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ABSTRACT: This study considers the state estimation problem of the circuit breakers (CBs), solving for random abrupt
changes that occurred in power systems. With the abrupt changes randomly occurring, it is represented in a Markov
chain, and then the CBs can be considered as a Markov jump system (MJS). In these MJSs, the transition probabilities
are obtained from historical statistical data of the random abrupt changes when the faults occurred. Considering that
the traditional Kalman filter (KF) frameworks based on MJS only depend on the subsystem of MJS, but neglect the
stochastic jump between different subsystems. This study utilized the derandomization technique which transforms the
stochastic MJS to a deterministic system to introduce the stochastic mode jumping in MJS, in which the state is still
in the same norm, and the Lyapunov function is derived to show the stability condition of the systems, which proved
that the transformed deterministic system is more conservative than the original MJS mathematically. After that, the
Kalman filter algorithm is designed for estimating the state of the CBs depending on the transformed deterministic
system. With the help of the Kalman filter, the estimation performance is derived by the recursive state estimation
algorithm for the CBs. Furthermore, a single machine infinite-bus (SMIB) power system and a three-bus large scale
system are proposed as practical examples to validate the effectiveness of the proposed algorithm.

KEYWORDS: Markov jump system (MJS); circuit breaker (CB); Kalman filter; derandomization technique; power
system; mode transition

1 Introduction
Over the past several decades, power systems have undergone substantial advancements and have

garnered increasing attention from worldwide researchers. This growing interest is primarily attributed to
the pivotal role that power systems play in a broad spectrum of industrial applications [1,2]. As modern
society becomes increasingly reliant on electricity, ensuring the reliability, efficiency, and resilience of power
systems has emerged as a critical engineering challenge. Power systems are inherently complex, characterized
by nonlinear dynamic behavior and susceptibility to low-frequency oscillations. These oscillations are not
merely theoretical constructs but constitute essential dynamic features that significantly influence the overall
stability of the power grid. They typically arise from the interactions among various system components,
including synchronous generators, transmission networks, and time-varying load dynamics. A comprehen-
sive understanding and effective mitigation of such oscillatory behaviors are therefore indispensable for
maintaining secure and stable system operation and preventing potential instability or cascading failures.
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Efficient energy conversion and delivery across the different layers of the power infrastructure are crucial
for minimizing transmission losses and ensuring a high-quality power supply to end-users. The integration
of renewable energy sources introduces additional complexity due to their variable and intermittent nature,
necessitating advanced control strategies and real-time balancing mechanisms to maintain equilibrium
between supply and demand [3]. Furthermore, the concept of energy storage has gained increasing promi-
nence in the context of modern power systems, offering viable solutions to address temporal mismatches
between energy production and consumption. Effective energy management is also intrinsically linked to
power quality, which encompasses parameters such as voltage sags, harmonics, and frequency deviations.
Maintaining acceptable power quality levels is essential for safeguarding sensitive equipment and ensuring
the reliable and uninterrupted operation of both residential and industrial loads.

Consequently, a holistic investigation of power systems must encompass not only dynamic behaviors
such as low-frequency oscillations, but also broader aspects related to energy flow, conversion efficiency,
and long-term sustainability. Understanding and optimizing the interplay between system dynamics and
energy management strategies is vital for the development of resilient, intelligent, and adaptive power grids
capable of meeting the evolving energy demands of future societies. Neglecting these oscillations can result
in severe consequences. It may compromise the stability of the entire power system, leading to increased
transmission losses and reduced transmission line capacities. These issues result in higher operational costs
and diminished system efficiency. Moreover, the quality of power supplied to end-users can be significantly
degraded, affecting sensitive electronic equipment and industrial processes. Consequently, addressing and
mitigating these oscillations is essential for ensuring reliable and high-quality power delivery [4]. In recent
years, the power area has introduced several novel techniques, such as the power system stabilizers (PSSs) [5],
the high voltage direct current (HVDC) [6] and the static voltage condenser (SVC) [7], which decrease
the influence of the oscillations. Throughout the techniques mentioned above, the PSSs is one of the most
efficient and commonly used methods in recent years according to the conventional structure in the practical
industrial field [8,9]. Even if nonlinear behavior occurred in the power system, the PSSs is a traditional
control technique which is designed depending on the linearized power system model in assorted working
conditions [10].

Considering that the abrupt changes usually occurred in the actual power system, which is one of the key
difficulties, there are many reasons that result in such a phenomenon, for example, component repairs [11],
subsystem connection changes [12] and environmental disturbance exist [13]. To solve such difficulty, the
power system treats these abrupt changes as a Markov chain [14–16], in which modes may jump to each other
stochastically within a finite set at any time and there is no relationship between the stochastic jumping at
different times. In general, such a class of systems with abrupt changes obeying a Markov chain is represented
as a Markov jump system (MJS) commonly, and the finite modes are the subsystems in MJS. In the last
decade, numerous researchers have focused on the analysis of MJSs, such as Kuppusamy et al., who studied
the asynchronous controller to solve the stabilization problem of power systems with random abrupt changes
in 2021 [16]. In 2024, Bahmani utilized a non-stationary discrete Markov model to provide a precise and
valuable understanding of the constantly evolving and time-dependent nature of the power network [14].

