qu:A.[l,Z...r @
01 02 Or
where A denotes the snapshots matrix of the thermal conductivity matrix [K(u1), ..., K(tn)], [V1, V2 - Vg ]
and [o1, 03 -+ 0] are the eigenvectors and eigenvalues, respectively, as follows:

K(xy, 1) - K(Qx, pn)
A= : : (9a)
K(xma lll) K(X1, lln)
o1 0
ATA[Vl,Vz wvp| = [vi, v v P (9b)
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The number of reduced basis should satisfy:

.
[oF]

P B (10)

i=1 Z O-]

=1

~.

where ¢;,; is a small tolerance, such as 0.01.

The interpolation nodes = = [£, & -+ & ] in Eq. (6) are iteratively selected from the orthogonal basis
¥ via a greedy algorithm that minimizes the interpolation error (usually take 10~°) across the snapshots
ensemble, given by:

K(p) = YWz'Kz(p) (11)
where Kz(p) is the reduced vector corresponding to the interpolation nodes, given by:

K, ()
Kz(u)=ETWwK =| : (12a)

K, (1)

E= [egl,egz egy] (12b)

Consequently, numerical integration of the thermal conductivity matrix is performed exclusively over
the local subdomains Qg, -+ Q, rather than the entire global domain Q, giving rise to the hyper-reduction
model. For heterogeneous heat conduction problems, the hyper-reduced order model achieves dramatic
acceleration of the finite element forward simulation O(Qy, -+ Q,) < O(Q).

2.2 Inverse Heat Conduction Problem for Heterogeneous Thermal Conductivity
2.2.1 Parameterization Complex-Variable Heterogeneous Thermal Conductivity

The heterogeneous thermal conductivity is parameterized via inverse distance weighting (IDW) interpolation:
p

kG p) = ) i plxi, i) (13)
i=1

where p is the number of the identified points, p(x;, ;) is the thermal conductivity of the identified point
(%, i), w; is the weight, given by:

1/d;
w; = 1,/7’ (14)
Yi=11/di
where d; is the distance from the identified point to all points, given by:
di = |(x, y) = (xi, )l (15)

For a two-dimensional problem with p interpolation control points, the total number of unknown
parameters is 3p (two spatial coordinates plus one thermal conductivity value per control point).
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The complex variable hyper reduced order model is constructed by introducing an infinitesimal
imaginary perturbation di into the identified parameters, given by:

(1 + 81, ya, pin = Xp, Yps Hp)
(1 31 + 8 xp, Yo ip)
(xl’ylf/ll"'xp’YP»ﬂp) - : (16)
(1, y1, g xp, yp + i pip )

(xls _VI, ,ul xp’ yp’ llp + 61)

where & denotes the perturbation magnitude (typically 1 x 10719).

2.2.2 Identification Procedure Based on the CV-HROM

The heterogeneous thermal conductivity is identified by minimizing a loss function defined as the L2
norm of the difference between the estimated temperatures and the reference temperatures, given by:

L — HTref _ Re(Tesi)

L w

where T°" denotes the reference temperatures, T° is the estimated complex variable temperatures
predicted by the CV-HROM, Re( ) is the operator for taking the real part, | |, is the L2 norm operator.

According to the complex-variable differentiation principle, the complex-valued temperature field can
be evaluated for any given set of complex-valued heterogeneous thermal conductivity parameters from
Eq. (16):

Re[ T (x1, y1, pr xp, Yps pp) | = Re [T (a1 + 8, yi, pre- xp, Yo ) |

. . 18
= Re[T“’(xl, Vi 1 Xp, Yp + 61, ,up)] = Re[T‘”’ (xl, Vis 17 Xpy Yps flp + 5i)] (18)

To efficiently minimize the loss function in Eq. (17), a gradient-based iterative algorithm is adopted,
given by:

K = K+ Ak, (19)

where kij 1 kij denote the identified heterogeneous thermal conductivity parameters at the (j + 1)-th and j-th
iteration step, and the initial data k? coule be the spatial coordinates and thermal conductivity parameters
of each control points. The increment Ak; at the j th iteration step is generated by the Levenberg-Marquardt
(LM) method, given by:

Ak; = [JT]_i_A‘diag(]T])]]T(Tobs —Re(T)) (20)

where diag(-) denotes the operator for constructing a diagonal matrix, A is a positive damping coeflicient,
and ] is the gradient matrix, defined as:

