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ABSTRACT: This study presents and verifies a hybrid methodology for reliable determination of parameters in struc-
tural rheological models (Zener, Burgers, and Maxwell) describing the viscoelastic behavior of polyurethane specimens
manufactured using extrusion-based 3D printing. Through comprehensive testing, including cyclic compression at
strain rates ranging from 0.12 to 120 mm/min (0%-15% strain) and creep/relaxation experiments (10%-30% strain),
the lumped parameters were independently determined using both analytical and numerical solutions of the models’
differential equations, followed by cross-verification in additional experiments. Numerical solutions for creep and
relaxation problems were obtained using finite element analysis, with the three-parameter Mooney-Rivlin model and
Prony series employed to simulate elastic and viscous stress components, respectively. Energy dissipation per cycle
was quantified during cyclic compression tests. The results demonstrate that all three models adequately describe
material behavior within the 0%-15% strain range across various strain rates. Comparative analysis revealed the Burgers
model’s superior performance in characterizing creep and stress relaxation at low strain levels. While Zener and
Burgers model parameters from uniaxial compression showed limited applicability for energy dissipation calculations,
the generalized Maxwell model effectively captured viscoelastic properties across different strain rates. Notably,
parameters derived from creep tests provided a more universal assessment of dissipative properties due to optimization
based on characteristic curve regions. Both parameter sets described polyurethane’s elastic-hysteretic behavior with
approximately 20% error, proving significantly more accurate than the linear strain-time dependence hypothesis. Finite
element analysis (FEA) complemented numerical modeling by demonstrating that while the generalized Maxwell
model effectively describes initial rapid stress-strain changes, FEA provides superior characterization of steady-state
processes. This computational approach yields more physically representative results compared to simplified analytical
solutions, despite certain limitations in transient analysis.

KEYWORDS: Viscoelasticity; cyclic compression; hysteresis; creep; stress relaxation; finite element method; optimiza-
tion; 3D printing; structural rheological models; Prony series

1 Introduction

Today, 3D printing has become widespread across numerous medical fields, including maxillofacial
surgery (craniofacial implants) [1], prosthetic components [2], dental molds [3], medical equipment manu-
facturing [4], tissue engineering [5,6], and ophthalmology [7]. Thus, modern medicine widely utilizes various
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implants that help restore or improve bodily functions. Among the variety of polymers, biocompatible
thermoplastic polyurethanes (TPU) are of particular interest for the manufacture of medical devices, owing
to their wear resistance, tailored mechanical properties, and viscoelastic behavior inherent in native tissues
and organs [8,9]. This combination of attributes underpins their widespread biomedical application [10,11].
In conjunction with 3D printing, this facilitates the fabrication of patient-specific, fatigue-resistant implants
engineered to provide the required biomechanical response [12]. During use, implants are continuously
subjected to mechanical stresses caused by various factors such as patient movement, pressure from
surrounding tissues, etc. To ensure implant reliability and longevity, it is necessary to properly evaluate
both the mechanical properties of the implant material and the viscoelastic characteristics of the products,
which determine how well the material can withstand loads and deformations without failure or loss of
functional properties. Viscoelastic evaluation is particularly important for implants experiencing cyclic
loading, which can lead to material fatigue and, consequently, changes in properties or structural failure.
To assess elastic-hysteretic characteristics of materials and products, uniaxial cyclic compression tests are
used, which characterize material behavior under repeated loading. To evaluate material behavior under
prolonged loading throughout the implant’s service life, creep and stress relaxation tests must be conducted.
Therefore, proper assessment of material properties and viscoelastic characteristics of implants results from
comprehensive research and represents a crucial condition for product reliability and safety, helping ensure
implant durability and reduce the risk of failure or damage.

The theory of linear viscoelasticity represents a generalization of classical continuum mechanics
approaches—elasticity theory on one hand, and viscous fluid mechanics on the other. In recent years,
interest in viscoelasticity research has grown significantly due to the rapid implementation of polymers,
which creates the need for developing calculation principles for structural elements made from these
materials [13,14]. Rheological coefficients can be obtained through two main types of testing: creep and stress
relaxation experiments.

