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ABSTRACT: A novel siphon-based divide-and-conquer (SbDaC) policy is presented in this paper for the synthesis of
Petri net (PN) based liveness-enforcing supervisors (LES) for flexible manufacturing systems (FMS) prone to deadlocks
or livelocks. The proposed method takes an uncontrolled and bounded PN model (UPNM) of the FMS. Firstly, the
reduced PNM (RPNM) is obtained from the UPNM by using PN reduction rules to reduce the computation burden.
Then, the set of strict minimal siphons (SMSs) of the RPNM is computed. Next, the complementary set of SMSs is
computed from the set of SMSs. By the union of these two sets, the superset of SMSs is computed. Finally, the set of
subnets of the RPNM is obtained by applying the PN reduction rules to the superset of SMSs. All these subnets suffer
from deadlocks. These subnets are then ordered from the smallest one to the largest one based on a criterion. To enforce
liveness on these subnets, a set of control places (CPs) is computed starting from the smallest subnet to the largest one.
Once all subnets are live, this process provides the LES, consisting of a set of CPs to be used for the UPNM. The live
controlled PN model (CPNM) is constructed by merging the LES with the UPNM. The SbDaC policy is applicable
to all classes of PNs related to FMS prone to deadlocks or livelocks. Several FMS examples are considered from the
literature to highlight the applicability of the SbDaC policy. In particular, three examples are utilized to emphasize the
importance, applicability and effectiveness of the SbDaC policy to realistic FMS with very large state spaces.
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1 Introduction

Nowadays, due to very fast and ever-changing market demands, automated, flexible and agile manufac-
turing systems are required to answer these demands quickly and efficiently. Deadlocks are an unacceptable
system behavior in flexible manufacturing systems (FMS) and occur due to the improper allocation of
shared resources such as machines, robots, AGVs, conveyors, etc. In a deadlock state, the whole FMS
stops completely, spoiling the use of resources and leading to devastating effects on the operation of these
systems [1]. Therefore, in an FMS, the occurrences of deadlocks are not acceptable. A lot of efforts have been
put into the study of deadlocks and their resolution in FMS. Petri nets (PN) [2] have been widely utilized for
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the study of deadlocks/livelocks, control, and scheduling of FMS [3]. PN based studies to tackle deal with the
deadlock problems in FMSs, can be split into three groups as deadlock avoidance [4-8], deadlock detection
and recovery [9-11], and deadlock prevention [12-16]. Deadlock prevention policies are preferred over the
other methods because the necessary computations are carried out off-line and once. In these methods, to
prevent deadlocks/livelocks from occurring, an uncontrolled Petri net model (UPNM) of an FMS prone
to deadlocks/livelocks is used to compute a liveness-enforcing supervisor (LES) containing a set of control
places (CPs) (also called monitors). CPs contain input arcs, output arcs and initial markings. The controlled
live PNM is constructed by merging the LES with the UPNM. A live PN assures operations without deadlocks
and livelocks [17-21].

Structural analysis and reachability graph (RG) analysis are two common analysis methods for the study
of deadlock problems. Structural analysis is used for the synthesis of LESs by using special PN objects such
as siphons or resource-transitions circuits [12,22-25]. The number of siphons grows exponentially w.r.t. the
size of a PNM. The RG analysis of a PN in the deadlock prevention studies fully reflects the behavior of
an FMS [13,26-29], but requires complete or partial enumeration of the state space [30-34]. In theory, the
size of an RG may grow exponentially w.r.t. the size of the PNM. RG-based liveness enforcing methods may
provide high permissive behavior, optimal or near-optimal solutions, while in general, structural analysis-
based methods provide suboptimal solutions in most cases, because some legal markings cannot be reached.
The liveness-enforcing methods relying on special PN objects are applicable to a certain class of PNs.

To evaluate the computed PN-based LESs, there are three criteria: behavioral permissiveness, structural
complexity, and computational complexity [35]. The behavioral permissiveness is evaluated by the number
of reachable good (legal) markings of the controlled PNM (CPNM). The live CPNM is called to be optimal
(maximally permissive) when it is possible to reach all good markings. However, the live CPNM is called
suboptimal when some legal markings are not reachable within the live CPNM. The structural complexity is
generally evaluated by the number of CPs in an LES. The structural complexity is directly affected by whether
or not a CP contains weighted input/output arcs [36]. Therefore, ordinary CPs, whose input/output arc
weights are all one, are preferred over the generalized CPs, whose some input/output arc weights are greater
than one. Therefore, a low structural complexity provides fewer numbers and a simpler structure of CPs,
which means lower implementation expenses in terms of both hardware and software costs. Computational
complexity is related to the efficiency of a liveness-enforcing control method. Low computational complexity
implies that a control policy can be obtained within a reasonable time, and it can be applied to large-scale
PNMs. Therefore, these three criteria have been followed by the research community around the world as
three lines of research. In this paper, we are mainly concerned with reducing the computational complexity of
computing LESs for large-scale industrial FMSs. In doing so, we also aim to obtain very high permissiveness
and low structural complexity.

Divide-and-conquer (DaC) based approaches [37-39] have been proposed to reduce the computational
complexity for large-scale systems. In the DaC paradigm, to compute an LES for a UPNM suffering from
deadlocks/livelocks, the UPNM is divided into several subnets, which are smaller and easier to handle. When
an LES consisting of a set of CPs is computed by using the subnets, a live CPNM is constructed by merging
the LES with the UPNM. Therefore, the use of the DaC paradigm in the PN-based liveness enforcing in FMS
can be considered as a special direction of research to deal with the computational complexity problem. The
work reported in [37] may be considered as the very first DaC method for PN-based liveness enforcing in
FMS. In [37], a UPNM is divided into an autonomous subnet, an idle subnet, and several small subnets, i.e.,
toparchies. An LES, called toparch, is computed for each toparchy. It was shown that the resulting net, called
monarch, by composing the toparches derived for the toparchies, can serve as an LES for the given UPNM. It
was claimed in [37] that the DaC-based method of [37] computationally outperforms the methods reported
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in [12,13,26,40]. The method proposed in [37] deals only with dividing the UPNM into a set of subnets, and
the method proposed in [12] is used to compute CPs for the toparchies.

A DaC-based deadlock prevention method was proposed in [39], where decomposition techniques are
proposed for deadlock prevention within a class of PNs used to model FMSs. The proposed method first
decomposes a PN into two subnets. Next, for each subnet, LESs are computed. After that, two controlled
subnets are merged, and another LES is also synthesized from the merged net. Then, the live CPNM is
obtained. This policy is based on the RG analysis of the subnets only. There are two drawbacks of this method:
it is applicable to S’PR nets only, and a maximally permissive LES cannot be obtained.