Tracking the state of the power system makes great sense because the evolution of the power system
will be determined clearly, and a certain controller can be activated. Kalman filter (KF) is one of the most
common state estimation technique, which track the state by weighted combining the model evaluation and
the measurement. However, the system modes are unable to be derived online with the stochastic jumping
among different subsystems. Therefore, there are some difficulties in applying the Kalman filter algorithm
to the MJSs. In this scenario, Borisov et al. devoted themselves to the optimal state filtering of the finite-
state Markov jump processes with given indirect continuous-time observations corrupted by Wiener noise
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in 2020 [17]. Zhang et al. designed a mode based Kalman filter for the MJSs with time correlated mode
mismatch errors in 2021 [18]. In 2023, Costa et al. considered the finite horizon filtering problem of discrete-
time Markov jump systems (MJS) satisfying some general nonlinear conditions [19].

However, most of the existing results are based on individual subsystems of the Markovian Jump System
(MJS), while neglecting the stochastic transitions among different subsystems. In other words, the inherent
randomness in mode jumping within MJSs is not adequately considered, which constitutes a significant
limitation of these approaches, especially when applied to realistic MJS models. Generally, the Kalman filter
(KF) framework based on subsystems of MJS requires prior knowledge of the current system mode before the
recursive estimation process can be carried out. However, acquiring the exact mode information in practical
MJSs is often either unavailable or computationally expensive, which poses a major challenge in the design
of Kalman filters for such systems. To address this issue and develop an effective Kalman filtering algorithm
for MJSs with stochastic mode transitions, a derandomization technique has been proposed [20,21]. This
technique transforms the stochastic MJS into an equivalent deterministic system, in which the random mode
transitions are embedded as part of the system dynamics. As a result, the Kalman filter can be directly applied
to the transformed system, where the state maintains the same norm as that of the original MJS. This ensures
that the estimation obtained from the transformed system is equivalent to that of the original MJS.

Moreover, the requirement for real-time mode determination in MJSs is effectively eliminated in the
transformed deterministic framework. The stochastic mode jumping behavior is inherently incorporated
into the estimation process through the system transformation. In addition, the performance of the Kalman
filter is evaluated, demonstrating the effectiveness of the proposed approach and contributing to the
advancement of Kalman filter design for MJSs.

The rest of this paper is organized as follows: In Section 2, the descriptions of power systems are
provided, which are modeled in MJS and the derandomization technique is given, which transforms the
discrete-time MJS to a deterministic system. In Section 3, the Kalman filter design based on the transformed
deterministic system is presented. Then, the practical application of circuit breakers (CBs) exhibits the
validity of the proposed technique in Section 4. The conclusion is given in Section 5.

Notations: Rn is the n-dimensional Euclidean space and Rm×n is the matrix with the dimension m × n,
respectively. Diag{A1 , A2, . . .} is specified as the block diagonal matrix. A⊗ B is the Kronecker product of
matrices A and B.

2 Materials and Methods
In this section, the detail of the Circuit Breakers working process is shown in Fig. 1 at first. In this figure,

no matter the transient strikes or permanent faults occur online, the circuit breakers (CBs) isolate the line
immediately to protect the whole power system network. After a while, the CBs will attempt to auto-reclose,
which tests whether the power system would work normally. In common sense, the transient fault occurred
due to the strike will end in several seconds. However, if the faults are unable to elapse transiently, which
means the permanent fault occurs on line, then emergency repairs are needed.

To show the practical circuit breaker in a switch cabinet in a power system much more clearly, the
structure can be modeled as a single-machine connected to an infinite-bus (SMIB) with typical circuit
components [22]. The machine is equipped with a thyristor exciter and the SMIB is represented by the
Thevenin equivalent of a large power system network. Considering that simultaneous faults occurring on
both lines are extremely rare in practice, this paper assumed that only one line has malfunctioned probably,
in which the faults, usually known as the stream of lightning strikes at random time instants, are setting on
line in this study. The structure of the SMIB subject to random faults is provided in Fig. 2.
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Figure 1: Working process of circuit breakers

Figure 2: The structure of SMIB subject to random faults

With the relationship between the variables analyzed based on Thevenin’s theorem, the nonlinear system
model is proposed by the following differential equations [23].

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δ̇ = ω0ω

ω̇ = Tm − Te

M

Ė′q = 1
T ′d0

(E f d −
xd + xq

x′d + xq
E′q +

xd + x′d
x′d + xe

V cos δ)

Ė f d = 1
TE

(KE Ere f − KE Vt − E f d)

(1)

where δ, ω and ω0 represent the torque angle, angular velocity and synchronous speed of the generator,
respectively. Tm , Te and M denote the mechanical, electrical torques and the moments of inertia of the
generator, respectively. E′q , T ′d0 and E f d represent quadrature-axis voltage behind transient reactance, direct-
axis open circuit field time constant and field voltage, respectively. xd , x′d and xq denote direct-axis transient
reactance, direct and quadrature-axes synchronous reactance of the generator, respectively. Moreover, xe
represents transmission line reactance; TE and KE are time constant and exciter gain; Ere f and Vt specify the
infinite bus and terminal voltages, respectively.

Then we set the state vector as x = [δ ω E′q E f d]
T

, the differential equations in (1) can be linearized
as the following state space model:

ẋ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 ω0 0 0
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−k5KE

TE
0 −k6KE

TE
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TE

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

x (2)
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which can be simply written as ẋ = Ax, where A ∈ R4×4. More specifically, the analytic expressions for the
parameters k1 , . . . , k6 are functions of the loading conditions P and Q for different operating ranges shown
in Table 1.