Several approaches exist for mathematically describing material behavior. Currently, the use of integral
and differential equations is widespread. Initially, aiming to describe time-dependent deformation of solids,
Newton’s viscosity law and Hooke’s elasticity law were combined, resulting in the concept of a Maxwell
viscoelastic body. This gave rise to the theory of rheological models, where materials are represented as
systems of springs and dashpots. In reality, such models serve as analogies rather than exact descriptions
of phenomena. However, by combining elastic and viscous elements, one can create schemes that at least
qualitatively reproduce the behavior of real materials under load [15]. While finite element methods are
widely used for viscoelastic parameter identification, structural rheological models persist due to their
ability to characterize all deformation stages quantitatively and qualitatively, including loading rate effects on
parameters. The study [16] introduces a method for characterizing the viscoelastic properties of soft hydrated
biomaterials that eliminates the influence of prestress and enables rapid testing of degradable samples. The
approach involves performing standard mechanical compression tests at varying strain rates, followed by
mathematical analysis of the acquired dataset to extract material parameters based on a generalized Maxwell
model. This method was validated using a stable elastomer (polydimethylsiloxane) and a labile hydrogel
(gelatin) under a defined strain rate. For comparison, step-relaxation testing was conducted to assess lumped
parameter estimation. The results confirmed that both methods yield equivalent elastic parameters, while
the proposed technique provides improved accuracy in estimating short-term relaxation constants. This
approach offers a promising framework for the mechanical characterization of biological materials with
limited temporal stability, facilitating rapid and reliable parameter extraction. In [17], a new analytical
function (the apparent elastic modulus strain-rate spectrum) for extracting lumped parameter constants
for Generalized Maxwell (GM) linear viscoelastic models from stress-strain data is proposed. The function
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is derived from the tangent modulus of the GM model’s stress-strain response under constant loading.
By fitting experimental data obtained across different strain rates to this function, viscoelastic material
parameters can be determined rapidly. This single-curve fitting approach yields viscoelastic constants
comparable to those obtained through the original epsilon dot method, which relies on a multi-curve
global optimization with shared parameters. Study [18] developed a strategy to modulate viscoelastic
relaxation times in gels without affecting their elastic properties. Using agarose and acrylamide hydrogels
infused with dextran solutions (0%-5% w/v), alongside polyurethane sponge controls, the authors demon-
strated that increased liquid viscosity prolongs relaxation times in sponges but leaves hydrogel elasticity
unchanged, as quantified by strain-rate compression tests and modeling based on a standard linear solid
model. A micromechanical characterization method for soft hydrated materials using constant strain-rate
nanoindentation under stress-free initial conditions is represented in [19]. By introducing a self-consistent
definition of indentation stress/strain and a depth-independent strain-rate expression, the bulk compression
epsilon-dot method to nanoindentation was adapted. This approach enabled the precise determination of
instantaneous/equilibrium moduli and relaxation time constants in displacement-controlled commercial
nanoindenters. The stress-free testing conditions make the method based on the GM model particularly
suitable for investigating micromechanical properties of hydrogels and biological tissues at cellular length
scales. A two-step (chemical and enzymatic) crosslinking strategy was implemented in [20] to modulate
the viscoelastic properties of gelatin hydrogels. First, gels with different glutaraldehyde concentrations were
developed to mimic a wide range of soft tissue viscoelastic behavior. In this work, the SLS model was chosen
to describe the viscoelasticity of gels in nanoindentation tests. The strategy proposed allows controlled
investigation of cellular adaptation to dynamic mechanical changes by enabling on-demand enzymatic
stiffening of the substrate during culture. Cells can thus be exposed to either abrupt increases in equilibrium
modulus and elasticity or progressive enhancement of viscous/liquid-like behavior, mimicking age-related
pathophysiological processes. In [21], a viscoelastic constitutive model for automotive tread rubber subjected
to uniaxial cyclic compression, building upon the Bergstrom-Boyce rheological framework for inelastic
elastomers, is proposed. A complete methodology is developed for parameter identification in two summer
tire compounds, utilizing cyclic compression test data and Nelder-Mead optimization to achieve accurate
prediction of hysteresis losses, providing valuable tools for polymer engineering applications. A structural
viscoelastic model for thermomechanical loading analysis, using polymethylmethacrylate under uniaxial
compression to demonstrate its parameter identification via experimental data approximation (hyperbolic
tangent for strain-rate dependence, logarithmic for creep) and iterative FEM implementation is presented
in [22]. The model effectively captures complex material behavior through interacting simple rheological
elements, showing good agreement with tests across varying strain rates and stress holds.

This study aims to develop a hybrid methodology for determining viscoelastic parameters of
polyurethane specimens fabricated using extrusion-based 3D printing. Through uniaxial cyclic compression,
creep, and stress relaxation testing combined with inverse finite element analysis, we identify lumped
parameters for Zener, Burgers, and five-parameter generalized Maxwell models, which are capable of char-
acterizing material behavior during short-term and long-term loading regimes, and attempt to investigate
the applicability of a unified parameter set for various loading conditions. The energy dissipation per cycle
is quantified, and parameters obtained from different experimental methods are systematically compared.

