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ABSTRACT: The increasing proportion of power generated by new energy has meant that grid-forming energy storage
has become a key method for improving power grid flexibility. However, the small disturbance stability problem has
become an important challenge. The issue is that grid-forming energy storage is prone to low-frequency oscillation
under strong grid conditions. Therefore, this study proposes a multi damping torque model to analyze the small signal
stability of grid-forming energy storage converters. The impact of grid strength, operating conditions, and control
parameters on the damping characteristics of the low-frequency oscillation by the system was quantitatively evaluated.
The results revealed the mechanism underlying the low-frequency oscillation associated with grid-forming energy
storage under strong grid conditions and key factors controlling the low-frequency oscillation. The results also provide
theoretical guidance for the tuning of grid-forming energy storage control parameters. The accuracy of the multi
damping torque model and theoretical analysis were verified using the electromagnetic simulation results.
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1 Introduction

The increased use of renewable energy has resulted in energy storage becoming an important method for
mitigating renewable energy fluctuations and enhancing grid flexibility [1,2]. Currently, most existing energy
storage systems are grid-following types that use phase-locked loops to track the voltage phase at the point
of common coupling to achieve synchronization. However, phase-locked loops do not perform well in weak
grids and cannot accurately track the voltage phase at the point of common coupling (PCC), which means
that grid-following energy storage systems are unable to operate normally [3]. However, the continuous
integration of renewable energy can lead to reduced grid strength, which means that grid-following energy
storage will face adaptation difficulties in the future.

Grid-forming energy storage does not use phase-locked loops. Instead, it employs a power synchroniza-
tion control strategy similar to generators and achieves synchronization through its own power deviation.
In contrast to grid-following energy storage, grid-forming energy storage can autonomously establish grid
voltage, has voltage source characteristics, provides inertia support and damping to the system, and can
better adapt to the “double-high” characteristics of substantial renewable energy and power electronics
penetration [4,5].
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Previous research on grid-forming energy storage primarily focused on utilizing the inherent energy
storage functions associated with peak shaving and frequency regulation. However, the grid-forming energy
storage characteristics strongly depend on electronic power converters and their control strategies. In recent
years, wide-band oscillations caused by interactions between electronic power converter control loops and
the grid have frequently occurred and these have seriously affected the stable operation of power systems
[6-8]. Therefore, the small-signal stability issues associated with grid-forming energy storage cannot be
ignored. For example, Reference [9] establishes a unified modular small-signal model for grid-forming
inverters and verifies its effectiveness through eigenvalue analysis and time-domain simulations. However,
it fails to elucidate the dynamic mechanisms behind key eigenvalue trajectories and their impacts on system
performance. Reference [10] constructed a state-space model for grid-forming energy storage for an offshore
wind farm and used a sensitivity analysis to obtain the impacts of key parameters and grid strength on
system dynamic behavior. Reference [11] establishes small-signal models for parallel grid-forming converters
ranging from single-unit to multi-unit systems and provides mathematical stability analysis. However, it does
not delve into clarifying the key physical mechanisms that influence system stability. These studies all used the
system state-space model and sensitivity and eigenvalue analysis methods to analyze the small-signal stability
of the system. This approach is theoretically rigorous and accurate, but computationally intensive, complex
to solve, and difficult to scale up. Reference [12] clarifies the equivalent impedance of voltage and current
loops by establishing a sequence impedance model for grid-forming converters and verifies the advantages of
the single-power-loop structure. However, its explanation of the dynamic interaction mechanisms between
control loops remains insufficiently in-depth. Reference [13] proposes a modular three-port admittance
modeling framework that effectively addresses the challenge of impedance modeling in hybrid AC/DC
systems containing grid-following and grid-forming converters, demonstrating good universality. However,
its analysis of the internal interactions within the system and the intrinsic stability mechanisms remains
insufficient. Similarly, Reference [14] established impedance matrix models for grid-forming converters in a
synchronous rotating coordinate system and a coordinate system defined by the dynamic angular frequency
of the power system. These studies concluded that the two impedance modeling methods were equivalent, but
the latter better explained system behavior during disturbances. Furthermore, each study analyzed the small-
signal stability of the system by establishing frequency-domain impedance models. Overall, the proposed
models have strong scalability but increase the complexity of the stability analysis. However, the physical
meaning of coupled impedance remains unclear.

Compared to eigenvalue and impedance analysis methods, the damping torque analysis method has
clear physical meaning and can effectively separate and quantify the coupling effects of multiple factors.
Reference [15] constructed a multi-loop damping path model of a virtual synchronous generator control
system based on the embedded torque method. The results showed that there were interactive influences
between the d-axis and q-axis components of the voltage control loop and current control loop of the
virtual synchronous generator. The malignant competition and negative incentive of the damping torque
between these interactive loops meant that the oscillation modes were unstable. However, the entire damping
loop was overly complex and difficult to analyze. Reference [16] established a damping path model for a
wind farm and grid-forming energy storage and concluded that grid-forming energy storage can provide
certain levels of damping that can suppress wide-band oscillations caused by wind farms connected to
weak grids. Reference [17], establishing a single-input single-output dynamic interaction model, reveals
the excellent dynamic characteristics of grid-forming energy storage in weak grids and its impact on grid-
following photovoltaics. However, due to the inherent limitations of the single-input single-output model, it
is difficult to fully uncover the complex dynamic coupling relationships between the multiple control loops
within these systems. In summary, the damping torque analysis method has clear physical meaning and
can effectively achieve the separation and quantitative assessment of multi-factor coupling effects. However,
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previous studies treated the research system as a whole when conducting damping torque analyses and
analyzed the damping characteristics of the entire system without examining internal interactions.

O

(2)

(3)

Based on this analysis of previous studies, the novel contributions made by this study are as follows:

Constructed a multi-timescale model of a grid-forming energy storage grid-connected system.
Derived a full-order mathematical model for the grid-forming energy storage system and used a
participation factor analysis to establish a reduced-order model and a multi-damping torque model,
which provided a theoretical foundation that explained the internal dynamic interaction mechanisms
associated with the system.

Quantitative evaluation of the system damping characteristics from a damping perspective. A con-
structed multi-damping torque model was used to systematically and quantitatively evaluate the
impact of grid strength, operating conditions, and control parameters on the low-frequency oscillation
damping characteristics of the grid-forming energy storage system from a damping perspective.
Comprehensive validation through theoretical analysis and time-domain simulation. The theoretical
analysis results were fully verified using time-domain simulation methods. The results confirmed
the accuracy and effectiveness of the proposed model and analysis approach. This showed that the
conclusions were reliable and had strong engineering applicability. They also provide theoretical
guidance for tuning the control parameters in grid-forming energy storage systems.

