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ABSTRACT: A nonlinear dynamic framework is developed to represent the coupled mass- and energy-transfer
phenomena governing an industrial phosphate-pebble dryer. The formulation integrates combustion, gas–solid heat
exchange, moisture evaporation, and exhaust-draft dynamics into a unified set of nonlinear differential equations
suitable for transient analysis and control design. Steady-state operating conditions are first established, followed
by local linearization to enable the synthesis of decentralized proportional–integral (PI) controllers using direct-
synthesis principles. The resulting control architecture regulates key process variables, including vacuum pressure,
outlet moisture content, and furnace temperature. The proposed model is implemented in MATLAB/Simulink using
a modular structure that preserves the physical interpretation of each subsystem while enabling efficient numerical
simulation. Closed-loop performance is evaluated under multiple disturbance scenarios, including variations in
pressure, feed moisture, temperature, and flow conditions representative of industrial operation. Simulation results
demonstrate that the designed controllers satisfy operational constraints, achieving overshoot values below 20% and
steady-state errors under 5% across all regulated variables. The responses exhibit stable and well-damped behavior,
confirming the suitability of the control-oriented modeling approach for capturing dominant process dynamics. The
resulting framework provides a physically grounded and computationally efficient representation that supports dynamic
performance assessment, disturbance rejection analysis, and future extensions toward advanced control strategies and
energy-efficiency optimization.
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1 Introduction
Drying operations are fundamental, yet energy-intensive unit processes extensively deployed across

chemical, mineral, and agri-food industries. In the context of phosphate fertilizer production, mined
phosphate “pebbles” must undergo thermal dehydration to reduce their inherent moisture content prior to
acidulation and downstream processing. This drying step is driven by two pivotal industrial objectives: (i)
minimizing the transport of excess water, which translates to reduced logistical costs, and (ii) improving the
flowability, grindability, and overall handling characteristics of the solid feedstock [1]. Industrial phosphate
dryers are typically large-scale rotary drums wherein the wet solids are exposed to high-temperature
combustion gases, facilitating concurrent convective heat and mass transfer. These systems exhibit complex
nonlinear dynamics arising from the interaction between thermal and moisture transport phenomena,
spatial and temporal transport delays, and the coupled behavior of the gas and solid phases. Consequently,
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accurate dynamic modeling is essential not only for process design and optimization but also for control
synthesis aimed at maintaining product quality and energy efficiency under transient conditions; recent
research increasingly emphasizes control-oriented modeling of rotary dryers for operational flexibility and
energy-management objectives [2].

Indeed, other advances in drying system research have increasingly emphasized the development of
dynamic and control-oriented models capable of capturing transient behavior under variable operating
conditions. In particular, modern studies have explored energy-efficient operation, flexible process control,
and improved system responsiveness through physics-based and hybrid modeling approaches [3–6]. These
contributions highlight the growing need for models that not only describe steady-state performance but
also enable real-time optimization and advanced control implementation in large-scale industrial dryers.

Several modeling paradigms have been developed to represent drying systems, ranging from empirical
correlations and black-box system identification to high-fidelity first-principles and computational fluid
dynamics (CFD) approaches. Recent reviews highlight sustained growth in dryer modeling and optimization
methods (including hybrid physics/data-driven approaches and parameter-optimization strategies) across
multiple dryer types and industrial contexts [7]. Empirical thin-layer models, such as the Newton, Page, and
Henderson–Pabis formulations [8], remain widely used in laboratory-scale studies owing to their simplicity
and ease of parameterization. While these models capture moisture-removal trends over time using one or
more adjustable parameters, their reliance on curve-fitting techniques and limited physical insight renders
them unsuitable for extrapolation beyond calibrated operating conditions. Despite these limitations, they
continue to be cited in the literature for a wide variety of agricultural and food products due to their minimal
data requirements and acceptable predictive accuracy under fixed settings [8].

More recent developments have extended traditional modeling approaches by incorporating enhanced
heat and mass transfer descriptions, as well as improved representation of variable operating conditions.
These models often integrate energy analysis, parameter sensitivity, and system-level optimization to better
capture industrial dryer performance [4,5,9]. Such approaches provide a more robust framework for
analyzing process efficiency and dynamic behavior, particularly in large-scale systems where operating
conditions may vary significantly over time.

In contrast, black-box system identification and machine-learning-based techniques have gained
traction for modeling complex drying systems where first-principles derivation is challenging. Approaches
including ARX/ARMAX models, support vector regression, and adaptive neuro-fuzzy inference systems
have been applied to rotary dryers with promising accuracy [10,11]. However, the predictive capability of
these models is typically confined to the training domain, and their interpretability is inherently limited.
Consequently, such models are often integrated with physics-based approaches when control-oriented
modeling is required, as also reflected in recent surveys of drying-parameter optimization and modeling
trends [7].

CFD offers a high-resolution alternative for simulating coupled heat, momentum, and species transport
within dryers. State-of-the-art studies employ multiphysics CFD solvers coupled with discrete element meth-
ods (DEM) to resolve solid–gas interactions in packed beds or rotary drums [12]. Examples include the 3D
modeling of iron ore pellet dryers and the simulation of laboratory-scale rotary kilns incorporating radiation
and detailed kinetics [5,13]. Complementary recent work illustrates the role of bed-scale transport non-
uniformities in packed-bed drying simulations [14] and the use of DEM-informed reduced representations to
capture solids motion and residence effects in rotary fertilizer drying [15]. These studies provide deep insight
into localized phenomena such as velocity fields, temperature gradients, and internal diffusion. However,
the computational expense, complexity of mesh generation, and parameter calibration significantly limit the
practicality of CFD for dynamic control studies or real-time applications.
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In parallel, recent studies have investigated reduced-order and control-oriented representations derived
from high-fidelity models, aiming to balance computational efficiency with physical accuracy. These
approaches enable the integration of advanced control strategies, including multivariable and model-based
control techniques, which are increasingly applied to drying systems to enhance stability, disturbance
rejection, and energy efficiency [6,16]. This trend reflects a shift toward models that are not only descriptive
but also directly applicable to control system design.

To bridge the gap between empirical simplicity and CFD detail, first-principles dynamic models based
on conservation laws (mass, energy) have emerged as an effective compromise. These models offer physically
grounded formulations capable of capturing drying kinetics, gas–solid heat exchange, and internal moisture
transport, often with reduced computational burden. The literature documents several seminal contributions
in this area, such as the lumped and distributed models for rotary dryers developed in [17–19], which laid
the foundation for simulating transient drying behavior under various operating scenarios. More recent
contributions increasingly emphasize explicitly control-oriented formulations for rotary dryers (including
structures suitable for linearization and controller synthesis) [2], as well as hybrid reduced-order strategies
informed by solids-motion modeling [15]. In addition, dynamic models validated against semi-industrial
dryers for citrus residues and soybean seeds [20,21], confirming the utility of this approach in both simulation
and control design. Notably, such models yield systems of ordinary or partial differential equations that can
be linearized for model-based controller synthesis.