2 Materials and Methods

2.1 Samples Fabrication and Mechanical Testing

For mechanical testing, cylindrical specimens with a diameter and height of 20 mm (GOST 20014-
13) were fabricated from commercial REC TPU Easy Flex (Moscow, Russia) polyurethane using a Creality
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Ender V2 (Shenzhen Creality 3D Technology Co, Ltd., Shenzhen, China) 3D printer. The printing parameters
included nozzle temperature of 230°C, build plate temperature of 80°C, layer height of 0.2 mm, printing
speed of 80 mm/s, and 100% infill density. Uniaxial compression tests were conducted on an INSTRON 5982
(Illinois Tool Works Inc., Glenview, IL, USA) universal testing machine at 23°C using strain rates of 120,
60, 12, 1.2, and 0.12 mm/min, with three specimens tested for each condition. To evaluate elastic-hysteretic
properties, specimens were subjected to triangular zero-to-peak cyclic loading with a strain amplitude of
15%. Due to the sensitivity of polyurethane mechanical properties to temperature and humidity variations,
and considering that a single cycle at 0.12 mm/min took 50 min to complete, the number of loading cycles
was set to 3 for this strain rate and to 5 for all other rates. The elastic modulus was determined from the
initial linear portion of the engineering stress-strain curve. Creep and stress relaxation tests were performed
at room temperature on the INSTRON 5982 machine using three stress levels corresponding to 10%, 20%,
and 30% of the maximum stress obtained during the first cycle of uniaxial compression testing. Each test
duration was set to 100 min, as the optimum between the time which is necessary to capture steady creep
and stress relaxation phases, and experiment duration, to ensure the curves reached a plateau region suitable
for long-term behavior extrapolation.

2.2 Structural Rheological Models

One approach to describing the viscoelastic behavior of materials involves the use of structural
rheological models, which represent the material as a system of springs and dashpots with specified stiffnesses
and viscosities. The spring stiffnesses and dynamic viscosity coefficients of the damping elements are lumped
parameters of the models, determined based on experimental data. This study examines three widely
used structural rheological models: the Zener model (SLS—Standard Linear Solid, 3 parameters, Fig. 1a),
the Burgers model (BURG—Burgers model, 4 parameters, Fig. 1b), and the Generalized Maxwell model
(GM—Generalized Maxwell, 5 parameters, Fig. 1c).
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Figure 1: Structural rheological models: SLS (a), BURG (b), GM (c)

2.2.1 Zener Model

The SLS model is the simplest model capable of describing both creep and relaxation behavior of a
material [18]. The differential equation of the model is given by:

E E\E
(7+—10:(E0+E1)é+ 0
1 m

£ ()

where o is the normal stress, ¢ is the linear strain, E, and E, are the elastic moduli of the springs, #; is the
dynamic viscosity of the dashpot, dots denote time derivatives. Here and further, o and ¢ refer to engineering
stresses and strains. The equivalent spring modulus E., = E, (equilibrium elastic modulus) describes the
system’s response under slow loading. This parameter can be approximated from compression tests at very
low strain rates. The sum of the spring moduli E;,5; = E¢ + E; (instantaneous elastic modulus) characterizes



Comput Mater Contin. 2026;86(3):18 5

the system’s elastic response to instantaneous loading. An experimental estimate of this parameter can be
obtained from high-strain-rate testing.

Under constant strain rate (¢ = const), the solution (¢ (0) = 0) takes the form [16]:

a(s):é(m—m'exp(—E—lé)+Eof_) (2)

mé £
Creep behavior solution (¢ (0) = g = const) with the initial condition (e (0) = 0o/(Eo + E;) [23]
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where 7. = m%—is the creep characteristic time.

Stress relaxation solution (¢(0) = & = const) according to the following initial value problem (¢ (0) =
(Eo + Ep) - &9) [24]:

t
Orelaxation (t) =& (EO + B P (_T_)) !

where 7, = %—is the relaxation time.
1

Since stress relaxation experiments are less precise due to step-loading artifacts [25], their data were
excluded from the parameter fitting process.

2.2.2 Burgers Model

The Burgers model consists of two elastic and two viscous elements, representing a series combination
of a Maxwell unit and a Kelvin-Voigt unit. The constitutive relation is given by [26]:

. Ei+E, E;\. EE . EE,.
0+( ! 2+—1)a+ ! 20=E18+ =2 (5)
N2 N1

Nam N2

where E; and #; —are the spring stiffness and dashpot viscosity of the Maxwell unit, E, u #,—are the spring
stiffness and dashpot viscosity of the Kelvin-Voigt unit. The parameter E; in the Burgers model represents
the instantaneous elastic modulus, which, in the present study, is equated to the elastic modulus measured
at the maximum strain rate.

Under constant strain rate conditions which are expressed by the Cauchy problem (o (0) = 0; 6 (0) =
E; - €), the stress-strain relationship is given by [27]:

. by -E . bm - E :
o(s)=8-%-6Xp(—a§)+8("71—(%))'GXP(—%’E)JFWIE (6)

where parameters a and b are defined in Eq. (S1) (see Section 1.1 in Supplementary materials).