2 Mathematical Model of a Grid-Forming Energy Storage Grid-Connected System

2.1 Grid-Forming Energy Storage Grid-Connected System

The isolation effect of the DC/AC converter and the large support capacitor on the DC side meant that

this study equivalently modeled the DC/DC module as an ideal DC voltage source and did not consider the
dynamic process on the DC side when establishing a small-signal model of a grid-forming energy storage
grid-connected system. The model for the grid-forming energy storage grid-connected system is shown
in Fig. 1.
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Figure 1: Grid-forming energy storage grid-connected system model
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Where u4. represents the DC voltage; e, represents the three-phase output voltage of the grid-
forming energy storage system; i,p. represents the three-phase output current of the grid-forming energy
storage system; u,pc represents the three-phase voltage at the PCC of the grid-forming energy storage
system; Vgp represents the three-phase grid voltage; and L and L represent filter inductance and line
inductance, respectively.

2.2 Mathematical Model of the Grid-Forming Energy Storage Grid-Connected System

The mathematical model for the system shown in Fig. | contains five parts: grid-forming energy storage
filter inductance, active power synchronization, a reactive power-voltage control loop, voltage/current vector
control, and an AC grid. The dynamic equation for filter inductance is shown in Eq. (1):

di
Lfd—: =eq—Uq+ wOLfiq
: , 1)
dig )
LfE =eq—Uq— wolLsiq

where L represents the filter inductance; iy and iy represent the d-axis and g-axis components of the
output current of the grid-forming converter in the main circuit coordinate system, respectively; eq and
eq represent the d-axis and g-axis components of the output voltage of the grid-forming energy stor-
age system in the main circuit coordinate system, respectively; and u4 and u, represent the d-axis and
q-axis components of the voltage at the PCC of the grid-forming energy storage system in the main circuit
coordinate system, respectively.

Active power synchronization is used to achieve self-synchronization in grid-forming energy storage

systems. Its output phase is used for the park and inverse transformations of three-phase signals to realize
vector control of grid-forming energy storage. Its dynamic equation is shown in Eq. (2):

d
/d—‘;’ = Preg — Py — Dy (@ — )
40 ’ )
ET

where ] represents the virtual moment of inertia; w represents the virtual angular acceleration; P,.f represents
the reference power of the grid-forming converter; D, represents the virtual damping coefficient; wy
represents the virtual reference angular acceleration; 6 represents the virtual phase angle; and P, represents
the output active power of the grid-forming energy storage system, with its expression given as follows:

P, = 1.5u4iq + 1.5ugi,. ®3)

The reactive power-voltage control loop is used to generate the d-axis voltage reference value at the PCC
to achieve voltage vector orientation. Its dynamic equation is shown in Eq. (4):

UM:((Uref_Ut)Kv_Qo)Kq+U0: (4)

where K, represents the voltage droop coeflicient; Ky represents the reactive power-voltage regulation
coeflicient; U represents the reference voltage; Uy represents the d-axis voltage reference value at the PCC
generated by the reactive power-voltage control loop; U, represents the reference value of the phase voltage
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amplitude; U; represents the phase voltage amplitude; and Q, represents the output reactive power of the
grid-forming energy storage system, which is calculated as follows:

{Ut =\/ui+ u? . %)
QO = 1.51/lqid - I.Sudiq

The grid-forming energy storage system has a voltage d-axis orientation. Based on the output voltage
from the reactive power-voltage control loop, the active current reference value 4, and the reactive current
reference value ig.r in the control coordinate system are dynamically generated through the voltage outer
loop control. The mathematical model is as follows:

ki
iarer = (Um — ua) (kpl + Tl)

. kiZ ’
ZCqref = (uqref - ucq) (kp2 + T)

where u°q and u°y represent the d-axis and q-axis components of the voltage at the PCC of the grid-
forming energy storage system in the control coordinate system, respectively; k,; and k;; represent the
proportional and integral coefficients of the active voltage outer loop, respectively; and k;, and k;, represent
the proportional and integral coeflicients of the reactive voltage outer loop, respectively. The q-axis voltage
reference value ugr at the PCC was set to 0.

(6)

The current inner loop control, based on the voltage constraint equation, regulates the output voltage of
the grid-forming energy storage system to ensure the active/reactive currents track their reference values. The
mathematical model for the d-axis and q-axis components (e°g and €°;) of the grid-forming energy storage
system output voltage in the control coordinate system is as follows:

c :c ic kis ic c
e dZ(Z dref — 1 d)(kp3+T)—wal qtusd
; (7)

k.
c _ (qc .c i4 -c c
eq—(z qref—lq)(kp4+—s )+wa1d+uq

where i*q and i represent the d-axis and q-axis components of the output current of the grid-forming energy
storage system in the control coordinate system, respectively; k,3 and ki3 represent the proportional and
integral coefficients of the active current inner loop, respectively; and k4 and ki4 represent the proportional
and integral coefficients of the reactive current inner loop, respectively.

The mapping relationship between the voltage and current d/q-axis components in the control coor-
dinate system and the voltage and current d/q-axis components in the main circuit coordinate system is as
follows:

ucd =Uq + uqOG icd =4+ iq()@ (8)
USq=uq—ugol’ |i°q=iq—ia
where ug9 and uq represent the d-axis and q-axis components of the initial voltage value at the PCC of the
grid-forming energy storage system, respectively, and iqo and iqo represent the d-axis and q-axis components

of the initial output current value for the grid-forming energy storage system, respectively.
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The dynamic model of the AC grid line inductance is represented by the following equation:

di
Le= = ug - Vi + woLgig
dt
di ’ )
q .
gE = uq - Vq - (()()Lgld

where V4 and V represent the d-axis and q-axis components of the grid voltage in the main circuit
coordinate system, respectively.

Egs. (1)-(9) constitute the mathematical model for the grid-forming energy storage grid-connected
system. The linearized state-space model at the equilibrium point is as follows:

AX = AAX + BAU, (10)

where AX = [Adg, Aig, Axy, Axy, Axs, Axy, Aw, AO] represents the small-signal form of the state variables.
The state variables Aig and Aiy denote the small-signal disturbance components of the active current and
reactive current, respectively; Ax;—Ax, are defined as intermediate state variables in the control system,
corresponding to the dynamic processes of the active power-voltage outer loop, reactive power-voltage outer
loop, active current inner loop, and reactive current inner loop; Aw represents the small-signal disturbance
component of the virtual angular velocity, and A represents the small-signal disturbance component of the
virtual phase angle. A and B denote the state matrix and input matrix of the system, respectively, where the
positive real part eigenvalues of the state matrix A reflect the oscillatory instability modes of the system, and
the risk of instability increases as the real part of the eigenvalues shifts toward the positive direction of the
real axis. The detailed expression of the state matrix A is provided in Appendix A.

3 Grid-Forming Energy Storage Multi-Damping Path Model
3.1 Multi-Timescale Decomposition Analysis of the Model

To simplify the subsequent analysis, the linearized state-space model of the grid-forming energy storage
grid-connected system obtained in Section 2.2 was reduced in order. The eigenvalues of the system when the
grid strength is 72 and P, = 0.5 MW are listed in Table 1.