Table 1: Loading conditions P and Q

Loading condition P (pu) Q (pu)
Heavy 1 0.5

Nominal 0.7 0.3
Light 0.4 0.1

As mentioned previously, the Markov chain is utilized to analyze the random abrupt topology changes
of the subsystem structure in power systems. Considering that the random abrupt changes and the shift
operator of Eq. (2) can be discretized as a discrete-time Markov jump system (MJS), and the parameters of
the MJS are identified depending on the mechanistic models and historical data by the least squares method.
Then the MJS state evaluation model is written as follows:

x(k + 1) = A(θk) x(k) + B (θk)w(k) (3)

where k is the time moment, θk is the Markov chain taking value from a finite set θk ∈ M {1, 2, . . . , m} and the
mode transition probability matrix Π, the items of which are represented as πi j = Π (θk = i∣θk+1 = j), which
denotes the transition probability from mode i at time k to mode j at time k + 1 and satisfies ∑m

j=1 πi j = 1
when i , j ∈ M. A(θk) and B (θk) are constant matrices with appropriate dimensions, which are simplified
as Ai and Bi , where A(θk) is matrix A obtained from Eq. (2) depending on different loading conditions.

Considering that the system is modeled in MJS, the transition probability πi j in power systems can be
analyzed as follows. It is widely known that the transient faults are utilized to be cleared by auto-reclosers in
the power system, and the recloser will attempt several times to restore interlinks with set time delays once
the faults occur. According to the historical statistics, there are 80% of the faults can be cleared after the first
shot of CB reclosing, which is known as the transient faults. Only near 7% are unable to be cleared by the
recloser attempts and the reclosing relay is locked. The probability of the transient fault and permanent fault
transmission depends on the down and up mode according to the Markov chain in the power system, it can
be obtained based on the historical statistical data from the power system, which has π11 = 0.07, π12 = 0.93,
π21 = 0.2, and π22 = 0.8, as shown in Table 2.

Table 2: Transition probability of the recloser

Transmission line Down Up
Down 0.07 0.93

Up 0.2 0.8

Then the mode transition of up and down modes and the transition probability are proposed in Fig. 3.
Meanwhile, we consider the measurements of the MJSs (3) as follows:

y(k) = C (θk) x(k) + D (θk) v(k) (4)

where y(k) ∈ Rn y is the noisy measured output, v(k) ∈ Rnv is the measurement noise.
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Figure 3: Transition of the MJSs modes depending on the line failure

The problem proposed in this paper can be formulated as estimating the discrete power system modeled
as Eqs. (3) and (4) recursively. In MJSs, the stochastic mode jumping is the key problem for the recursive state
estimation process. Considering the transition probability in MJSs, one of the most widely accepted ideas is
weighting the next moment mode based on the transition probability according to the mode in the current
moment. Depending on this idea, the probable mean of the state is derived based on the weighted mode
prediction. Considering that the weighted idea is able to transform the stochastic MJS to a deterministic
one, this idea can be formulated as a derandomization technique. Therefore, to establish the recursive state
estimation based on the power system with a stochastic jumping problem, the derandomization technique
is proposed in the following.

Firstly, a Dirac function 1A is defined as follows [21]:

1A(ω) = {1 i f ω ∈ A
0 otherwise (5)

Then define:

qi(k) = E {∥x(k)∥ 1{θ k=i}(θk)} (6)

where qi(k) is inferred as the expectation of x(k) according to the mathematical transformation in Eq. (6)
with the help of the Dirac function.

Combining Eqs. (3) and (5) and considering the definition of the Dirac function 1A, it has 1{θ k=i}(θk) ⋅
1{θ k=i}(θk) = 1{θ k=i}(θk) and 1{θ k=i}(θk)1{θ k+1= j}(θk+1) = πi j according to basic probability conception.
Therefore, the state evolution of qi(k) in each subsystem can be obtained as follows:

q j (k + 1) =
m
∑
i=1

Ai x (k) 1θ k=i (θk) 1θ k+1= j (θk+1)

=
m
∑
i=1

πi jAi qi (k) (7)

Then, define the extended state vector and the extended noise vector as: S(k) =
{q1

T (k) , . . . , qm
T(k)}T , wm(k) = {wT (k) , . . . , wT(k)}T which has appropriate dimensions. Eqs. (3)

and (6) can be combined and expressed as:

S(k + 1) = At S(k) + Btwm(k) (8)

where At = (ΠT ⊗ Inx) ⋅ diag{A1 , A2, . . . , Am} ∈ R(nx×m)×(nx×m), Bt = diag {B1 , . . . , Bm}.
Till Eq. (8), the discrete MJS (3) with stochastic mode jumping is transformed to a deterministic system

in Eq. (8), in which the state only evolves depending on moment k. Meanwhile, the state x(k) in Eq. (3) and
extended state S(k) in Eq. (7) has the same norm according to the definition of extended state S(k), which
denotes that the recursive estimation of the extended state S(k) is equivalent to the state estimation of x(k)
in Eq. (3).
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Remark 1: With the help of the derandomization technique, the CBs modeled in MJS can be transformed
to single mode system, and the extended state vector in the transformed system has the same expectation as
the original MJS, the corresponding parameter of expectation is the mean and the state estimation is mean
value estimation.

