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ABSTRACT: This study investigates laminar convection in three regimes (forced convection, mixed convection,
and natural convection) of a bi-nanofluid (Cu-Al2O3-water)/mono-nanofluid (Al2O3-water) inside a square enclosure
of sliding vertical walls which are kept at cold temperature and moving up, down, or in opposite directions. The
enclosure bottom is heated partially by a central heat source of various sizes while the horizontal walls are considered
adiabatic. The thermal conductivity and dynamic viscosity are dependent on temperature and nanoparticle size. The
conservation equations are implemented in the solver ANSYS R2 (2020). The numerical predictions are successfully
validated by comparison with data from the literature. Numerical simulations are carried out for various volume
fractions of solid mono/hybrid-nanoparticles (0 ≤ ϕ ≤ 5%), Richardson numbers (0.001 ≤ Ri ≤ 10), and hot source
lengths ((1/5)H ≤ ε ≤ (4/5)H). Isothermal lines, streamlines, and average Nusselt numbers are analyzed. The thermal
performance of nanofluids is compared to that of the base heat transfer fluid (water). Outcomes illustrate the flow
characteristics significantly affected by the convection regime, hot source size, sidewall motion, and concentration of
solid nanoparticles. In the case of sidewalls moving downward, using hybrid nanofluid (Cu-Al2O3-water) shows the
highest heat transfer rate in the enclosure at Ri = 1, ε = (4/5)H and volume fraction of φ = 5% where a significant
increment (25.14%) of Nusselt number is obtained.

KEYWORDS: Mixed convection; heat transfer enhancement; hybrid nanofluid; nanoparticles; Richardson number

1 Introduction
Energy efficiency is attracting extensive research to save energy and mitigate emissions. Manufacturing

processes, thermal power plants, microelectronics, transportation, and other engineering applications
generate significant amounts of heat. Efforts have been made to enhance the efficiency of thermal systems.
Effective coolants have been developed to effectively dissipate heat [1].
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Cooling methods can generally be divided into passive and active systems [2]-conventional coolants
such as propylene glycol show limited thermal characteristics. One of the methods that improves the
heat transfer characteristics is the insertion of highly conductive nano-additives [3,4]. Metals [5], metal
oxides [6], metal nitrides [7], metal carbides [8], and carbonaceous materials [9] are the most widely used
nanoparticles (NP). In general, the shape, size, stability of the dispersed NP, type of base fluid, the mass
concentration of the fluid and NP, and other parameters all affect the thermal conductivity of the nanofluid
(NF). NF has demonstrated superior thermal performance in various engineering applications compared
with conventional fluids [10].

Numerous papers have investigated the thermal performance of nanofluids and reported potential
enhancement effects, which make them alternatives to conventional heat transfer fluids. Said et al. [11]
investigated the Magneto-Hydro-Convective of Cu-water NF inside a square porous cavity. The results
showed that the heat transfer rate increases significantly when Re ≥ 250. In addition, the heat transfer
enhancement is maximum at L = 0.25 for Re = 50 and Gr = 105. Ghasemi and Aminosadati [12] investigated
nanofluid mixed convection in a triangular container. Heat transfer consistent with sliding vertical wall
movement resulted in stronger flow and thus higher heat transfer rate. Bondarenko et al. [13] also analyzed
the natural convection of Al2O3-water NF in a cavity in the presence of a heat-generating element. The
outcomes indicated that adding NP increases the convective cooling process. Various nanofluid types were
investigated in a cavity with partially heated walls [14], including Cu-water, Ag-water, Al2O3-water, and TiO2-
water. The authors showed that increasing the volume fraction of NP and Rayleigh number increases the
average Nu. In addition, among the investigated nanofluids, Cu-water was recommended due to its superior
heat transfer rate. Zaydan et al. [15] presented a lid-driven square cavity filled with nanofluids made of
different nanoparticles and different base fluids. A parametric study was conducted, including the effect of
the nanoparticle’s shape and the Richardson number on the rate of heat transfer.

However, other studies indicated that the nanofluid concentration is a critical parameter. The effect
of Al2O3 concentration was investigated [16]. Outcomes demonstrated that there is a critical concentration
beyond which no significant performance improvement can be obtained. The optimal concentration was
shown to be attained at a nanofluid concentration of 0.1%, which resulted in an enhancement up to
15%. Similarly, Sharipour et al. [17] utilized a nanofluid of various concentrations and investigated the
thermal performance of TiO2-water nanofluid using nanoparticles of 50 nm average size to find the optimal
concentration for thermal performance improvement. Various volume fractions were tested in the range of
0.05–0.8 Vol%. The investigated nanofluid was enclosed in an enclosure with cold and hot sidewalls while the
bottom and top walls were kept adiabatic. Various Ra values were tested from 4.9× 108 to 1.47× 109. The results
indicated an optimal volumetric concentration of ϕ = 0.05%, which enhanced the thermal performance by
up to 8.2%. Yaseen et al. [18] indicated that Nu increased by 4.5% when using a flexible wall alone, but when
the upper wall moved to the left, Nu increased by 28%.