Table 1: Full-order system eigenvalues

Mode  Eigenvalue  Oscillation frequency/Hz

A ~34.9 /
A -3.2 /
Asis —0.08 %215 3.4
Asjg  —2247.6 + j76.4 12.2
Ayjs  —380.9 +jl4 0.2

The system contains one subsynchronous oscillation mode 56 (12.2 Hz) and two low-frequency
oscillation modes A3;4 (3.4 Hz) and A;5 (0.2 Hz). The eigenvalue for A;/4 dominates the low-frequency
oscillation mode of the system.

The participation factors associated with the eigenvalue for A3/4 are shown in Fig. 2. The dominant low-

frequency oscillation eigenvalue for A3,4 is primarily influenced by the active voltage outer loop and reactive
voltage outer loop control stages. The power synchronization stage has a minimal effect and the current
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inner loop control has almost no influence. Furthermore, when the bandwidth of the current inner loop is
significantly higher than that of the voltage outer loop, the dynamic behavior of the current inner loop can
be largely ignored, which means that the current rapidly tracks its reference value and achieves quasi-steady-
state control.
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Figure 2: Participating factors associated with the dominant eigenvalue for Az/4

Based on the above analysis, the updated reduced-order state-space model that ignores the dynamics of
the current inner loop is as follows:

AX; = AjAX, + B;AUY, (11)

where AX; = [Ax;, Ax;, Aw, AB] and A; and B, represent the state and input matrices of the system,
respectively. The detailed expression of the state matrix 4, is provided in Appendix B. The eigenvalues of the
reduced-order model under a grid strength of 72 and P, = 0.5 MW are shown in Table 2. The eigenvalue for
A3/4 dominates the low-frequency oscillation mode of the system with an oscillation frequency of 3.58 Hz.
The deviation from the oscillation frequency produced by the detailed model (3.4 Hz) is 0.18 Hz, which falls
within an acceptable range and confirms the accuracy and effectiveness of the reduced-order model.

Table 2: Reduced-order system eigenvalues

Mode Eigenvalue Oscillation frequency/Hz

A -34.8 /
A2 -3.2 /
Asja —0.08 +j22.5 3.58

3.2 Multi-Damping Path Model

A single-input single-output transfer function block diagram of the grid-forming energy storage system
was established based on the reduced-order model of the system, as shown in Fig. 3:
where G, = k;1 + ki1 /s represents the active voltage outer loop control link and G, = kp, + ki»/s represents the
reactive voltage outer loop control link.

The output active power can be expressed using system-related state variables. The detailed derivation
process is provided in Appendix C. The expression for output active power is as follows:

K K K K
AP, = DyAw + (K1 + —2) NG+ = Aug + ~2 Aug + — Aig, (12)
N N N N



8 Energy Eng. 2026;123(9):20

where K;-Kj5 represent the power amplification coefficients, and their specific expressions are detailed
in Eq. (A21) of Appendix C.

Au,

Figure 3: Block diagram of the single input and single output transfer functions for grid-forming energy storage

The expressions for Aug, Aug, Aig, and A6 are given by the following equations:

Aud = Gud (S) AO
Aug = Gyq(s) A
Aig = Gig (s) AG > (13)

1
A =-Aw
s

where Gyq(s) represents the transfer function from A0 to Aug; Guq(s) represents the transfer function from
A0 to Aug; and Gi4(s) represents the transfer function from A6 to Aiy. The specific expressions for Guq(s),
Guq(s), and Giq(s) are detailed in Eqs. (A15) and (A17) of Appendix C.

Fig. 4 shows a single-input single-output model of the grid-forming energy storage system that is based
on the above analyses. This model incorporates five power feedback loops.

Figure 4: Single input single output model of grid-forming energy storage

Reference [18] first applied the damping torque analysis method to analyze the impact of excitation
control systems on low-frequency oscillations in synchronous machines. The torque generated by excitation
changes can be divided into two components: the synchronizing torque AMsAJ, which is proportional to
Aé, and the damping torque AMpAJ, which is proportional to the rotational speed sAd. A block diagram of
the second-order equivalent model for the synchronous machine is shown in Fig. 5.

Fig. 5 shows that the virtual rotor dynamics of the grid-forming energy storage grid-connected system.
AP, — AP, = JsAw has a structure that is similar to the rotor dynamics of a synchronous machine:
AM,, — AM, = TjsAw. Based on this similarity, the damping torque method was adopted to analyze the
low-frequency oscillation characteristics of the grid-forming energy storage grid-connected system. The
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relationship between the virtual angular acceleration Aw and the output power AP, is as follows:
APoi = q)i (S) Aw, (14)

where the expressions for @;(s) (I =1, 2, 3, 4, 5) are as follows:

@ ()= D,

, (s) = —(K1+&)

03(5) = 1 (Gua () °2) 19
D4 (s) :é(Guq (s %)

Figure 5: Block diagram of a second-order equivalent model for a synchronous machine

When a low-frequency oscillation disturbance occurs, all the state variables associated with the system
oscillate at the same frequency w;. Therefore, by substituting s = jw; into the power feedback transfer function,
the power feedback transfer function can be expressed in the following form:

APoi

o =Re[D; (jws)] +jIm[D; (jws)]. (16)
According to Eq. (16) and s = jws, Eq. (14) can be transformed into the following form:

-Im [®; (jws)] ws

AP,; =Re[®; (jws)] Aw +

Aw. 17)
Therefore, the power feedback loop of the system can be decomposed into the following form:

AP,; = (D,« (ws) + @) Aw. (18)

A multi-damping path model for the grid-forming energy storage grid-connected system can then be
obtained, as shown in Fig. 6.

D;j(ws) is the equivalent damping coeflicient for each branch and K;(w;) is the equivalent synchronizing
coeflicient for each branch. The expressions for D;(w;) and K;(w;) are given by the following equations:
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D, (jws) = Dy £ (jor) =0
D, (jw,) = Re j;s K1+J,IZ)) K; (jws) = -Im j;s K1+]_Kw25))ws
Ds (jw;) = Re jclos Gud(ij)jIEi)), K (jws) = ~Im ji)s Gud (jws);{ai))ws' (19)
Dy (jw;) = Re ji}s Guq(jws);(ai)) Ky (jws) = -Im jclvs Guq(f“’s)fai))“’s
Ds (jws) = Re ji}s qu(jws)jlfjs)) Ks (jws) = -Im jclvs qu(fws)ji))“’s

Lo
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Figure 6: Grid-forming energy storage multi-damping path model

3.3 Stability Criterion

Based on the grid-forming energy storage multi-damping-path model, this section derives the system
stability indicators. To simplify the analysis, the multi-damping-path model of the grid-forming energy
storage is equivalently represented as a second-order model using the superposition principle of transfer
functions, as shown in Fig. 7.

