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ABSTRACT: Time-averaged thermal convection in a rotating horizontal annulus with a higher temperature at its
inner boundary is studied. The centrifugal force plays a stabilizing role, while thermal convection is determined by
the “thermovibrational mechanism”. Convective flow is excited due to oscillations of a non-isothermal rotating fluid.
Thermal vibrational convection manifests in the form of two-dimensional vortices elongated along the axis of rotation,
which develop in a threshold manner with an increase in the amplitude of fluid oscillations. The objective of the
present study is to clarify the nature of another phenomenon, i.e., three-dimensional convective vortices observed
in the experiments both before the excitation of the convection described above and in the supercritical region. The
experimental study of the oscillatory and the time-averaged flow fields by particle image velocimetry is accompanied
by the theoretical research of inertial waves. It is found that three-dimensional fluid flows owe their origin to inertial
waves. This is confirmed by a high degree of agreement between the experimental and theoretical results. Experiments
with cavities of different lengths indicate that the vortices are clearly seen in cavities that meet the conditions of resonant
excitation of inertial modes. Furthermore, the length of the cavity has no effect on heat transfer, which is explained by
the comparatively low intensity of the wave-induced flows. The main contribution to heat transfer is due to vortices
elongated along the axis of rotation. The novel results are of significant practical importance in various fields.

KEYWORDS: Thermal convection; horizontal annulus; rotation; time-averaged convection; inertial modes; steady
flows

1 Introduction
The phenomenon of thermal convection in rotating systems is a subject of great interest to many

researchers [1–4]. This is due to the widespread presence of this phenomenon in nature (liquid cores and
atmospheres of planets) and technology [5–7]. The diversity and complexity of thermal convection problems
during rotation are determined by the action of the centrifugal force of inertia and the Coriolis force [8]. In
this context, the oscillations of rotating fluids play a significant role, manifesting specific features and giving
rise to a range of time-averaged (steady) flows [9,10].

Interest in studying the influence of vibrations and rotation on thermal convection is determined by the
development of effective tools for vibration control over heat and mass transfer. These tools are of significant
importance in the production of functional materials, as evidenced by their application in the process of
crystal growth from a melt [11]. Due to the action of the Coriolis force and the centrifugal force of inertia
Rotation significantly expands the spectrum of natural frequencies of a non-isothermal hydrodynamic
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system [12], which allows for a calibrated influence on crystallization processes by controlling mechanical
and chemical equilibrium, the structure of convective flows, phase boundaries, etc.

One example of the time-averaged flows in a non-isothermal fluid is “thermal vibrational convection”
which refers to the convection of a non-isothermal fluid excited by a force oscillating in the cavity reference
frame. The term vibrational is used in reference to an oscillatory force field that may be of an inertial nature,
i.e., induced by the cavity vibrations. This phenomenon has been studied theoretically and experimentally in
the absence of rotation [13]. The generation mechanism of the averaged lift force in a non-isothermal liquid
in an oscillating force field is as follows: a liquid with a non-uniform temperature (and therefore density)
oscillates in an oscillating force field, which in turn leads to a harmonic change in the temperature field
(density field) of the liquid. The frequency of liquid oscillations coincides with the frequency of the inertial
field oscillations; the process is accompanied by the generation of the time-averaged lift force. The non-
linear term also makes its contribution to the period-averaged mass force. This phenomenon is described
in the theoretical and experimental works of the Perm Hydrodynamic School in the limit of high-frequency
translational oscillations [13]. The high frequency limit indicates that the oscillating viscous and temperature
boundary layers are of negligible size in comparison to the characteristic dimension of the problem. This
implies that the fluid oscillations can be considered inviscid. In the case of high-frequency translational
vibrations of the cavity with an amplitude b and radian frequency Ω, the time-averaged effect on a non-
isothermal fluid is determined by the vibrational parameter [13].