Adding two different nano-additives in the same liquid [19], i.e., hybrid nanofluid (HNF), was addressed
for improving fluids’ performance [20]. Several studies [21] utilized various combinations such as Al2O3-
Cu [22], ceramic matrix nanocomposites like Al2O3-TiO2 [23], and polymeric nanomaterials such as
polymer-CNT [24]. Moghadassi et al. [25] investigated HNF (Al2O3-water) and (Al2O3-Cu-water) for
laminar forced convection in a horizontal pipe. Nanoparticle concentration was fixed at 0.1% considering
particles of the average size of 15 nm. The study outcomes indicated a higher Nu number in the case of HNF
outperforming that corresponding to the mono-nanofluid by 4.73%. Nwaokocha et al. [26] studied the HNF
thermal performance in a square enclosure using MgO-ZnO nanoparticles dispersed in deionized water
(DIW). Nanoparticle mass concentrations of 0.05 and 0.5 were investigated at various ratios ranging from
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20 to 80%. A significant improvement in thermo-convection performance was achieved. Convective heat
transfer was enhanced by 72.2%.

The performance of hybrid nanofluid has been tested in various enclosure shapes. Al-Mashaal et al. [27]
numerically investigated 3D HNF convection. The findings indicated that increasing the CNT content
significantly enhances heat transfer. Chamkha et al. [28] conducted a study considering HNF in a semi-
circular enclosure. The results indicated that the hybrid nanocomposites improved the heat transfer inside
the enclosure. However, hybrid nanofluid does not always result in higher thermal performance according
to Ghalambaz et al. [29]. The authors studied the HNF behavior in typical enclosures. Alsabery et al. [30]
studied convective HNF in an enclosure partially divided having cold wavy sidewalls. The findings indicated
that using HNF improved thermal performance. This study showed the critical effect of Ra. For low
values Ra ≤ 105, increasing the nanoparticle loading enhanced the thermal performance whereas for higher
Ra values lower effect was reported. A numerical study by Tayebi and Chamkha [31] examined heat
enhancement of natural convection using an HNF in an elliptic annulus differentially heated for Ra values
ranging between 103 and 3 105. Various nanoparticle volume fractions were tested in the range 0–0.12. The
authors showed that utilizing HNF in confocal elliptic enclosures is more efficient than MNF. Heat transfer
enhancement of HNF was reported for the case of porous trapeze [32]. Umar Ibrahim et al. [33] showed the
outperformance of carbon-based in mixed convective HNF.

Hybrid nanofluids have been investigated in lid-driven cavities to understand their behavior and
enhance their performance. Bouaraour [34], for instance, addressed the effect of various dimensionless
parameters. The results showed that increasing the Ri from 0.01 to 1 increases the buoyancy effect and leads
to higher Nu up to 4.5%. Furthermore, an NP increase of 8% resulted in a 9.8% performance improvement.
Ali et al. [35] addressed the effect of various parameters, including Re, Ri, cavity size, and nanofluid
concentration, for different directions of the moving walls. A significant increment in the heat transfer rate
was reported. Increasing the volume fraction improved the thermal performance. When Re was set at high
values, a large solid body increased the heat transfer rate. Additionally, performance decreased with the
cavity length.

The above literature review shows that hybrid nanofluid mixed convection in partially heated enclosures
with moving sidewalls has received less attention. This numerical study is aimed at investigating the
combined effect of natural convection and forced convection of hybrid nanofluid in a square cavity with
moving sidewalls and partially heated from the bottom wall. The thermal performance of hybrid nanofluid is
compared with both mono-nanofluid and base fluid consisting of water. Isotherms, streamlines, and average
Nusselt numbers are examined for various Ri values (0.001 ≤Ri ≤ 10), nanoparticle volume fractions (0 ≤ ϕ ≤
5%), and sizes of the hot source ε ((1/5)H ≤ ε ≤ (4/5)H).

2 Physical Modeling
Consider a square cavity (Fig. 1) filled with an enhanced heat transfer fluid. Two types of HTF, i.e., Cu-

Al2O3/Water (HNF) and Al2O3/Water (MNF) are examined to compare their performance with the base heat
transfer fluid (water). The bottom wall of the cavity is partially heated at a constant temperature (TH). The
vertical sidewalls move at a constant velocity (V0). The following assumptions are considered: 2D laminar
and steady; Newtonian, incompressible, and homogenous fluid; viscous dissipation and work of pressure
forces are neglected in the energy equation; no-slip solid particles in thermal equilibrium with the base fluid;
constant thermophysical properties except density which follows the Boussinesq approach. The single-phase
model is considered (SPM).
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Figure 1: Sketch of the studied configurations: (a) Walls moving upward; (b) Walls moving downward; (c) Right wall
moving upward and left wall moving downward

Three different cases of buoyancy-supported convective flows are considered based on the lateral
velocity and thermal boundary conditions in the cavity shown in Fig. 1. to conduct a comprehensive
comparative analysis between these cases based on thermal performance:

Case 1: Both sidewalls (left and right) of the cavity move in the same upward direction (i.e., against
gravity) at a constant velocity V0.