Figure 7: Block diagram of the second order equivalent model for grid-forming energy storage

D(w;) and K(ws) are the damping coefficient and synchronizing coeflicient, respectively. Their specific
expressions are given by the following equations:

{D (ws) = Dy (ws) + Dy (ws) + D3 (ws) + Dy (w) + Ds (ws) (20)

K (ws) = Ky (ws) + K> (w5) + K3 (w5) + Ky (w5) + Ks (ws)
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Fig. 7 shows that the closed-loop transfer function of the system is as follows:

A0 1

AP, Js2+D(ws)s+K (w;) (21)

and the characteristic roots of Eq. (21) are

s z__D<ws>iz¢(D<ws>)2_4f<<ws> @)
b2 2 2 ] J

Based on the analysis of the characteristic roots (Eq. (22)), the stability criteria can be summarized
as follows:

(1) When K(ws) < 0, the equation has a positive real root and the system experiences a runaway loss
of synchronization.

(2) When K(ws) > 0 and D(w;s) < 0, the equation has a pair of conjugate complex roots with a positive
real part and the system experiences oscillatory instability.

(3) When K(ws) > 0 and D(ws) > 0, the system remains stable.

4 Grid-Forming Energy Storage Low-Frequency Oscillation Analysis

In this section, a quantitative evaluation is conducted to assess the impact of control parameters, oper-
ating conditions, and grid strength on the low-frequency oscillation characteristics of grid-forming energy
storage systems. The influence patterns of key control parameters on system low-frequency oscillations are
systematically elucidated. Based on the grid-forming energy storage grid-connected system model shown
in Fig. 1, an electromagnetic transient simulation model is built in the PSCAD/EMTDC platform to verify
the correctness of the aforementioned damping model analysis conclusions. The key parameters of the model
are listed in Table 3.

Table 3: System parameters

Symbol System parameters Values/Unit
P Rated power L5/kV
Udc DC bus voltage 1.2/F
C DC bus capacitance 0.09/H
L¢ Filter inductance 0.0001/H
L, Grid line inductance 0.00014/kV
/ Grid rated voltage 0.69/kV
J Virtual inertia 0.1
D, Virtual damping 3.56
K, Voltage droop coefficient 1
Ky Reactive voltage regulation coeflicient 0.1
ky1/kiy Active voltage proportional/integral 0.5/300
ko2 ki Reactive voltage proportional/integral 0.5/300
ko3, ki3 Active current proportional/integral 0.3/100

ko kia Reactive current proportional/integral 0.3/100
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4.1 Analysis of the Damping Characteristics under Different Grid Strength Conditions

The quantitative analysis results for the five Damping Paths constructed for the grid-forming energy
storage grid-connected system when the Short-Circuit Ratio (SCR) ranged from 7.2 to 8.4 are shown in Fig. 8
and Table 4. Damping Paths 3 and 5 dominated the total damping of the system and primarily provided
negative damping. As the grid strength increased, the negative damping intensified, which degraded system
stability. Furthermore, Damping Paths 3 and 5 were strongly correlated with the active voltage Auy, and
changes in Auy strongly influenced the active power output of the system. When the grid strength was less
than 7.9, Damping Paths 3 and 5 introduced negative damping, but the inherent virtual damping (Damping
Path 1) compensated for the negative damping introduced as the grid strength increased. When the grid
strength exceeded 7.82, the inherent virtual damping could not counteract the negative damping contributed
by Damping Paths 3 and 5, which led to negative total damping and system instability.

4 |
3 D1
ol

—_— 7%

s SCR=782|  ——

Ds Didon

I

I

I

I

I

) Ds i
\\

-3 . . i . .

7.2 7.4 7.6 7.8 8.0 8.2 8.4

SCR

Damping

Figure 8: Characteristic damping curves under different power grid intensities

Table 4: Damping under different power grid intensities

SCR D1 Dz D3 D4 DS Dtotal

76 356 -0.0061 -1.2477 0.1344 -2.2814 0.1592
78 356 -0.0064 -1.2824 0.1421 -2.3990 0.0143
80 356 -0.0069 -13302 0.1515 -2.5602 -0.1858

The response curves for the active power P, and reactive power Q, of the system under the different
grid strengths at ¢ = 15 s when the grid strength was 5.1 to 7.6 (blue curve) and 8.0 (red curve) are shown
in Fig. 9. When the grid strength was 8.0, the P, and Q, of the system showed low-frequency oscillatory
instability with an oscillation frequency of 3.4 Hz. However, when the grid strength was 7.6, P, and Q, showed
damped oscillations and the system was stable. The simulation results were consistent with the theoretical
analysis and showed that grid-forming energy storage is prone to low-frequency oscillations under strong
grid conditions.

4.2 Analysis of the Damping Characteristics under Different Operating Conditions

The quantitative analysis results for the five damping paths constructed for the grid-forming energy
storage grid-connected system when the operating condition ranged from 0.1 to 1.3 MW are shown in Fig. 10
and Table 5. Damping Paths 3 and 5 dominated the total damping of the system and primarily provided
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negative damping. As the operating power decreased, the negative damping increased, which degraded
system stability. Damping Paths 3 and 5 were highly correlated with the active voltage (Aug) and changes in
Auyq strongly influenced the active power output of the system. When the operating power exceeded 0.51 MW,
Damping Paths 3 and 5 provided negative damping, but the inherent virtual damping (Damping Path 1)
compensated for the negative damping introduced as the operating power decreased. However, when the
operating power fell below 0.51 MW, Damping Path 1 could not counteract the negative damping due to
Damping Paths 3 and 5, resulting in negative total damping and system instability.

-1.0

Reactive Power O, /Mvar Active Power P, /MW

Figure 9: P, and Q, response curves under different power grid intensities

3 D
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g /D4 /
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P=0.51IMW, Ds
I

i Ds
—2/
3 ‘ ) ‘ ‘ ‘

0.1 0.3 0.5 0.7 0.9 1.1 1.3
P

Figure 10: Characteristic damping curves under different working conditions

Table 5: Damping under different working conditions

P D1 Dz D3 D4 D5 Dtotal

0.5 356 -0.0065 -1.2891 0.1414 -2.4117 -0.0059
0.7 356 -0.0011 -1.1591 0.1421 -2.1684 0.3727
0.9 356 0.0043 -1.0536 0.1418 -1.9711  0.6814

The response curves for the active power increment (AP,) and reactive power increment (AQ,) of the
system under different operating conditions at ¢ = 15 s and when the grid strength ranged from 5.1 to 7.8 are
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shown in Fig. 11. The blue curve represents P, = 1.3 MW and the red curve represents P, = 0.1 MW. When
P, = 0.1 MW, the active power P, and reactive power Q, of the system showed low-frequency oscillatory
instability with an oscillation frequency of 3.3 Hz. However, when P, = 1.3 MW, P, and Q, showed
damped oscillations and the system was stable. The simulation results were consistent with the theoretical
analysis and showed that grid-forming energy storage is prone to low-frequency oscillations under low
operating conditions.