Another DaC method was proposed in [38] for the computation of PN-based LESs for FMSs. A
UPNM of an FMS prone to deadlock/livelock is divided into a set of connected subnets by considering all
combinations of shared resources. The set of connected subnets contains both live and non-live subnets.
Then, subnets with deadlock problems are used to compute an LES to enforce liveness on the UPNM. This
technique makes use of RG analysis of a given UPNM and all its subnets, which is carried out by using
INA [41]. This PN tool is rather slow when enumerating the whole RG. Besides, INA cannot handle large RGs
having a few million states. This fact restricts the application of the method of [38] to realistic FMS with very
large RGs. Another drawback is that this method requires considering all live and non-live subnets, which
may be a very time-consuming task for large PNMs with a lot of shared resources. The proposed policy in
this paper improves the DaC technique of [38] in two ways. The first improvement involves the computation
of subnets utilizing a novel and unprecedented approach. To do this, firstly, strict minimal siphons (SMS) of
the reduced PNM are computed. Then, from these SMSs, the complementary set of SMSs is computed. With
the union of these two sets, supersets of siphons of the reduced PNM are computed. Finally, the set of subnets
of the reduced PNM is obtained by applying the PN reduction rules [40] on the superset of siphons. It is
important to note that all these subnets suffer from deadlocks. The second improvement is related to the use
of the PN tool. In this study, we propose to use TINA [42] as a better alternative, which is much faster than
INA. Thanks to the technique reported in [43] for the computation of RGs, live zones (LZs), and deadlock
zones (DZs) of a UPNM suffering from deadlocks/livelocks using TINA, the policy proposed in this paper
can tackle RGs having more than 100 million states.

A novel siphon-based divide-and-conquer (SbDaC) policy for the computation of LESs for FMSs
suffering from deadlocks or livelocks is proposed in this paper. The SbDaC policy is applicable to all classes
of PNMs used to model FMSs suffering from deadlock/livelock problems currently accessible in the relevant
literature. The SbDaC policy takes a UPNM of an FMS with deadlock/livelock problems as input and provides
an LES consisting of a set of CPs to enforce liveness. Thus, the CPNM constructed by merging the LES with
the UPNM is live. From a behavioral permissiveness perspective, in general, the CPNM provides optimal
or near-optimal behaviour. Since the computed LES contains only ordinary CPs, whose input/output arcs
have the weight of 1, the structural complexity of the computed LES is low. Even though it is necessary to
compute all SMSs and the RGs of a given UPNM and all its subnets, the SbDaC policy is straightforward,
easy to use, and effective. The application of the SbDaC policy for FMS control assures its live operation and
high resource utilization and system throughput. Five examples are considered from the literature to show
the applicability of the SbDaC policy. In the relevant liveness-enforcing literature, PNMs with very large RGs
having more than 100 million states are very rare due to the computational complexity and the demand for
very high computational facilities. Since three of the examples used in this paper have very large RGs, this
fact highlights the importance, efficiency and applicability of the proposed SbDaC policy.

The paper is organized as follows. Section 2 provides 1. a list of important classes of PNs related to

EMS currently available in the literature, 2. some definitions on siphon, complementary set of a siphon and
superset of a siphon, 3. PN reduction rules, 4. explanation of RG of a PNM suftering from deadlocks/livelocks.
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The proposed SbDaC policy is explained in Section 3. Examples used to show the applicability of the SbDaC
policy are provided in the next section. Section 5 presents the conclusions.

2 Basic Concepts

In this paper, the reader is expected to have the basic background information related to PNs [2], and
some well-known techniques such as PN reduction, siphon computation, and control synthesis. This section
serves as a brief reminder of such concepts used in this paper. In this section, firstly, the classes of PNs related
to FMS are highlighted. Then, the concepts related to siphons used in this paper are explained. Next, PN
reduction rules are considered. Finally, the RG of an FMS suffering from deadlock problems is studied to
unveil the philosophy behind the RG-based deadlock prevention strategy.

2.1 Classes of Petri Nets Related to FMS

The SbDaC policy is applicable to all classes of PNs related to FMS used for the deadlock/livelock
studies. Well-known classes of PNs related to FMS include the following nets [44]: PPNs (production
Petri nets), S’PR (systems of simple sequential processes with resources) nets, ES’PR (extended systems of
simple sequential processes with resources) nets, LS’PR (linear systems of simple sequential processes with
resources) nets, ELS’PR nets (an extended LS’PR net), GS’PR (generalized systems of simple sequential
processes with resources) nets, GLS’PR (generalized linear systems of simple sequential processes with
resources) nets, SPGR* (system of simple sequential processes with general resource requirements) nets,
S’PMR (systems of simple sequential processes with multiple resources) nets, WS’PR (weighted system of
simple sequential processes with resources) nets, WS’PSR (weighted system of simple sequential processes
with several resources) nets, S*PR (simple systems of simple sequential processes with resources) nets,
S'R (systems of simple sequential processes with shared resources) nets, S*PR nets, PNR (process nets
with resources) nets, RCN-merged nets (resource control nets-merged nets), ERCN-merged nets (extended
resource control nets-merged nets), ERCNx*-merged (well-behaved extended resource control nets-merged)
nets, G-Systems, Augmented marked graph (AMG) nets, AEMG (augmented extended marked graph) nets,
HMG (hierarchical marked graph) nets, HAMG (hierarchical augmented marked graph) nets.

2.2 Siphon, Complementary Set of a Siphon and Superset of a Siphon

P-vector I is called a place invariant (P-invariant) iff I # 0 and I"[N] = 0" hold. P-invariant I is a
P-semiflow, if its every entry is non-negative. The set ||I|| = {p € P | I[p] # 0} is the support of a vector I. A
siphon is a non-empty subset of places S, i.e.,, S € P is a siphon iff 'S € §’. A trap is a non-empty subset of
places S, i.e., SC Pisatrap iff ' €°S. A siphon (trap) is minimal iff there is no siphon (trap) contained in it
as a proper subset [12]. A siphon is said to be a strict minimal siphon (SMS) iff it is minimal and does not
contain a marked trap. A siphon refers to a strict minimal siphon (SMS) in this paper unless otherwise stated.
are very important structural objects that are adopted in deadlock prevention/liveness-enforcing policies for
both generalized and ordinary PNMs of FMSs.

For the example S*PR given in Fig. | [45], we have the set of activity places P4 = {p2, p3, p4, p6, p7
p8, p9, p10}, the set of idle (sink/source) places P° = {pl, p5}, the set of resource places Pr = {pll, pl2, p13,
pl4, p15}.