Furthermore, recent literature has highlighted the importance of advanced control strategies in indus-
trial drying applications, particularly under nonlinear and multivariable conditions. Techniques such as
model predictive control, adaptive control, and optimization-based approaches have demonstrated sig-
nificant improvements in energy utilization and product quality when supported by accurate dynamic
models [6,16]. However, the successful application of these strategies strongly depends on the availability of
physically consistent and control-oriented models capable of representing the dominant process interactions.

Despite the maturity of drying-system modeling in general, a critical knowledge gap exists regarding
phosphate pebble drying systems. Specifically, no existing study reports a comprehensive dynamic model
encompassing the full process—from combustion and hot gas generation to the drying systems and exhaust
subsystems—for phosphate pebbles dryers. This is surprising given the unique characteristics of phosphate
drying: dense, heterogeneous solids with high thermal inertia and internal moisture gradients, large flow
rates, and dusty exhaust environments. Recent work has demonstrated that multivariate industrial drying
processes can be modeled and experimentally validated when plant data are available [22], yet prior works
relevant to phosphate operations have often been steady-state in nature or partial in scope, focusing on
isolated subsystems such as the furnace or airflow control [11,22]. This lack of a unified model hinders
the development of effective control strategies for energy efficiency and product quality in phosphate
drying operations.

The present study addresses this deficiency by introducing a novel nonlinear dynamic model of an
industrial phosphate-pebble drying system. The model is formulated from first principles and integrates all
critical components: (i) the combustion subsystem (fuel and air mixing, burner dynamics), (ii) the drying
system (with gas–solid energy and mass balances), and (iii) the exhaust gas handling unit (including stack
flow and draft pressure).

The resulting model comprises a coupled set of nonlinear differential equations, capturing the dynamic
propagation of disturbances through the system.
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Building on this model, the study further develops a multivariable control strategy using decentralized
PI compensators tuned via the direct synthesis method (DSM). The linearized model around a nominal
operating point facilitates the derivation of decoupled controllers with targeted performance metrics.

Simulation results under multiple disturbance scenarios demonstrate superior setpoint tracking,
reduced overshoot, and robust disturbance rejection—highlighting the efficacy of the proposed control
approach relative to conventional tuning heuristics.

In summary, this article makes two primary contributions. First, it develops the first comprehensive,
first-principles dynamic model of an industrial phosphate-pebble drying system, explicitly integrating
the combustion, drying, and exhaust subsystems within a unified thermodynamic and hydrodynamic
framework. Second, the model is exercised through a set of representative closed-loop simulations using
DSM-tuned PI controllers, not with the intention of establishing control superiority, but rather to demon-
strate that the nonlinear model reproduces realistic dynamic interactions, disturbance propagation, and
regulatory behavior. The control design therefore serves as a proof-of-concept validation stage, illustrating
how the model can support future controller benchmarking and process optimization studies.

It is important to clarify that the present work constitutes a proof-of-concept dynamic modeling study,
as no industrial phosphate-pebble dryer was accessible for data collection. Consequently, the model is not
experimentally validated against plant measurements, and no calibration using moisture, temperature, or
flow datasets was possible. Instead, the model has been validated in a structural and internal-consistency
sense, ensuring that the mass and energy balances close, that state trajectories remain physically consistent,
and that transient responses behave in accordance with established drying theory. The control simulations
included in this work should therefore be interpreted as a demonstration of model coherence, not as perfor-
mance predictions for any specific industrial dryer. A full experimental validation—requiring facility access,
instrumentation deployment, and test-campaign planning—is identified as future work once industrial
collaboration becomes available, consistent with recent practice in experimentally validated industrial drying
studies [22].

The remainder of the paper is organized as follows. Section 2 outlines the industrial phosphate
dryer system. Section 3 details the dynamic model formulation. Section 4 presents dryer efficiency expres-
sion. Section 5 describes the control strategy and tuning. Section 6 discusses simulation results, and Section 7
concludes the study.

2 Process Description
Fig. 1 shows a simplified process flow diagram of the phosphate-pebble dryer. The system is composed of

four primary subsystems: (i) the combustion furnace, (ii) the windbox, (iii) the drying zone (pebble bed), and
(iv) the exhaust stack. Each subsystem functions as a thermodynamic control volume governed by transient
mass, energy, and momentum balances. Together, these subsystems convert the chemical energy of the fuel
into sensible heat, transfer that heat into the solid pebbles, and remove the evaporated moisture from the
phosphate matrix.

2.1 Conbustion Furnace
The combustion furnace is the primary source of thermal energy in the dryer. It receives two inlet

streams:

• Fuel stream (wf(t))—typically a flow of oil or natural gas delivered by a pump.
• Combustion air stream (f a(t))—air supplied by a forced-draft fan (FD fan) to support combustion.
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Figure 1: Phosphate-pebble drying systems. Process diagram.

It is important to highlight that variations in the fuel pump and forced-draft fan speeds are achieved
through modulation of their respective control signals, kC

f(t) and kC
a(t), which directly govern the fuel and

air flow rates into the combustion furnace.
Within the furnace, the fuel and air mix and undergo complete combustion, converting the fuel’s

chemical energy into hot flue gases. The flue gas composition is primarily nitrogen, carbon dioxide, and water
vapor from combustion. The furnace operates at high temperatures (roughly 900○C–1200○C) to provide a
strong driving force for downstream heat transfer. The hot flue gases are then directed as the outlet stream
from the furnace into the next stage (the windbox). The furnace is designed for stable combustion with
minimal excess oxygen and thorough mixing of air and fuel to ensure consistent operation [23–25].

2.2 Windbox
The windbox is a plenum chamber (pressurized box) between the furnace and the drying zone. Its

purpose is to equalize pressure fluctuations, stabilize the flow, and uniformly distribute the combustion gases
across the pebble bed. In doing so, it ensures the drying zone receives a steady, evenly distributed supply of
hot gas.

Hot flue gas from the furnace enters the windbox at a high temperature and may be conditioned
(i.e., mixed with additional air) before reaching the pebble bed. The windbox outputs a hot gas stream at
temperature Td(t), which serves as the inlet gas condition for the drying zone. Any additional air introduced
at this stage can be used to fine-tune the oxygen content or adjust the gas temperature as needed. A well-
designed windbox provides even gas distribution, preventing flow channeling (preferential pathways) or
other non-uniformities that would cause uneven drying across the bed [26–28].
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2.3 Drying Zone (Pebble Bed)
The drying zone is the core of the process, containing a fixed bed of phosphate pebbles through which

the hot combustion gases flow. Two major mass streams define this subsystem:

• Wet pebble feed: Incoming pebbles enter the dryer at a mass flow rate ws(t), with an inlet moisture
fraction xin(t) (approximately the weight fraction of water in the feed).

• Dried pebble product: Pebbles exit the dryer at the same mass flow rate ws(t) (assuming no solids loss),
but with a reduced moisture content xout(t) after drying.

• Within this zone, moisture is removed from the pebbles through two principal mechanisms:
• Convective heating: Hot gases convectively transfer thermal energy to the pebble surface, increasing the

solid temperature.
• Evaporation: Moisture within the pores and on the surface of the pebbles is vaporized, consuming latent

heat associated with the phase change.