Case 2: Both sidewalls move opposite to Case 1, i.e., in the same downward motion (gravity direction).
Case 3: The left wall moves downward and the right wall upward.

3 Modeling

3.1 Conservation Equations
2D dimensional formulation is written as follows:

• Continuity

∂u
∂x
+ ∂v

∂y
= 0 (1)

• Momentum

ρhn f (u ∂u
∂x
+ v ∂u

∂y
) = −∂p

∂x
+ μhn f (

∂2u
∂x2 +

∂2u
∂y2 ) (2)

ρhn f (u ∂v
∂x
+ v ∂v

∂y
) = −∂p

∂y
+ μhn f (

∂2v
∂x2 +

∂2v
∂y2 ) + (ρβ)hn f g (T − Tc) (3)

where ρhn f and μhn f stand for density and dynamic viscosity of the hybrid nanofluid while p, T, β,
and g represent the pressure, temperature, thermal expansion coefficient, and gravitational acceleration,
respectively.
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• Energy

(ρC p)hn f (u ∂T
∂x
+ v ∂T

∂y
) = khn f (

∂2T
∂x2 +

∂2T
∂y2 ) (4)

where Cphnf and khnf are the specific heat and thermal conductivity of the hybrid nanofluid, respectively.

3.2 Boundary Conditions
At y = 0

0 < x < (H − ε)
2

, (H + ε)
2

< x < H, u = 0, v = 0, ∂T
∂y
= 0 (5a)

(H − ε)
2

< x < (H + ε)
2

, u = 0, v = 0, T = TH

At y =H

u = 0, v = 0, ∂T
∂y
= 0 (5b)

At x = 0
Case 1:

u = 0, v = v0, T = TC

Case 2:

u = 0, v = −v0, T = TC (5c)

Case 3:

u = 0, v = −v0, T = TC

At the right vertical wall: x =H
Case 1:

u = 0, v = v0, T = TC

Case 2:

u = 0, v = −v0, T = TC (5d)

Case 3:

u = 0, v = v0, T = TC
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3.3 Dimensionless Equations
The dimensionless variables are obtained by:

X = x
H

, Y = y
H

, U = u
v0

, V = v
v0

, P = p
ρhn f v2

0
, θ = T − TC

TH − TC
(6)

The following nondimensional model is obtained:

∂U
∂X
+ ∂V

∂Y
= 0 (7)

U ∂U
∂X
+ V ∂U

∂Y
= − ∂P

∂X
+ 1

Re
ρ f μhn f

μ f ρhn f
[ ∂

∂X
(∂U

∂X
) + ∂

∂Y
(∂U

∂Y
)] (8)

U ∂V
∂X
+ V ∂V

∂Y
= − ∂P

∂Y
+ 1

Re
ρ f μhn f

μ f ρhn f
[ ∂

∂X
(∂V

∂X
) + ∂

∂Y
(∂V

∂Y
)] +

(ρβ)hn f

ρhn f β f
Riθ (9)

(ρC p)hn f (U
∂θ
∂X
+ V ∂θ

∂Y
) = 1

a f

khn f

RePr
[ ∂

∂X
( ∂θ

∂X
) + ∂

∂Y
( ∂θ

∂Y
)] (10)

Non-dimension parameters:

Reynolds number (Re = ρ f (H)V0
μ f
), Prandtl number (Pr =

(C p) f μ f

k f
), and Richardson number

(Ri = gβ f (TH−Tc)H
(V0)2 ).

Boundary conditions (no-dimensional):
At Y = 0

0 < X < (H − ε)
2 H

, (H + ε)
2 H

< X < 1U = 0, V = 0, ∂θ
∂Y
= 0 (11a)

(H − ε)
2H

< X < (H + ε)
2H

U = 0, V = 0, θ = 1

At Y=1

U = 0, V = 0, ∂θ
∂Y
= 0 (11b)

At X = 0
Case 1:

U = 0, V = 1, θ = 0

Case 2:

U = 0, V = −1, θ = 0 (11c)

Case 3:

U = 0, V = −1, θ = 0
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At X = 1
Case 1:

U = 0, V = 1, θ = 0

Case 2:

U = 0, V = −1, θ = 0 (11d)

Case 3:

U = 0, V = 1, θ = 0

3.4 Thermophysical Properties of MNF and HNF
Density of MNF and HNF are obtained using the following formulas [36]:

ρn f = ϕAl2 O3 ρAl2 O3 + (1 − ϕAl2 O3)ρ f (12)