Rv ≡ (bΩβΘh)2 /2ν χ (1)

Here, Θ and h are characteristic temperature difference and the cavity size. Thermal vibrational
convection is a phenomenon that manifests itself under microgravity conditions and attracts the attention
of researchers [14–18]. A theoretical description of thermal vibrational convection in a cavity under elliptical
translational oscillations is given in [19]. The description of the time-averaged action of a rotating force field
provides the foundation for the theory of thermal vibrational convection in rotating systems [20]. A special
case, when the frequency of oscillations of the force field in a rotating cavity coincides with the rotation
frequency of the cavity, corresponds to the uniform rotation of the cavity with a non-isothermal liquid in a
static force field oriented perpendicular to the rotation axis. The force field, rotating in the cavity reference
frame, causes tidal oscillations of the non-isothermal fluid which becomes a source of the time-averaged
force. An example is the effect of a satellite on a rotating planet. When the cavity rotates with an angular
velocity Ωrot around the horizontal axis in the field of gravity g, the vibrational parameter takes the form [20].

Rv ≡ (gβΘh/Ωrot)2 /2ν χ (2)

Thermal vibrational convection in rotating systems has been studied experimentally and theoreti-
cally [21–23]. In the case of cavities rotating around a horizontal axis in a gravity field, “vibrational”
convection is excited in the absence of any vibrations. A feature of rotating systems is that the Coriolis force
has a stabilizing effect on the three-dimensional flow [20]. Therefore, the generation of 2D convective flows
in the form of vortices elongated along the axis of rotation is observed in experiments with rapidly rotating
containers. Note that the time-averaged convection can be excited even in a fluid that is stably stratified in a
centrifugal field, for example, in a cylindrical layer with a hot internal boundary rotating around a horizontal
axis [24]. The focus of the listed experiments and theoretical calculations is primarily on the consideration
of two-dimensional convective flows in rotating cavities, where the effect of the Coriolis force on the time-
averaged flows does not manifest itself. In the case of three-dimensional convective flows, the Coriolis
force has a significant stabilizing effect on the convective vortices [25,26]. It is important to note that the



Fluid Dyn Mater Process. 2025;21(4) 785

Coriolis force also significantly affects the oscillations of the non-isothermal fluid, changing the mechanism
of thermal vibrational convection. One of the effects associated with the Coriolis force is the excitation of
inertial waves [8], which modify the convective flows in rotating flat layers [25,26] and in axisymmetric
cavities. For example, in a rotating cylinder with internal heat release [21], the excitation of toroidal vortices is
observed before the excitation of two-dimensional convective patterns. Similar three-dimensional convective
flows, presumably associated with the action of inertial waves, are observed in rotating annuli [22,24].

Thermal convection in a rotating annulus allows us to clarify the effect of rotation on thermal
convection. Theoretical and experimental studies of convection are known in the case of classical centrifugal
convection when the outer boundary has a higher temperature [27,28]. The aim of this study is to investigate
inertial wave oscillations and thermal convection excited against their background. The novelty of the study
is that the inner boundary has a higher temperature, the centrifugal force has a stabilizing effect on the
non-isothermal fluid, and the thermal convection is excited by the gravitational force rotating in the cavity
reference frame. The work is a continuation of the research [22], in which toroidal vortices, periodically
located along the axis of rotation, were discovered. The study was conducted in the same statement, where the
vibrational thermal convection (2) and the centrifugal convection, characterized by the centrifugal Rayleigh
number.

Ra ≡ Ω2
rotRβΘh3/ν χ (3)

are observed. Here, R ≡ (R1+R2) /2 is the average radius of the cylindrical layer (R1 ,R2 are the radii of the
inner and outer boundaries) and h is the layer thickness. The oscillations of the non-isothermal fluid caused
by the gravitational force and the convective flows in a rotating horizontal annulus are investigated depending
on the relative length of the annulus, which affects the inertial-wave oscillations of the non-isothermal fluid.
To suppress centrifugal convection, the inner boundary of the annulus is kept at a higher temperature, when
the centrifugal Rayleigh number has a negative value, Ra < 0. The main attention is paid to the relatively
rapid rotation, when the thermo-vibrational mechanism, responsible for thermal convection in the form
of two-dimensional vortices elongated along the rotation axis, does not manifest itself, or the convective
flows are weak. In this case, the role of inertial wave oscillations becomes noticeable. It is shown that inertial
oscillations lead to the excitation of the time-averaged flows, i.e., they induce thermal vibrational convection.
The study of the velocity flow field is performed by the Particle Image Velocimetry (PIV) technique. The
experiments are accompanied by theoretical calculations of inertial waves (modes). The theoretical data agree
well with the experimental data. The results of this research shed light on the effect of an external force
field on thermal convection in rotating systems in technological processes under both normal gravity and
microgravity conditions [15,17,29,30].