The creep strain solution for the Burgers model (¢ (0) = 0y/E;; ¢ (0) = 0) can be expressed as [28]:

N T SR - B PN -1
s(t)_GO(ElerJrEzm (1 exp( 0 ))) (7)
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For stress relaxation under applied constant strain &, the Burgers model solution (o (0) = E; - €;
6 (0) = 0) is given by [13]:

E1£0
Va?-4b

where parameters 7, ,, a and b are defined according to Eq. (S2) (see Section 1.1 in Supplementary materials)

(rp-e™ —ry-et) (8)

o(t)=

2.2.3 Maxwell Model

The Generalized Maxwell Model is a mathematical framework that describes the behavior of viscoelastic
materials by accounting for both elastic and viscous properties. This model provides enhanced predictive
capability for material response under various loading conditions. The constitutive relation is expressed
as [29]:

. Emmy+Ey . EE
o+ o+
n2m n2m

(9)

Eyn, +E EyEE
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H2m n2m
where E, is the elastic modulus of the free spring, E;, and 7, are the stiffnesses of the springs and

viscosities of the dashpots in the parallel Maxwell elements. The parameter E, represents the equilibrium
elastic modulus, while E, + E; + E;—is the instantaneous elastic modulus.

Under a constant strain rate (o (0) = 0; 6 (0) = (Eq + E; + E;) - €), the stress-strain relationship is given
by [17]:

. Ee I3 Eye
o (¢e) =e(111—mexp(—’1—1é)+Eog+112—172exp (—i)) (10)

1 ﬂzé

The creep process is described by the solution of the constitutive equation at ¢ = 0y = const according
to the initial condition set (¢ (0) = 0o/(Eq + E; + E3); € (0) = 0) [30]:

Ecreep (1) = Crexp(lit) + Crexp(Lot) + E—Z (1)

where Cy, G, I, |, are defined in accordance to Eq. (S3) (see Section 1.1 in Supplementary materials).
Stress relaxation is described by the solution of the equation at ¢ = & = const expressed by the Cauchy
problem (0 (0) = (Eg + E; + E3) - €95 6 (0) = 0) [31,32]:

r et —ry-ent
Orelaxation (t) = Eogo + (El + EZ)SO : # (12)
1= 12

where parameters 7, ,, a and b are defined according to Eq. (S4) (see Section 1.1 in Supplementary materials)

All of the aforementioned and further listed mathematical operations were implemented using the
Wolfram Mathematica 11.2 (Wolfram Research, Champaign, IL, USA) computational software package.

2.3 Procedure for Identification of Viscoelastic Parameters

The lumped parameters of the models were determined by minimizing the objective function F using the
conjugate gradient method within the Wolfram Mathematica 11.2 (Wolfram Research, USA) computational
software package:
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where 0;model = Cimodel (s, Eo,Ej 1 j) ,j =1,2 are the modeled stress functions dependent on strain and

viscoelastic parameters at the i-th strain rate, defined according to Eqs. (2), (6), and (10); 0jex) is the
experimental value obtained at the i-th strain rate during the first loading cycle.

The initial approximation in the optimization problem for parameter E, in the SLS and GM models
were taken as the tangent elastic modulus obtained from tests at 0.12 mm/min, while parameter E; in the
BURG model was taken from tests at 120 mm/min. The parameter search for the SLS model was performed
based on experimental data at strain rates of 0.12, 12, and 120 mm/min, which denote minimum, moderate
and maximum strain rates, respectively; for the Burgers model—at 0.12, 1.2, 12, and 120 mm/min, implying
minimum, maximum and 2 moderate strain rates; the specified use of such data sets allowed to provide
a subsequent experimental verification for the stress-strain curve, not involved in the parameter search
process. The parameters of the generalized Maxwell model were determined using the complete set of strain
rates. Experimental verification was then performed, and the root-mean-square deviation was calculated.

For each model, parameter fitting was also performed based on data from creep tests at three loading
levels. The parameter fitting was done using the least squares method with a Python program utilizing
the Optuna framework (for a more detailed explanation, see Section 1.2 in Supplementary Materials).
Minimization of the sum of squared deviations was performed using the standard TPE Sampler method,
which works by modeling hyperparameter probabilities using information from previous trials. To verify
model applicability, validation was performed using stress relaxation test data with the previously determined
parameters. To ensure the robustness and independence of the obtained lumped parameter sets from the
initial guess, sensitivity analysis was performed (see Section 1.2 in Supplementary Materials).

2.4 Study of Elastic-Hysteretic Characteristics

To obtain the theoretical loading-unloading law, the differential equations of the models (Eqs. (1), (5),
and (9)) were used with the determined parameters and constant strain rate (Egs. (§7)-(S9)). The solution of
the differential equations yielded the time-dependent strain law, and by expressing time through the “stress-
time” and “strain-time” dependencies as shown in [21], the loading-unloading law for the first cycle was
obtained for the material.