ρhn f = ϕAl2 O3 ρAl2 O3 + ϕCu ρCu + (1 − ϕAl2 O3 − ϕCu)ρ f (13)

where ϕ represents the nanoparticle volume fraction.
As well, the heat capacity of MNF and HNF are determined [36]:

(ρCp)n f = (1 − ϕAl2 O3) (ρCp) f + ϕAl2 O3 (ρCp)
Al2 O3

(14)

(ρCp)hn f = (1 − ϕAl2 O3 − ϕCu) (ρCp) f + ϕAl2 O3 (ρCp)ϕAl2 O3
+ ϕCu (ρCp)

Cu
(15)

The thermal expansion effect of MNF and HNF is considered by utilizing the following expressions [36]:

(ρβ)n f = (1 − ϕAl2 O3) (ρβ) f + ϕAl2 O3(ρβ)ϕAl2 O3
(16)

(ρβ)hn f = (1 − ϕAl2 O3 − ϕCu) (ρβ) f + ϕAl2 O3(ρβ)Al2 O3
+ ϕCu(ρβ)Cu (17)

while the viscosity of MNF and HNF is obtained by [37]:

μn f =
μ f

1 − 34.87 ( 1
d f
)
−0.3
[(dAl2 O3)

−0.3 ϕ1.03
Al2 O3
]

(18)

μhn f =
μ f

1 − 34.87( 1
d f
)
−0.3
[(dAl2 O3)

−0.3 ϕ1.03
Al2 O3

+ (dCu)−0.3 ϕ1.03
Cu ]

(19)

where,

d f =
(6M)

1
3

(πNρ0( f ))
1
3

(20)
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The thermal conductivity of MNF and HNF is evaluated using the following formula [37]:

kn f

k f
= 1 + 4.4Re0.4

n p Pr0.66
f ( T

Tf r0
)

10

(kAl2 O3

k f
)

0.03

ϕAl2 O3
0.66 (21)

where Pr is the Prandtl number while the Brownian motion Reynolds number is defined as:

Ren p =
2ρ f KBT

πμ2
f dAl 2 O3

khn f

k f
= 1 + 4.4Re0.4

hn pPr0.66
f ( T

Tf r0
)

10 ⎡⎢⎢⎢⎢⎣
(kAl2 O3

k f
)

0.03

ϕAl2 O3
0.66 + (kCu

k f
)

0.03

ϕCu
0.66
⎤⎥⎥⎥⎥⎦

(22)

where Rehn p =
2ρ f KB T

π μ2
f (dAl 2 O3+dCu)

while KB is the Boltzmann’s constant, κB = 1.380648 × 10−23 J/K.
The local and average Nusselt numbers are defined:

NuLocal = −
khn f

k f
( ∂θ

∂Y
)

Y=0
(23)

Nuav era g e =
1
ε
H
∫

(H+ε)
2H

(H−ε)
2H

Nu l ocal dX (24)

Table 1 illustrates the thermo-physical properties of pure water and NP employed.

Table 1: Thermo-physical properties of pure water and NP [38,39]

Pure water Alumina Copper
ρ (kg/m3) 997.1 3970 8954

Cp (J/kg K) 4179 765 383
k (W/m K) 0.613 40 400

β (K−1) 21 × 10−5 0.85 × 10−5 1.67 × 10−5

μ (N/s m2) 855 × 10−6 – –
d (nm) 0.38 25 25

4 Numerical Methodology

4.1 Grid Sensitivity
Numerical modeling is performed by solving 2D equations using ANSYS R2 (2020) software. The

second-order discretization and second-order upwind are used for momentum and energy equations,
respectively. A uniform structured grid is utilized in the simulations. The convergence criterion is set 10−5,
for velocity and temperature, and 10−8 for the energy terms. Different grids are tested (31 × 31), (41 × 41),
(61 × 61), (71 × 71), (81 × 81), (91 × 91), (101 × 101) and (111 × 111). Table 2 and Fig. 2 show a comparison of
Nu for these configurations. Fig. 3 shows the vertical velocity along the middle x-plane for Ri = 10, in the
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Case 1 and with pure water. The results are grid-independent after 101 × 101 grid points. The optimal grid size
is found to be (101 × 101) which is adopted in the following simulations.