The bed geometry and uniform airflow distribution are designed to enhance gas–solid contact, thereby
maximizing the efficiency of both heat and mass transfer. The dried solids leaving this zone constitute the
main product stream, and the outlet moisture fraction xout(t) serves as a key quality indicator of the drying
process. This zone also represents the primary site of dynamic variability, as disturbances such as fluctuations
in feed moisture or solids throughput must be effectively mitigated by control actions to ensure consistent
product quality and process stability [29–32].

It is also worth noting that the pebble bed within the dryer is mechanically conveyed by a drive
system, actuated by an electric motor controlled via a variable frequency drive (VFD). This VFD, in turn, is
modulated by the control signal kC

s(t), which governs the bed’s movement dynamics.
It is important to note that, for the sake of model tractability and clarity, radiative heat transfer mecha-

nisms have not been included in the present formulation. Although radiation may contribute under certain
high-temperature conditions, its effect is often secondary in gas–solid systems dominated by convective
and evaporative phenomena, particularly in fluidized or well-mixed beds. This assumption aligns with prior
modeling practices where the primary focus is on dominant convective and latent heat pathways [12].

2.4 Exhaust Stack and Induced-Draft Fan
The exhaust system removes the moisture-laden exhaust gases from the dryer and safely releases them to

the atmosphere. The gas stream leaving the pebble bed contains the combustion products plus the evaporated
water vapor from drying. An induced-draft fan (ID fan) draws this hot, humid stream out through the
exhaust stack. The ID fan serves two critical roles:

• Maintain negative pressure: It maintains a slight negative pressure (vacuum) inside the dryer to prevent
any backflow of gases into the upstream equipment.

• Regulate exhaust flow: It regulates the exhaust flow rate wstack(t), which in turn controls the residence
time of gases in the system and thus influences the drying efficiency.

The exhaust stream is typically monitored by measuring the stack gas temperature (Tstack(t)) and
pressure (p(t)), both of which are key indicators used for process monitoring and control. In some systems,
the stack may be equipped with heat-recovery units (to reclaim energy) or pollution-control devices (to scrub
or filter emissions). However, the primary function of the exhaust stack is the safe discharge of the spent
gases to the environment [33–35].
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3 System Modeling
The phosphate-pebble drying process involves four interconnected subsystems: the combustion furnace,

the windbox, the drying zone, and the exhaust system. Each subsystem is modeled as a thermodynamic
control volume governed by transient mass and energy balances, assuming ideal gas behavior and spatial
homogeneity (i.e., perfectly mixed temperatures and compositions). The model is designed to capture the
dominant dynamics of heat and mass transfer while maintaining simplicity and tractability. To that end,
several assumptions are adopted: combustion is complete and instantaneous, moisture is evenly distributed
within the pebbles, and the only heat transfer mechanism explicitly considered is convection. Radiative
effects, while potentially significant at high temperatures, are excluded in this formulation for clarity and
consistency with similar models in the literature [12].

The process begins with wet phosphate pebbles entering the drying zone at mass flow rate ws(t) and
inlet moisture fraction xin(t). Hot combustion gases generated in the furnace—by mixing a fuel flow wf(t)
with combustion air f a(t)—are supplied via a forced-draft fan and flow through the windbox before reaching
the drying zone at temperature Td(t). Within the bed, the solid phase is modeled with a time-varying dry
mass ms(t), a time-varying water mass mwt(t), and temperature Ts(t). The outlet moisture fraction xout(t) is
defined by the following:

xout (t) =
mwt (t)

mwt (t) +ms (t)
(1)

The drying zone energy balance includes convective heat transfer from the gas stream to the solids,
moisture evaporation consuming latent heat, and sensible heating of the pebble matrix. Evaporated moisture
joins the gas phase, which exits the bed at mass flow rate wg(t) and temperature Tg(t). The outlet solids,
exiting with the same flow ws(t), define the process product.

The exhaust subsystem receives the hot, humid gases and directs them through an induced-draft fan to
the stack. The fan regulates the exhaust flow wstack(t) and maintains the internal dryer pressure p(t). The mole
balance within the exhaust is governed by the ideal gas law, relating molar density, pressure, and volume.
An energy balance is applied to the exhaust volume, including sensible heat of the flowing gases and their
pressure–temperature evolution.

Three key feedback control loops are integrated into the system. The primary loop regulates xout(t) by
manipulating the pebble feed rate ws(t). The second loop stabilizes the dryer’s internal pressure p(t) via the ID
fan. The third loop controls the gas temperature Tw(t) at the windbox inlet by adjusting the furnace fuel/air
ratio. These loops collectively ensure efficient, stable, and high-quality drying performance under dynamic
operating conditions.

3.1 Combustion Furnace Modeling
The combustion furnace is modeled as a lumped thermodynamic control volume where fuel and air

are continuously mixed and combusted to generate hot flue gases. The system receives two input streams: a
mass flow of fuel wf(t) in kg/s, regulated by a dedicated pump via a command signal kC

f(t), and a volumetric
airflow f a(t) in m3/s, provided by a forced-draft fan and modulated through kC

a(t). The combustion process
is assumed to be complete and instantaneous, with ideal gas behavior and a uniform gas composition
throughout the chamber.

The resulting output stream is the hot gas flow ww(t) in kg/s, leaving the furnace at temperature Tw(t)
in K, and feeding into the windbox. The total gas mass within the furnace is denoted by mc(t) in kg.
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The dynamic mass balance is written as:

dmc (t)
dt

= wf (t) ⋅ kf
C (t) + ρa ⋅ fa (t) ⋅ ka

C (t) −ww (t) (2)

where ρa is the air density in kg/m3.
The corresponding energy balance, assuming negligible heat losses (adiabatic system), is given by (3).

Here, Ta(t) and Tw(t) are the temperatures of the incoming air and outgoing combustion gases, respectively,
both in K, cp

a is the specific heat of air at constant pressure in kJ/kg⋅K, cp
c, cv

c are the specific heats of the
combustion gases at constant pressure and volume, respectively, in kJ/kg⋅K, and finally, HV is the heating
value of the fuel in kJ/kg.

d (mc (t) ⋅ Tw (t))
dt

= HV
cc

v
⋅wf (t) ⋅ kf

C (t) +
ca

p ⋅ ρa

cc
v
⋅ fa (t) ⋅ Ta (t) ⋅ ka

C (t) −
cc

p

cc
v
⋅ww (t) ⋅ Tw (t) (3)

Eqs. (2) and (3) constitute a zero-dimensional dynamic model of the furnace, capturing the unsteady
accumulation of mass and energy. Under the common isobaric assumption (valid for systems with pressure
control via the FD-fan), the fuel heating value directly appears as enthalpy input. The outflow ww(t) then
serves as the hot gas input to the windbox stage in the downstream dryer system. This modeling approach
follows established practices for high-temperature combustion systems [36].