W

Active Power
Increment AP, /MW
y (=}

Reactive Power
Increment AQ, /Mvar
o

Figure 11: AP, and AQ, response curves under different working conditions

4.3 Analysis of the Damping Characteristics under Different Reactive Power-Voltage Regulation
Coefficients (K,)

The quantitative analysis results for the five damping paths when the reactive power-voltage regulation
coefficient K, ranged from 0.07 to 0.13, are shown in Fig. 12 and Table 6. Damping Paths 3 and 5 dominated
the total damping of the system and primarily provided negative damping. As K decreased, the negative
damping intensified, which degraded system stability. Damping Paths 3 and 5 were highly correlated with
the active voltage Aug, and changes in Auy strongly influenced the active power output of the system. When
K, exceeded 0.099, Damping Paths 3 and 5 led to negative damping; however the inherent virtual damping
(Damping Path 1) compensated for the negative damping introduced as Ky decreased. When K, fell below
0.099, Damping Path 1 could not counteract the negative damping contributed by Damping Paths 3 and 5,
which led to negative total damping and system instability.

3r D1

oD

R=!

g D+ /
| D2

K,=0.099 !

-1%‘—D3/__
I

2 i D
i

5

0.07 008 009 0.10 0.11 0.12  0.13
K

Figure 12: Damping characteristic curves at different K levels
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Table 6: Damping at different K values

Ky D, D, Ds Dy D5 Dyotal

0.09 356 -0.0054 -1.4662 0.1412 -2.4912 -0.2616
0.10 3.56 -0.0064 -1.2824 0.1421 -2.3990 0.0143
011 356 -0.0073 -1.1360 0.1415 -2.3166 0.2416

The response curves for P, and Q, under different reactive power-voltage regulation coefficients (K;) at
t = 15 s when the grid strength increased from 5.1 to 7.8 are shown in Fig. 13. The blue curve represents
Kq =013, and the red curve represents Ky = 0.07 When Ky = 0.07, P, and Q, showed low-frequency
oscillatory instability with an oscillation frequency of 3.1 Hz, but when K = 0.13, P, and Q, showed that
the oscillations had been damped and the system was stable. The simulation results were consistent with
the theoretical analysis and showed that appropriate increases in K within a certain range can enhance the
stability of grid-forming energy storage systems.

Reactive Power Q, /Mvar Active Power P, /MW

Figure 13: Response curves for P, and Q, at different K, levels

4.4 Analysis of the Damping Characteristics under Different Active Voltage Outer Loop Proportional
Coefficients (k,,)

The quantitative analysis results for the five damping paths when the active voltage outer loop propor-
tional coeflicient (k,;) ranged from 0.07 to 0.13 are shown in Fig. 14 and Table 7. Damping Paths 3 and 5
dominated the total damping of the system and primarily provided negative damping. As k; decreased, the
negative damping increased, which degraded system stability. Damping Paths 3 and 5 were highly correlated
with Aug, and changes in Auq strongly influenced the active power output. When k;; exceeded 0.48, Damping
Paths 3 and 5 led to negative damping, but Damping Path 1 compensated for the negative damping that
was introduced as k;; decreased. However, when k,; fell below 0.48, Damping Path 1 could not counteract

the negative damping contributed by Damping Paths 3 and 5, resulting in negative total damping and
system instability.
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Table 7: Damping at different k;; levels

kyy Dy

D2 D3 D4 DS Dtotal

0.4 3.56
0.5 3.56
0.6 3.56

-0.0024 -1.3359 0.1346 -2.4991 -0.1428
-0.0064 -1.2824 0.1421 -2.3990 0.0143
-0.0104 -1.2357 0.1479 -2.3117  0.1501

The response curves for P, and Q, under different active voltage outer loop proportional coefficients
(k1) at t =15 s when the grid strength increased from 5.1to 7.8 are shown in Fig. 15. The blue curve represents
k1 = 0.8 and the red curve represents ky; = 0.2. When k;,; = 0.2, P, and Q, showed low-frequency oscillatory
instability with an oscillation frequency of 3.4 Hz, but when k;; = 0.8, P, and Q, showed that the oscillations
had been damped and the system was stable. The simulation results were consistent with the theoretical
analysis and showed that appropriate increases in k,; within a certain range can enhance the stability of
grid-forming energy storage systems.

Reactive Power Q, /Mvar Active Power P, /MW

Figure 15:
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Response curves for P, and Q, at different k;; levels
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4.5 Analysis of the Damping Characteristics under Different Reactive Voltage Outer Loop Proportional
Coefficients (k,,)

The quantitative analysis results for the five damping paths when the reactive voltage outer loop
proportional coefficient (k;,) ranged from 0.07 to 0.13 are shown in Fig. 16 and Table 8. Damping Paths 3 and
5 dominated the total damping of the system and primarily provided negative damping. As k,, decreased, the
negative damping intensified, which degraded system stability. Damping Paths 3 and 5 were highly correlated
with Aug and changes in Aug strongly influenced the active power output. When k;, exceeded 0.49, Damping
Paths 3 and 5led to negative damping, but Damping Path 1 compensated for the negative damping introduced
as kyy decreased. However, when k;; fell below 0.49, Damping Path 1 could not counteract the negative
damping contributed by Damping Paths 3 and 5, resulting in negative total damping and system instability.

4 \
3 D1
2,
21 b
£ s IR
80 —
Jepr=0.49 | 0’
1 \)tota] ! D3
|
2F i Ds
;
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Figure 16: Characteristic damping curves at different k;, levels

Table 8: Damping at different k;, levels

kyx, Dy D, D; D, D; Diotal

04 356 -0.0064 -13383 0.1525 -2.5036 -0.1358
0.5 356 -0.0064 -1.2824 0.1421 -2.3990 0.0143
0.6 356 -0.0064 -12336 0.1332 -2.3078 0.1454

The response curves for P, and Q, under different reactive voltage outer loop proportional coeflicients
(ky2) at t =15 s when the grid strength increased from 5.1to 7.8 are shown in Fig. 17. The blue curve represents
ky> = 0.8, and the red curve represents k;, = 0.2. When k;, = 0.2, P, and Q, showed low-frequency oscillatory
instability with an oscillation frequency of 3.4 Hz. However, when k,, = 0.8, P, and Q, showed that the
oscillations had been damped and the system was stable. The simulation results were consistent with the
theoretical analysis and showed that appropriate increases in the k,, values within a certain range can
enhance the stability of grid-forming energy storage systems.
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Reactive Power Q, /Mvar ~ Active Power P, /MW

Figure 17: P, and Q, response curves at different k;, levels

4.6 Multi-Parameter Coupling Effects on Damping Characteristics

Under a grid strength of 8.2 and an operating condition of 0.5 MW, this paper quantitatively analyzes
the influence of the coupling characteristics between the active power-voltage outer-loop proportional
coefficient k,; and the reactive power-voltage outer-loop proportional coefficient k,, on the system damping,
based on the theoretically derived Eq. (19) and the damping stability criterion. The results are shown
in Fig. 18. Fig. 18 illustrates the distribution characteristics of the system damping as k,; and k,, vary.
The study reveals that k,; and k,, have a comparable impact on the system damping: when either k;;
or ky, increases, the system damping is significantly enhanced; conversely, a decrease in either parameter
leads to a corresponding reduction in damping. In particular, when k;; or kp; is set too small, the system
damping decreases sharply and exhibits negative damping, thereby inducing oscillatory instability. This
finding provides an important theoretical basis for the optimal design of controller parameters in grid-
forming energy storage systems, indicating that appropriately increasing both the active power-voltage
outer-loop proportional coefficient k,; and the reactive power-voltage outer-loop proportional coefficient
k,» contributes to enhanced system damping and improved stability margin.