Let S be the set of siphons. For the S’PR given in Fig. 1, there are three siphons S = {S;, S, S3}. §; =
{p3, pl0, pl4, p15}, S; = {p4, p9, p13, pl4}, S; = {p4, pl0, p13, pl4, p15}. These siphons are depicted in Fig. 2.
S = {2, t3, 110, t11}, §;° = {t1, t2, t3, 19, t10, t11}: *S; € §;°. ", = {13, t4, 19, t10}, S," = {t2, t3, t4, t8, t9, t10}:
*$ €8S = {12, 13, t4, 19, t10, t11}, S3° = {t1, t2, 3, t4, t8, t9, t10, t11}: *S; € S5°.
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Figure 1: An S’PR net from [45]
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Figure 2: Three SMSs S = {5}, S5, S3} of the S’PR net shown in Fig. 1. (a) S; = {p3, p10, pl4, p15}; (b) S, = {p4, p9, p13,
pld}; (¢) S5 = {p4, pl0, p13, pl4, p15}

Let S € S be an SMS in a Petri net N, where S = S4 U Sg, Sg = Sn Pgr = S\S4, and Sy = S N P4 = S\Sg.
For example, for S; = {p3, pl0, pl4, p15} we have S;g = S; N Pr = §;\S4 = {pl4, p15}, Sj4 =S N Py = §\S =
{p3, p10}; for S, = {p4, p9, p13, pl4} we have Sz = S, N Pr = $\S4 = {p13, pl4}, S4 =S, N Py = $\Sr = {p4,
p9}; for S3 = {p4, pl0, p13, pl4, p15} we have S3g = S3 N Pr = $3\S4 = {p13, pl4, p15}, S34 = S3 N Py = $3\Sr =
{p4, p10}.

For r € Pg, H(r) = **r N Py, the activity (operation) places that use r is called the set of holders of r. For
a set of resources Pg = {11, 2, ..., 'm }» the set of activity (operation) places whose operations require these
resources is denoted by H(r,) U H(r,) U ... U H(ry) [4]. For example, for the S’PR given in Fig. 1, as we
have Pr = {pll, p12, p13, pl4, p15}, the set of holders of r € Py are as follows H(pll) = {p6}, H(p12) = {p7},
H(p13) = {p4, p8}, H(pl4) = {p3, p9}, H(p15) = {p2, p10}. This means that place p6 uses pll, place p7 uses
p12, places p4 and p8 use p13, places p3 and p9 use pl4, places p2 and pl0 use p15.
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[S] = Uyes, H(r)\S is called the complementary set of siphon S. For example, for the three siphons S =
{81, S, S3}: 81 = {p3, pl0, pl4, p15}, S, = {p4, p9, p13, pl4}, S; = {p4, pl0, p13, pl4, p15} of the S°PR shown
in Fig. 2, the corresponding complementary sets [S] = {[S], [S:], [S;]} are

851 = {p2, p3, p8, p9}

The complementary sets of siphons [S;], [S;], and [S;] are depicted in Fig. 3. VS € S, S=SulS]is
defined as the superset of a siphon S. In an ordinary PN, the sum of tokens that exist in a siphon S and the
complementary set [S] of S is constant. This means that when a siphon S loses a token, the complementary
set [S] of S gains a token and vice versa [12]. Thus, S = S U [S] forms the support of a minimal P-invariant.
When all tokens that exist in a siphon S flow into the complementary set [S] of S, S will be empty [12]. For
the example S*PR shown in Fig. 1, the superset of SMSs S, S = {3\1, S5, §;} ={S U [S], S U[S] S uUlS]}
is computed as follows: §; = §; U [8;] = {p3, pl0, pl4, p15} U {p2, p9} = {p2, p3, p9 plO0, pl4, p15}. S, = S,
U [S:] = {p4, p9, p13, pl4} U {p3, p8} = {p3, p4, p8, p9, p13, pl4}. S3 = S3 U [S3] = {p4, pl0, p13, pl4, p15} U
{p2, p3, p8, p9} = {p2, 3, p4, p8, p9, P10, pl3, pl4, p15}. The supersets of SMSs, S;, S,, and S are depicted
in Fig. 4. Although the concepts considered in the previous paragraphs on siphons, the complementary set of
a siphon, the set of holders of  and the superset of a siphon S are explained using an S’PR net example, they
are also applicable to other classes of PNs related to FMS used for the deadlock/livelock studies currently
available in the literature.

2.3 PN Reduction Rules

The LES synthesis approach proposed in this paper makes use of RGs of a given PNM of an FMS
suffering from deadlocks/livelocks. To reduce the computation burden, it is important to use the PN
reduction approach for PNs with large RGs as explained in [40]. A set of reduction rules include the
elimination of self-loop transitions or places, the fusion of parallel transitions or places, fusion of series
transitions or places. The PN reduction rules are used to obtain the properties of a complex PNM, while
the concerned properties, i.e., boundedness, reversibility and liveness, are preserved. When an LES is
computed by using the reduced PN, it can then be used for the original PNM to enforce liveness. In this
paper, PN reduction rules are not only used to obtain the reduced PNM of a given UPNM suffering from
deadlock/livelock problems, but also used to obtain reduced subnets of the uncontrolled net model. For
example, Fig. 5 depicts the reduced S’PR net obtained by using the PN reduction rules. The RG of the PR
net has 380 markings while its reduced net has only 27 markings.
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2.4 Deadlock/Livelock Studies Based on Reachability Graph (RG) of PNs

In [40], the reachability graph (RG) of an FMS with deadlock problems is divided into a deadlock zone
(DZ) and a live zone (LZ). The DZ contains deadlocks, first-met bad markings (FBMs), and bad markings
(BMs). An FBM is a marking within the DZ and it represents the first entry from the LZ to the DZ. FBMs and
BMs inevitably lead to deadlocks. Deadlocks, FBMs and BMs are all considered to be illegal markings. The
LZ consists of all legal markings, from where the initial marking M, can be reached. At a deadlock marking
no transition can fire. Therefore, it has no successor, which means that this is a dead situation in a system.
At a BM, there are firable transitions, i.e., it has successor markings, but the initial marking M, cannot be
reached from a BM. An FBM is a marking whose ancestor marking is in the LZ, but it is in the DZ. A good
marking (GM) can reach M), and its successors can also reach it. A dangerous marking (DM) can reach M,
but at least one of its successors cannot reach M. Both good and dangerous markings in the RG must be
kept in the controlled system for the sake of optimal control purposes. Therefore, they are considered legal
markings. In an RG, when all FBMs are made unreachable by control places (CPs), the system can never go
into the DZ from the LZ. In this case, the controlled system runs solely in the LZ, and it is live [46]. Detailed
explanations of the deadlock/livelock studies based on RG of PNs are available in [43].