Table 2: Grid sensitivity of Nu values

Grid NuAverage Error (%)
31 × 31 15.070633 1.350698568
41 × 41 14.869787 0.744592472
51 × 51 14.759886 0.540436266
61 × 61 14.680547 0.270734556
71 × 71 14.640909 0.154251229
81 × 81 14.61836 0.105732278
91 × 91 14.60292 0.059496087

101 × 101 14.594237 0.035896909
111 × 111 14.589 —

Figure 2: Average Nu variation for various tested grids

Figure 3: Mesh dependency study
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4.2 Code Validation
To validate the numerical model, the predictions are compared with the results of three different studies

(Sebdani et al. [40], Corvaro and Paroncini [41], and Fayz-Al-Asad et al. [42]). Fig. 4 depicts the average
Nu variation with various NP volume fractions for Re = 1, 10, and 100 [40]. It is noted that the results agree
well. Fig. 5 presents the comparison of isotherms double-exposure interferogram at Ra = 2.02 × 105, and
the numerical streamlines at (Ra = 2 × 105) [41]. As well, the results are in good agreement. Finally, we
compare the results obtained by Fayz-Al-Asad et al. [42] (Fig. 6) of the isotherms for various Gr at λ = 0.25
and A = 2.0 with the present results. The present predictions agree very well with these results, demonstrating
the reliability of the present numerical model.

Figure 4: Comparison of Nu predictions with [40]

(a)

(b)

Figure 5: A comparison of the isotherms (a) double-exposure interferogram at Ra = 2.02 × 105, and (b) the numerical
streamlines at (Ra = 2 × 105) with [41]
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Gr = 103 Gr = 104 Gr = 105 Gr = 106

(a)

(b)

Figure 6: Comparison of the isotherms for various Gr at λ = 0.25 and A = 2.0. (a) results due to Fayz-Al-Asad et al. [42]
and (b) predictions of the present study

5 Results and Discussion
Results are presented for heat transfer and flow patterns. Results are obtained for a Ri = 0.001 to 10,

NP concentrations 0% to 5%, and hot source length values (ε = (1/5)H, (2/5)H, (3/5)H, (4/5)H) taking into
account three different conditions (see Fig. 1, cases (1, 2, 3)).

5.1 Effect of Concentration of Solid Mono Nanoparticles/or Hybrid Nanoparticles
Case 1: Walls moving upward
Fig. 7 shows the isothermals and streamlines for MNF (Al2O3-water) and HNF (Cu-Al2O3-water). This

figure presents recirculation zones because the boundary conditions are symmetrical, this for all volume
fraction values changed from 0% to 5%. The intensity of the two cells increases with increasing the nanofluid
concentration indicating a higher convective heat transfer rate. Furthermore, the temperature gradient
increases with the volume fraction in the NF and hybrid fluid leading to higher overall heat transfer within
the cavity, which makes the temperature contours more intense.

Case 2: Walls moving downward
Streamlines (left) and isotherms (right) are shown in Fig. 8 for MNF (Al2O3-water) and HNF (Cu-

Al2O3-water). It is noted that the dynamic field consists of two counter-rotating cells for all volume fraction
values. Increasing the NP concentration increases the dynamic field intensity and hence convective heat
transfer. Viscous forces resulting from the downward movement of the sidewalls cause the descending
fluid motion along the sidewalls, while buoyancy forces push the fluid upward along the center of the
cavity. All the heat from the hot source spreads through the center of the cavity due to the higher heat
transfer characteristics obtained by nanoparticle loadings. Heat diffusion increases with increasing particle
concentration, which is better observed in the HNF than in MNF. The HNF shows a higher heat transfer rate
in this configuration where walls are moving upward.
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Al2O3-water Cu-Al2O3-water

0%

5%

Figure 7: Impact of the NP concentration on the streamlines (left) and isotherms (right), for Ri = 1 and ε = (4/5)H
(Al2O3-water) and (Cu-Al2O3-water) for (Case 1)

Al2O3-water Cu-Al2O3-water

0%

5%

Figure 8: Effect of the NP concentration on the streamlines (left) and isotherms (right), for Ri = 1 and ε = (4/5)H
(Al2O3-water) and (Cu-Al2O3-water) for (Case 2)

Case 3: Right wall moving upward and left wall moving downward
Fig. 9 shows the streamlines (left) and isotherms (right) for the third investigated case where the

sidewalls are moving in opposite directions, i.e., the right wall is moving upward while the left wall is moving
downward. The streamlines are represented by a single elliptical cell rotating counterclockwise, located in
the middle to encompass the entire square cavity. These results are consistent with the experimental results
resented by Blohm and Kuhlmann [43] and the numerical study presented by Oztop and Dagtekin [44] for
incompressible fluid. The streamlines density increases with NP concentration. The thermal gradients also
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appear on the right side of the cavity, while on the left they are neglected. Increasing NP concentration creates
steeper temperature gradients on the right sidewall. Since the wall motion corresponds to buoyancy forces,
this lateral extension is more observed in MNF and HNF, which implies an increase in the thermal diffusivity.