For better understanding, the Lyapunov function of these transformed systems based on the derandom-
ization technique and the original MJS is proposed to verify the system stability as follows:

Lyapunov stability criterion for MJS: There exists a group of positive definite symmetric matrix ∃Pi >
0 for every subsystem i = 1, . . . , m through the whole finite set in Markov chain, when the MJS has the
following inequalities Ai

T ∑m
j=1 πi jPjAi − Pi < 0 while i = 1, . . . , m, then the MJS is stable depending on the

Lyapunov stability definition. For circuit breakers (CBs), this stability guarantee means: (1) Fault recovery:
After clearing a transient fault, contactor oscillations decay exponentially; (2) Stress tolerance: Permanent
fault modes won’t cause runaway mechanical vibrations.

If all the inequalities above are listed in the inequality matrix, it can be formulated as:

⎡⎢⎢⎢⎢⎢⎣

A1
⋱

Am

⎤⎥⎥⎥⎥⎥⎦

T ⎡⎢⎢⎢⎢⎢⎣

π11P1 . . . π1mPm
⋮ ⋱ ⋮

πm1P1 . . . πmmPm

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣

A1
⋱

Am

⎤⎥⎥⎥⎥⎥⎦
−
⎡⎢⎢⎢⎢⎢⎣

P1
⋱

Pm

⎤⎥⎥⎥⎥⎥⎦
< 0 (9)

Considering that all the diagonal elements in the above inequality matrix are Ai
T ∑m

j=1 πi jPjAi − Pi < 0
with i = 1, . . . , m, the MJS Lyapunov stability condition can be written as such an inequality matrix.

Considering that the transition probability elements πi j are scalars, the inequality matrix can be
rewritten as:

⎡⎢⎢⎢⎢⎢⎣

A1
⋱

Am

⎤⎥⎥⎥⎥⎥⎦

T

Π ⊗ Inx

⎡⎢⎢⎢⎢⎢⎣

P1
⋱

Pm

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣

A1
⋱

Am

⎤⎥⎥⎥⎥⎥⎦
−
⎡⎢⎢⎢⎢⎢⎣

P1
⋱

Pm

⎤⎥⎥⎥⎥⎥⎦
< 0 (10)

As commonly known that all the elements in the transition probability matrix πi j ∈ (0, 1), it has Π − I <
0. According to the constraints of Π, a more conservative inequality can be given as follows:

⎡⎢⎢⎢⎢⎢⎣

A1
⋱

Am

⎤⎥⎥⎥⎥⎥⎦

T

(Π ⊗ Inx)T
⎡⎢⎢⎢⎢⎢⎣

P1
⋱

Pm

⎤⎥⎥⎥⎥⎥⎦
Π ⊗ Inx

⎡⎢⎢⎢⎢⎢⎣

A1
⋱

Am

⎤⎥⎥⎥⎥⎥⎦
−
⎡⎢⎢⎢⎢⎢⎣

P1
⋱

Pm

⎤⎥⎥⎥⎥⎥⎦
< 0 (11)

After combining the multiplication of diagonal matrix diag{A1 , A2, . . . , Am} and transition probability
matrix Π, it has

⎡⎢⎢⎢⎢⎢⎣

π11A1 π1m Am
⋱

πm1A1 πmm Am

⎤⎥⎥⎥⎥⎥⎦

T ⎡⎢⎢⎢⎢⎢⎣

P1
⋱

Pm

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣

π11A1 π1m Am
⋱

πm1A1 πmm Am

⎤⎥⎥⎥⎥⎥⎦
−
⎡⎢⎢⎢⎢⎢⎣

P1
⋱

Pm

⎤⎥⎥⎥⎥⎥⎦
< 0 (12)

We notice that all Pi are positive definite symmetric matrix, then the
⎡⎢⎢⎢⎢⎢⎣

P1
⋱

Pm

⎤⎥⎥⎥⎥⎥⎦
is positive definite

symmetric matrix as well.
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Therefore, the stability inequality is proposed as:∃P =
⎡⎢⎢⎢⎢⎢⎣

P1
⋱

Pm

⎤⎥⎥⎥⎥⎥⎦
> 0, At

T PAt − P < 0, in which At =

Π ⊗ Inx diag{A1 , A2, . . . , Am}, which is the stability condition of Eq. (8) by Lyapnunov function.
Above all, the Lyapunov function of both the original MJS (3) and the transformed deterministic

system (8) is provided. The stability constraints in (8) are more conservative than (3), which implies that
when the transformed deterministic system (8) is stable, the MJS (3) is stable as well, according to the
Lyapunov function. This verifies the statement that the state has the same norm between the MJS (3) and the
transformed deterministic system (8) after the utilization of the derandomization technique.

After the deterministic system is achieved, the Kalman filter is designed in the next section.