2 Experimental Setup and Techniques
The present study examines the phenomenon of thermal convection in a rotating horizontal annulus

with boundaries of different temperatures in relation to the length of the cavity. The cavity consists of
aluminum cylinder 1 and transparent Plexiglas pipes 2 and 3 (Fig. 1). The annulus is a space between the
aluminum heat exchanger 1 and the pipe 2. The inner and outer radii of the annulus are R1 = 2.10 cm and
R2 = 3.70 cm, respectively, the mean radius is R = (R1 + R2) /2 = 2.9 cm, and the annulus length L varies in
the interval L = 18.2 − 15.8 cm.

The working fluid in the experiments is water. The temperature T1 of the inner boundary of the annulus
is determined by the temperature of an aluminum cylinder heated by an electric heater installed in its center.
Cooling water with a constant temperature (typically 20○C) is pumped between pipes 2 and 3 (referred to as
the “jacket”) to ensure the cooling of the annulus through the outer cylindrical boundary. The temperatures
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of the inner (T1) and the outer (T2) boundaries are measured by resistance thermometers with sensors made
of copper wires. The temperature of the cooling water is controlled at the outlet of the “jacket”. A detailed
description of the cavity and the temperature sensors can be found in [24].

Figure 1: Formulation of the problem

The experimental procedure is as follows. Once the electric heater has been activated and the cooling
water in the jacket has reached a specified temperature (typically 20○C), the experiment is initiated at a
relatively high angular velocity Ωrot. This allows the formation of an equilibrium temperature distribution
within the liquid, which is caused by the centrifugal force of inertia. Then, the angular velocity of rotation is
diminished in a steplike manner. The power P of the electric heater and the temperature T3 of the cooling
water remain constant.

The working fluid is distilled water. The equilibrium temperature distribution and the temperature
difference Θ0 are determined by P. We study the velocity flow field in the rotating reference frame and
the temperature difference Θ at each step of the experiment. According to this data, the Nusselt number
Nu ≡ Q/Qmol can be calculated in the form Nu ≡ (ΔT/Θ)/(ΔT0/Θ0). Here, ΔT = T3 − T2 is the temper-
ature difference between the outer and inner walls of the Plexiglas tube 2; Q and Qmol are the heat fluxes
in the convective regime and in the equilibrium state, corresponding to the given value of Θ. The electric
heater power varies in the range P = 5 − 36 W, which corresponds to the range of equilibrium temperature
differences at the layer boundaries Θ0 = 7○C − 26○C. The experimental technique is similar to that used and
described in detail in [24,31].

The velocity flow field is examined using particle image velocimetry. For this purpose, a DPSS laser
KLM-532/h-1000 and a high-speed camera CamRecord CL600x2 are employed (Fig. 2), with subsequent
image processing carried out using the PIVlab software [32]. The camera is positioned along the axis of
rotation. The light sheet is used to illuminate the annulus in cross-section at a given distance from the cavity
end wall. Spherical polyamide particles with a diameter of 20 μm and a density of 1.04 g/cm3 are added to the
fluid. The frame rate is a multiple of the annulus rotation rate and ranges from 20 to 64 fps at a resolution of
800× 800 pixels. The image sequence is rotated against the direction of rotation by an angle dependent on the
frame rate to study the fluid flow in the cavity reference frame. To illustrate, at a rotation rate of frot = 1 rps,
the angle is equal to 12○ at a frame rate of 30 fps.
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Figure 2: Scheme of the experimental setup
The visualization of convective flows is enabled by the addition of aluminum powder to the fluid.

Additionally, a minimal amount of surfactant is added to the fluid to prevent the powder particles from
adhering to the cavity walls. The powder has a greater density than the fluid so the particles accumulate near
the outer boundary of the annulus under the action of the centrifugal force of inertia. The heterogeneity of
the powder concentration near the outer boundary enables an investigation of the flow pattern [24].

3 Experimental Results

3.1 Heat Transfer and Temperature Distribution
Fig. 3 demonstrates the results of the temperature difference measurements taken at various power levels

P at a gradual reduction of the rotation rate. At rapid rotation, Θ remains almost unchanged (Nu = 1). Further
reduction of the rotation rate results in a decrease in the temperature difference Θ, which is caused by the
onset of convective flows within the annulus.