3.2 Windbox Modeling
The windbox acts as an intermediate plenum that receives hot combustion gases from the furnace and

delivers them uniformly to the drying zone. It serves as a stabilizing volume, ensuring that the temperature
and pressure of the incoming gas flow are well mixed before reaching the pebble bed. In this system, the
windbox is modeled as a lumped control volume with one inlet and one outlet.

The inlet is the gas stream from the combustion furnace, with mass flow rate ww(t) in kg/s and
temperature Tw(t) in K. The outlet is the gas stream directed toward the drying zone, with mass flow rate
wd(t) in kg/s and temperature Td(t) in K. The total mass of gas contained within the windbox is denoted by
mw(t) in kg.

Assuming no gas is lost within the windbox and no additional air is injected, the dynamic mass balance
is given by:

dmw (t)
dt

= ww (t) −wd (t) (4)

The corresponding energy balance assumes adiabatic conditions (i.e., negligible heat losses), and
uniform mixing of gases within the chamber:

d (Td (t) ⋅mw (t))
dt

=
cc

p

cd
v
⋅ww (t) ⋅ Tw (t) −

cd
p

cd
v
⋅wd (t) ⋅ Td (t) (5)

here, cp
c is the specific heat of the combustion gases entering the windbox in kJ/kg⋅K, cp

d, cv
d are the specific

heats of the windbox gas mixture at constant pressure and volume, respectively in kJ/kg⋅K, Tw(t) is the
furnace gas temperature at the windbox inlet in K, and finally, Td(t) is the gas temperature exiting toward
the drying zone in K.

This lumped formulation captures the dynamic accumulation of both mass and energy inside the
windbox, allowing transient variations in fuel or air flow from the furnace to influence the gas temperature
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supplied to the dryer. In many cases, the temperatures Tw(t) and Td(t) are close, due to the short residence
time and good mixing within the windbox. This modeling approach is consistent with previous drying and
furnace systems described in the literature [37].

3.3 Drying Zone Modeling
The dryer is the core component of the phosphate pebble drying process. It has two input streams and

two output streams. The first input is the mass flow of phosphate pebbles, denoted by ws(t) in kg/s, which
moves through a mechanically driven bed. This bed is powered by a motor via a frequency converter drive,
whose control signal is given by kC

s(t). The pebble flow is composed of two components: a dry solid mass
ms(t) in kg and an entrained water mass mwt(t), also in kg. The feed enters the dryer at an inlet temperature
Ts

in(t) in K and an initial moisture content xin(t) (expressed on a wet basis).
The second input stream is the hot gas flow wd(t) in kg/s entering from the windbox at temperature

Td(t), also in K. These gases transfer heat to the solids to evaporate moisture.
The two output streams are:

• The dried pebble flow, which exits at the same mass rate ws(t) but with a reduced moisture fraction
xout(t). It is assumed that there is no solids buildup or loss.

• The outgoing gas flow wg(t) in kg/s, which carries the evaporated moisture and exits at temperature
Tg(t) in K.

Assuming no accumulation of dry solids in the bed [18]:

dms (t)
dt

= 0 (6)

This implies the dry mass flow into and out of the dryer remains equal. For the water content in the
pebbles, the balance is:

dmwt (t)
dt

= ks
C (t) ⋅ws (t) ⋅ (xin (t) − xout (t)) (7)

This equation tracks the change in water mass due to drying.
A relation between the outlet moisture content and the internal masses is given by:

xout (t) =
mwt (t)

mwt (t) +ms (t)
(8)

This reflects the wet-basis definition of moisture content.
Assuming the bed has a uniform temperature and that radiation is negligible, the energy balance

becomes in (9) [18]. From here, here, cv
s, cp

s are the specific heat of dry solids at constant pressure and volume,
respectively, in kJ/kg⋅K; cv

wt is the specific heat of entrained water at constant volume in kJ/kg⋅K; cp
d is the

specific heat of incoming drying gases, in kJ/kg⋅K; cp
g is the specific heat of gases leaving the dryer at constant

pressure, also in kJ/kg⋅K. On the other hand, λd is the latent heat of vaporization of water measures in kJ/kg;
U in the overall heat transfer coefficient measures in kW/m2⋅K, and finally, A is the effective heat transfer
area in m2.
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This expression assumes perfect mixing, negligible heat losses, constant physical properties, and ideal
gas behavior where applicable. The gas temperature Tg(t) dynamically changes based on heat exchange,
evaporation, and outlet losses.

dTg (t)
dt

= U ⋅ A ⋅
(Td (t) − Tg (t))

(cs
v ⋅ms (t) + cwt

v ⋅mwt (t))
+ cs

p ⋅
Ts

in (t) ⋅ ks
C (t) ⋅ws (t)

(cs
v ⋅ms (t) + cwt

v ⋅mwt (t))

+ cd
p ⋅

Td (t) ⋅wd (t)
(cs

v ⋅ms (t) + cwt
v ⋅mwt (t))

− λd ⋅
ks

C (t) ⋅ws (t) ⋅ (xin (t) − xout (t))
(cs

v ⋅ms (t) + cwt
v ⋅mwt (t))

− cs
p ⋅

ks
C (t) ⋅ws (t) ⋅ Tg (t)

(cs
v ⋅ms (t) + cwt

v ⋅mwt (t))
− cg

p ⋅
wg (t) ⋅ Tg (t)

(cs
v ⋅ms (t) + cwt

v ⋅mwt (t))
(9)

The gas stream wg(t) serves as the coupling variable between the dryer and the next stage (exhaust
system.) [18].

3.4 Exhaust System Modeling
The exhaust system is the final subsystem of the phosphate pebble drying process. It connects the dryer

to the stack and enables the removal of moisture-laden combustion gases. The system consists of a single
inlet and a single outlet stream.

The inlet stream is the gas flow exiting the dryer, denoted as wg(t) in kg/s, at a temperature Tg(t)
measures in K. The outlet stream corresponds to the flue gas flow directed toward the stack, labeled wstack(t) in
kg/s, with an associated temperature Tstack(t) in K. This outlet flow is driven by the ID-fan, which establishes
the necessary pressure differential. The fan is regulated by a control signal kC

d(t), normalized to unit scale.
Internally, the exhaust system is pressurized to p(t) measures in kPa.