3 Main Results
In this section, the recursive state estimation based on the Kalman filter algorithm is derived depending

on the transformed deterministic system derived in Eq. (13).
Then the explicit expression of the deterministic system is given as:

⎧⎪⎪⎨⎪⎪⎩

S(k + 1) = At S(k) + Btwm(k)
yt(k) = Ct S(k) + Dtvm(k)

(13)

where yt(k) = {yT (k) , . . . , yT(k)}T and vm(k) = {vT (k) , . . . , vT(k)}T have appropriate dimensions; wm
and vm are the system noise and measurement noise in Gaussian with zero mean and covariance Pm and
Qm which have the same norm as P and Q according to the previous section in appropriate dimensions,
respectively. Ct = diag {C1 , . . . , Cm}, Dt = diag {D1 , . . . , Dm}. The measurement output error is given by:

Ey(k) = yt(k) − ŷt(k) (14)

where yt(k) is the perturbed measurement and ŷt(k) is the estimated measurement.
Then the Kalman filter based on the transformed deterministic system begins the recursive algorithm

with the one step prior state prediction S (k∣k − 1) and variance P (k∣k − 1) as follows:

S (k∣k − 1) = At S(k − 1∣k − 1) (15)
P (k∣k − 1) = At P (k − 1∣k − 1)At + Q (16)

where S (k∣k − 1) and S (k − 1∣k − 1) are the prior and posterior estimation of the state S (k − 1) at time k − 1.
Similarly, P (k∣k − 1) and P (k − 1∣k − 1) are the prior and posterior variances.

Then the Kalman filter gain can be computed as follows:

K(k) = P(k∣k − 1)Ct
T(Ct P(k∣k − 1)Ct

T + Q)−1 (17)

With the Kalman filter gain derived, the posterior state estimation is given in the following equation:

S(k∣k) = S(k∣k − 1) + K(k)Ey(k)
= S(k∣k − 1) + K(k) (yt(k) − Ct S(k∣k − 1)) (18)

Meanwhile, the posterior of the covariance is:

P(k∣k) = (I − K(k)Ct)P(k∣k − 1) (19)
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Above all, the recursive state estimation result based on the MJS model of CBs is proposed as Algorithm
1 [20] follows:

Algorithm 1: KF based on derandomization technique
Input: CBs parameters based on MJS model Ai , Bi , Bw i , Ci , Di , transition probability matrix Π
Initialize: initial state x (0), initial mode m (0), initial error covariance P (0), Q (0)
Model Transform: transform MJS model to deterministic system, in which the transformed state is
S (0) parameters are At p, Bt p, Bw t p, Ct p, Dt p by the Eqs. (2)–(8)
for time = 1 to k, do
figure out Kalman gain K (time),
estimate the posterior state result S (time)Eqs. (15)–(19),
end for

Considering the transformed large-scale system, the key difference is the multiplicatively increasing
dimension resulting from the Kronecker product, which has heavier computation complexity in the recursive
estimation process, especially figuring out the Kalman gain with the high dimension matrix inverse
in Eq. (17).

After the algorithm’s proceedings are provided, the estimation performance of the result is shown by
the root mean square error (RMSE) as follows:

RMSE(k) =
√

(∣x(k)∣ − ∣S(k∣k)∣)T (∣x(k)∣ − ∣S(k∣k)∣) (20)

According to Eqs. (11)–(15), the optimal posterior recursive estimation result S(k∣k) can be obtained.
The values of the filter gains are given as K(k), which is updated based on the variance of the system noise
and measuring noise. At the last step of each recursion in the KF algorithm, the estimation precision is
demonstrated by the error variance P(k∣k), which is updated and decreased because more measurement
information has been considered and the Kalman gain compensation K(k) is corrected recursively. The
whole state estimation process of the CBs in on-off switch cabinet is proposed in the next section. It is
obvious that the system transformation has solved the stochastic mode jumping problem in the MJSs, then
the recursive state estimation technique, the Kalman filter algorithm, is available to be utilized.

Considering the system transformation process, it is easy to understand that the transformed state
S(k) has the same norm as x(k) when considering Eqs. (5) and (6). Beside the description of the proposed
derandomization technique, it is noted that some existing results of MJS Kalman filter framework have
emerged in the utilization of the expectation of the stochastic system mode for the recursive state estimation.
The brief descriptions are shown in corollary 1 and 2 as follows. After the corollaries, a remark is proposed
to show the comparison between the derandomization method and the existing techniques.

Corollary 1 (Expectation method): Based on the MJS (3), the related system parameters are presented
as At = ∑m

j=1 πi jA j and Ct = ∑m
j=1 πi jC j if the mode of MJS is i in the previous moment k − 1. The steps of

the state estimation are the same as Eqs. (15)–(19).
Corollary 2 (Subsystem based method): Based on the MJS (3), the parameters of the recursive state

estimation methods are based on the subsystem parameters Ai and Ci with the current mode and θk = i
known. The steps of the state estimation are the same as Eqs. (15)–(19).

Remark 2: Compared to the derandomization technique, Corollary 1 and 2 using the expectation of
the matrix Ai or the current mode of the MJS in the existing results still has some constraints. It is evident
that if these expectation parameters can be figured out, the mode of the MJS in the previous moment k − 1
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should be known. This constraint is not always satisfied due to the heavy computational pressure during the
estimation process in practical applications.

For better understanding, a theoretical comparison table of the proposed method and existing
techniques is provided as follows in Table 3:

Table 3: Comparisons of different KF based on MJS

Derandomization KF Expectation KF Robust KF

Computation pressure O((nx × m)3) O (nx
3) O(nx

3)
Mode dependence No Yes Yes

Conservation Same norm equal equal
Parameter requesition same same same

With the existing study of the recursive estimation of MJS given in corollary 1 and 2, the comparison
between the algorithms mentioned above is revealed by the performance index RMSE given in Section 4.