Al2O3-water Cu-Al2O3-water

0%

5%

Figure 9: Effect of the NP concentration on the streamlines (left) and isotherms (right), for Ri = 1 and ε = (4/5)H
(Al2O3-water) and (Cu-Al2O3-water) for (Case 3)

Fig. 10 demonstrates the impact of the NP volume fraction (MNVF/or HNVF) on Nu for different values
of Ri (0.01, 1 and 10) and ε = (4/5) H. The heat transfer rate increases with increasing MNVF/HNVF for
all Ri values and all cases. By comparing the Nu number, it is noticed that the best thermal performance is
observed in Case 2 where the highest values of Nu are obtained, and this is for all convection regimes. In Case
2, at Ri = 1 and volume fraction of φ = 5%, the use of (Cu-Al2O3-water) and (Al2O3-water) provides thermal
performance improvements of 25.14% and 23.67%, respectively, compared to the thermal performance
of water.

(a) (b) (c)

Figure 10: Effect of the MNP/HNP volume fraction on the averaged Nu when ε = (4/5)H and different Ri: (a) Ri= 0.01,
(b) Ri = 1 and (c) Ri= 10
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5.2 Effect of Richardson Number
Fig. 11 shows the fluid circulation inside the cavity for various values of Ri when the heated source length

is fixed at ε = (4/5)H and the nanoparticle concentration ϕ = 5% for Case 1. These results show the presence
of two different types of flow depending on the Ri values for each heat transfer fluid, i.e., water, MNF, and
HNF. For the first type, where Ri ≤ 5, the streamlines are characterized by the presence of two cells inside the
cavity that are exactly symmetrical with respect to the vertical centerline axis of the cavity. The left cell rotates
clockwise whereas the right cell rotates counterclockwise. The second type occurs at Ri = 10; asymmetric
flow structures are observed here. A large cell appears on the left and a small cell on the right half of the
cavity; this is true for water, and the position of the two cells changes in MNF and HNF, which means that
the larger cell takes the right sidewall while the left cell becomes weaker and smaller. The isotherms are
shown in Fig. 12, which indicates that the movement of the sidewalls withdraws heat from the hot part and
distributes it uniformly along the sidewalls for Ri ≤ 5. However, for Ri = 10, the heat distribution is not
uniform. It is better demonstrated on the right wall than on the left.

(a) Water (b) Al2O3-water (c) Cu-Al2O3-water

Ri = 10

Ri = 0.01

Ri = 1

Figure 11: Effect of the Ri on the streamlines (a) Water, (b) (Al2O3-water) and (c) (Cu-Al2O3-water), for ε = (4/5)H and
ϕ = 5% for (Case 1)
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(a) Water (b) Al2O3-water (c) Cu-Al2O3-water

Ri = 0.01

Ri = 1

Ri = 10

Figure 12: Effect of the Ri on the isotherms (a) Water, (b) (Al2O3-water), and (c) (Cu-Al2O3-water), for ε = (4/5)H and
ϕ = 5% for (Case 1)

Figs. 13 and 14 show the streamlines and isotherms inside the cavity for Case 2 and various values of
Ri, when the heated source length is fixed at ε = (4/5)H for ϕ = 5%. Streamlines are formed in two identical
cells near the moving vertical walls (Fig. 11). The centers of the two cells shift slightly downward due to the
movement of the walls, which is valid for all Re and fluids. As the Ri increases, the vortex intensity rises. The
isotherms represented in Fig. 14 show that all the heat from the hot source diffuses to the center of the cavity.
This heat transfer increases with increasing Ri, as well as with the presence of NP.

(a) Water (b) Al2O3-water (c) Cu-Al2O3-water

Ri = 0.01

Figure 13: (Continued)
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Ri = 1

Ri = 10

Figure 13: Effect of the Ri on the streamlines (a) water, (b) (Al2O3-water) and (c) (Cu-Al2O3-water), for ε = (4/5)H and
ϕ = 5% for (Case 2)

(a) Water

(

b) Al2O3-water (c) Cu-Al2O3-water

Ri = 0.01

Ri = 1

Ri = 10

Figure 14: Effect of the Ri on the isotherms (a) water, (b) (Al2O3-water) and (c) (Cu-Al2O3-water), for ε = (4/5)H and
ϕ = 5% for (Case 2)
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Fig. 15 depicts the streamlines represented by a single central cell with an elliptical shape that gradually
increases in size with increasing Ri. The movement of opposing sidewalls creates these vortices. For the
temperature lines in Fig. 16, there is a clear deviation in the left half of the cavity, in contrast to the
other half in which thermal diffusion is non-existent, which means that the upward velocity is responsible
for the asymmetry. Since this velocity corresponds to the buoyancy forces of heat, heat transfer in the
NF and the hybrid liquid, respectively, is better compared to pure water. Fig. 17 depicts the impact of Ri on
Nu along the heated source for all cases, while the NP concentration is kept ϕ = 5% for ε = (4/5) H. It is noted
that Nu increases with increasing Ri for all cases and all fluids. The best heat transfer rate is obtained for Case
2 as indicated earlier.