Stable operation region

0.5
g
=
=
<
2.0
Critical Stability Plane
-1.0 (D=0)
0.2 Unstable operation region 1.0
0.4 (D<0) 0.8
0.6 0.6
0.8 0.4 k2
K 1.0°0.2

Figure 18: Effect of k,; and k;, variations on system damping



Energy Eng. 2026;123(9):20 19

Under a grid strength of 8.2 and an operating condition of 0.5 MW, this paper quantitatively evaluates the
influence of coupling between the proportional coefficient k,; and integral coefficient k;; in the active power-
voltage outer loop on system damping characteristics, based on the theoretically derived Fq. (19) and the
damping stability criterion. The results are shown in Fig. 19, which illustrates the distribution characteristics
of system damping with variations in k,; and k;;. The analysis demonstrates that system damping exhibits
a significant increasing trend with the rise of either k;; or k;;, whereas damping decreases correspondingly
when either parameter is reduced. Particularly, when k;; or k;; is set too small, system damping drops
markedly and may even develop negative damping, consequently inducing oscillatory instability. This
regularity provides important theoretical guidance for optimizing controller parameters in grid-forming
energy storage systems, indicating that appropriate increases in both k,; and k;; contribute to enhanced
system damping and improved stability margins.

Stable operation region
(D>0)

f

0.5_
on 0
=
g
& 05 Critical Stability Plane
e (D=0)
Unstable operation region
-1.0 340
02 (D<0)
' 320
kit

0.8
k1 1.0 280

Figure 19: Effect of k,; and k;; variations on system damping

Under a grid strength of 8.2 and an operating condition of 0.5 MW, this paper quantitatively investigates
the influence of coupling between the reactive power-voltage regulation coeflicient K and the voltage droop
coefficient K, on system damping characteristics, based on the theoretically derived Eq. (19) and the damping
stability criterion. The results are shown in Fig. 20, which illustrates the distribution characteristics of system
damping with variations in Kq and K,. The findings demonstrate that system damping strengthens with an
increase in either K or Ky, and weakens with their decrease. Specifically, the voltage droop coefficient K,
exhibits a relatively minor influence on damping, whereas the reactive power-voltage regulation coeflicient
Kq plays a dominant role in determining system damping. When K is sufficiently large, the system
consistently maintains positive damping to ensure stable operation. However, when K, falls below a critical
threshold, system damping deteriorates significantly and may even develop negative damping, thereby
inducing oscillatory instability. This regularity provides important theoretical guidance for optimizing
controller parameters in grid-forming energy storage systems, indicating that prioritizing appropriate K
values contributes to enhanced system damping and improved stability margins.
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Figure 20: Effect of Ky and K, variations on system damping

4.7 Advantages over the Existing Solutions

To accurately address low-frequency oscillations, a critical challenge constraining the stable grid
integration of grid-forming energy storage systems, and to systematically summarize the characteristics and
limitations of existing research methods, Table 9 comprehensively analyzes mainstream research literature
and systematically summarizes the advantages and disadvantages of typical methods. Eigenvalue analysis and
impedance analysis are two typical methods for studying low-frequency oscillations in grid-forming energy
storage systems. The eigenvalue analysis method is based on a detailed state-space model of the system and
evaluates system stability by solving the model’s eigenvalues. However, the stability information provided
by this method is mostly qualitative, making it difficult to precisely quantify the degree of instability of
oscillation modes or to reveal the underlying instability mechanisms. The impedance analysis method divides
the system into equipment subsystems and grid subsystems, establishes equivalent impedance models for
both, and applies the Nyquist criterion for stability discrimination. Although this method has clear physical
significance in frequency domain analysis, it struggles to accurately reflect the impact of internal dynamic
coupling on stability and cannot intuitively explain the instability mechanism. To overcome the limitations
of the above methods, this paper proposes a multi-damping-path model for grid-forming energy storage
integration based on the damping torque analysis method. This model simplifies the eighth-order state-space
model of the system into a second-order equivalent model, significantly reducing the analytical complexity of
low-frequency oscillation problems. Based on the analytical expression of the damping coefficient established
in Eq. (19), quantitative evaluation of the influence of control parameters, operating conditions, and grid
strength on low-frequency oscillation damping can be achieved.

Table 9: Comparison of research methods

Analysis and research Advantages Disadvantages Ref.
1. Requires detailed system
1. Provides comprehensive structural parameters
Modal modal characteristic 2. Suffers from the “curse of
analysis information dimensionality” in [9-11]
method 2. High accuracy of results multi-machine systems
3. Wide applicability 3. High computational
complexity

(Continued)
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Table 9 (continued)

Analysis and research

Advantages Disadvantages Ref.

1. Difficult to accurately

Impedance 1 Simple model structure characterize the dynamic
analysis 2. Straightforward derivation . ) 4 [12-14]
hod rocess interaction processes between
metho P subsystems
1. Complex analytical
Embedded 1. Capable of analyzing internal methodc?logy
Complex torque dynamic interaction 2. Close coupling among
" analysis . iy damping paths makes path [15]
orque mechanisms within the system . 7% .
analysis method identification and decoupling
method difficult
Total . .
dambin 1. Simple model structure 1. Unable to effectively reveal
analp sisg 2. Straightforward derivation internal dynamic interaction  [16,17]
met}}llo J process mechanisms of the system
1. Capable of clearly identifying
Method internal system interaction
proposed in mechanisms
this paper 2. Explicit damping paths
(Multi- enable rapid identification of 1. The overall derivation process
Damping- key instability factors remains relatively complex
Path 3. Concise analytical
Analysis methodology
Method) 4. Strong scalability, suitable for

multi-machine system analysis

The constructed model reasonably explains the phenomenon that the system is prone to low-frequency
oscillations when grid strength increases but remains stable when grid strength is weak. Research shows
that under fixed control parameters, when the grid strength gradually increases to a critical value (7.82
under the conditions set in this paper), the system will enter an unstable state and exhibit low-frequency
oscillations. On this basis, this paper further analyzes the influence characteristics of various parameters
in the grid-forming energy storage system on stability. The results indicate that, within a certain range,
appropriately increasing the active power-voltage outer-loop proportional coefficient k;1, the active power-
voltage outer-loop integral coefficient k;;, the reactive power-voltage outer-loop proportional coefficient k.,
and the reactive power-voltage regulation coeflicient K, of the grid-forming energy storage helps enhance
system damping and improve the stable operation margin. This study provides a theoretical basis and
methodological support for the adaptive adjustment of control parameters in grid-forming energy storage
integration systems under different operating conditions and grid strengths.