0.1 i=1
= /11'_1/10 Li<Li4 (21a)
104;_; L; > Li
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aTEt  aT

ok, ke
J=|: (21b)

S o

ok, okn

OT{Y TIN5 —2 € (1,-,n)inEq. (21), a complex variable hy-
ak3P72’ B ak3P72’ 3 ak3p72 bl p > B q‘ 3 p y

To obtain the gradient (

per reduced order model is solved with the heterogeneous thermal conductivity (xl, Vi f1 Xp + 61, Yp, ,up),
thus the gradient can be solved through complex variable derivative method, defined as:

aTes Im[Tim(xl,J/l,#l‘“xp + i, YP’:UP)] (22)
dksp 2 B 4

The gradient computed by the complex variable derivative method avoids the numerical dissipation and
step-size dependence that are common in finite difference methods, thus providing stable, high-precision
search directions for each LM iteration. The mapping from perturbed parameters to model response should
be continuously differentiable, to ensure the existence and uniqueness of the sensitivity solution.

3 Results and Discussion

3.1 Verification of CV-HROM for Heterogeneous Heat Conduction

To verify the accuracy and computational efficiency of the proposed hyper-reduced order model
(HROM) for solving heat conduction problems involving heterogeneous thermal properties, a rocket engine
nozzle is selected as the verification case. As schematically illustrated in Fig. 1, high-temperature gas from
the combustion chamber enters through the left inlet, undergoes compression and expansion, and exits
through the right outlet. The nozzle has an overall length of 380 mm, a maximum external width of 250
mm, and an inlet diameter of 240 mm.

Figure 1: Geometry of rocket nozzle.

The inner wall of the nozzle is exposed to an extreme high-temperature thermal environment, whereas
the outer wall dissipates heat via natural convection. The boundary conditions employed in this study are
summarized in Table 1. Specifically, the inner surface is subjected to forced convective heat transfer with a
reference temperature of 200°C and a convective heat transfer coefficient of 1000 W-m~2°C~!. The outer
surface is subjected to natural air convection, with an ambient temperature of 20°C and a heat transfer
coefficient of 20 W-m~2°C™1,
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Table 1: Boundary conditions of the nozzle.

Boundary Convection Heat Transfer Coefficient (W-m2-C™1) Ambient Temperature ("C)
Inner Wall 1000 200
Outer Wall 20 20

The nozzle configuration shown in Fig. 1 is discretized as a two-dimensional axisymmetric model,
and the heterogeneous heat conduction problem is solved using the finite element method. As depicted
in Fig. 2, the computational mesh comprises 3777 finite elements. As elaborated in Section 2.1.2, the
thermal conductivity matrix associated with the heterogeneous material field must be reassembled at each
iteration step of the inverse identification process, constituting the primary computational bottleneck for
both forward simulation and inverse identification efficiency. Consequently, the development of a hyper-
reduced order model—also detailed in Section 2.1.2—is essential for alleviating this computational burden.
Following the DEIM procedure, interpolation nodes are progressively selected and their adjacent elements
are identified; the system equations are then reconstructed through numerical integration restricted to
these local element subsets, rather than over the entire domain.

5 elements

2O

10 elements

™
°
°
@ 61 elements

Figure 2: Discrete format of finite element model (FEM) and hyper reduced order model (HROM).

Based on the discretization schemes of both the full-order finite element model and the hyper reduced
order model (HROM) outlined in the preceding section, Fig. 3 compares the finite element mesh and the
HROM configurations with varying reduced degrees of freedom (DoFs). The full-order finite element model
comprises 3777 elements; by contrast, the 6-DoF HROM employs 6 interpolation nodes and 30 adjacent
elements, the 9-DoF HROM utilizes 9 interpolation nodes and 44 adjacent elements, and the 12-DoF
HROM involves 12 interpolation nodes and 61 adjacent elements. This significant reduction in the number
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of elements requiring numerical integration directly translates into substantially accelerated forward
simulations for heterogeneous heat conduction problems.

FEM HROM (6 Dofs)

HROM (9 Dofs) HROM (12 Dofs)

Figure 3: Discrete scheme of different models: finite element method (FEM), hyper reduced order model with 6 degree
of freedoms (HROM 6 Dofs), hyper reduced order model with 9 degree of freedoms (HROM 9 Dofs) and hyper reduced
order model with 12 degree of freedoms (HROM 12 Dofs).