To describe the system dynamics, a mole balance is formulated based on the ideal gas behavior
assumption (valid under low-pressure operation). First, the mole balance is expressed as:

dn (t)
dt

= ρ ⋅wg (t) − ρ ⋅ kd
C (t) ⋅wstack (t) (10)

where n(t) is the number of moles of gas in kmol and ρ is the molar density in kmol/m3.
It can be assumed that the pressure p(t) is relatively low, so it is possible to use the ideal gas equation,

that is,

n (t) = V
R
⋅ p (t)

Tstack (t)
(11)

where R is the universal gas constant, measures in kJ/kmol⋅K and V is the gas volume, in m3.
Substituting (11) into (10), the pressure dynamics is obtained, as follows:

V
R
⋅ d

dt
( p (t)

Tstack (t)
) = ρ ⋅wg (t) − ρ ⋅ kd

C (t) ⋅wstack (t) (12)

Developing (12), the material balance associated with the exhaust system is obtained, which is defined
as:

dp (t)
dt

= R ⋅ ρ
U
⋅wg (t) ⋅ Tstack (t) −

R ⋅ ρ
U
⋅ kd

C (t) ⋅wstack (t) ⋅ Tstack (t) +
p (t)

Tstack (t)
⋅ dTstack (t)

dt
(13)
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Finally, the energy balance for the exhaust system is described as follows:

dTstack (t)
dt

=
cg

p

cstack
v ⋅ ρstack ⋅ V

⋅wg (t) ⋅ Tg (t) −
cstack

p

cstack
v ⋅ ρstack ⋅ V

⋅ kd
C (t) ⋅wstack (t) ⋅ Tstack (t) (14)

here, cx denotes specific heat capacities: cp
g is for gases entering from the dryer at constant pressure, while

cp
stack and cv

stack are for the gases exiting to the stack at constant pressure and volume, respectively, all in
kJ/kg⋅K. ρstack is the mass density of the exhaust gases in kg/m3.

Thus, Eqs. (1)–(14) collectively define the full nonlinear and coupled dynamic model governing the
behavior of the phosphate pebble drying system.

3.5 Steady-State Model
To develop a linearized model of the phosphate pebble dryer, it is first necessary to determine the sys-

tem’s steady-state operating points (OPs). These OPs represent constant values of all process variables where
the system remains in equilibrium. Linearization is then carried out around these points to approximate the
system’s behavior under small deviations, ensuring the linear model accurately captures local dynamics near
the steady state [38].

By setting all time derivatives in the dynamic Eqs. (1)–(14) to zero, the original system of nonlinear
differential equations is reduced to a set of algebraic equations. These equations represent the steady-state
mass and energy balances for each subsystem. Variables under steady-state conditions are denoted with the
superscript “ss.” The complete system is given in Appendix A as equation set (A1).

To solve this system, two variable groups are defined: the known variable vector (kv) and the unknown
variable vector (uv). For this study, the known variables are: kv = [wf

ss, ws
ss, f a

ss, kC
fss, kC

ass, kC
sss, kC

dss, Tw
ss,

Ta
ss, Ts

inss, xin
ss, xout

ss, pss] and the unknowns are: uv = [ww
ss, wd

ss, wg
ss, Td

ss, Tg
ss, Tstack

ss].
Solving equation set (A1) with the given kv allows us to compute the values in uv, as detailed in (A2).

In symbolic terms, kv ∈ {R13} and uv ∈ {R6}.

3.6 Linear Model in State Space
Once the OPs have been calculated, it is possible to perform the linearization process on the nonlinear

model described by (1)–(14). Using the Taylor series expansion and perturbation technique, the model is
linearized [38,39]. From this process, the linear model in state space of the system is obtained, as a function
of the deviation variables (dv), which is described as:

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

dxdv (t)
dt

= A ⋅ xdv (t) + B ⋅ udv (t)

ydv (t) = C ⋅ xdv (t) +D ⋅ udv (t)
(15)

In simple terms, the dvs are defined as xdv(t) = x(t) − Xss. By definition, xdv(t) represents the
instantaneous perturbation from steady state. Under the small-signal assumption widely used in process
control and linear systems theory [39,40], the deviation magnitude satisfies ∣xdv(t)∣ ≪ ∣Xss∣. Consequently, all
nonlinear terms can be linearized with respect to xdv(t), yielding a state-space model in deviation-variable
form that accurately describes the local dynamics near the selected OP.

From here, xdv(t) is the state vector, udv(t) is the input vector, and ydv(t) is the output vector. For the
dryer system, these vectors are defined as follows: xdv(t) = [mc

dv(t), Tw
dv(t), mw

dv(t), Td
dv(t), ms

dv(t), mwt
dv(t),

Tg
dv(t), pdv(t), Tstack

dv(t)]T, udv(t) = [kC
fdv(t), kC

adv(t), wf
dv(t), wm

dv(t), f a
dv(t), Ta

dv(t), ww
dv(t), wd

dv(t),
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ws
dv(t), xin

dv(t), xout
dv(t), Ts

indv(t), wg
dv(t), wstack

dv(t)]T and ydv(t) = xdv(t), indicating that the system outputs
correspond directly to measurable state variables. Symbolically, {xdv(t), ydv(t)} ∈ {R9} and udv(t) ∈ {R14}.

On the other hand, A, B, C, and D correspond to the state matrix, input matrix, output matrix, and
direct transmission matrix, respectively. The matrices are defined in Appendix A in (A3).

Symbolically, {A, C} ∈ 9×9{K} and {B, D} ∈ 9×14{K}. The A matrix contains the linearized
coupling coefficients (k) describing the interactions among temperature, mass flow, and pressure states, while
B defines the sensitivities of the system states to input variations. The k coefficients are defined in Appendix A
as follows in (A4).

In this study, all state variables correspond to measurable quantities within the dryer subsystem; thus,
the relationship ydv(t) = xdv(t) holds.

This linearized state-space model offers a practical and effective framework for analyzing the system’s
dynamic behavior, designing feedback controllers, and assessing stability under small changes in fuel, air,
or feed rate. Although the model includes nine state variables, it has already been simplified to capture only
the most important thermal and moisture transport dynamics. Further reduction was avoided to prevent
loss of critical features that affect control accuracy. Despite its complexity, the model remains suitable for
decentralized control design and can be implemented without excessive computational effort.

3.7 Dynamic Model in Laplace Domain (s)
Considering the linear model (13), the Laplace transform can be applied to it, obtaining the dryer model

in the s domain. The model in s is defined as:

Y(s)/U(s) = C ⋅ (s − I ⋅A)−1 ⋅ B +D (16)

Symbolically, Y(s) ∈ { 9} and U(s) ∈ { 14}. By solving the linearized system in (16), all transfer functions
(TFs) of the model can, in principle, be derived. However, only three are required for this study, as the
control architecture includes three feedback loops. Specifically, independent compensators must be designed
to regulate: (i) the internal pressure of the dryer via the ID fan, p(t); (ii) the outlet moisture content of the
pebbles, xout(t); and (iii) the combustion temperature, Tw(t). Based on the linearized formulation in (14),
the associated control signals for each regulated variable are identified as follows: kC

d(t) for pressure control,
kC

s(t) for moisture control, and kC
f(t) for combustion temperature control.

The corresponding transfer functions are shown as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

kd
C (s)
p (s) =

K96

s + K91

ks
C (s)

xout (s)
= K61 ⋅wss

s
K62

= G0

kf
C (s)

Tw (s)
= K12

s + K63

(17)

The three transfer functions in (17) represent the core dynamic relationships used to design the
decentralized control architecture of the phosphate-pebble dryer. The first transfer function, kC

d(s)/p(s), is a
first-order system that characterizes the pressure dynamics inside the dryer as a function of the ID fan control
signal. The positive gain (K96) and pole at (s = −K91) imply a stable, low-pass behavior, making the system
amenable to PI control design. This structure ensures that the internal pressure can be effectively regulated
with predictable, monotonic responses and well-defined time constants.