Additionally, considering the simplicity of the loading law, an assumption was made about the linear
dependence of strain on time during the first loading cycle, and hysteresis loops were obtained for the
triangular strain law. The calculation of specific mechanical energy dissipated per cycle was also performed,
quantitatively equal to the area within the curve on the “strain-stress” diagram and determined by Eq. (14),
for both theoretical and experimental dependencies. Relative errors in energy determination between models
and physical experiments were computed.

q:foTa(t)s'(t)dt (14)

where q is the specific mechanical energy dissipated per cycle (J/m® or MPa), ¢ is the strain rate, T is the
cycle duration.
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2.5 Inverse Finite Element Modeling of Creep and Stress Relaxation

There are several models for predicting long-term deformation of polymer materials that account
for both viscous and elastic components. This work examines two approaches to describing viscoelastic
material behavior. Common finite element (FE) analysis software packages (ANSYS, etc.) use the Prony
series linear viscoelastic model based on exponential functions to describe the stress relaxation process
(for a more complete formulation, see Section 1.4 in Supplementary Materials). To illustrate the practical
application of the implemented material model and identified parameters, finite element modeling of stress
relaxation was performed using the ANSYS Workbench (Ansys Inc., Canonsburg, PA, USA) software suite.
The analysis employed a third-order Mooney-Rivlin material model, which is the minimum-order model
capable of capturing the infection points on experimental creep and stress relaxation curves, alongside with
incompressibility assumption, which is consistent for modelling polyurethane behavior. The strain energy
density function is thus expressed as:

W= Cl() (71 - 3) + C(n (72 - 3) + Cll (71 - 3) (jz - 3) (15)

where Cjo, Co1, Cij—material constants, I;, [,—are invariants of the modified deformation gradient ten-
sor [33]. To account for viscoelastic behavior, a first-order Prony Shear Relaxation model was implemented.
For the fully incompressible case, the volumetric viscoelastic response was consequently neglected, and
only the deviatoric (shear) component was characterized using the Prony series formulation (see Eq. (514)).
Both Cyg, Co, Cy; values of the Mooney-Rivlin model, as well as relaxation time and relative modulus of
Prony series, were derived from creep tests (see Section 1.4 in Supplementary materials for clarification).
The numerical simulation employed boundary conditions shown in Fig. S5: the bottom surface of the
specimen had constrained vertical displacements, while the top surface was subjected to loading—a constant
prescribed displacement for stress relaxation modeling and pressure loading for creep modeling. The mesh
was constructed using 8-node PLANEIS3 finite elements with a 1 mm size, determined through convergence
testing. The final model comprised 320 elements and 399 nodes. The solution comprised loading and holding
substeps. During the loading substep, an instantaneous application of either displacement (for relaxation) or
stress (for creep) to achieve strains 0of10%, 20%, and 30% of the specimen height h was performed; the holding
substep represented load maintenance for 6000 s. A semi-implicit method switched nonlinear analysis from
implicit to explicit formulation at divergence points.

The second approach involved numerical determination of Prony series coefficients for the generalized
Maxwell model’s mechanical properties [34]:

E(t) = Einst |:1—iZ:e,- (l—exp(—%))] (16)

where E;,;—is the instantaneous modulus and e;, T7;—are Prony coeflicients. The parameters were deter-
mined using the least squares method implemented in Python with the Optuna framework. The sum of
squared residuals was minimized using the standard TPE Sampler method (this procedure is explicitly
described in Section 1.4 in Supplementary materials).

3 Results and Discussion
3.1 Samples Fabrication and Mechanical Testing

The uniaxial compression tests yielded stress-strain diagrams for the entire range of strain rates during
the first loading cycle (shown in Fig. S6a), as well as hysteresis curves corresponding to the first cycle
(presented in Fig. S6b). The dependence of the tangent elastic modulus on strain rate is presented in Table SI.
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The results demonstrate that the polyurethane’s elastic modulus increases with strain rate, while the hysteresis
loop width, which qualitatively characterizes energy dissipation in the system, grows at higher rates. This
behavior agrees with test data for conventionally manufactured polyurethanes [8].

3.2 Procedure for Identification of Viscoelastic Parameters

Following the algorithm described in Section 2.3, the lumped parameters were obtained for the Zener,
Burgers, and generalized Maxwell models within the 0-15% strain range corresponding to the first loading
cycle. For SLS-model E, = 31.1 MPa, E; =16.7 MPa, #; =109.5 MPa-s. For BURG-model: E; = 48.4 MPa,
n1 =169800 MPa-s, E; =123.9 MPa, 7, = 645.5 MPa-s. For GM-model: E; = 30.6 MPa, E; = 8.5 MPa,
M1 = 559.9 MPa-s, E; = 17.4 MPa, 1, = 9.68 MPa-s. The spring modulus E, in both the SLS and Maxwell mod-
els matches the elastic modulus obtained from 0.12 mm/min tests, while the spring modulus E; in the Burgers
model corresponds to the modulus at higher strain rates (120 mm/min). This agreement confirms the validity
of the results and the adequacy of the proposed methodology. Fig. S3 presents the comparison between
experimental and theoretical stress-strain relationships during the first loading cycle. All three proposed
models adequately describe the material behavior in the 0%-15% strain range across various strain rates.
From a practical perspective, the SLS model is preferable due to its minimal number of parameters required
to characterize the material behavior in this strain range. The material parameters for the SLS model obtained
from elastic aftereffect data interpolation are: Ey = 25.9 MPa, E; = 10.1 MPa, #; = 1378 MPa-s. Verification
against stress relaxation curves (Fig. 2) shows the model underestimates viscosity, resulting in a rapid initial
stress relaxation phase. The maximum deviation between model and experimental data reaches 26.8% at 30%
strain. Similarly, the parameters for the four-parameter Burgers model were determined as: E; = 42.9 MPa,
E, = 86.6 MPa, #; = 1.370-10° MPa:s, 1, = 8947 MPa-s. The model shows increasing deviation from
experimental data at higher stress levels, likely due to the nonlinear stress dependence of viscosity parameters
n and #,. However, it demonstrates good agreement during steady-state creep, with a maximum deviation
0£10.6% at 30% strain. The Burgers model accurately reproduces stress relaxation behavior. The generalized
Maxwell model parameters are: Ey = 25.9 MPa, E; = 7.3 MPa, E, =18.8 MPa, #; = 1291 MPa:s, 1, = 53.9 MPa:s.
This model offers greater versatility than the SLS model for describing various systems and conditions. While
it adequately describes both creep and stress relaxation, the trend of increasing deviation persists, reaching
a maximum of 24.7%.