To quantitatively assess the numerical accuracy of the proposed HROM for heterogeneous heat
conduction simulation, the steady-state comparative analyses are performed using both the original full-
order finite element model and the proposed HROM. The sample parameters are two spatial coordinates and
one conductivity value, X coordinate in [0 mm, 120 mm], Y coordinate in [0 mm, 400 mm], conductivity value
in [5 W/(m-K), 40 W/(mK)], and 50 samples were randomly generated for POD. The boundary conditions for
all test cases remain consistent with those specified in Table 1. As evidenced by the full-domain temperature
contours in Fig. 4, the temperature field reconstructed by the HROM exhibits excellent agreement with the
high-fidelity FEM reference solution in terms of spatial distribution, peak temperature magnitudes, and
temperature gradient characteristics. These qualitative results provide preliminary confirmation of the
reliable temperature-field prediction capability of the proposed hyper-reduction methodology.

170 , /
160

150

, 1‘;3 FEM HROM (6 Dofs)
120

110

8 |~ =

HROM (9 Dofs) HROM (12 Dofs)

Figure 4: Steady-state temperature distribution predicted by different models: finite element method (FEM), hyper
reduced order model with 6 degree of freedoms (HROM 6 Dofs), hyper reduced order model with 9 degree of freedoms
(HROM 9 Dofs) and hyper reduced order model with 12 degree of freedoms (HROM 12 Dofs).
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Furthermore, the effect of the number of reduced DoFs on computational accuracy is investigated
in Fig. 4. When the number of basis vectors is increased from 6 to 9, the temperature-field simulation
error decreases appreciably, corresponding to a marked improvement in numerical prediction fidelity.
Further increasing the reduced DoFs to 12 yields convergence of the full-domain temperature error, with
no appreciable further gain in simulation accuracy. This observation indicates that the reduced basis has
already captured the dominant thermal modes of the heterogeneous heat conduction problem at the 9-DoF
level, and that additional basis vectors contribute only marginally to further accuracy improvement.

Fig. 5 presents the axial temperature distributions along the nozzle outer wall, as predicted by the
hyper-reduced order models (HROMs) with varying reduced degrees of freedom (DoFs) and the full-order
finite element model. It can be found that the temperature profiles reveal a pronounced inverse correlation
between the outer wall temperature and the local wall thickness, which can be attributed to the radial heat
transfer mechanism dominating the nozzle structure: thinner wall sections offer lower through-thickness
thermal resistance under a given inner-wall condition, resulting in correspondingly elevated outer wall
surface temperatures. Consequently, temperature peaks emerge at the nozzle inlet and outlet ends where
the wall thickness reaches its minimum; conversely, the thickest throat-adjacent mid-section of the nozzle
corresponds to the lowest outer wall temperature along the entire axial profile.

180
160 Fmq,
>

~ Q@
O 140 - 2,
e N o FEM
3 o HROM(6 Dofs)
S 120 A HROM(9 Dofs)
2 v HROM(12 Dofs)
5
F

60 s | s | s | s | s | s | s | s
0 50 100 150 200 250 300 350 400

Axial coordinate (mm)

Figure 5: Simulated temperatures on the outer surface: finite element method (FEM), hyper reduced order model
with 6 degree of freedoms (HROM 6 Dofs), hyper reduced order model with 9 degree of freedoms (HROM 9 Dofs) and
hyper reduced order model with 12 degree of freedoms (HROM 12 Dofs).

A quantitative comparison of the three HROM predictions against the FEM reference solution reveals
distinct accuracy levels across the different reduced basis dimensions. The 9-DoF and 12-DoF HROM tem-
perature curves are in near-perfect agreement with the full-order finite element results: both configurations
accurately reproduce the temperature peaks at the nozzle inlet and outlet, capture the steep temperature
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gradients in the transition regions, and replicate the temperature variation across the mid-section. The
maximum relative temperature errors for the 9-DoF and 12-DoF HROMs remain below 1% (Fig. 6). The
6-DoF HROM exhibits notable deviations from the FEM solution, with the most pronounced discrepancies
localized in the peak temperature regions near the inlet and outlet. Specifically, the 6-DoF model underesti-
mates the maximum wall temperature, and fails to accurately resolve the sharp temperature gradients in
the vicinity of the inlet and outlet edges. This degradation in accuracy indicates that an insufficient number
of basis vectors cannot adequately resolve the high-gradient thermal modes associated with the thermal
property discontinuities at the nozzle ends.