4.8 Engineering Challenges and Technical Prospects

With the continuous increase in renewable energy penetration, grid-forming energy storage has been
identified as a key device for constructing new-type power systems due to its dual potential in enhancing
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grid flexibility and stability. It not only effectively addresses the integration challenges of renewable energy
sources such as wind and solar, meeting multi-timescale power balance requirements, but also provides
critically needed rotational inertia and damping support to suppress wide-band oscillations caused by high
proportions of power electronic devices.

However, as described in this paper, grid-forming energy storage faces small-signal stability issues under
strong grid conditions, particularly low-frequency oscillation risks, which represent a core challenge for its
large-scale application. The root cause of this challenge lies in the complex dynamic interaction mechanisms
among its internal multiple control loops, making traditional stability analysis methods difficult to accurately
quantify the contribution of each control parameter to system damping, resulting in a lack of clear theoretical
guidance for parameter setting. The multi-damping torque model proposed in this paper aims to address
this challenge, providing basis for optimizing control parameters of grid-forming energy storage from the
perspective of damping path decoupling.

From the perspective of engineering application and standardization, grid-forming technology is
gradually moving toward standardization. To ensure the safe and stable operation of power systems,
various countries have successively issued relevant technical standards. As shown in Table 10, Chinese
standards explicitly require that grid-forming equipment must provide effective damping control when
the system experiences low-frequency oscillations in the range of 0.2-2.5 Hz with amplitudes greater than
0.003 Hz. This regulation not only imposes mandatory requirements on equipment performance but also
demonstrates the practical significance of this paper’s research content, namely the accurate analysis of
damping characteristics.

Table 10: Damping characteristic standards of various countries

/ Damping characteristics

United States Oscillation active damping is not permitted
It must pass frequency deviation tests at different frequency points to
verify the absence of undamped power oscillations
On the premise of not reducing the damping of oscillation modes in
Finland the 0.2-0.5 Hz range, positive damping must be provided to the power
grid between 0-47 Hz and 53-250 Hz
A natural response to system low-frequency oscillations must be
United Kingdom achieved within 5 ms, with the damping coefficient configurable
between 0.2 and 5
When low-frequency oscillations in the range of 0.2-2.5 Hz occur with
oscillation amplitudes exceeding 0.003 Hz, damping control shall be
provided. The power response shall be no less than 10% and no greater
than 30%, with a response time not less than 0.5 s

Germany

China

The future development of grid-forming energy storage technology depends on the deep integration
of “mechanism research” and “engineering application” On one hand, it is necessary to further develop
refined analysis methods similar to the multi-damping torque model to reveal oscillation mechanisms
under more complex operating conditions. This paper currently focuses only on low-frequency oscillation
analysis of single grid-forming energy storage unit grid-connected systems, while small-signal stability
analysis for multiple grid-forming energy storage unit grid-connected systems in practical engineering still
requires further research. On the other hand, due to limited conditions, this paper suggests that follow-up
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research should further promote the transformation of these theoretical achievements into parameter setting
guidelines and standard testing procedures that are easy to engineering apply, ultimately forming a complete
technical chain from modeling, analysis to control, and verification, providing solid support for constructing
new-type power systems with high renewable energy penetration.

5 Conclusion

This study addressed the issue of low-frequency oscillations in grid-forming energy storage systems
under strong grid conditions. A multi-damping torque model for grid-forming energy storage was con-
structed, a quantitative analysis of low-frequency oscillation stability was performed at various grid strengths
and under different operating conditions and control parameters, and the mechanism associated with the
low-frequency oscillations during grid-forming energy storage under strong grid conditions was revealed.
The main conclusions are as follows:

() A multi-damping torque model for grid-forming energy storage systems was constructed and was
used to identify the mechanism associated with low-frequency oscillations in such systems under
strong grid conditions. As grid strength increased, the negative damping characteristics significantly
intensified. However, the system was unstable and induced low-frequency oscillations when the total
system damping became negative.

(2)  The impact of operating conditions on the damping characteristics of grid-forming energy storage
was quantitatively evaluated. The results showed that grid-forming energy storage was prone to low-
frequency oscillation instability under low operating conditions. As the system operating power
decreased, the inherent virtual damping of the system often became insufficient to counteract the
negative damping components. This resulted in negative total damping, caused system instability, and
led to low-frequency oscillations.

(3)  Theinfluence of different control parameters on the low-frequency oscillation stability of grid-forming
energy storage was quantitatively analyzed. Appropriate increases in the reactive power-voltage
regulation coeflicient (Ky), the active voltage outer loop proportional coeflicient (k;;), the active
power-voltage outer-loop integral coefficient (ki;), and the reactive voltage outer loop proportional
coefficient (kp,) effectively enhanced the low-frequency oscillation stability of grid-forming energy
storage. The results from this study provide theoretical guidance for the tuning of control parameters
in grid-forming energy storage systems.
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Appendix A
The state-space matrix A is shown below:
d, d; ds dy ds ds d; ds
dy dio 0 dn 0 di di3 dia
1 c2 c3 c4 cs c6 c7 cg
—by —bio 0 —bn 0 —b1p ~bi3 ugo — ba
A= kplcl -1 kplcz kp1C3 + ki1 kP1C4 kP1C5 kP1C5 kP1C7 kP1Cg
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1.5byigo + 1.5u49 1.5b,iq49 1.5b3i49 1.5b4iq9 1.5b5i49 1.5bgiq0 1.5b7iq0 + Dy 1.5bgiq9
J J J J J J J J
0 0 0 0 0 0 1 0

where Lgg, a1-ai4, b—-by4, c1-cs, and dy-d, 4 are shown below:

L Ly (A1)
B Li+ Ly
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Appendix B

The state-space matrix A; is shown below:

hy h; 0 hs

A = —fo S5 0  —fi+tua
"“|ha/T hs/] -D,/]  hel]
0 0 1 0

where e;-es, f1—f6, §1-g6> and h; —hg are shown below:
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Appendix C
Detailed Derivation of Multi-Damping-Path Analysis

The output power AP, can be expressed as a function of the reduced-order model state variables
AX; = [Axy, Axy, Aw, AO] according to the transfer function block diagram of grid-forming energy storage
shown in Fig. Al
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N _1-52X§quplki2iflo - I.Sidoxgkiz - 1.5ud0ngp1kiz (—KVKq - 1) + l.Szklequﬁokiz A
. X2
_XékplkpZ (—KVKq - 1) + 1-5qup1Xg (kpzud() + ld()) +1
(152 kp Kqugy — 1.52 X313, Kqkprigo — 1.5ia0 Xg — L5uao Xgkpr (~KKq —1)) (a0 + kpautao)