Figure 3: Dependence of the temperature difference Θ on the rotation rate frot at different power P: (1–3) Θ0 = 7.3 (1),
14.4 (2), 23.2○C (3), L = 15.8 cm; (4) Θ0 = 21.7○C, L = 18.2 cm; (5) and (6) are the boundaries of the convective regimes
change
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Here, regions II and III correspond to different regimes of the vibrational convection. A detailed
description of the regimes in these regions can be found in [24], where a cavity of a length
L = 18.2 cm is considered. The objective of this study is to investigate the effect of the cavity length on
thermal convection. The comparison of the data obtained in experiments with cavities of length L = 15.8 cm
(symbols 1–3) and L = 18.2 cm ( [24], blue squares) indicates that the transitions between convective regimes
agree well (empty symbols 5 and filled symbols 6 at the boundaries I-II and II-III, respectively). As will be
demonstrated below, the Nusselt number is also independent of the cavity length. In contrast, the structure
of the three-dimensional vortex flow depends on the cavity length.

3.2 Photo Registration
Photo recording is carried out using aluminum powder added to a liquid. The powder particles are

distributed near the external boundary of the annulus under the influence of centrifugal force. The photos
in Fig. 4 illustrate the distribution of the powder particles in cavities of different lengths (the front annulus
boundary undergoes an upward motion from the perspective of the observer). Here, the heat exchanger
coated with a black film is distinctly visible in the center of the images.

One can find that the particles display a tendency to accumulate in band-like patterns (white stripes
in Fig. 5a) which are located at equal distances along the cavity axis. There is a distinct absence of aluminum
powder in the center of each band, resulting in the formation of a black stripe. Additionally, the contours
of the bands appear to be indistinct. The bands of aluminum powder indicate a series of vortices within the
annulus. It is important to note that the toroidal vortices are present in all regimes (areas I, II, and III) and
have a weak effect on the temperature difference (heat transfer) in area I.

The photographs in Fig. 4 illustrate the spatially periodic distribution of powder concentration in the
form of light (high concentration) and dark (low concentration) bands that mark the geometry of the toroidal
vortices carrying the powder particles. The center of a light or dark band is located at the end wall of the
cavity. As will be shown below, the powder particles accumulate due to the excitation of a standing (along
the axis of rotation) inertial wave, also called an inertial mode. Additionally, the axial velocity nodes of a
given standing wave are located at the cavity end walls. It is clearly seen that the spatial period (the distance
between the centers of the light bands) changes weakly with the length of the cavity: The number of bands
decreases with decreasing cavity length. It is noteworthy that in the long cavity, the center of the light band is
located near one end wall, while the center of the dark band is near the other end wall (Fig. 4a). The centers
of the dark bands in the short annulus (Fig. 4c) are close to the end walls. It can be assumed that the short and
long cavities meet the condition of spatial resonance. In the mid-length annulus (Fig. 4b), the bands appear
to be blurred. Let us now consider the velocity flow field at different cross-sections along the cell length.

Fig. 5 shows the velocity flow fields obtained by the PIV technique in the annulus reference frame at
different axial positions indicated in Fig. 4a. In the cavity reference frame, the flow velocity results from the
superposition of two components: first, the oscillating component associated with the inertial oscillations
and second, the time-averaged component, which is attributed to the time-averaged thermal vibrational
flow. Since the time-averaged flow is considerably weaker than the oscillatory one, we see the inertial wave-
induced instantaneous velocity fields. The fluid flow is prograde near the rising cavity wall (the left wall
in Fig. 5a) while the flow is retrograde near the descending wall (the right wall in Fig. 5a) in cross-Section
1. It can be concluded that the azimuthal wavenumber of the inertial wave is equal to one, and the fluid
oscillates in anti-phase at the opposite positions of the annulus relative to the rotation axis. It is important to
note that the flow field remains constant over time in the laboratory reference frame. This indicates that the
azimuthal velocity of the wave is equal to the rotation rate of the annulus, yet it rotates in a direction opposite
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to that of the annulus. It can be stated that the wave-induced oscillations occur with a relative frequency of
∣ fosc/ frot∣ = 1.