0.1
0.01
< 0.001
o
£
O
> 1E-4
=
©
M~ 1E-5
—— HROM(6 Dofs)
1E-6 F _HROM(9 DOfS)
—— HROM(12 Dofs)

1E_7 L 1 L 1 L 1 L 1 L 1 L 1 L 1 L
0 50 100 150 200 250 300 350 400

Axial coordinate (mm)

Figure 6: Relative errors of simulated temperature on the outer surface:: hyper reduced order model with 6 degree of
freedoms (HROM 6 Dofs), hyper reduced order model with 9 degree of freedoms (HROM 9 Dofs) and hyper reduced
order model with 12 degree of freedoms (HROM 12 Dofs).

Fig. 6 depicts the relative temperature error distributions of the 6-, 9-, and 12-DoF hyper-reduced
order models (HROMs) with respect to the full-order finite element method along the nozzle axis. The
results demonstrate slightly decreases in prediction error as the number of reduced degrees of freedom
increases. The 6-DoF HROM exhibits an overall error level in the range of 0.1%-1%, with a peak error of
approximately 3%. Increasing the basis size to 9 DoFs reduces the overall error to the 0.01%—-0.1% range,
representing an order-of-magnitude improvement. Further expanding to 12 DoFs drives the error down to
the 0.001%-0.01% band, with the maximum error across the entire domain remaining below 0.01%.

The findings further verify the dependence of HROM accuracy on the reduced basis dimension. For
the present heterogeneous nozzle heat conduction problem, the 6-DoF configuration is demonstrably
inadequate. The 9-DoF configuration strikes a favorable balance between accuracy and computational
efficiency. Further increasing the basis size to 12 DoFs yields only marginal accuracy gains, indicating that
the reduced basis has effectively converged and that additional basis vectors contribute diminishing returns.
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In particular, the 9-DoF HROM achieves error levels well below typical engineering tolerance thresholds,
rendering it fully adequate for high-fidelity engineering simulation applications.

3.2 Identification of Single-Peak Heterogeneous Thermal Conductivity

The proposed hyper-reduced order model (HROM) substantially accelerates the solution of hetero-
geneous heat conduction problems. By extending the HROM formulation from the real domain into the
complex domain, the computational efficiency can be further exploited for the inverse identification of
heterogeneous thermal conductivity, as illustrated in Fig. 7.

@ Initialization and simulation @) Solve objective function and gradient
g T ; [ Realfield: Re(7) |  [Imaginary field: Im(7)]
I — e F a

\/"'\ o

o T | o 1

(@ Update non-uniform thermal conductivity
Ak, :|:J’J+/Ldiag(JTJ):Iil J’ (T"b*—Re(T"”)) <:] : = T°'”—Re(T"") ‘ H [Im(r,)~ (@) AIm(Tm)TE

N . ' 0 ' 5 ) S5 !

k™ = k! + Ak, b GO T S

Objective function Sensitivity matrix

Figure 7: Identification process of the complex variable hyper reduced order model (Hyper ROM).

The heterogeneous thermal conductivity identification framework based on the complex-variable
hyper-reduced order model (CV-HROM) employs an iterative architecture, comprising three stages:

(1) Forward simulation with a small complex perturbation. The set of heterogeneous thermal conductivity
parameters to be identified is first initialized. For each parameter, a complex perturbation is introduced
in the imaginary part, generating multiple parameters conditions that are collectively fed into the
HROM solver. The complex-valued temperature field is then computed efficiently, which drastically
reduces the computational cost of the forward problem relative to full-order finite element analysis.

(2) Loss function construction and sensitivity evaluation. The complex-variable temperature field is
decomposed into its real and imaginary components. The 2-norm residual between the real-part
temperature and the reference temperature is adopted as the loss function. Concurrently, the imaginary-
part temperature is utilized to compute the parameter sensitivity matrix, which effectively eliminates
the truncation and rounding errors.

(3) Parameter update through the Levenberg—Marquardt algorithm. Combining the loss function and
the sensitivity matrix, the parameter correction vector is solved using the Levenberg—Marquardt
(LM) iterative scheme with adaptive regularization, and the thermal conductivity parameters are
updated accordingly. The algorithm then returns to the forward simulation step to start a new cycle.
This process repeats until the loss function converges below a predefined threshold (L < 107 or
AL < 107%), ultimately delivering efficient and high-precision identification of the heterogeneous
thermal property field.