(a) Water (b) Al2O3-water (c) Cu-Al2O3-water

Ri = 0.01

Ri = 1

Ri = 10

Figure 15: Effect of the Ri on the streamlines (a) water, (b) (Al2O3-water) and (c) (Cu-Al2O3-water), when ε = (4/5)H
and ϕ = 5% for (Case 3)
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(a) Water (b) Al2O3-water (c) Cu-Al2O3-water

Ri = 0.01

Ri = 1

Ri = 10

Figure 16: Effect of the Ri on the isotherms (a) water, (b) (Al2O3-water) and (c) (Cu-Al2O3-water), when ε = (4/5)H
and ϕ = 5% for (Case 3)

(a) (b) (c)

Figure 17: Variation of the average Nu as a function of the Ri for three cases (a) Case 1, (b) Case 2, and (c) Case 3, and
ε = (4/5) H and ϕ = 5%.
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5.3 Effect of the Hot Source Length
The effect of the hot source length (HSL) on the isotherms and streamlines is illustrated in Figs. 18 and 19

for the three investigated cases. In Case 1, at Ri = 1, where both buoyancy force and shear stress are equal in
value, the flow consists of two symmetrical vortexes rotating in opposite directions. This is for all fluids, as
well as for all sizes of the hot source (HSLs). However, the intensity of the vortexes increases with increasing
the HSL. However, as Ri increases (Ri = 10), the buoyancy force becomes important and overcomes the shear
forces (natural convection prevails). Due to the temperature difference between the hot source and the cold
vertical sidewalls of the cavity, the fluid at the bottom near the hot source becomes less dense and flows up
and the cold fluid goes down. This enhances the fluid flow and two different asymmetric vortices are formed,
one that includes most of the cavity near the left wall and the other vortex of small size near the right wall;
this is for water, MNF, as well as HNF. However, as the HSL increases, the flow structure becomes different
in MNF and HNF than in pure water, where in water the flow shape remains the same for all the HSLs,
whereas in the MNF and HNF, at ε = (3/5)H, the vortex near the right wall shows two secondary cells. At
ε = (5/5)H, the flow shape reverses as the cell near the right wall becomes larger (large flow area) and the cell
near the left wall becomes smaller (area flow is smaller). It is noteworthy that this behavior was not observed
in previous studies [45].

Figure 18: Effect of the heated source length on the streamlines (a) (1/5)H (b) (3/5)H (c) (4/5)H for Ri = 10, ϕ = 0%
(water) and ϕ = 5% (MNF or HNF) for (Case 1)
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Figure 19: Effect of the heated source length on the isotherms (a) (1/5)H (b) (3/5)H (c) (4/5)H for Ri = 10, ϕ = 0%
(water) and ϕ = 5% (MNF or HNF) for (Case 1)

Fig. 19 exhibits the effect of the HSL on the temperature distribution for Case 1. The isotherm lines are
more intense near the hot source. This intensity increases in the presence of HNP, but as the HSL increases,
the isotherm lines rise increasing distortion asymmetrically; this spread increases with the increase of the
HSL. For water, heat spread near the left wall is better than the right wall for all lengths of the heat source.
As for MNF and HNF, the heat transfer near the left wall is better than the right wall when ε ≤ (3/5)H. But,
when ε > (3/5)H, the heat spreads near the right wall is better than the left wall.

Fig. 20 displays the streamlines for Case 2. The flow inside the cavity consists of two symmetrical cells,
which is valid for all three fluids. Increasing the length of the heat source and NP increases the flow intensity.
The isotherm lines for the second case are represented in Fig. 21. These lines form a column in the center
of the cavity, which confirms that heat is transferred in the center of the cavity by convection. It is noted that
the length and thickness of the column increase with increasing the HSL and NP concentration.
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Figure 20: Effect of the heated source length on the streamlines (a) (1/5)H (b) (3/5)H (c) (4/5)H for Ri = 10, ϕ = 0%
(water) and ϕ = 5% (MNF or HNF) for (Case 2)

Figure 21: (Continued)



1344 Front Heat Mass Transf. 2025;23(4)

Figure 21: Effect of the heated source length on the isotherms (a) (1/5)H (b) (3/5)H (c) (4/5)H for Ri = 10, ϕ = 0%
(water) and ϕ = 5% (MNF or HNF) for (Case 2)

Fig. 22 depicts the fluid flow for Case 3. The flow inside the cavity is created by both forced convection
and natural convection, but the natural convection resulting from the hot source is dominant. Forced
convection results from the downward movement of the left wall and the upward movement of the right wall,
which leads to the formation of a single-cell vortex that rotates counterclockwise. The intensity of this vortex
increases in the presence of NP and increases as well with the length of the hot source. The effect of the HSL
on the isotherm lines for Case 3 is presented in Fig. 23. These lines are more intense around the heat source,
they distort along the right wall, and their extension gradually increases with the size of the hot source in
the MNF and HNF compared with pure water due to the heat characteristics enhanced in the presence of
nanoparticles. On the left side, the temperature gradients show no change.