Figure 4: Photos of annuli of different lengths obtained under conditions of the region II: (a–c) frot = 0.9 rps; (a)
L = 18.2 cm, Θ = 17.9○C; (b) L = 17.0 cm, Θ = 17.1○C; (c) L = 15.8 cm, Θ = 17.8○C
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Figure 5: The velocity flow field at different axial positions: (a) cross-Section 1 (dashed line in 1 in Fig. 4a); (b) cross-
Section 2 (dashed line 2 in Fig. 4a); (a, b) frot = 1 rps, L = 18.2 cm, Θ = 19.1○C. The annulus rotates clockwise

A comparison of the instantaneous velocity fields of the wave-induced fluid motion in Sections 1 and 2
provides crucial insight into the structure of the inertial wave (Fig. 5a and b). It can be observed that the fluid
in these sections moves in opposite directions, indicating that the fluid oscillates in anti-phase. As shown
below, the selected cross-sections are located at the nodes of the axial velocity of the inertial mode (the
inertial wave standing along the rotation axis). This condition is also met by the end walls of the cavity, on
which one of two cross-sections is located: the center of the light band (1) or the center of the dark band (2).
It should be noted that the nodes of the axial velocity correlate with the pressure antinodes. Consequently,
the fluid oscillates in antiphase at the neighboring nodes of the standing wave, and thus the wavelength of
the standing inertial wave is twice the distance between the pressure or axial velocity nodes.

Interesting information is provided by photos of convective flows in the supercritical region (region
III in Fig. 3). As demonstrated in [22], thermal vibrational convection takes the form of a series of two-
dimensional vortices elongated along the annulus axis. The vortices undergo a slow retrograde azimuthal
drift relative to the rotating cavity. The use of neutrally buoyant tracer particles allows for the visualization of
vortices in quasi-stationary shear flows. In the presence of a weak inertial wave, suspended tracer particles
indicate two-dimensional vortices that are elongated along the rotation axis. However, under conditions of
intense inertial oscillations, the wave manifests itself in a retrograde azimuthal fluid drift in cross-Section 1
near the descending wall of the annulus (right-hand side in Fig. 5a). Also, the prograde fluid motion in the
vicinity of the descending wall is observed in the cross-Section 2 (right-hand side in Fig. 5b). The combined
effect of the prograde and retrograde motions results in the bending of the two-dimensional convective
vortices, as illustrated in Fig. 6. In cross-Section 1, the velocity of the azimuthal oscillatory flow in the annulus
reference frame is positive, resulting in a bending of the convective vortex in the direction of rotation.
Also, the oscillation velocity in cross-Section 1 in the vicinity of the descending wall is identified to have a
negative value. The direction of fluid motion in cross-Section 2 is opposite to that observed in cross-Section 1.
The combined effect of these flows gives rise to a wave-like bending of the vortices, which depends on the
azimuthal angle of annulus rotation. The findings of these observations are in accordance with the results of
measurements of the velocity field in the cross-section of the rotating annulus (Fig. 5).
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Figure 6: Side view of the convective vortices in the region III: (a) rising wall; (b) descending wall; (a, b) L = 17.0 cm,
frot = 0.6 rps, Θ = 13.1○C

The experimental study leads to the conclusion that in a rotating annulus with boundaries of different
temperatures, an inertial standing wave is excited. The wave propagates in the azimuthal direction at the
same rate as the cavity rotates but in the opposite direction. As will be demonstrated below, the wave-induced
pressure perturbation can be represented as follows P ∼ F (r) cos (nπz) exp (ikφ). The observed wave is
characterized by an azimuthal wavenumber of k = 1, while the axial wavenumber n depends on the relative
length of the annulus.

3.3 Effect of Inertial Waves on the Onset of Thermal Convection and Heat Transfer in the Supercritical
Region
As illustrated in Fig. 3, the conditions governing the transition from one convection regime to another

remain independent of the cavity length. The vibrational parameter Rv = (gβΘh)2 /2ν χΩ2
rotand the centrifu-

gal Rayleigh number Ra = Ω2
rotRβΘh3/ν χ are the two dimensionless parameters that govern the transition

between convection regimes. A detailed description of the transition between regimes in the plane of the
dimensionless parameters for a long annulus is given in [24]. The present experimental data demonstrate
that the boundaries between convection regimes remain unchanged even when the cavities are shortened.
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It is also important to note that the cavity length, and therefore the conditions for the inertial waves’
excitation, has no effect on the heat transfer. Fig. 7 demonstrates that the Nusselt number is independent of
the annulus length. The measurement results obtained in annuli of different lengths are consistent with one
another in different convection regimes. Here, regions I, II, and III correspond to those illustrated in Fig. 3.