3 A Siphon-Based Divide-and-Conquer (SbDaC) Synthesis Policy for Liveness-Enforcing in FMS

In this section, a novel siphon-based divide-and-conquer (SbDaC) synthesis policy is presented for
the computation of LESs consisting of CPs with ordinary arcs for classes of PNs related to FMS suffering
from deadlocks or livelocks. Algorithm 1 shows the proposed SbDaC synthesis policy. It is assumed that an
uncontrolled bounded PNM (UPNM) of an FMS prone to deadlocks or livelocks is given as input. The PN
reduction approach is used to reduce large PNMs to carry out required computations easily, as described
in a previous section. The reduced PNM (RPNM) is obtained from the given UPNM (N, M). If the RG of
the UPNM is not very large, then the original UPNM can also be used. Given a UPNM of an FMS with
deadlock/livelock problems, the aim is to compute an LES consisting of a set of CPs for the UPNM. To
compute the LES for an FMS, the RPNM of the system is split into a set of subnets Sy = {Sin, Sans -+ > San }
by using SMSs S = {S;, S, ..., Su} of the RPNM. SMSs are computed by using INA [41]. To obtain a set
of subnets Sy = {Sin> Sans - - - Sun }» firstly, the set of SMSs S = {S;, S5, - .., Sy} of the RPNM is computed.
Secondly, the complementary set of siphons [S] = {[S1], [S;], ..., [Sa]} is computed. Next, the superset of
SMSs S, § = {:9\1, Syt 5:1} ={SU[S], % U[S], ..., Sy U[Sy]} is computed. These three steps are explained
in detail in the previous sections. Finally, the subnets Sy = {Sin, S2ns - - - San | are obtained from the superset
of SMSs S by using the PN reduction approach. Then, the RGs of all subnets Sy = {Sin, Sons - -+ San} are
computed, and the numbers of states in the RGs, LZs and DZs of all subnets are defined. These two sets of
computations are carried out by using TINA [42] with the guidance of the method explained in [43]. It is
important to note that all subnets Sy = {Sin, San - - -» San | suffer from deadlocks. Therefore, it is necessary
to consider each subnet starting from the smallest one to the largest one to make it live by computing CPs.
Some CPs computed for smaller subnets may be used in the larger subnets.

Algorithm 1: Siphon-based computation of PN-based LES for FMSs

Input: The UPNM (N, M,) of an FMS suffering from deadlocks or livelocks.

Output: A live CPNM (N,, M,), consisting of (N, My) and the set of CPs y = {C;, C,, ..., Cy}.
(1) Define the set of CPs to be computed as .

Initialize y: = {}.

(2) Obtain the reduced PNM (RPNM) from (N, M,) by using the PN reduction rules [40].
(3) Compute the strict minimal siphons (SMS) S = {S;, S, ..., Sy} of the RPNM.

(Continued)
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Algorithm 1 (continued)

(4) Compute the complementary set of siphons [S] = {[Si], [S], ... [Sa]l} for S={S1, S, ..., Su}-
(5) Compute the superset of SMSs S, S= {§1, Sy §;} ={S U [S], S U[S], ... S U [Sal}-
(6) Obtain the subnets Sy = {Sin> v - -+ San} from the superset of SMSs S by using the PN
reduction rules.
(7) Compute the RGs of all subnets Sy = {Sin, Sons - - - Sun} and define the number of states in the
RGs, LZs and DZs of all subnets.
(8) Define the set of activity places of each subnet Sy = {Sin, SN - -+ San} and the maximum number of
activity places within the subnets.
(9) for (i=1i<I;i=i+)/*I isthe maximum number of activity places within the subnets; i is the
index value representing the number of activity places in a subnet.*/
{
Compute the set of subnets with i number activity places, i.e., Sx;, and the total number of subnets in
the set Sy, i.e., J.
}
(10) for (i=1;i<I;i=i++)/*1is the maximum number of activity places within the subnets; i is the
index value representing the number activity places in a subnet.*/
{
If Sxi = @, then i =i + 1and goto Step 10.
Else
for (j=1;j <J; j = j ++)/*] is the total number of subnets in the set Sy;; j is the index value showing
the current subnet in the set Sy;.*/
{
(10.1) If y:# @, and if the set of marked activity places of a PI of any previously computed CP from
the set y is a subset of Sy; j, i.e., [PI]map S [Snijlaps
Then Obtain the partially controlled Sy; ;, i.e., pCSni,j» by merging all previously computed CPs, whose
[PI]map € [SNi,j]ap’ with SNi,j;
Compute the RG;; of pCSy;,j,
If pCSN,',]' is live,
Then Consider the next Sy;,j, i.e., Sni,j+ 1): goto Step 10.1
Else Define the LZ;; and the DZ;; of the RG;;
Else Use the RG;; together with its LZ;; and DZ;; found in Step 7
(10.2) Define a PI for each BM within the DZ, ;, from the subset of the marked activity places of
the BM;
(10.3) Compute a CP C, for each PI using the simplified invariant-based control technique
(10.4) Obtain the live controlled subnet CSy;,; by merging all computed CPs for Sy; j, with
pCSni,; (respectively, Syi ;)
(10.5) If the live controlled subnet CSy;,; includes more than one CP C,
Then conduct the redundancy test to define the set of necessary CPs for CSy;,j,
(10.6) Add computed CPs in the set .

}
}

(11) Carry out the redundancy test [48] for all computed CPs by using the RPNM to find the necessary
CPs V= {Cl, Cz, e Cm}

(Continued)
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Algorithm 1 (continued)

(12) Obtain the live CPNM (N,, M,) by merging the necessary CPs y = {C;, G,, ..., C,,} with the UPNM
(N’ MO)
(13) Exit

The next step involves the ordering of subnets Sy = {Sin, SN - - - San} from the smallest one to the
largest one based on the number of activity places of each subnet. This process provides new sets of subnets
as follows: Sy, the set of subnets with 1 activity place, Sx», the set of subnets with 2 activity places, Sy,
the set of subnets with 3 activity places, ..., up to the set of subnets with the maximum number of activity
places. CPs are computed starting from the smallest nonempty set of subnets to make them live. The RG
of each subnet is taken into account with its DZ and LZ. Markings of the DZ (deadlocks, FBMs, BMs) are
treated as BMs. They are made unreachable by using the simplified invariant-based control method [40]. In
the computations, only the marked activity places of a BM are utilized. To stop the activity places of the BM
from being marked, the activity places of the BM are characterized as a place invariant (PI). Therefore, the
sum of tokens within the activity places of the PI must be one token fewer than its current value within the
BM. A PI is realized by a CP. In this study, the simplified version [40] of the method proposed in [47], is
utilized to synthesize a CP from a PI. Computed CPs are included within the set of CPs .