+ : A®.
—XZkpikpa (K Kq = 1) + 15Kk Xg (kpateao + iao) +1

AP, = DyAw +

AX]

(A10)
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The state variables Ax;, Ax,, and Aw need to be expressed in terms of the state variable Af. The equations
for the intermediate state variables Ax; and Ax, are shown below:

dA .
M (“KyKq —1) Aug — 15KqigoAug + 15ugKoAig  [$8% = (—KyKq = 1) Aug = 15KgianAug
445, = 1 +1.5u40KqAiq
7 = —Aug + ugoA0 sAx; = —Aug +ugoA6

(A11)

Figure Al: Block diagram of the single input and single output transfer functions for grid-forming energy storage

The state variables Aug, Aug, and Aig need to be derived and expressed in terms of the state variable A6.
The expressions for Aug, Aug, Aig, and Aig are shown below:

{Aud = ~Xghig {Aid = ~K.KqGiAug — 1.5KgiaoGiAug + L5ugoKeGidiq - Gidua. (A12)

Auq = XgAid Alq = (HdoGz + ido) AD - Aquz
where X; = woLg, Gy = ky1 + kir/s, Gy = kyy + kia/s.
According to Eq. (A12), the relationship between Aug and Aug can be expressed as follows:
(-K KX, - 15uqoKq - Xg) Gi

Aug = Aug. Al3
d 1+ 1.5K,id0XoGr d (A13)

According to Eqs. (A12) and (A13), the relationship between the state variable Auy and the state variable
A0 can be expressed as follows:
udoXgGa + iaoXg +1.5Kquaoiao X;G1Ga + 1.5K,igo X3 Gy

Aud = .
((-KvKq = 1) X2 = 1.5u40Kq Xy ) GiG, — 1.5Kqia0 X5 Gy — 1

A8 = Gy (5) A, (A14)

where Gy4(s) represents the transfer function from A6 to Auy, and its specific expression is shown below:

udoXgGa + iaoXg +1.5Kquaoiao X;G1Ga + 1.5K,ig, X3 Gy
((-KvKq = 1) X2 = 1.5u40Kq Xy ) G1G, — 1.5Kqia0 XgG1 — 1

Gud (S) = (A15)
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According to Eqs. (A12)-(Al4), the relationships between the state variables Ai; and Aug and the state
variable A6 can be expressed as follows:

((-K.Kq—1) uaoX; - 1.5ujyKqXy) G1Ga + ((-KyKq = 1) iao X; — 1.5uaoiaoKqXy) G
((-KvKq—1) X2 - 1.5ua0Kq Xy ) G1G2 — 1.5Kqia0 X Gy — 1
udoGz +igo + I.SKqud() idngGle + I-Siné()XgGl

Aig = - A8 = Giq (s) AB
T ((-KvKq - 1) X2 = 15uapKq Xy ) GG - 1.5Kqiq0 Xy G — 1 1)

Au

1
.= A8 = Gyq (s) AO

(Al6)

where Gyq(s) represents the transfer function from A6 to Aug; and Giq(s) represents the transfer function
from A6 to Aiy. The specific expressions for Guq(s) and Giq(s) are given below:

((-KvKq = 1) ugo X - 1.5ujy K Xg) GiGa + ((—KeKq — 1) iaoXg — 1.5u40i40KqXg) Gy

Gyq (8) =
uq (5) ((-KvKq ~ 1) X2 - L5u40KqXg ) GiG; — 15Kqiqo XGi — 1 A1)
G (5) _ udoGz +igo + 1.5Kqud0 idngGle + 1.5inc210XgG1
“ ((-KoKq —1) X2 - 15ug0Kq X5 ) GGy — 15K i X¢Gy 1
According to Eqs. (Al4) and (A16), Eq. (All) can be transformed into:
Gu G N Gi N
Ax; = (K Kq -1) 2 () pg - 1.5K gigp—— () pg 4 1.5ugpKq— ) g
s s s
. Al8
AO AB (A18)

Axy = _Guq (S) — + udOT

Substituting Fq. (A18) into Eq. (A10) yields:

(1.5%kp1 Kqudy — 1.5 Xg Kqkpiizy — 1.5ia0Xg — 1.5ua0 Xghp1 (—KyKq — 1)) (kpauao + 1d0)
-X2 skprkp2 (-KvKq—1) + L5Kqkp1 X (kpautgo + iqo) +1

71 52 X K kplklzudozdo - 1.5Xgkiattaoiao — 1.5Xgkpikiz (—KvKq — 1) u3, + L5°K, kplk,zudo 1

-X2 ehpikps (—K Kq = 1) + L5Kqkp Xg (kpattao + iao) +1 s

. (1.5iq0 X5 kpakis + 1.5uqokn ) (Ko Kq —1) Gua (5)
—XZkpikpa (K Kq — 1) + L5Kqkp1 Xg (kpattao + iao) +1 s

1 5° XgKqido (kpikiz = kpzkin) = 1.5 Kgkittaoiao + 1.5Xgkiziao + 15Xgkpikizttao (~KvKq = 1) = 1.5’ Kakpikiaugo Gug (5)
—XZkpikpa (—KyKq — 1) + L5Kqkp Xg (kpattao + iao) +1 s

1.52 X Kqkpakiudoiao + 1. 52K kﬂ”do Giq (5)
~XZkpikpy (~KoKq — 1) + L5Kokpi Xg (kpathao + igo) +1 s

AP,= DyAw +

-A0

A0

A6. (A19)

Transforming Eq. (A20) yields:

K, K K, Ks
AP, = DyAw + (K1 + —) AB + —3Aud + —Auq + —Alq, (A20)
N
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where K;-Kj; are:

< (1.5%kp1 Kqugy — 1.5* XZKqkpii3, — 1.5ia0 Xg — 1.5uao Xgkpt (~KKq = 1)) (kpatiao + igo)
1= [
_XékplkPZ (—Kqu - 1) + 1'5qup1Xg (kpzl/ldo + ldo) +1
K —1.52Xéqup1kizud0 léo - 1.5ng12ud0 iqo — I-SngplkiZ (—Kqu - 1) uﬁo + 1.52qup1k121/l30
2= .
_XékplkPZ (—KVKq - 1) + 1.5qup1Xg (kpzudo + ld()) +1
K (I.Sid()X;kpzkﬂ + 1.5ud0kﬂ) (—Kqu - 1)
3= .
_ngplkPZ (—Kqu - 1) + 1'5qup1Xg (kpzudo + ldo) +1
K 152XéKq1§0 (kplkiZ - kkail) - 1.52qui1ud0 iqgo + 1-5ngi2 iqgo + 1.5ngp1k12ud0 (—KVKq - 1) - 1.52qup1ki2u§0
4= .
_XékplkpZ (—Kqu - 1) + 1'5qup1Xg (kpzud() + ldo) +1
Ke - 1.52X2qup2kilud() ido + 1.52quilufl0
5= .
_XékplkPZ (—Kqu - 1) + l.qukpng (kpzudo + ldo) +1
(A21)
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