Energy Eng. 2026;123(6):14 13

The second transfer function, kC
s(s)/xout(s), is purely static—indicating that the outlet moisture content

responds instantaneously to changes in the conveyor drive control signal (kC
s(s)), assuming constant solids

throughput. This zero-order gain reflects a quasi-steady-state relationship derived from the mass balance
on water within the dryer bed. While this behavior simplifies controller design, it also highlights the need
to compensate for model limitations when dealing with fast transients, potentially through feedforward or
gain-scheduled control strategies.

Finally, the third transfer function, (kC
f(s)/Tw(s)), models the combustion furnace temperature dynam-

ics with respect to the fuel control input. This is another first-order system, where the gain (K12) captures
the thermal sensitivity and (K63) defines the system’s thermal inertia. Faster dynamics (i.e., large (K63))
support more responsive control, but also demand careful tuning to avoid instability or thermal overshoot.
Together, these transfer functions form a compact yet physically meaningful foundation for implementing
decentralized feedback control loops in the drying system.

4 Dryer Efficiency Expression
The thermal efficiency of the phosphate-pebble dryer, denoted ηd(t), represents how effectively the

system converts fuel energy into moisture evaporation. It is defined as the ratio of useful energy used for
drying to the total energy input from combustion:

ηd (t) =
quseful (t)
qinput (t)

(18)

This efficiency index reflects the system’s thermal performance and energy utilization [18,29,40–42].

4.1 Useful Energy for Moisture Evaporation
The useful energy is the heat used to evaporate water from the pebbles. This is calculated as:

quseful(t) = LH ⋅ws(t) ⋅ (xin(t) − xout(t)) (19)

here, LH is the latent heat of vaporization, ws(t) is the solids feed rate, and the moisture difference
[xin(t)−xout(t)] represents the mass of evaporated water. This formulation is commonly used in convective
dryer analysis [40,43–45].

4.2 Total Energy Input to the Dryer
The energy input comes from the fuel burned in the furnace, defined as:

qinput(t) = HV ⋅wf(t) (20)

where HV is the heating value of the fuel and wf(t) is the fuel mass flow rate. Some of this energy is lost
through the exhaust as hot gases, expressed as:

qloss(t) = cstack
p ⋅wstack(t) ⋅ (Tstack(t) − Ta(t)) (21)

cp
e is the specific heat of exhaust gases, Tstack(t) is the exhaust temperature, and Ta is the ambient

temperature [46,47].
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4.3 Thermal Efficiency Expression
Combining (18)–(21), the full efficiency expression becomes:

ηd (t) =
LH ⋅ws (t) ⋅ (xin (t) − xout (t))

HV ⋅wf (t)
⋅
⎛
⎝

1 −
cstack

p ⋅wstack (t) ⋅ (Tstack (t) − Ta)
HV ⋅wf (t)

⎞
⎠

(22)

This form clearly shows how efficiency is influenced by drying performance, fuel usage, and exhaust
heat losses.

5 Control System Analysis
Using the direct synthesis method (DSM), as outlined in [20], three individual feedback compensators

are designed to regulate the key operating variables of the phosphate pebble dryer: vacuum pressure p(t),
outlet moisture xout(t), and combustion temperature Tw(t). The DSM approach involves selecting a desired
closed-loop response and analytically computing the required controller for the linearized system model.
The overall control architecture is schematically represented in Fig. 2. The diagram in Fig. 2 illustrates three
coordinated feedback control loops designed to regulate the key process variables of the drying system:
xout(t), Tw(t), and p(t). Each controlled variable is paired with a dedicated compensator (Comp.) that
generates its respective drive signal.

Figure 2: Decentralized control architecture of the phosphate dryer. Three feedback loops regulate outlet moisture
xout(t), chamber temperature Tw(t), and draft pressure p(t) using compensators acting on kC

s(t), kC
f(t), and kC

d(t).

5.1 Compensator for the Vacuum Pressure Loop (ID Fan)
The linearized TF for the pressure loop is given by (17). To design the controller, a first-order desired

closed-loop behavior is assumed with a time constant τc
p, typically selected as one-third of the open-loop

time constant, i.e., τc
p = 1/(3⋅K91). Applying the DSM for first-order systems yields the following PI controller

structure:
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Cd (s) = (
1

K96
) ⋅ (

τp ⋅ s + 1
τp

c ⋅ s + 1
) (23)

Given τp = 1/K91, the controller parameters become:
• Kc

d = τp/(K96⋅τc
p) = 1/(3⋅K91).

• τI
d = τp = 1/K91.

5.2 Compensator for the Outlet Moisture Loop (Pebble Bed)
The TF for the outlet moisture is also given by (17). Due to the absence of system dynamics, a PI

controller is required to eliminate steady-state error. The controller is given by:

Cs (s) = (
1

G0
) ⋅ (1 + 1

τs
I ⋅ s
) (24)

here, τs
I is selected based on expected response speed, typically between 30 and 60 s for drying systems.

5.3 Compensator for the Furnace Temperature Loop
The combustion temperature control loop is represented by (17). Following the DSM approach, the

desired closed-loop time constant is chosen as τc
T = 1/K63. The controller form becomes:

Cf (s) = (
1

K12
) ⋅ ( τT ⋅ s + 1

τT
c ⋅ s + 1

) (25)

with τT = 1/K63, the resulting PI parameters are:
• Kc

f = τT/(K12⋅τc
T) = 1/(3⋅K12).

• τI
f = τT = 1/K63.

Table 1 presents the tuning parameters for the three PI controllers derived using the DSM.

Table 1: Summary of PI controller parameters.

Loop TF Kc τI

Pressure p(t)
kd

C (s)
p (s) =

K96

s + K91
1/(3⋅K91) 1/K91

Moisture xout(t)
ks

C (s)
xout (s)

= K61 ⋅wss
s

K62
= G0 1/G0 30–60 s

Temperature Tw(t)
kf

C (s)
Tw (s)

= K12

s + K63
1/(3⋅K12) 1/K63

6 Simulation Results
The nonlinear dynamic model of the dryer, governed by (1)–(14), was simulated under transient

operating conditions using MATLAB/Simulink. The physical and thermodynamic parameters used in the
simulation are provided in Table 2. To assess the closed-loop performance and dynamic response of the dryer
system regulated by the designed compensators, several figures of merit (FoMs) were employed: the the
maximum percent overshoot (ov), and the final steady-state error (ess). The design criteria for satisfactory
control performance specified a ov of less than 20% and a ess below 5%.
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Table 2: Dryer simulation parameters.