The computation of CPs is carried out with larger subnets. If the set of marked activity places of a PI of
any previously computed CP from the set  is a subset of the considered subnet Sy ;, i.e., [PI]map S [Sni,jlaps
then the partially controlled subnet Sy; j, called pCSy; j, is obtained by merging all previously computed CPs
whose [Pl]nap S [Snijlap> With Sy ;. If the partially controlled Sy j, i.e., pCSyi,;, is live, then the next subnet
is considered. If it is not live, then a new set of CPs is also synthesized for the considered subnet Sy; ;. This
process continues until all subnets are live. Finally, all computed CPs are included within the set y. Next, the
redundancy test [48] is conducted for all computed CPs by using the RPNM to find the set of necessary CPs
v ={C, G, ..., Cy}. Finally, the live CPNM (N, M,) is constructed by merging the necessary CPs y = {C;,
G, ..., Cy } with the PNM (N, M,).

The set of necessary CPs v = {C;, G, ... ., C, } is structurally simple because CPs consist of only ordinary
input/output arcs, i.e., the weight of all arcs within the set of necessary CPs y = {C;, G, ..., Cp, } is 1. This is
because in the synthesis of CPs, each coeflicient [; [47] is set to one. On the contrary, when a CP is merged
with the UPNM to forbid a selected BM, this process may lead to loss of some legal markings, as indicated
in [27]. This is because in some FMS deadlock/livelock prevention problems, some legal markings could not
be reachable when disabling the illegal ones with the added CPs. From the behavioral permissiveness point of
view, except for some generalized PNMs with a lot of highly shared resources, the behavioral permissiveness
of the obtained controlled models provides an optimal or near-optimal solution.

[PI]imap is called the set of marked activity places of a BM in a DZ. For instance, let us assume, a deadlock
is reached when both marked activity places p3 and p8 contain two tokens, i.e., pu3 = 2 and pg = 2. Then, the
PI used to prevent the reachability of this deadlock marking is defined as 3 + pg < 3. Therefore, the set of
marked activity places of this P is [PI]y.p = {p3, p8}.

[Si,jlap is called the set of activity places of a subnet Sy; ;. Recall that i is the number of activity places
in a subnet and j is the current subnet in the set Sy;. For example, [Sn4,1]ap = {P3, p4, p5, p8} means that the
first subnet within the set of subnets with four activity places contains the activity places p3, p4, p5 and p8.

The proposed SbDaC policy requires both the complete enumeration of siphons (SMSs) of a given
UPNM and the generation of RGs of the given UPNM, the reduced PNM and the subnets. It utilizes well-
known techniques such as the siphon computation of the reduced PN, by using INA [41], PN reduction
rules [40], the RG computation of the subnets and the reduced PN, by using TINA [42], the computation
of the number of states of within the LZ and the DZ, the computation of the markings of all states in the
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DZ of the subnets and the reduced PN by using TINA as explained in [43], the redundancy test [48] for the
computed CPs, the liveness analysis of the CPNM (N,, M,) by using TINA. In addition, BMs of a DZ are
defined as PIs, and they are implemented by CPs using the simplified version [40] of the method in [47].
Some of these individual components have been extensively studied and implemented in the popular Petri
net tools currently available in the literature. Therefore, further studies may be conducted to reveal the
performance comparison between the ones utilized in this paper and the currently available Petri net tools
such as Charlie [49,50].

In this study, the RG analysis and computations of both the LZs and the DZs, and the computations
of siphons are conducted by using a computer with an Intel(R) Core i5-6200U 2.3 GHz CPU using 12 GB
of RAM, running Windows 10 operating system. In addition, the RG analysis and computations of both the
LZs and the DZs of the three realistic examples having a very large number of states in their RGs are carried
out by another computer with an AMD Ryzen 7 7800X3D 8-Core Processor 4.2 GHz CPU using 128 GB of
RAM, running Windows 10 operating system. Conducted experimental studies show that the SbDaC policy
is applicable to large-scale FMS-oriented PNM:s.

4 Examples

In this section, an illustrative S’PMR net and three realistic example nets, namely two S*PR nets and an
S’PGR? net, which belong to different FMS-oriented classes, PNs are considered from the literature to show
the applicability of the SbDaC policy. Especially, the three realistic examples contain very large RGs.

4.1 Illustrative Example—S’ PMR Net

Fig. 6 depicts an S’PMR net of an FMS. Originally, this net model was firstly introduced in [51].
Compared with the original S’PMR net, the one considered here, shown in Fig. 6, has two additional arcs,
namely Pre(t9, p26) and Post(p26, t8), to make place p9 bounded. This S’PMR net suffers from deadlocks and
consists of 26 places, P = {pl-p26} and 20 transitions, T = {t1-t20}. In this UPNM, we have Py = {p20-p26},
P4 = {p2, p3, p4, p6-pl3, p15, pl6-p19}, and P’ = {pl, p5, pl4}.
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Figure 6: S’PMR net of an FMS from [51] with added two arcs prone to deadlocks
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Input: The S’PMR net (UPNM) (N, My) of an FMS suffering from deadlocks depicted in Fig. 6. The RG
of the S’PMR net has 4691 markings and 17,196 transitions. The LZ and the DZ have 3581 and 1110 states,
respectively. Optimally controlled live PNM must reach 3581 good markings.

Step 1. The set of CPs is defined as y. y: = { }.

Step 2. The reduced S’PMR net is depicted in Fig. 7. The RG of the reduced S’PMR net contains 1692
markings and 5964 transitions. The LZ and the DZ have 1110 and 582 states, respectively.
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t3 26 (] 1203 [ Jt17
p22
P9 p12 B2) p16
A

o L] ] [t16
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] t15

Figure 7: Reduced S’PMR net

Note that for brevity in steps 3, 4, and 5, place names are provided without the prefix “p”.

Step 3. By using INA, twenty-four SMSs S = {8}, S, .. ., S24} are computed as follows: S; = {20, 21, 22,
23,24, 26}, S, = {17,18, 21, 22, 23, 24, 26}, S; = {10, 11, 20, 21, 23, 24, 26}, S, = {10, 11, 17, 18, 21, 23, 24, 26},
Ss = {9,12, 20, 21, 22, 24, 26}, S5 = {9, 12, 17,18, 21, 22, 24,26}, S, = {9, 10, 11, 20, 21, 24, 26}, S = {9, 10, 11, 17,
18,21, 24, 26}, S = {16, 23, 24, 26}, Sip = {9, 16, 24, 26}, S11 = {7, 8, 20, 21,22, 23}, S, = {7, 8,12, 20, 21, 22},
Si3 = {7, 8,17,18, 21, 22, 23}, Si4= {7, 8,12,17,18, 21, 22}, S5 = {7, 8,10, 11, 20, 21}, Si6 = {3, 20, 21, 22, 23, 26},
S17 = {3, 17,18, 21, 22, 23, 26}, Sig = {16, 22, 23}, S0 = {2, 8, 20, 21, 22, 23, 24}, S0 = {2, 8,12, 20, 21, 22, 24},
S1 = {2, 8,17, 18, 21, 22, 23, 24}, S = {2, 8,12,17,18, 21, 22, 24}, Sy3 = {2, 8, 10, 11, 20, 21, 24}, So4 = {2, 8, 10,
11, 17,18, 21, 24}.