To select outer-wall temperature measurement points with maximum information gain and thereby
ensure the accuracy and stability of heterogeneous thermal conductivity parameter inversion, a normalized
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sensitivity analysis is first performed for the nozzle outer-wall temperature with respect to the heterogeneous
thermal conductivity with single peak (two spatial coordinates and one thermal conductivity magnitude).
This yields the axial distribution of the sensitivity coefficients for each parameter along the nozzle axis. As
shown in Fig. 8, the results reveal pronounced spatial variations in the high-sensitivity regions corresponding
to different parameters: the inlet section exhibits elevated sensitivity to certain thermal conductivity
parameters (Y coordinate), whereas the leading and trailing edges of the central thick-walled section emerge
as concentrated peak zones for multi-parameter sensitivity. Notably, the sensitivity of all three parameters
attains its global maximum at the trailing edge of the thick-walled section, where the observational
information content is the richest.

1.0
®  QGradient X A ‘; '
2 ® Gradient YA o “ am 4
E 0.8 A Gradient A |, Aas A .
G A . A
: :
2 ' 3 °
206 A ] L
g : [ (]
s e e °
< °
L % A
_g" 0.4 ... AA: ‘. l
O ‘ n
N A‘ o *
Té ‘AA ‘I () -'----A
02 F : 7Y , Y\
o A ®
Z A - TN, ‘M
-
0.0 ;--—l L :’.l....l‘haA N R

0 50 100 150 200 250 300 350 400
Axial coordinate (mm)

Figure 8: Normalized parameter sensitivity on the outer surface.

To guarantee that every parameter to be identified is paired with high-sensitivity observational
data, and simultaneously accounting for the engineering feasibility of sensor placement, three sensitivity-
extreme locations—namely the nozzle inlet (axial coordinate: 367.1 mm), the leading edge of the central
thick-walled section (axial coordinate: 207.9 mm), and the trailing edge of the central thick-walled section
(axial coordinate: 131.6 mm)—are finally selected as temperature measurement points.

Fig. 9 compares the iterative convergence behavior of heterogeneous thermal property parameter
identification between the full-order finite element model and the complex-variable hyper-reduced order
model (CV-HROM), and the initial paramters are 10 mm, 10 mm, 10 W-m™!-°C™!. Furthermore, the parameter
coordinates are set within the range of X € [20 mm, 120 mm] and Y € [20 mm, 300 mm] to avoid unreasonable
values. The parameter evolution trajectories of the two methods are in excellent agreement: all three
parameters to be identified undergo rapid correction in the early iteration stage, and gradually converge
to stable values after approximately 20 steps. The final parameter identification results obtained from the
CV-HROM indicate no appreciable loss of identification accuracy.
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300 . 100
250 {10
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Figure 9: Iteration process of various parameters and loss functions using finite element method (FEM) and hyper
reduced order model (HROM).

The loss functions of both methods exhibit the characteristic profile of “rapid initial descent followed
by steady convergence”. Upon convergence, the residuals are reduced to below the 102 order of magnitude,
confirming that both approaches achieve inversion accuracy at the same level. These comparative results
validate the effectiveness of the proposed complex-variable hyper-reduced order identification framework:
while fully preserving the identification accuracy of the full-order finite element method, the CV-HROM
substantially reduces the computational cost of the forward simulation at each iteration through order-
reduction acceleration, thereby enabling efficient and high-precision inversion of heterogeneous thermal
conductivity parameters.

Table 2 summarizes the computational details for heterogeneous thermal conductivity identification,
comparing the full-order finite element model against the complex-variable hyper-reduced order model
(CV-HROM). It should be noted that the computational details in Table 2 is executed on a PC with a AMD
Ryzen 9900X processor, 32 GB of RAM, and the CPU time is just the iteration process of the inverse problem,
it does not include snapshot generation, POD construction, and DEIM selection. The results demonstrate
that the CV-HROM compresses the original 3777 degrees of freedom of the full-order model to 44, achieving
a significant reduction in problem dimensionality.

Table 2: Computational details of finite element method (FEM) and hyper reduced order model (HROM).