3.3 Study of Elastic-Hysteretic Characteristics

Based on the viscoelastic parameters determined in Sections 3.1 and 3.2, theoretical loading-unloading
laws were obtained for all structural rheological models and strain rates using two parameter sets during
the first cycle. Additionally, hysteresis dependencies corresponding to the assumption of a linear strain-
time relationship in the material are presented. For all derived loading laws, the specific mechanical energy
dissipated during the first cycle was calculated. The theoretical and experimental cyclic loading curves for
the SLS model are shown in Fig. 3.
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Figure 2: Experimental and model creep (left) and stress relaxation (right) curves
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Figure 3: Experimental and model uniaxial compression curves during the first cycle for the SLS model; SLS.,mp and
SLScreep represent model curves with parameters obtained from uniaxial compression and creep tests, respectively, TS
denotes the cyclic loading law under linear strain-time dependence
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The specific mechanical energy dissipated during the first cycle for the SLS model is presented in Table 1.

Table 1: Specific mechanical energy dissipated during the first cycle (SLS model)

. . Energy dissipation properties
& mm/min 8y P prop

GG 0% 7 07 g 107, g 0%, AT AP, rs, RMSESSY, RMSESIS, RMSErs
mJ/mm® mJ/mm* mJ/mm* mJ/mm’ % % % MPa MPa MPa
120 19.3 20.5 16.2 21.8 11.5 5.75 259 0.24 0.73 0.26
60 19.5 17.8 14.9 19.4 0.38 8.39 23.2 0.29 0.48 0.21
12 23.8 14.7 12.5 15.9 49.8 7.63 21.1 0.33 0.20 0.16
1.2 14.4 17.6 10.4 13.4 7.92 31.5 22.3 0.20 0.24 0.16
0.12 8.82 14.3 8.85 11.9 25.6 20.9 25.4 0.23 0.33 0.16

Table 1 lists the following energy dissipation quantities for the SLS model: g5;'s’ —energy dissipation
in the model with parameters from cyclic compression tests, qg;’s P_energy dissipation in the model with
parameters from creep and relaxation tests, s —energy dissipation under linear strain-time dependence (or
Triangle strain—TS) assumption, qzxp—experimental energy dissipation, A—energy determination error
relative to experimental values, RMSE denotes root mean square error for each type of the fitted curve

(compression, creep, and triangle strain) and is defined as follows:

RMSE = znj( o oexp)2 (17)

nia

where 0} i Ol ,—predicted and experimental stress values at i-th point of corresponding stress-strain curve

where n is the amount of data points.

The energy dissipation calculations demonstrate that the SLS model with compression-derived param-
eters accurately reflects material behavior at strain rates where viscous flow is negligible. This limitation
arises from the models single dashpot element, which implies only one relaxation time (7 = ’7‘) —an
oversimplification for polymers. The SLS parameter set from creep/relaxation tests better describes cyclic
loading across most strain rates, with decreasing relative error at higher rates. The linear strain-time
assumption estimates polyurethane’s dissipative properties with ~20% error.

Fig. 4 presents the theoretical and experimental cyclic loading curves for the Burgers model.

The specific mechanical energy dissipated during the first cycle for the BURG model is presented
in Table 2.