Step 4. The twenty-four complementary set of siphons [S] = {[S;], [S;], ..., [S:4]} are computed as
follows: [S1] = {2,3,6,7,8,9,10,12,15,16,17}, [S,] = {2, 3,7, 8, 9,10, 12,15,16}, [S3] = {2,3,6,7,8, 9,15, 16,
17}, [S4] = {2, 3,7,8,915, 16}, [S5] = {2, 3,6,78,10,16, 17}, [Se] = {2, 3,7 8,10, 16}, [S;] = {2, 3,6,7 8,16,
17}, [Ss] = {2, 3,7, 8,16}, [Se] = {2, 3, 8,9, 15}, [Sio] = {2, 3, 8}, [S11] = {6, 10,12, 15,16, 17}, [S12] = {6, 10, 16,
17}, [S13] = {10, 12,15, 16}, [S14] = {10, 16}, [S15] = {6,17}, [Si6] = {6, 7, 8, 9,10, 12,15,16,17}, [S17] = {7% 8,9,
10, 12,15, 16}, [Si5] = {12, 15}, [S10] = {6, 7, 10,12, 15,16, 17}, [S5o] = {6, 7, 10,16, 17}, [S>1] = {7 10, 12, 15,16},
[S52] = {7, 10, 16}, [Sy3] = {6, 7,16, 17}, [Sp4] = {7, 16}.

Step 5. The supersets of SMSs S, S= {51, Sy §;4} ={SUl$], % U[S], ... 4 U[S]} are computed
as follows: §; = S, U [81] = {20, 21, 22, 23,24, 26} U {2,3,6,7,8,9,10,12, 15, 16,17} = {2,3,6,7 8,9, 10, 12, 15,
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16,17, 20, 21, 22,23, 24,26}. S, = S, U [S,] = {17,18, 21, 22,23, 24,26} U {2,3,7,8,9,10,12,15,16} = {2,3,7,8,
9,10,12, 15,16, 17, 18, 21, 22, 23, 24, 26}. 83 = S3 U [S5] = {10, 11, 20, 21, 23, 24, 26} U {2, 3, 6,7, 8, 9, 15,16, 17}
={2,3,6,7,8,9,10, 11,15, 16, 17, 20, 21, 23, 24, 26 }. §; = S, U [S,] = {10, 11,17, 18, 21, 23, 24, 26} U {2, 3,7, 8,
9,15,16} = {2,3,7%38,9,10, 11,15, 16,17, 18, 21, 23, 24, 26 }. S5 = S5 U [S5] = {9, 12, 20, 21, 22, 24, 26} U {2, 3, 6,
7,8,10,16,17} = {2,3,6,7,8, 9,10, 12, 16, 17, 20, 21, 22, 24, 26 }. S5 = S5 U [Ss] = {9, 12,17, 18, 21, 22, 24, 26} U
{2,3,7,8,10,16} = {2,3,7,8,9,10,12,16,17,18, 21, 22,24, 26}. S, = S, U [S;] = {9, 10, 11, 20, 21, 24, 26} U {2,
3,6,7,8,16,17} = {2, 3, 6,7 8,9,10, 11,16, 17, 20, 21, 24, 26 }. S5 = Sg U [Ss] = {9, 10, 11,17, 18, 21, 24, 26} U {2,
3,7,8,16} = {2,3,7,8,9,10,11,16,17, 18, 21, 24, 26 }. S5 = Sy U [Sy] = {16, 23,24, 26} U {2, 3, 8,9,15} = {2, 3,
8,9,15,16, 23, 24,26}. Sio = Sio U [S10] = {9, 16, 24,26} U {2,3,8} = {2,3,8,9,16, 24,26}. S;1 = S, U [S11] =
{7,8,20,21,22,23} U {6,10,12, 15,16, 17} = {6, 7, 8,10, 12, 15, 16, 17, 20, 21, 22, 23}. Si2 = S U [S12] = {7, 8,
12,20, 21, 22} U {6, 10, 16,17} = {6, 7 8,10, 12,16, 17, 20, 21, 22}. 813 = S13 U [Si3] = {7, 8,17, 18, 21, 22, 23} U
{10,12,15,16} = {7,8,10,12,15,16,17,18, 21, 22, 23}. Sy = S14 U [S14] = {7, 8,12,17,18, 21, 22} U {10,16} = {7,
8,10,12,16,17,18, 21,22}. S5 = Si5 U [S5] = {7 8,10, 11, 20, 21} U {6,17} = {6, 7 8,10, 11, 17, 20, 21}. S;¢ = Sy
U [Si6] = {3,20,21,22,23,26} U {6,7,8,9,10,12,15,16,17} = {3, 6,7 8,9, 10, 12, 15, 16, 17, 20, 21, 22, 23, 26 }..
Sy =S17 U [Si7] = {3,17,18, 21,22, 23,26} U {7, 8,9,10,12,15,16} = {3,7,8, 9, 10, 12, 15, 16, 17, 18, 21, 22, 23,
26}. S5 = S15 U [Sis] = {16, 22,23} U {12,15} = {12,15,16, 22,23}. Sp = S10 U [So] = {2, 8, 20, 21, 22, 23, 24}
U {6,7,10,12,15,16,17} = {2, 6,7 8,10, 12, 15,16, 17, 20, 21, 22, 23, 24}. S50 = S0 U [S50] = {2, 8, 12, 20, 21, 22,
24} U {6,7,10,16,17} = {2, 6,7, 8,10, 12, 16, 17, 20, 21, 22, 24}. 5,1 = Sp; U [Sy1] = {2, 8,17, 18, 21, 22, 23, 24}
U {7,10,12,15,16} = {2,7, 8,10, 12, 15, 16, 17, 18, 21, 22, 23, 24}. S5, = Sp, U [S5,] = {2, 8, 12,17, 18, 21, 22, 24}
U {7,10,16} = {2,7,8,10,12,16, 17,18, 21, 22, 24}. 553 = Sy3 U [Sy3] = {2, 8,10, 11, 20, 21, 24} U {6, 7,16, 17} =
{2,6,7,8,10, 11,16, 17, 20, 21, 24}. S35 = Sp4 U [S4] = {2, 8,10, 11,17, 18, 21, 24} U {7, 16} = {2,7, 8,10, 11, 16,
17,18, 21, 24}

Step 6. The subnets Sy = {Sin, Sans - - - S2an | depicted in Fig. 8 are obtained from the superset of SMSs
S, S={S1, S, ..., S24} by using the PN reduction rules.

Figure 8: (Continued)
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Step 7. The RGs of all subnets Sy = {Sin, Sons -

Figure 8: The subnets Sy = {Sin, Sans - -
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..» S24n } are computed, and the numbers of states in the

RGs, LZs and DZs of all subnets are defined. The number of markings in the RG, DZ and LZ of the subnets

Sn = {Sin> Sons - -

.» S2an } are depicted in Table 1.