Methods Dofs CPU Time (s) Loss Function
FEM 3777 139.2 1.20e-3
HROM 44 10.1 7.90e—4

Driven by this order-reduction acceleration, the total CPU time for a complete parameter identification
run is substantially reduced from 139.2 s (full-order model) to 10.1 s (CV-HROM), delivering more than a
13-fold efficiency improvement and alleviating computational burden of the inverse iteration.
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Meanwhile, the final converged loss function value of the CV-HROM reaches 7.90 x 10~%, which
is marginally superior to the 1.20 x 1072 obtained with the full-order finite element model, indicating a
smaller inversion residual and marginally improved identification accuracy. This quantitative comparison
comprehensively validates the multifaceted advantages of the proposed complex-variable hyper-reduced
order identification method: while delivering substantial gains in computational efficiency, the method
actually achieves improved convergence performance. These findings establish the CV-HROM as a promising
and viable approach for the efficient inversion of large-scale heterogeneous thermal property fields.

Fig. 10 compares the distribution of the estimated heterogeneous thermal conductivity using the FEM
and the hyper-reduced order model, and the real distribution is a assumed non-homogeneous distribution
(three parameters: 30 mm, 245 mm, 26 W-m1°C™!) in this case, and the reference temperature in the loss
function is obtained by simulating the distribution of the real non-homogeneous thermal conductivity using
the FEM. The thermal conductivity values span the range of 16.5-24 W-m~!-°C~!. It can be found that both
sets of identification results exhibit excellent agreement with the reference thermal conductivity field. The
high-conductivity peak regions of all three fields are localized in the throat of the nozzle, with consistent
peak magnitudes and overall distribution ranges. Furthermore, the annular gradient variation of thermal
conductivity in the nozzle convergent section, as well as the low-conductivity morphology in the thick-
walled section, are accurately reproduced by both methods. The results demonstrate that the identification
performance of the HROM is virtually indistinguishable from that of the full-order finite element model:
both recover the spatially heterogeneous distribution characteristics of the thermal conductivity field.
By retaining identification accuracy on par with the full-order method while substantially reducing the
computational cost of the inversion process, these results corroborate the reliability and efficiency of
the proposed complex-variable hyper-reduced order identification framework for heterogeneous thermal

/ 4 /

L] ® [
(a) Real (b) FEM (c) HROM

BT [ 7 [ [T 7 [ [T

16.5 17 17.5 18 185 19 195 20 205 21 215 22 225 23 235 24 y.p2°C-!

property inversion.

Figure 10: Heterogeneous thermal conductivity distribution of (a) real, (b) identification by finite element method
(FEM), (c) identification by hyper reduced order model (HROM).
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Fig. 11 presents the relative error contour for the thermal conductivity identification results obtained
by the full-order finite element method and the hyper-reduced order model (HROM). In terms of the spatial
distribution, the two identification methods exhibit highly consistent error characteristics. High-error
regions are concentrated in the area of abrupt thermal conductivity gradient on the nozzle throat—this
region is characterized by steep variations in thermal property parameters and pronounced inversion
boundary effects. By contrast, the thermal conductivity distribution in the nozzle convergent section and
the thick-walled section is relatively smooth, and the corresponding relative identification errors remain
stable at a low level of approximately 1%. Consequently, the identification accuracy across the vast majority
of the computational domain remains satisfactory.

FEM HROM

B (]|

1234567891011 %

Figure 11: Relative error of finite element method (FEM) and hyper reduced order model (HROM) in identifying
heterogeneous thermal conductivity.

A comparison between the two methods reveals that peak error magnitude of the HROM is on the
same order as those of the full-order finite element model. No additional appreciable bias is introduced
by the reduced-order approximation. This finding further corroborates the accuracy and reliability of
the proposed complex-variable hyper-reduced order identification method, which achieves substantial
reduction in inversion computational cost while preserving identification accuracy equivalent to that of the
full-order finite element approach.

Fig. 12 compares the axial distributions of heterogeneous thermal conductivity along the nozzle inner
wall. All three profiles exhibit a unimodal variation trend. The thermal conductivity peak is localized in the
240-260 mm axial segment, which corresponds to the region of concentrated thermal loading on the nozzle
inner wall and is fully consistent with the inner-wall distribution characteristics.

Both methods faithfully reproduce the axial variation trend of thermal conductivity. The HROM identi-
fication results demonstrate good overall agreement with the real values, with only a slight overestimation
in the peak region. The full-order finite element results are marginally lower than the real values overall,
and exhibit a relatively more pronounced deviation within the peak range. In the smooth section near the
nozzle outlet (axial position beyond 300 mm), the three curves are nearly superimposed, with identification
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deviations at an extremely low level. The errors are predominantly concentrated in the peak region, where
the thermal conductivity gradient is steepest.

24
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e FEM N
A HROM Af
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Figure 12: Identified thermal conductivity on the inner surface using finite element method (FEM) and hyper reduced
order model (HROM).