Figure 7: Dependence of the Nusselt number Nu on the centrifugal Rayleigh number Ra in annuli of different lengths:
(1) L = 15.8 cm, Θ0 = 23.1○C; (2) L = 17.0 cm, Θ0 = 22.1○C; (3) L = 18.2 cm, Θ0 = 21.7○C

As will be demonstrated below, the longest and shortest annuli satisfy the spatial resonance condition.
A comparison of the results obtained in different annuli demonstrates that the impact of inertial waves on
the stability threshold and heat transfer is independent of the annuli length. On the one hand, this can be
explained by a comparatively small contribution of inertial wave flows to heat transfer in the subthreshold
region (Fig. 7); and in the supercritical region thermovibrational cellular convection plays the dominant role.
On the other hand, the conditions of the resonant length of the cavity may not be determining. This can be
expected if a wave of a certain length is generated by periodic temperature disturbances along the cavity axis
created by the wave itself (due to the averaged flows excited by the wave). To clarify this issue, experiments are
planned in cavities with a large relative cavity length. Note that the Prandtl number may play an important
role in this case.

4 Discussion
According to the theory, the generator of averaged thermal convection (averaged over the lift force

period) is the oscillations of the liquid, causing the oscillations of the temperature field, and the interaction
of these fields. The oscillations of the force field and the oscillations of the liquid can have different natures; in
particular, the oscillations of the liquid may have an isothermal character, as in the case of non-translational
cavity oscillations [33,13].

Since the time-averaged vibroconvective effect is determined by the amplitude of the fluid oscillations,
it is enhanced if the oscillations are resonant. In this case, classical theoretical models constructed in the
linear approximation, when small-amplitude oscillations of a non-isothermal liquid in oscillating force
fields are considered (with translational vibrations [13], in rotating cavities [20]), become inapplicable. At
the same time, the mechanism of averaged convective flows generation is preserved. In the case under
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consideration, the oscillations of a non-isothermal liquid are determined by the superposition of the
forced two-dimensional oscillations excited by the gravity field (accounted for by the parameter Rv) and
inertial-wave oscillations, which are not considered by the theoretical model.

Let us dwell on the inertial-wave oscillations of a liquid in a rotating cylindrical layer with a given
aspect ratio R ≡ R1/R2 and relative length L/R2 and on the structure and natural frequencies of the inertial
oscillations of a liquid (inertial modes). The eigenspectrum and eigenmodes in closed form in rotating
annuli when viscous forces are neglected (at small Ekman numbers) and in the approximation of small-
amplitude oscillations (at small Rossby numbers) are found in [34,35]. Without dwelling on the derivation of
the equations of fluid motion in a rotating annulus, we present the equation obtained in [34] for the pressure
during inertial oscillations of a fluid with a dimensionless frequency ω ≡ Ω/Ωrot in a rotating annulus. Let
us present the fluid pressure in cylindrical coordinates as

P (r, θ , z) = F (r) e i kθ cos nπz (4)

where k is the azimuthal wavenumber, n is the axial wavenumber. Then the equation for F(r) is

r2 ∂2F
∂r2 + r ∂F

∂r
+ [(4/ω2 − 1) n2π2r2 − k2] F = 0 (5)

Defining x = σr, where σ ≡ nπ
√
(4/ω2) − 1, Eq. (5) transforms to Bessel’s differential equation with the

general solution F (x) = A(Jk (x) + BYk (x)). Here, Jk and Yk are the Bessel functions of the first and the
second kind. The solution has to satisfy the following boundary conditions at the inner and outer cylindrical
boundaries

x ∂F
∂x
+ k ((σ/nπ)2 + 1) F = 0 at x1 = σr1 and x2 = σr2 (6)

Here, r1 = R1/L and r2 = R2/L are the dimensionless radii of the inner and outer boundaries of the
annulus. The boundary conditions (6) allow us to calculate the parameter B and the m-th eigenvalue of a
mode with an azimuthal wavenumber k and an axial wavenumber n denoted by ωmnk . Here, ωmnk is the
dimensionless frequency of the inertial mode (the inertial wave that meets the resonance condition with wave
numbers n and k). Note that the unit of measurement of frequency is the rotation frequency of the cavity.