Variable Value
Fuel flow (wf(t)) 1.2 [kg/s]

Combustion/primary air (f a(t)) 2.1 [m3/s]
Dried solid feeds flow (ww(t)) 2.0 [kg/s]

Wet solid feeds flow (ws(t)) 2.0 [kg/s]
Fuel pump driving signal (kC

f(t)) 1.0
FD fan driving signal (kC

a(t)) 1.0
Dryer conveyor driving signal (kC

s(t)) 1.0
ID fan driving signal (kC

d(t)) 0.5
Combustion Air temperature (Ta(t)) 298 [K]
Wet solid feeds temperature (Ts

in(t)) 370 [K]
Wet solid feeds moisture (xin(t)) 15.0%

Dried solid feeds moisture (xout(t)) 5.0%

Details regarding the MATLAB/Simulink implementation of the nonlinear dynamic model, including
block structure, solver configuration, and initialization procedures, are provided in Appendix B.

The simulation was conducted under cold-start conditions, with the system initialized from the steady-
state values listed in Table 3. At t = 1200 s, a step disturbance is introduced in the vacuum pressure p(t).

Table 3: Initial states used in simulation.

Variable Value
Initial combustion/windbox gas mass (mc0) 0.0 [kg]

Initial gas inside of the windbox (mw0) 0.0 [kg]
Initial dry solid mass (ms0) 0.0 [kg]

Initial entrained water mass (mwt0) 0.0 [kg]
Initial combustion furnace (Tw0) 298.0 [K]

Initial windbox temperature (Td0) 298.0 [K]
Initial evaporation temperature (Tg0) 298.0 [K]

Initial stack temperature (Tstack0) 298.0 [K]
Initial stack (draft) pressure (p0) −15 [kPa]

Prior to the disturbance, p(t) was maintained at −10.5 kPa; following a 20% increase in magnitude,
it reached −12.6 kPa. At t = 1600 s, a step disturbance is applied to the outlet moisture content of the
phosphate pebbles xout(t), reducing it from its nominal value of 10% to 8%. Later, at t = 2000 s, the combustion
furnace temperature Tw(t) experiences a step increase of 10% from its initial value of 1273.15 K. These
disturbances affect the system’s controlled variables, for which the previously designed PI compensators
generate appropriate control actions to maintain system stability and desired performance.

Subsequently, several external (uncontrolled) disturbances are applied to assess the robustness of the
control strategy. At t = 3500 s, the combustion air flow rate f a(t) undergoes a 10% step increase from its
steady-state value of 2.1 m3/s. At t = 4000 s, the combustion air temperature Ta(t) is subjected to a sharp
80% reduction. Then, at t = 4500 s, the dryer exhaust gas flow rate wg(t) is disturbed via an 80% decrease,
simulating a severe flow constraint.
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In the final testing stage, additional setpoint changes are introduced in the controlled variables. At
t = 5500 s, the pressure p(t) is reduced by 80% relative to its initial value. At t = 6000 s, the outlet moisture
xout(t) is increased by 20% compared to the baseline. Finally, at t = 7000 s, the furnace temperature Tw(t) is
decreased by 90% from its initial condition, marking the last disturbance scenario applied to the system.

Fig. 3a presents the transient response of the vacuum pressure p(t) together with its corresponding
actuation signal kC

d(t) applied to the ID fan. The closed-loop behavior fully satisfies the design constraints,
exhibiting a ov of 8%, well below the 20% allowable limit. The ess of 0.35% is also within the prescribed 5%
tolerance, confirming accurate setpoint tracking. Although the controller maintains stability and achieves
the desired steady state, the transient dynamics indicate that additional fine-tuning could further smooth
the response and enhance disturbance rejection.

Fig. 3b presents the transient response of the outlet moisture fraction xout(t) together with the corre-
sponding actuation signal kC

s(t) driving the phosphate-pebble transfer mechanism. The closed-loop behavior
demonstrates a stable and well-damped response, with a ov of 2.87%, comfortably below the specified
20% limit. The ess of 0.18% likewise satisfies the design requirement of remaining under 5%, indicating
precise tracking of the desired moisture level. Overall, the controller provides effective regulation with mild
transients, though minor tuning adjustments could further enhance responsiveness.

Finally, Fig. 3c presents the transient response of the combustion furnace temperature Tw(t) alongside
its corresponding control input kC

f(t). The closed-loop behavior exhibits stable and well-regulated dynamics,
featuring a maximum overshoot of 13.8%, which lies comfortably within the prescribed design limit of
20%. The steady-state error of 0.27% also satisfies the requirement of remaining below 5%, indicating
accurate long-term temperature tracking. Overall, the compensator achieves effective regulation and dis-
turbance rejection, though marginal tuning improvements could further refine the transient profile. Table 4
summarizes the calculated FoMs according to the controlled variable.

The closed-loop simulations in Fig. 3 confirm that all three control loops satisfy the imposed perfor-
mance constraints. The pressure loop exhibits an overshoot of 8% and a steady-state error of 0.35%, ensuring
stable regulation and accurate tracking, with only minor room for transient refinement. The outlet-moisture
loop shows an overshoot of 2.87% and a steady-state error of 0.18%, demonstrating tight control and well-
damped dynamics. The furnace-temperature loop achieves an overshoot of 13.8% and a steady-state error of
0.27%, indicating effective thermal regulation with stable convergence. Overall, all compensators meet the
design objectives (ov < 20%, ess < 5%), providing robust and reliable closed-loop performance

Fig. 4 illustrates the transient response of the system’s thermal efficiency ηd(t), as defined in (22). The
efficiency profile closely mirrors the dynamic behavior of the outlet moisture fraction xout(t), which is
consistent with the underlying formulation—ηd(t) is directly dependent on the moisture removed during
the drying process, quantified by the difference between xin(t) and xout(t). This strong correlation confirms
the validity of the efficiency expression and highlights xout(t) as a primary driver of thermal performance.
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(a)

(b)

(c)

Figure 3: Transient simulation results under cold-start conditions (initial states in Table 3). Step disturbances: p(t) at
1200 s and at 5500 s, xout(t) at 1600 s and at 6000 s, and finally, Tw(t) at 2000 s and at 7000 s. (a) kd

C(s)
p(s) loop: p(t), kC

d(t);

(b) ks
C(s)

xout(s) loop: xout(t), kC
s(t); (c) kf

C(s)
Tw(s) loop: Tw(t), kC

f(t).
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Table 4: Summary of closed-loop performance metrics.

Controlled Variable ov [%] ess [%]
Vacuum pressure p(t) 8.0 0.35
Outlet moisture xout(t) 2.87 0.18

Furnace temperature Tw(t) 13.8 0.27

Figure 4: Transient response of system thermal efficiency ηd(t), exhibiting strong correlation with outlet xout(t) due to
their analytical dependence.

Fig. 5 presents two surface plots of the dryer’s thermal efficiency ηd(t), as defined in (22), under different
input dependencies. Fig. 5a depicts ηd(t) as a function of the fuel mass flow rate wf(t) and the outlet moisture
content xout(t). The surface reveals a strong nonlinear relationship: efficiency increases as xout(t) decreases—
indicating more effective moisture removal—and as wf(t) approaches an optimal range. However, beyond this
optimum, additional fuel input yields diminishing efficiency gains, underscoring the energy-performance
trade-off and the importance of coordinated fuel and moisture control.