To test the robustness with respect to initialization, different initial guesses (X Coordinate: 10 mm, Y Co-
ordinate: 10 mm, Conductivity: 10 W-m™1°C~! and X Coordinate: 20 mm, Y Coordinate: 20 mm, Conductivity:
20 W-m~1°C™1) have been applied. As shown in Fig. 13, heterogeneous thermal conductivity parameters can
be accurately identified, with slightly larger identification errors in the X-coordinate parameters because the
X-axis represents the thickness of the nozzle and has higher sensitivity than the Y-axis.
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Figure 13: Iteration process of various parameters with different initial parameters.
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To demonstrate the robustness against measurement noise of the proposed method, 0.5%, 1% and
3% random noise levels is introduced, and the identified results is listed in Table 3. It can be seen that
despite measurement errors, accurate results can still be identified, and the proposed method shows certain
robustness against noise. As the measurement noise increases, the identification relative error also increases.
When the noise is 3%, the maximum identification error is 8.06%. Of course, excessive noise can lead to

distorted identification results.

Table 3: Identified results with different measurement noise.

. . . Conductivit Relative Error of
Noise X Coordinate (mm) Y Coordinate (mm) (W-m-1- C‘I;, Conductivity
0% 43.49 246.14 25.56 0%
0.5% 43.34 244.84 25.74 0.70%
1% 42.71 259.16 26.86 5.09%
3% 48.43 260.31 27.62 8.06%

3.3 Identification of Dual-Peak Heterogeneous Thermal Conductivity

The foregoing validation on single-peak heterogeneous thermal conductivity identification has demon-
strated the accuracy and efficiency of the proposed CV-HROM framework for relatively simple heteroge-
neous fields. However, practical engineering composites—particularly those employed in extreme thermal
environments such as rocket nozzles—frequently exhibit multi-peak heterogeneous characteristics with
spatially segregated material regions, each governed by distinct thermal property parameters and geometric
boundaries. In such scenarios, a single-peak representation is insufficient to capture the full complexity of
the material distribution, and the inverse problem expands to simultaneous identification of multiple sets
of geometric coordinates and corresponding thermal conductivity values. This multi-parameter coupled
inversion presents additional challenges, aggravated ill-posedness, and convergence stability. To further
assess the generality and robustness of the proposed method under more demanding conditions, this section
extends the validation to a dual-peak heterogeneous thermal conductivity identification problem, wherein
six parameters—two sets of geometric coordinates and two distinct thermal conductivity values—are recov-
ered simultaneously. And six reference temperature are located on the outer surface at the axial coordinate
of 207.9 mm, 367.1 mm, 131.6 mm, 120 mm, 5.9 mm, 108 mm.

Fig. 14 illustrates the iterative convergence process for multi-parameter identification of dual-peak
heterogeneous thermal conductivity. There are six parameters to be identified—comprising the geometric
coordinates (X1/Y1, X»/Y3) of the dual-peak heterogeneous zones and their respective thermal conductivities
(11, p12), and the initial paramters are 10 mm, 10 mm, 50 mm, 50 mm, 10 W-m~°C™!, 10 W-m™!-°C™. The real
distribution is a assumed non-homogeneous distribution (six parameters: 30 mm, 245 mm, 75 mm, 150 mm,
26 W-m~!°C™!; 26 W-m™'-°C™?!) in this case, and the reference temperature in the loss function is obtained by
simulating the distribution of the real non-homogeneous thermal conductivity using the FEM. All identified
parameters exhibit a typical three-stage convergence pattern: rapid initial correction, intermediate minor
fluctuations, and stable late-stage convergence. Specifically, parameter correction amplitudes are largest
during the first 30 iterations, during which both the geometric positions and thermal conductivity values
rapidly approach their real values. Between 30 and 80 iterations, the parameters undergo fine adjustments
before gradually stabilizing. After approximately 80 iterations, all parameters converge to steady values,

with no obvious fluctuations in subsequent iterations.



Front Heat Mass Transf. 2026;24(5):4 19

320 350
—&— X, coordinate (mm) —&— X, coordinate (mm)
280 —e— Y, coordinate (mm) —e— Y, coordinate (mm)
—a— 1, Conductivity (W-m™-°C")|  |—&— , Conductivity (W-m™'-°C"") 4300
—— Loss function
240 {
4250
@ 200 H 18-0:0-0-0-0-0-0-0-00-0-0-0-0-8-2 v 8
s 1200 2
5} =
g 160 H =
5 1150 2
<120 | =
4100
80 A
40 ﬁM‘ 7150
0 — 0

0 20 40 60 80 100 120 140

Iteration steps

Figure 14: Iteration process of various parameters and loss functions in dual-peak heterogeneous thermal conductivity.