The Burgers model with parameters from cyclic compression tests cannot adequately describe material
behavior during unloading at low strain rates, as its viscous elements (with stress proportional to strain
rate) show excessive time-delayed deformation upon load removal, failing to properly represent actual
material processes. At 12, 60, and 120 mm/min strain rates, the energy dissipation errors remain below 16%,
confirming the model’s validity for regimes with viscous flow and near-instantaneous loading. The parameter
set from creep tests provides a more accurate material behavior description at low strain rates, which can
be explained by characteristic plateau regions in corresponding experimental curves that were used in the
minimization procedure.
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Figure 4: Experimental and model uniaxial compression curves during the first cycle for the Burgers model

Table 2: Specific mechanical energy dissipated during the first cycle (BURG model)

Energy dissipation properties

£, mm/min
Tore 107 Tgyre 107 drs * 1072 dpyp 1072, AUTE, AUSE, Ars, RMSESRE, RMSE 0, RMSEzs,

mJ/mm® mJ/mm® mJ/mm* mJ/mm’ % % % MPa MPa MPa
120 18.4 171 16.2 21.8 15.7 216 259 0.29 0.24 0.26
60 171 15.6 14.9 19.4 12.3 201 232 0.23 0.18 0.21
12 14.2 13.4 12.5 15.9 10.8 156 211 0.20 0.15 0.16
1.2 9.31 12.7 10.4 13.4 305 526 223 0.26 0.21 0.16
0.12 18.1 111 8.85 11.9 525 649 254 0.28 0.16 0.16

Fig. 5 shows the theoretical and experimental curves for the generalized Maxwell model.
The specific mechanical energy dissipated during the first cycle for the GM model is presented in Table 3.

The parameters obtained from creep testing for the generalized Maxwell model prove more versatile

when assessing elastic-hysteretic characteristics. However, at strain rates of 1.2 and 60 mm/min, the param-
eters derived from cyclic compression demonstrate lower error margins. The Maxwell model describes the
dissipative properties of polyurethane with approximately 20% error for both parameter sets across the entire
strain rate range. By incorporating additional Maxwell elements into the relaxation spectrum, the model
achieves greater accuracy in describing cyclic loading behavior in the material.
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Figure 5: Experimental and model uniaxial compression curves during the first cycle for the Generalized Maxwell
model

Table 3: Specific mechanical energy dissipated during the first cycle (GM model)

Energy dissipation properties

& mm/min
Agn’ *107%, qgy? 1072, g1 -1072, gy, 1072, ATHE, ATHP, Ars, RMSEgy', RMSE( ", RMSErs,
mJ/mm? mj/mm*> mJ/mm’ mJ/mm’ % % % MPa MPa MPa
120 171 172 16.2 21.8 216 213 259 0.24 0.24 0.26
60 15.5 15.6 14.9 19.4 201 194 232 0.18 0.18 0.21
12 13.4 13.8 125 159 159 129 2Ll 0.15 0.16 0.16
12 14.8 161 10.4 13.4 105 201 223 0.23 0.48 0.16
0.12 8.69 9.34 8.85 1.9 267 212 254 0.19 0.17 0.16

3.4 Inverse Finite Element Modeling of Creep and Stress Relaxation

The finite element modeling of creep and stress relaxation processes determined the following param-
eters: third-order Mooney-Rivlin model coefficients (Cy = 7256 MPa, Cy; = 2.538 MPa, C;; = 3.197 MPa)
and first-order Prony series parameters (Relative Modulus = 0.37, Relaxation Time = 380 s). The least squares
method was used to determine fourth-order Prony series parameters for the generalized Maxwell model’s
mechanical characteristics (7; = 43.58 s, e; = 0.0556, 7, = 89.21 s, e, = 0.000386, 13 = 92.95 s, €5 = 0.00371,
74 = 99.31 s, e, = 0.00373). Thus, strain-time and maximum normal stress-time dependencies were con-
structed (Fig. 6) by solving the inverse problem using two approaches: FEA and numerical optimization
methods. The developed models satisfactorily describe the material behavior.

The generalized Maxwell model accurately describes the initial curve segment featuring rapid stress

and strain variations. However, the finite element analysis fails to properly capture these changes, apparently
owing to utilizing first-order Prony series constants (relaxation time and relative modulus) to simulate
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TPUs viscoelastic response, which, as opposed to the GM model formulation with fourth-order Prony
series (comprising 4 relaxation times and 4 relative moduli), results in insufficient amount of Prony series
components to approximate initial rapid changes in creep and stress relaxation curves, as well as due
to inherent discretization limitations when dividing the domain into multiple interacting elements. This
approach may produce simulation errors, particularly in regions with sharp stress gradients or large deforma-
tions, potentially overlooking key material behaviors during initial loading—including elastic deformation
from interatomic adjustments, macromolecular conformational changes, and initial specimen compaction
during test setup. This initial transient discrepancy is acknowledged as a limitation of the current FEA
implementation. However, for practical applications involving the long-term performance of components,
the accurate prediction of the steady-state creep and relaxation phases is of fundamental importance,
which the model successfully achieves. When processes stabilize, the FEA demonstrates improved accuracy
by incorporating multiple influencing factors (geometry, material properties, loading conditions) that
analytical models inherently neglect. Unlike the Maxwell model’s linear assumptions, FEA accommodates
nonlinear material responses and finite specimen dimensions, providing superior steady-state behavior
characterization despite its transient analysis limitations. The computational approach’s capacity to capture
complex interactions offers more physically representative results than simplified analytical solutions.