Fig. 5b illustrates ηd(t) as a function of exhaust gas temperature Tstack(t) and exhaust gas flow rate
wstack(t). The surface shows that higher Tstack(t) and wstack(t) lead to significant efficiency losses due to
increased thermal energy discharged through the exhaust. The resulting efficiency gradient confirms the
negative impact of elevated flue gas temperatures and flow rates, emphasizing the need for efficient draft
regulation and heat recovery strategies to minimize waste and improve overall thermal performance.
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(a)

(b)

Figure 5: Surface plots of the dryer’s instantaneous thermal efficiency ηd(t) under varying operational parameters.
(a) Efficiency as a function of fuel mass flow rate wf(t) and outlet moisture content xout(t), highlighting the trade-off
between energy input and drying effectiveness. (b) Efficiency as a function of exhaust gas temperature Tstack(t) and
exhaust flow rate wstack(t), illustrating losses due to elevated exhaust conditions and emphasizing the importance of
heat recovery and draft control.

7 Conclusions
This work has presented the first unified, first-principles dynamic model of an industrial phosphate-

pebble drying system, integrating the coupled thermal and mass-transfer behavior of the combustion
furnace, windbox, drying zone, and exhaust subsystem within a single nonlinear framework. Unlike prior
studies that address only isolated components or rely on empirical correlations, the model developed here
captures the dominant process interactions—including gas–solid convective heating, moisture evaporation,
combustion-gas dynamics, and draft-pressure evolution—through a set of coupled mass and energy balances
supported by physically meaningful assumptions.
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The dynamic model was linearized around a computed steady-state operating point and expressed
in state-space form, enabling the derivation of control-oriented transfer functions describing the vacuum-
pressure, moisture-content, and combustion-temperature loops. Using these transfer functions, moisture
decentralized PI compensators were designed following the DSM, ensuring transparent and analytically
grounded tuning based on desired closed-loop performance.

Closed-loop simulations under representative disturbances demonstrate that the proposed control
architecture provides stable, well-damped regulation of the key process variables. All control loops satisfied
the prescribed performance criteria, achieving overshoot values below 20% and steady-state errors below
5%, while maintaining robust disturbance rejection and consistent convergence to the desired operating
conditions. These results confirm that the model reliably reproduces the dynamic propagation of thermal
and moisture disturbances across the integrated drying system and serves as a sound basis for model-based
control design.

It is important to note that this study constitutes a proof-of-concept modeling and control framework.
Due to the lack of industrial data, experimental validation could not be performed, and parameter calibration
relied on physics-based assumptions rather than plant measurements. Nevertheless, structural validation,
conservation-law consistency, and physically coherent transient behavior indicate that the model is suitable
for controller development, benchmarking, and future optimization studies.

Overall, the main contributions of this work are twofold:

1. A comprehensive nonlinear dynamic model of a phosphate-pebble dryer that integrates combustion,
gas distribution, drying kinetics, and exhaust dynamics under a unified formulation.

2. A decentralized DS-based control strategy that achieves reliable regulation of outlet moisture, furnace
temperature, and draft pressure while respecting performance constraints.

Future work will focus on performing experimental validation and parameter identification using
industrial dryer data, together with the incorporation of structured uncertainty analysis to quantify param-
eter variability and model robustness. This includes developing sensitivity studies to identify dominant
thermophysical parameters, establishing uncertainty bounds for heat- and mass-transfer coefficients, and
refining the model accordingly. In parallel, the framework will be extended to advanced control strategies
such as MPC, gain-scheduled PI control, and energy-optimization schemes that incorporate exhaust heat
recovery and fuel-efficiency considerations. These efforts will elevate the model from a first-principles
baseline to a fully validated, uncertainty-aware platform suitable for industrial deployment.
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Appendix A Steady-State Formulation and State Matrices Definition of the Phosphate-Pebble Dryer
Model

Below is the steady-state model of the system. Thus, the model is defined in (A1). Then, the OPS
calculated from the solution of (A1) and are defined as follows in (A2). The matrices of the model in (15) are
defined in (A3). The k-coefficients are defined in (A4.1 and A4.2). From (A3), I is the identity matrix of size
9 and 0 is the null matrix of size 9 × 14.
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

wf
ss ⋅ kfss

C + ρa ⋅ fa
ss ⋅ kass

C −ww
ss = 0

HV ⋅wf
ss ⋅ kfss

C + ρa ⋅ ca
p ⋅ fa

ss ⋅ Ta
ss − cc

p ⋅ww
ss ⋅ Tw

ss = 0
ww

ss −wd
ss = 0

cc
p ⋅ww

ss ⋅ Tw
ss − cd

p ⋅wd
ss ⋅ Td

ss = 0
ks,ss

C ⋅ws
ss ⋅ (xin

ss − xout
ss) = 0

xout
ss − mwt

ss

mwtss +msss = 0

U ⋅ A ⋅ (Td
ss − Tg

ss) + cs
p ⋅ws

ss ⋅ Ts
inss
+ cd

p ⋅wd
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Appendix B MATLAB/Simulink Implementation Framework
The dynamic model of the phosphate-pebble dryer was implemented in MATLAB/Simulink using a

modular and hierarchical architecture that faithfully captures the nonlinear differential equations outlined
in Section 3. Fig. A1 shows the top-level structure of the Simulink model, where each subsystem—
combustion furnace, windbox, drying zone, and exhaust stack—is represented as a thermodynamic control
volume governed by mass and energy conservation laws. Internally, each subsystem block encapsulates the
corresponding ordinary differential equations using integrators, algebraic operations, and gain blocks. The
implementation is organized into three main layers: (i) the controller layer that houses the PI compensators,
(ii) the input initialization layer where all boundary and control variables are defined, and (iii) the core
dynamics layer where the governing equations and auxiliary relationships are implemented to simulate
transient behavior.

A detailed view of the dynamic layer is shown in Fig. A2, which encapsulates the core dynamics and
auxiliary expressions for temperature, mass flow, and humidity evolution.

Model initialization was handled through a dedicated MATLAB script that sets all physical constants
(i.e., specific heats, latent heat, geometric parameters), initial operating conditions, and control references.

This script enables full customization of the simulation environment and facilitates parameter sweeps.
Control references and disturbance scenarios are also defined here, supporting full-cycle simulation

from cold-start to transient response.
Simulation results were extracted via structured signal logging. A post-processing script, also included,

loads the output data and produces the figures shown in the main manuscript (Figs. 3 and 4). It computes
and visualizes the dynamic evolution of key states—pressure, moisture, temperature—and their respective
control signals. Additionally, a separate script generates the efficiency surface plots (Fig. 5) by computing
ηd(t) over structured input grids using the thermal efficiency expression in (20). All computational routines
were executed in MATLAB, ensuring numerical stability and reproducibility.
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Figure A1: High-level Simulink architecture of the phosphate-pebble dryer model, illustrating subsystem interconnec-
tions, signal flow, and control loop integration.



Energy Eng. 2026;123(6):14 27

Figure A2: Internal Simulink block implementing the system’s nonlinear mass and energy balances using integrators
and algebraic functions.
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