The objective loss function undergoes a steep, cliff-like decrease within the first 10 iterations, followed
by a gradual deceleration in its decay rate. Beyond 80 iterations, it converges to an extremely low level
and remains stable thereafter; no oscillations or divergence are observed throughout the entire process,
indicating a smooth and robust convergence trajectory. These results demonstrate the favorable robustness
of the proposed identification framework for multi-peak coupled heterogeneous thermal property inversion
problems. The method is capable of simultaneously and stably recovering multiple sets of zonal geometric
positions and thermal property parameters (X;: 33.4 mm, Y;: 193.6 mm, p1: 31.6 W-m™1-°C™!, X,: 105.9 mm,
Y,: 185.6 mm, pp: 22.5 W-m™1°C™1), exhibiting reliable convergence performance.

Fig. 15 compares the real heterogeneous thermal conductivity distribution against the identification
results, with thermal conductivity values spanning the range of 20-25.5 W-m~!-°C~!. The identification
results exhibit excellent agreement with the reference thermal conductivity field. Both fields display
characteristic bimodal heterogeneous distribution features: a localized high-conductivity zone on the
left side of the nozzle inlet, and an annular core high-conductivity zone in the central portion of the
nozzle. The positions, spatial extents, and peak magnitudes of the two high-conductivity regions are in
close agreement. Furthermore, the gradient transition trend of the global thermal conductivity field and
the spatial morphology of the low-conductivity zones are highly consistent; there are only minor visual
differences in the gradient transition bands at the peak peripheries, with no evident zonal displacement
or morphological distortion. These findings confirm that the proposed identification method accurately
recovers the spatial distribution characteristics of heterogeneous thermal conductivity fields and delivers
high inversion fidelity for complex heterogeneous thermal property parameters.
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Figure 15: Comparison of dual-peak heterogeneous thermal conductivity.

4 Conclusions

This study develops a complex-variable hyper-reduced order model (CV-HROM) for efficient, high-
fidelity identification of spatially heterogeneous thermal conductivity in composite structures. By integrating
the discrete empirical interpolation method (DEIM)-based hyper-reduction technique with the complex-
variable derivative method (CVDM), the proposed framework effectively addresses two core bottlenecks of
inverse heat conduction problems: the excessive computational overhead of full-order forward simulation
and the cumbersome and error-prone gradient evaluation process. Numerical validations are conducted
on a typical composite rocket nozzle structure to verify the effectiveness and superiority of the developed
method. The results demonstrate that the CV-HROM successfully reduces the 3777 degrees of freedom of
the full-order finite element model to only 44, achieving more than a 13-fold acceleration in the complete
parameter inversion process while maintaining accuracy consistent with the full-order benchmark. Notably,
the dimensionality reduction operation does not induce any accuracy degradation; instead, the CV-HROM
yields slightly lower converged residuals than the conventional finite element method. The proposed
method accurately reconstructs both single-peak and dual-peak heterogeneous thermal conductivity fields,
with most regional relative identification errors maintained below 1%. Driven by complex-variable gradient
calculation, the Levenberg—Marquardt optimization algorithm presents a stable and smooth iterative
convergence characteristic, enabling reliable convergence of all unknown parameters within approximately
80 iterations.

The proposed CV-HROM framework provides an efficient and robust alternative for large-scale, multi-
parameter inversion of heterogeneous thermal properties. It possesses great application potential for
high-precision thermal characterization of aerospace thermal protection structures such as rocket nozzles,
where both computational efficiency and identification fidelity are critically required. Future research
will extend the current framework to transient heat conduction scenarios and real composites inversion.
Furthermore, the broader applicability of the framework to data-driven and multiphysics material-property
identification should be furtherly investigated. In addition, real composites often exhibit filler agglomeration,
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interface effects, connectivity/percolation, discontinuous domains, and spatially irregular microstructures,
and some realistic microstructures would be systematically investigated in the future work.
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convective heat transfer coefficient
gradient matrix

thermal conductivity
thermal conductivity matrix
loss function

shape function

heat flux

spatial coordinate
temperature field

nodal temperature vector
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