Table 1: The number of states (# S) in the RG, LZ and DZ of the subnets S;x, Sons - - - Soan
#S S S S S Sv S S Sav S S Sinv Siw
RG 1188 486 360 126 78 30 60 21 54 9 102 18
LZ 790 352 233 92 54 23 38 15 44 7 75 13
Dz 398 134 127 34 24 7 22 6 10 2 27 5
# S SI3N SI4N SISN SISN SI7N SISN SI9N SZON S21N SZZN SZ3N SZ4N
RG 36 6 4 522 216 9 114 16 45 6 12 4
LZ 30 5 3 414 188 8 80 12 35 5 8 3
Dz 6 1 1 108 28 1 34 4 10 1 4 1

Step 8. The set of activity places of each subnet Sy = {Sin, S

.o SN} is defined as depicted

in Table 2. For instance, the set of activity places of subnets S;4x, S13x, and Sey are as follows [Sy4nJap = {p10,
p16}, [Sisnlap = {P10, p12, p15, p16}, [Sexlap = {P2, P3, P7 P8, p10, pl16}, with |[Sianlap| = 2, |[Sianlap| = 4,
|[Senlap| = 6. The maximum number of activity places within the subnets is I = |[Six]ap| = 11, since [Six]ap =

{p2, p3, p6, p% P8, p9 p10, p12, p15, p16, p17}.

Table 2: Subnets with their activity places (AP) and the total number of APs

Sy Activity Places (AP) of subnets # AP
p2 p3 po6 p7 p8 P9 p10 pl12 p15 plé p17
S1an 1 1 2
Sisn 1 1 2
Sisn 1 1 2
SN 1 1 2
Sion 1 1 1 3

(Continued)
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Table 2 (continued)

Sy Activity Places (AP) of subnets # AP
p2 p3 po p7 P8 P9 p10 p12 p15 pl6 p17
SyoN 1 1 1 3
SN 1 1 1 1 4
Si3N 1 1 1 1 4
Sysn 1 1 1 1 4
Sen 1 1 1 1 1 5
Son 1 1 1 1 1 5
SyoN 1 1 1 1 5
Sy 1 1 1 1 5
Sen 1 1 1 1 1 1 6
SiIN 1 1 1 1 1 6
Sin 1 1 1 1 1 1 7
Sin 1 1 1 1 1 1 1 7
SN 1 1 1 1 1 1 1 7
S1oN 1 1 1 1 1 1 1 7
Ssn 1 1 1 1 1 1 1 1 8
Sin 1 1 1 1 1 1 1 1 1 9
Sin 1 1 1 1 1 1 1 1 1 9
SieN 1 1 1 1 1 1 1 1 1 9
Sin 1 1 1 1 1 1 1 1 1 1 1 11

Step9.for (i=Li<(I=11);i=1i++)

{

The set of subnets (Sys) with 1 activity place (AP), Sx1 = {},J = |Sxi1| = 0.
i=2

The set of Sys with 2 APs, Sy, = {S14n5 S158 Sians S2an |- J = [Sna| = 4.
i=3

The set of Sys with 3 APs, Sy = {S1on> S2an }s T = [Sns| = 2.

i=4

The set of Sys with 4 APs, Sxg = {S12n, S13ns S2an > J = [Snal = 3.

i=5

The set of Sys with 5 APs, Sys = {Ssn» Sons Saons 218 ) T = |Snis| = 4.
i=6

The set of Sys with 6 APs, Sxs = {Sen> S11n > J = |Sns| = 2.

i=7

The set of Sys with 7 APs, Sy7 = {Ssn» Sy S17n S1on ) T = |Sn7| = 4.
i=8

The set OfSNS with 8 APS, SNg = {SSN}’ ] = |SN8| =1
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i=9

The set of Sys with 9 APs, Sxo = {Sans Ssns Sien }» J = |Sno| = 3.
i=10

The set of Sys with 10 APs, Sxi10 = {},J = |Sni10| = 0.

i=11

The set of Sys with 11 APs, Sy11 = {Sin}» J = [Sn11| = L.

}

Step10.for (i=1Li<(I=1);i=1i++)

Table 3 provides a summary of Step 10 applied for the S’PMR net. For subnets S;4x, Si5n SisnNs> S24ns
and S;on, the RGs RGg14n, RGsisn, RGsign, RGsasn, and RGgjon indicated in Table 1 are used respectively
for the synthesis of CPs C1, C2, C3, C4, C5 and C6. For subnet S, the RGg14n consists of six states, with
five good states in the LZ and BM; in the DZ. The BM; is obtained as follows: BM; = p10 + 2pl6. To stop
BM, from being reached PI; = ;o + 16 < 2 is established with [P ] = {p10, p16}. The CP Clis computed
to enforce PI;. Likewise, for subnets Sisn, Sisn, San, and Sion, BMs BM, = p6 + pl7, BM5 = 2pl2 + 2pl5,
BM, = p7 + pl6, BMs = p2 + 2p3, and BMg = 2p3 + p8 are obtained. Place invariants PI, = yug + w7 <1, Pl
=2 + s <3, Pl = 7 + e <1, PIs = iy + 3 <2, Plg = p3 + pg < 2 are established with [PL]yap = {p6,
P17}, [Pl3]map = {P12, p15}, [Plilmap = {P7% P16}, [PIs]map = {P2, p3}, [PlsImap = {p3, p8}, and finally CPs C2,
C3, C4, C5 and C6 are computed. It is verified that the controlled subnet S 4, (respectively, S;sn, Sisny S2ans
S10n) constructed by merging the CP C1 (C2, C3, C4, C5 and C6) with the uncontrolled S;4x (respectively,
S15N> S1sns 24N> Sion) is live with 5 (respectively, 3, 8, 3, 7) good states. When i = 3, j = 2, we have y = {Cl,
C2, C3,C4, C5,C6}. Since [Sronap = {p7 p10, p16} we have [Pl Jmap € [Saon]ap and [PLy]map € [S22n]ap- Thus,
pCS,2n is constructed by merging C1 and C4 with S;,5. The RG of the pCS,,n contains 5 good states in the
LZs35n and no states in the DZs;;n. Therefore, there is no CP to compute. When i = 4, j = 1, since [S;an]ap
= {p6, pl0, pl6, p17} we have [PI;]map S [Sianlap and [Ph]map S [Sianlap. Thus, pCS;ox is constructed by
merging Cl and C2 with S;,n. The RG of the pCS;,x has 13 good markings in the LZg;,x and no states in the
DZs1,n. As a result, there is no CP to compute.