4 Experimental Validation and Discussion
In this section, the performance of the Kalman filter algorithm incorporating a derandomization

technique is demonstrated through the CBs examples in a practical power system. A two mode, one
bus single system and a three-bus large scale system are provided to demonstrate the proposed KF
based on derandomization technique. This simulation highlights the effectiveness and superiority of the
proposed approach.

All the power system models are implemented using Simulink in MATLAB R2022a. The two mode one
bus system modeled in MJS is divided by the mode indication signal, as illustrated in Fig. 4. Then the state
is proposed from the scope. The sampling interval is 1 s for each sample.

Figure 4: Simulink figure of the power system

In the following, the on-off switching behavior of circuit breakers (CBs) during line faults in a Markovian
Jump System (MJS) with two modes, the occurrence of transient fault and permanent fault, is parameterized
as follows [23]. All the parameters are derived from the historical statistical data according to the Thevenin’s
theorem in Eqs. (1)–(4) from the reference. The parameters of the considered system are represented as
follows: the synchronous motor machine parameters: xd = 1.6, x′d = 0.32, xq = 1.55, ω0 = 50 π rad/s, T ′d0 =
6 s, and M = 10. The exciter-amplifier parameters: KE = 50, TE = 0.05 s. Then the model system parameters
are given as follows:
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A1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0.9833 9.368
−0.003529 −0.9833
−0.00639 −0.02936
−0.2623 −1.253

−0.01264 −1.833 × 10−5

−0.002655 −5.542 × 10−6

0.955 0.003684
−11.31 0.5231

⎤⎥⎥⎥⎥⎥⎥⎥⎦

A2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0.9866 9.378
0.002837 0.9866
−0.002054 −0.01243

0.6894 3.545

−0.008638 −1.253 × 10−5

−0.001812 −3.787 × 10−6

0.9443 0.00367
−16.25 0.5118

⎤⎥⎥⎥⎥⎥⎥⎥⎦

B1 = [−0.0001417 −5.836 × 10−5 0.06133 22.27]T

B2 = [−9.692 × 10−5 −3.99 × 10−5 0.06123 22.15]T

Bw1 = Bw2 = [0.3962 −5.419 0.7924 −2.5971]T , C1 = C2 = [0 1 1 0]

D1 = 0.57, D2 = 0.893

As mentioned before, the goal of this paper is to design a recursive state estimation algorithm based
on the derandomization technique. In this practical example, the Markov jump process has two modes and

the transition probability matrix is given by Π = [0.07 0.93
0.2 0.8 ], which is derived in Section 2. The stochastic

mode jumping of MJS is achieved by the Matlab instruction “rand(0, 1)”, which generates uniform random
numbers between [0, 1] and determines the system mode of MJS based on the corresponding interval of the
transition probability matrix.

Fig. 5 illustrates the stochastic transitions between the up and down modes exhibited by the system. To
further elucidate the system’s behavior, Fig. 6 presents the open-loop variations of the four state variables
during these mode transitions.

Figure 5: Mode transition between two modes
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Figure 6: Open-loop state variation

To stabilize this open-loop system, a conservative solution based on feedback control is given by the
linear matrix inequalities (LMI). Then the Kalman gain based on the stable system is given as follows:

K = [0.0038 0.0040 0.9960 0.8566 0 0 0 0
0 0 0 0 0.0025 0.0027 0.9972 0.8579]

T

The Kalman gain of the proposed method is based on the extended batch of states, and it can be divided
into two Kalman gains depending on each subsystem that:

K1 = [0.0038 0.0040 0.9960 0.8566]T

K2 = [0.0025 0.0027 0.9972 0.8579]T

With the mathematical proof that the transformed deterministic system is a more conservative system
than the original MJS in the previous section, the Kalman gain is available for the two modes, the transient
fault and the permanent fault. Furthermore, the stochastic mode switching is considered as well by such
a technique.

Fig. 7 shows the estimation results and the real value of the recursive state estimation algorithm. To
show the estimation performance, the RMSEs derived from Eq. (15) are given in Fig. 8. The stochastic mode
transition of the Markov chain (θk), which is also known as the switching between loading conditions.
Meanwhile, the RMSEs values and the 95% confidential interval are proposed in Tables 4 and 5, which
directly demonstrate the advantages and effectiveness of the derandomization technique.
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Figure 7: The estimation result and the real value of each state component

Figure 8: The RMSE of each state component in different KF algorithms
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Table 4: RMSE of different state components based on different estimation technique

State component Derandomization KF Expectation KF Robust KF
x1 0.2618 8.3621 1.1268
x2 0.2666 1.1189 1.3586
x3 3.4102 0.8646 0.9515
x4 2.9403 12.0001 9.1954

Table 5: 95% confidential interval of different state components based on different estimation technique

State component Derandomization KF Expectation KF Robust KF
x1 (78.0159, 78.0229) (78.4575, 79.4840) (78.6364, 79.2224)
x2 (2.7044, 2.7127) (2.6025, 2.7275) (2.6823, 2.7395)
x3 (1.9487, 1.9670) (1.8929, 1.9820) (2.0389, 2.0732)
x4 (38.1696, 38.7582) (38.7280, 39.9779) (39.0928, 39.8751)

From the simulation results presented above, it is evident that the recursive state estimation algorithm
for Markovian Jump Systems (MJSs) in power systems performs effectively when the derandomization
technique is applied. This approach explicitly accounts for the stochastic mode transitions during the
estimation process. By incorporating the randomness of mode jumping in the MJS modeling of circuit
breakers (CBs), the proposed method achieves significantly lower root mean square error (RMSE) in state
estimation compared to the expectation-based method in Corollary 1 and the robust method in Corollary 2.