Figure 22: (Continued)
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Figure 22: Effect of the heated source length on the streamlines (a) (1/5)H (b) (3/5)H (c) (4/5)H for Ri = 10, ϕ = 0%
(water) and ϕ = 5% (MNF or HNF) for (Case 3)

Figure 23: Effect of the heated source length on the isotherms (a) 1/5 H (b) 3/5 H (c) 4/5 H for Ri = 10, ϕ = 0% (water)
and ϕ = 5% (MNF or HNF) for (Case 3)
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Fig. 24 illustrates the impact of the heated source length (ε) on Nu for the three cases and all fluids (water,
MNF, and HNF). It is observed that the heat transfer rate increases with increasing HSL (ε) for all convection
regimes and all working fluids; this applies to all cases and is consistent with previous studies [46–48]. A
comparison of the average Nu values for the three cases reveals that the second case has the highest average
Nu compared with Case 1 and Case 3. This is explained by the direction of the buoyancy forces and the
shear forces, whereas in the second case, they have the same direction for both the right and left walls, which
increases the heat transfer rate (potential cooling effect). The results show that Case 2 outperforms Cases 1
and 3. For example, at a length of ε = (1/5)H, the thermal performance improvement is estimated by 17.77%
compared to Case 1 and 6.91% compared to Case 3. At ε = (2/5)H, Case 2 indicates improvements of 16.15%
and 7.87%, respectively. Likewise, at ε =(3/5)H, the improvement is 15.82% compared to Case 1 and 5.24%
compared to Case 3, showing improvements of 23.72% and 17.83% at ε = (4/5)H. These results confirm that
the thermal design used in Case 2 ensures the most significant heat transfer enhancement in the cavity.

(a)

(b)

Figure 24: Effect of the heated source length (ε) on the averaged Nu for all fluids and all cases, for ϕ = 5% and two Ri:
(a) Ri = 1, (b) Ri = 10

6 Conclusions
This paper presents a numerical investigation of mixed convective nanofluid flow in a cavity having

sliding sidewalls and partially heated at the bottom wall with different boundary conditions. The thermal
performance of hybrid nanofluid (Cu-Al2O3-water) is assessed based on average Nu and compared to that
of mono-article nanofluid as well as base fluid (water). Various parameters are investigated including Ri, hot
source length, and nanofluid concentration. The conclusions drawn are summarized as follows:
- The presence of solid HNP increases the heat transfer rate compared to the MNP case.
- When the walls are moving upward, i.e., opposite to the direction of the buoyancy forces, the results show

the presence of flow structures that are symmetrical for forced and mixed convection and asymmetrical
when natural convection is dominant.
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- When the walls are moving downward, i.e., in the same direction as the buoyancy forces, the flow
structures are symmetrical for each convection regime.

- For HNF and MNF, in the second case, increasing the length of the heat source affects the flow structure
if the natural convection is dominant.

- Sidewall movement opposing buoyancy forces reduces the heat transfer rate in the cavity.
- Enhanced transfer is obtained inside the square cavity heated partially from the bottom and cooled

symmetrically from the vertical sidewalls if the walls move downward (Case 2) for all NF and all
convection regimes.

- In Case 2, the average Nu is enhanced by 17.83% compared to Case 3 and 23.72% compared to Case 1 for
Ri = 1, ε = (4/5)H, and 5% HNP (Cu-Al2O3).

- Hybrid nanofluid shows a significant increment of Nusselt number up to 25.14% (Case 2) compared to
the performance of the base fluid.

For future research concerns, investigation of the effect of inclination of this configuration could
be addressed.
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Nomenclature
a Thermal diffusivity, m2/s
Cp Heat capacity, J/kg K
d Nanoparticle mean diameter, m
g Gravitational Acceleration, m/s2

H Cavity size, m
k Thermal conductivity, W/m K
Nu Nusselt number
Nuaverage Average Nusselt number
p Pressure, Pa
p Dimensionless pressure
Re Reynolds number
Renp Brownian-motion Reynolds number
Pr Prandtl number
Ri Richardson number
T Temperature, K
u, v Components of velocity, m/s
U, V Dimensionless velocity components
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X, Y Dimensionless Cartesian coordinates
x, y Cartesian coordinates, m

List of Symbols
β Thermal expansion coefficient, K−1

μ Dynamic viscosity, N.s/m2

ν Kinematic viscosity, m2/s
ρ Mass Density, kg/m3

ε Hot source length
ϕ Volume fraction of nanoparticles (%)

Subscripts
0 Reference
bf Base fluid
C Cold
H Hot
nf Nanofluid
hnf Hybrid-nanofluid
hnp Hybrid-nanoparticle
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