Creep Stress relaxation

---- FEA 10%
---- FEA20%
---- FEA30%
= — GM model 10%
= — GM model 20%
= = GM model 30%
. |—— Experiment 10%
Experiment 20%
Experiment 30%|

0,6 4 14 4

Strain (mm/mm)
Stress (MPa)

/‘—f -~ FEA 10%
- ---- FEA20%

---- FEA30%

0,1+ - — GM model 10% Experiment 10%,
~ = GM model 20% Experiment 20%
— — GM model 30% Experiment 30%
0,0 T T T T T 1 0 T T T T T 1
0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000
Time (s) Time (s)

Figure 6: Analytical and FE calculated experimental calculated creep (left) and stress relaxation (right) curves

All of the aforementioned models can accurately characterize TPU samples’ behavior only in a small
strain range (0%-15%). At higher strains (20%-30%) linear viscoelastic models provide greater discrepancy
with the experimental creep and stress relaxation data which is also marked by the obtained Prony series
coeflicients distribution, namely, the closely spaced 15, 73, 74 relaxation times with comparatively small
corresponding relative moduli suggest, the model’s behavior is predominantly characterized by first order
response, providing an insufficient capturing of non-linear effects, which necessitates the application of
non-linear viscoelastic theory for a greater accuracy [28].

4 Discussion and Conclusion

Mechanical testing was performed on cylindrical specimens fabricated using additive manufacturing
from commercial thermoplastic polyurethane REC TPU Easy Flex. The testing produced cyclic loading
stress-strain curves, creep curves, and stress relaxation curves, while also characterizing elastic-hysteretic
properties. The curves showed consistent similarity across different stress levels and demonstrated good
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reproducibility in repeated tests, confirming additive manufacturing as a reliable production method
for polyurethane components. The study employed a structural approach to characterize the viscoelastic
properties of commercial TPU specimens under uniaxial compression and prolonged loading at three strain
levels (10%, 20%, and 30%). Experimental compression and creep data yielded parameter sets for Zener,
Burgers, and generalized Maxwell models. The derived equilibrium and instantaneous elastic moduli showed
strong correlation with experimental data obtained at 0.12 mm/min and 120 mm/min strain rates. The
methodology proved effective for describing material behavior under uniaxial compression within a 0%-
15% strain range across various strain rates. The investigated viscoelastic models demonstrated the capability
to qualitatively describe creep and stress relaxation behavior under specific conditions. While none of
the Boltzmann-Volterra-based models captured irreversible microstructural damage accumulation, Burgers
model verification against relaxation curves showed its superior performance in describing creep and stress
relaxation at low strain levels compared to other models. Accuracy decreased at higher strains, likely due to
nonlinear inelastic deformations from atomic rearrangement affecting supramolecular structure dimensions.
Cyclic loading simulations were conducted for two parameter sets, including evaluation of the linear
strain-time dependence hypothesis for experimentally determined stress laws and calculation of specific
mechanical energy dissipation during the first cycle. The models effectively described material behavior
under cyclic loading and elastic-hysteretic properties within a 0%-15% strain range. While Zener and
Burgers model parameters from uniaxial compression showed limited applicability for energy dissipation
calculations, the generalized Maxwell model effectively characterized viscoelastic properties across various
strain rates. Creep-derived parameters provided a more universal assessment of dissipative properties due
to characteristic curve regions used for optimization. Both parameter sets described polyurethane’s elastic-
hysteretic behavior with approximately 20% error, proving more accurate and broadly applicable than the
linear strain-time dependence hypothesis. It should be noted that the problem of determining a unique set
of viscoelastic lumped parameters is, generally speaking, non-trivial in terms of its applicability to other
types of tests. For instance, even accounting for the non-linear dependence of viscosity on stress under creep
conditions and achieving a good fit with those experimental results can lead to significant inaccuracies when
modeling stress relaxation [28]. Finite element analysis and numerical modeling of creep and stress relaxation
processes demonstrated that the generalized Maxwell model effectively describes initial stages with rapid
stress-strain changes, while FEA better analyzes steady-state processes, which is in good correlation with
similar research [35]. Although finite element modeling serves as a powerful tool for analyzing complex
physical processes, it requires careful model construction and results interpretation. The computational
approach provides superior steady-state behavior characterization despite its transient analysis limitations,
offering more physically representative results than simplified analytical solutions. Nevertheless, the use of
models that admit explicit analytical solutions offers the opportunity not only to gain a deeper understanding
of the processes influencing the viscoelastic behavior of materials and specimens but also to trace trends and
interrelationships between parameters. This is particularly challenging in cases where the model parameters
lack a clear physical meaning [36].

This paper introduces a novel hybrid methodology for the precise identification of the lumped
parameters in viscoelastic models over a wide range of strain rates. Comprehensive experimental validation
demonstrates that the methodology accurately captures the behavior of polyurethanes under cyclic com-
pression, creep, and relaxation loading conditions. Furthermore, model verification via the finite element
method confirms its robustness and extends its potential field of application.
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