Fig. 7 illustrates the true system states alongside the estimated values, while Fig. 8 presents the RMSEs
of the aforementioned methods discussed in the previous section. To further demonstrate the estimation
performance, Table 1 summarizes the RMSE values obtained from the estimation process. Compared to the
existing results studied in 2023 [19], it is obvious that the derandomization technique has transformed the
stochastic mode jumping in MJS to a deterministic system, which has the same norm as the original MJS.
The existing KF framework mostly estimates the state based on each subsystem or the expectation of the
weighted modes. Then, the MJS-KF based on the subsystem has not introduced the transition probability
information. Especially, the transition probability affects the stability of the MJS, which is clearly proved in
the Lyapunov stability constraints. Else, the estimation error of KF based on the expected weighted modes
of MJS is obviously larger than the proposed technique due to the hybrid weighted mode information
introduced. Besides, all these existing KF frameworks have the constraint that the current mode should
be known. Nevertheless, the proposed MJS-KF based on the derandomization technique can begin the
estimation process without the need for known current mode information.

Additionally, to compare this proposed method with recent advancements in MJS-based Kalman
filtering, there is an expanded discussion. In [24], it analyzes the convergence characteristics of the factorial
Kalman filter, which ensures that the Kalman gain converges at t → ∞. Specifically, it provides sufficient
convergence conditions for Kalman gain, but it is not suitable for the state estimation problem of the circuit
breakers (CBs) solving random abrupt changes that occur in power systems. In [25], Bayesian deep learning
and Kalman net are integrated to quantify uncertainty without additional domain knowledge by sampling
prediction error covariance. However, it relies on many training data and GPU calculations, and its real-
time performance is poor. The deterministic transformation in this paper only needs the historical transition
probability, and the calculation time in the SMIB system is less, which is more suitable for online estimation
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of the power system. Reference [26] proposes an improved maximum correlation entropy Kalman filter
to enhance the robustness to non-Gaussian noise (such as impulsive noise) by introducing a weighted
factor cost function. However, the method in [26] needs to manually adjust the kernel width parameter,
which limits its generalization in the power system catastrophe scenario. In this paper, the solution of
randomization depends on the historical statistical noise model. In the CB Gaussian noise scene studied in
this paper, RMSE is equivalent to IMCKF, but the implementation is simpler. Furthermore, the Kalman filter
Gaussian mixture model is presented in [27]. The Gaussian mixture model is used to approximate the fuzzy
TDOA measurement and improve the accuracy of multi satellite positioning. However, the computational
complexity increases exponentially with the number of mixed components, which makes it difficult to extend
to large power grids. In this paper, the solution randomization compresses the multi-modal MJS into a
single-mode system. In SMIB, only a single Kalman filter is needed, and the memory consumption is reduced.

Overall, the necessity and superiority of the derandomized MJS-based Kalman filter are clearly demon-
strated based on the results shown in Figs. 7 and 8 and Tables 3 and 4, particularly when compared with
existing Kalman filter algorithms designed for MJSs.

For better verification, a multi-machine case with 6-bus and 3-machine in the system is provided, and
the structure is shown in Fig. 9 [22]. In this system, random faults occurred in lines 1–4 and 1–5, which
are modeled as three subsystems in MJS. As listed in the reference, the critical parameters are proposed
in Table 6.

Figure 9: 6-buses and 3-machine system

Table 6: System data and nominal loading conditions

Bus number 1 2 3 4 5 6
Load, Mw 0 0 0 100 90 160

Load, Mvar 0 0 0 70 30 110
xd , x′d , xq 0.8, 0.8, 0.2 1.3, 1.3, 0.15 0.9, 0.9, 0.25

Tdo 9 5.8 6
H 20 4 5

Ke, Te 25, 0.05 25, 0.05 25, 0.05
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Then the MJS model parameters can be formulated as:

A1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.944 11.1 −0.05787 0.001922 0.007303 0.0007488
−0.00979 0.944 −0.01009 0.0003337 0.001922 0.0001276
−0.01347 −0.07725 0.9745 0.0005888 0.003392 0.0008
0.001416 0.005376 0.0006038 0.9677 11.19 −0.0308
0.000246 0.001416 0.0001028 −0.00568 0.9677 −0.005405
0.0003515 0.002025 0.0004876 −0.005263 −0.02999 0.9862

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

A2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.9579 11.15 −0.05094 0.003087 0.01171 0.0007018
−0.00737 0.9579 −0.008911 0.0005375 0.003087 0.0001183
−0.008995 −0.05142 0.9786 0.0008484 0.004875 0.001136
0.002263 0.008582 0.0003783 0.9677 11.19 −0.03057

0.0003946 0.002263 6.222 × 10−5 −0.005671 0.9677 −0.005363
0.0005322 0.003056 0.0006486 −0.005192 −0.02959 0.9862

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

A3 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.9453 11.1 −0.05691 0.005537 0.02101 6.213 × 10−5