In the case under consideration, the wave in the rotating system is excited by a gravity field oriented
perpendicular to the rotation axis, rotating in the cavity reference frame with the rotation velocity of the
cavity itself (in the opposite direction) and acting on a fluid of non-uniform density. Thus, the wave frequency
is strictly determined by the rotation frequency, ∣ωmnk ∣ = 1, while the azimuthal wave number is k = 1. This
is also consistent with the results of experimental observations (Fig. 5). The fundamental mode corresponds
to m = 1. This is determined by the fact that m characterizes the number of pressure nodes in the cylindrical
layer in the radial direction, and the condition that at the side walls of the cavity the radial component
of the velocity vanishes. The lowest mode of inertial oscillations excited by the static field of gravity in a
cavity rotating around a horizontal axis with a liquid of non-uniform density is determined by the condition
∣ω1n1∣ = 1. Thus, the determination of the conditions for the resonant excitation of inertial modes in a
cylindrical layer with a given ratio of the boundary radii R ≡ R2/R1 is reduced to the determination of the
relative length L/R2 satisfying the condition ω1n1 = 1.

Let us describe natural (resonant) inertial-wave oscillations in a rotating annulus: at the end boundaries
of the cavity, there are pressure antinodes (nodes of the axial velocity) while n–1 nodes of the axial velocity
are located along the length of the cavity. Between two adjacent node planes, the fluid undergoes oscillations
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in the form of a toroidal vortex. The neighboring vortices rotate in a coordinated manner. The longitudinal
size (along the rotation axis) of a vortex that meets the resonance condition is L/n and for the mode ω1n1 =
1 is completely determined by the ratio of the annulus radii. The solution of Eq. (3) shows that for the
annulus with R1/R2 = 0.569, the inertial mode ω1n1 = 1 satisfies the condition (L/R2) /n = 0.774. Thus, for
R1/R2 = 0.569 and the mode n = 7, theoretical calculations give (L/R2)theor = 5.42. However, in the exper-
iment, a pattern with n = 7 (Fig. 3a) is observed in a cavity with a relative length (L/R2) = 4.93 that is
10 percent lower than the calculated one. To explain this discrepancy, note that the comparison does not
consider the viscous boundary layers that appear near the cavity walls during fluid oscillations. Under
conditions of relatively slow rotation (low oscillation frequency), the boundary layers have a relatively large
thickness δ =

√
2ν/Ωrot ∼ 0.6 mm. Transferring the cavity boundaries to the outer boundary of the Stokes

layers leads to an increase in the effective value R1e f f /R2e f f = 0.59, a decrease in the thickness of the annulus,
and an increase in its effective length. Calculations show that the theoretical resonance values (L/R2)theor
approach those observed in the experiment.

With a monotonic change in the relative length of the cavity with a given value R1/R2 (Fig. 3), the
resonance conditions are violated. This is indicated by a slight blurring of the regular bands (Fig. 3b). The
restoration of the regular bands with clear boundaries and the same spatial period occurs when the cavity
length reaches the next resonant value (Fig. 3c) with a wave number n = 6. It should be noted that in a cavity
whose length does not meet the resonance condition, the transformation of bands does not affect the heat
transfer (Fig. 7). This may indicate a relatively low intensity of wave-induced flows. In this regard, we refer to
the experimental study [36] where inertial modes are found in a rotating cylinder under modulated rotation
(librations). It is found that the wave-induced steady flows are localized near the wall and have a relatively
low intensity. The effect is enhanced in a librating cylinder with inclined ends [37].

Regarding the mechanism of generation of the time-averaged flows by inertial waves, it can be assumed
that they are generated in the Stokes boundary layers near the side walls of the cavity, i.e., they are related to
the classical “steady streaming” [38,39]. A detailed study of the wave-induced time-averaged flows is planned.
The unchanged heat transfer in cavities of different lengths indicates that the inertial wave is generated
primarily by azimuthal oscillations of the non-isothermal fluid along the entire length of the cavity, rather
than by the end walls. It is expected that in a long annulus, the wave should excite along its entire length
equally, regardless of the conditions at the end walls. In this case, the wave intensity will be determined
by the amplitude of the oscillatory flow velocity associated with the action of the gravity force on the
non-isothermal fluid.