−0.009559 0.9453 −0.009927 0.0009633 0.005537 4.019 × 10−6

−0.01292 −0.07407 0.9747 0.001621 0.00932 0.001494
0.004086 0.0155 0.001388 0.9765 11.22 −0.02559
0.0007118 0.004086 0.0002356 −0.004129 0.9765 −0.004498
0.0007333 0.00422 0.001123 −0.002941 −0.01673 0.9888

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

B1 = [−0.0001004 −2.647 × 10−5 0.005105 1.057 × 10−6 2.761 × 10−7 1.28 × 10−6

1.268 × 10−6 3.311 × 10−7 2.026 × 10−6 −5.152 × 10−5 −1.362 × 10−5 0.004966 ]
T

B2 = [−8.823 × 10−5 −2.329 × 10−5 0.005116 6.714 × 10−7 1.73 × 10−7 1.7 × 10−6

1.194 × 10−6 3.103 × 10−7 2.87 × 10−6 −5.113 × 10−5 −1.352 × 10−5 0.004966]
T

B2 = [−9.869 × 10−5 −2.602 × 10−5 0.005106 2.434 × 10−6 6.349 × 10−7 2.942 × 10−6

1.324 × 10−7 2.747 × 10−8 3.778 × 10−6 −4.276 × 10−5 −1.131 × 10−5 0.004973 ]
T

Bw1 = Bw2 = Bw3 = [0.3962 −5.419 0.3962 −5.419 0.7924 −2.5971]T , C1 = C2 = C3 = [0 1 0 1 1 0]

Dw1 = Dw2 = Dw3 = 0.5

The transition probability matrix of this large-scale system is Π =
⎡⎢⎢⎢⎢⎢⎣

0.07 0.005 0.925
0.005 0.07 0.925
0.16 0.16 0.64

⎤⎥⎥⎥⎥⎥⎦
, which is

derived based on historical data. Then the state feedback controller of MJS can be obtained according to the
Lyapunov stabilization condition and the divided Kalman gain is given as follows:

K1 = [−26.0807 −403.1869 −321.5759 −0.2517 −1.2317 −0.1667
12.9795 −389.3460 −383.7444 −15.9230 −309.7199 −243.2505]

K2 = [−27.6642 −380.6255 −286.6292 −0.3613 −1.2850 3.5684
−2.3097 −11.5522 156.1355 −30.1964 −390.8614 −157.0249]
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K3 = [−26.3066 −379.9751 −297.4265 −0.7193 −3.3943 −0.2490
−11.9466 −230.2617 −264.3213 −44.8940 −552.8994 −312.8214]

The estimation result of each state component is provided in Fig. 10. In this figure, it can be found
that periodic oscillations occurred in the state components, which is more complicated than that in the
SMIB instance. Then the estimation result of the KF framework based on the derandomization technique,
the subsystems and weighted expectation are provided. Obviously, even the absolute value of the state
component varies in a large range. The proposed technique can help the KF framework track the real
state as well, which clearly exhibits the effectiveness and priority of the proposed technique. For better
understanding, Table 7 provides the RMSE of the estimation result in the large-scale power system. From
the estimation result figure and the error table, the estimation tracks the real state, but the estimation error is
different. Mostly, the state components have the lowest estimation error except x4 with the help of KF based
on the derandomization technique.

Figure 10: The estimation result and the real value of each state component in a large-scale system

Table 7: RMSE of different state components in a large-scale system

State component Derandomization KF Expectation KF Robust KF
x1 8.4235 13.6736 12.4330
x2 0.2645 0.8001 1.1210
x3 0.5304 1.1842 1.2920
x4 3.7019 1.0199 1.4631
x5 0.3168 0.7845 1.4749
x6 0.2979 1.0221 0.6563

From the above simulation results, it can be found that this proposed method has the potential to
be applied in the multi-machine cases, like 6-bus and 3-machine. However, it must also be admitted that
when this method is applied to large-scale power grids, there will be a curse of dimensionality, that is, by
randomizing the m-mode MJS into a single mode system, but the state dimension will rapidly expand,
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requiring high solving ability. It should be noted that by aggregating equivalent circuits of large-scale power
grids, the dimension of the state matrix can be reduced, so this method still has certain generalizability.

5 Conclusions
This paper proposes a recursive state estimation algorithm based on derandomization for Markov Jump

Systems (MJSs) in power system applications. The power system with random abrupt changes is first modeled
as an MJS, considering stochastic mode transitions governed by a Markov process. Using derandomization,
the MJS is transformed into an equivalent deterministic system while preserving the state norm. A recursive
estimation algorithm is then developed based on this transformed system. For comparison, existing Kalman
filtering methods for MJSs are also revealed, where mode-dependent parameters are approximated as well.
In the case of circuit breakers (CBs), the proposed method converts the MJS model into a single-mode
system, and the Kalman filter is applied to estimate the state while accounting for stochastic switching among
subsystems. Simulation results on a CB model demonstrate the effectiveness and superiority of the proposed
approach over existing algorithms. Furthermore, parameter uncertainties caused by component failures are
common in real-world power systems, suggesting that future work should focus on recursive state estimation
under unknown or time-varying system parameters to enhance robustness in practical energy systems.
Future research may attempt to develop recursive state estimation algorithms capable of handling uncertain
parameters under fault conditions, thereby improving the robustness and practical applicability of estimation
techniques in complex power systems. Such advancements are essential for enhancing the observability and
resilience of smart grids, particularly in the presence of high renewable energy penetration and dynamic
load behaviors.
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