The theoretical model for the inertial waves’ description has several limitations or assumptions. First,
the liquid is considered inviscid. It means that the Stokes boundary layers are negligibly thin compared to
the cavity size (ω≫ 1). This is a common condition that is only violated in practice in the case of very viscous
liquids in small cavities [13]. In the problem under consideration, the dimensionless frequency takes the
values ω > 300, the liquid is assumed to have constant density, which meets the conditions of the Boussinesq
approximation for thermal convection problems. The amplitude of the oscillations is assumed to be small,
which is true in the case of low-intensity oscillations. The mechanism of wave generation and the relationship
between the amplitude of the inertial wave oscillations and the intensity of the average flows caused by them,
which perturb the average temperature field in the liquid, are not fully understood. This problem is the object
of further experimental and theoretical research.

5 Conclusion
The time-averaged thermal convection in a rotating horizontal annulus with a higher temperature at its

inner boundary is studied. In this formulation, thermal convection is determined by the “thermo-vibrational
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mechanism”: convection is excited by oscillations of a non-isothermal fluid in a rotating system caused by the
gravity force. Thermal vibrational convection has the form of two-dimensional vortices elongated along the
axis of rotation. In the experiments, along with two-dimensional convective vortices, which are consistent
with the results of calculations using the time-averaged convection equations, toroidal vortices are observed.
These studies have shown that inertial waves are responsible for the excitation of toroidal vortices, which
become regular at certain aspect ratios of the cavity. This is confirmed by the fact that the wavelength of the
observed convective flows agrees well with the wavelength predicted by the theory for the inertial modes.
Experiments with cavities of different lengths indicate that toroidal vortices are clearly visible in the cavities
that meet the conditions of resonant excitation of inertial modes. At the same time, the length of the cavity
has no effect on heat transfer. This can be explained by the relatively low intensity of the wave-induced flows.
It can be concluded that the main contribution to heat transfer is made by vibroconvective vortices elongated
along the axis of rotation.

The work has proven for the first time that averaged toroidal vortex structures are explained by the
excitation of standing inertial waves (inertial modes). However, the mechanism of the generation of these
flows requires further study. Two different scenarios can be assumed. One of them is the generation of an
average volumetric lifting force in a non-isothermal liquid as a result of inertial-wave oscillations of the liquid.
It refers to the classical mechanism of thermo-vibrational convection [13,20]. Its theoretical description is
complicated by the fact that the oscillations have a resonant nature. The second mechanism is the generation
of steady streaming in Stokes boundary layers near the layer boundaries [38]. Both mechanisms are likely to
operate simultaneously; their role and contribution require further systematic study.

The new results obtained develop the theory of averaged thermal convection in rotating cavities and have
important practical implications, including the development of effective vibration methods for controlling
convective flows. This can be of decisive importance in the production of single crystals of a given quality
obtained by crystallization from melts.
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Nomenclature
b Amplitude of translational vibrations, m
R1 Inner radius of the annulus, m
R2 Outer radius of the annulus, m
g Gravity acceleration, m s−2

h Thickness of the layer, m
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L Length of the layer, m
P Heat release capacity, W
R Average radius of the annulus, m
T1 Temperature of the inner boundary of the annulus, ○C
T2 Temperature of the outer boundary of the annulus, ○C
T3 Temperature in the water jacket, ○C
β Thermal expansion coefficient, K−1

χ Thermal diffusivity, m2 s−1

ν Kinematical viscosity, m2 s−1

Θ0 Temperature difference at the annulus boundaries in the absence of convection, ○C
Θ Temperature difference at the annulus boundaries, ○C
Ωrot Angular velocity of rotation, rad s−1

Ω Radian frequency of vibrations, rad s−1

frot Rotation frequency, rps
k Azimuthal wave number
m Radial wave number
n Axial wave number
Nu Nusselt number
Pr Prandtl number
Ra Centrifugal Rayleigh number
Rv Vibrational parameter
ω Dimensionless frequency
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