Table 3: The summary of Step 10 applied for the SPMR net

i,j Subnet Included CP # S in net Computed CP  #8S in live controlled net
RG L1Z DZ RG UR*
2,1 Sun - 6 5 1 Cl1 5 0
2,2 Sisn - 4 3 1 C2 3 0
2,3 Sign - 9 8 1 C3 8 0
2,4 Sun - 4 3 1 C4 3 0
3,1  Sion - 9 7 2 C5,C6 7 0
3,2 Sy Cl, C4 5 5 0 - 5 0
4,1 SN C1, C2 13 13 0 - 13 0
4,2  Si3n CL C3 31 30 1 Cc7 30 0
4,3  Spn C2,C4 8 8 0 - 8 0
51 Sen C4, C5,C6 5 15 0 - 15 0
52 Son C5, C6 48 44 4 C8, C9 44 0
53 Syon Cl, C2, C4 2 12 0 - 12 0

(Continued)
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Table 3 (continued)

i,j Subnet Included CP #Sin net Computed CP  # S in live controlled net
RG L1Z DZ RG UR*
54 S~ Cl, C3,C4,C7 35 35 0 - 35 0
6,1  Sen Cl1, C4,C5,C6 2323 0 - 23 0
6,2  Sun C1, C2,C3,C7 75 75 0 - 75 0
71 SN C4,C5C6,C8,C9 93 92 1 Cl10 92 0
72 SN C2,C4,C5,Cé6 38 38 0 - 38 0
7.3  Syn  CL,C3,C4,C7,ClI0 145 143 2 Cll 143 0
74  Spon CLC2,C3,C4,C7 82 80 2 C12, C13 80 0
8,1 Ssn C1,C2,C4,C5,C6 54 54 0 - 54 0
91 Sn CLC3,C4,..,C11 352 352 O - 352 0
9,2 Sy C2,C4,C5C6,C8, 233 233 0 - 233 0
C9, Cl10, Cl1
9,3 Sixn CLC2,C3,C4,C7 314 314 0 - 314 0
C10, C11, C12, C13
1,1 S CLC2,...,C13 790 790 0 - 790 0

*UR: The number of unreachable legal markings.

When i = 4, j = 2, as [Si3nlap = {P10, p12, p15, pl6} we have [Pl ]map S [Si3nlap and [PI3]map S [Sian]ap-
Therefore, the partially controlled subnet S;3x; i.e., pCS;3n;, is constructed by merging C1 and C3 with S;3x.
The RG of the pCS, 3y has 31 states, with 30 good states in the LZ,cs13n5 and BM; in the DZ,cs13n. The BM; is
obtained as follows: BM; = p10 + p12 + 2pl5 + pl6. To stop BM; from being reached PI; = 10 + 12 + Wis + Hie
< 4 is established with [PI; ]map = {p10, p12, p15, pl6}. The CP C7 is computed to enforce PI;. The controlled
S13n, constructed by merging the CP C7 with the pCS; 3y, is live with 30 good markings. The remaining steps
are carried out in the same manner as shown in Table 3. Table 4 depicts the PIs obtained for subnets and their
marked activity places. After the completion of Step 10, in total, thirteen CPs are computed for the SPMR
net as depicted in Table 5.

Table 4: The PIs obtained for subnets and their marked activity places

i PI, Marked activity places CpP
P2 pP3 p6 p7 p8 p9 pl0 pl2 pl5 plé pl7
1 w10 + pul6 < 2 1 1 1
2 pé + pul7 <1 1 1 C2
3 pl2 +pl5< 3 1 1 C3
4 u7 +ul6 <1 1 1 C4
5 pu2 +u3<2 1 1 C5
6 pu3 +u8 <2 1 1 C6
7 pl0+ pl2 + pl5 + pl6 < 4 1 1 1 1 c7
8 2+ +p9+pl5<4 11 1 1 C8
9 U3 +u8 + p9 + ul5< 4 1 1 1 1 C9
10 U7 + 9 + pul5 <4 1 1 1 C10

(Continued)
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Table 4 (continued)

i PI, Marked activity places CP
P2 p3 p6 p7 p8 p9 pl0 pl2 pl5 pl6 pl7

1 p8+p9+pl5+pl6<5 11 11 Cll

12 6+ pl0 + pl5 + pl6 < 4 1 1 11 C12

13 p6+ul2+pl5+pl6<4 1 1 1 1 C13

Table 5: CPs computed for the S’PMR net

i PI, G G i (C)
1 pl0 + pl6 <2 t12, t17 t10, t16 2
2 ué + ul7 <1 to, t10, t19 t5, t17 1
3 pl2 +ul5<3 t13, t16 t12, t15 3
4 u7 +pul6 <1 t7, t17 t6, t16 1
5 U2 +u3 <2 t3 tl 2
6 3 +u8 <2 t3, t8 t2, t7 2
7 0+ pl2 + ul5 +pl6 < 4 t13, t17 t10, t15 5
8 pu2 + u3 + p9 + ul5< 4 t3, t9, t16 tl, t8, t15 4
9 U3+ u8 + 9 + ul5< 4 t3, t9, tl6 t2, 7, t15 4
10 U7 + 9 +ul5< 4 t7, 19, tl6 to, t8, t15 4
I p8+p9+pul5+ul6<5 t9, t17 t7, t15 5
12 p6 + pl0 + pl5 +pl6 < 4 to, t12, t17 t5, t15 4
I3 u6+pl2+ul5+pl6<4 6,110, t13,t17 15, t12, t15 4

Note: Redundant CPs C1 and Cl11 are shown in red color.

Step 11. The redundancy test carried out by using the reduced S’PMR net and all computed CPs y = {Cl,
C2, ..., C13} shows that two CPs, namely Cl and C11 are redundant while eleven CPs, namely C2, ..., CI0,
Cl12, and C13, are necessary.

Step 12. The CPNM (N, M) is constructed by merging eleven necessary CPs v = {C2, ..., Cl10, C12,
C13} with the S*PMR net (N, M,). The CPNM is live, optimal and has 3581 good states with 13,267 transitions.

Output: The live CPNM (N,, M.), consisting of (N, M) depicted in Fig. 6 and the set of necessary CPs
v ={C2,...,Cl10, C12, C13} shown in Table 5.

4.2 S’ PR Net Example 1

Fig. 9 shows a large-sized S’PR net of an FMS with deadlocks, consisting of 47 places, P = {pl-p47}
and thirty-eight transitions, T = {tI-t38} from [43]. The RG of this S’PR net has 142,865,280 states and
779,688,927 transitions. The LZ and the DZ have 84,489,428 legal states and 58,375,852 illegal states,
respectively. Consequently, an optimal live solution should be obtained with 84,489,428 legal markings.

For brevity, the details of the applied procedure to obtain an LES for this problem are omitted. By using
INA, 70 siphons (SMS) of the reduced S’PR net are computed. Then the complementary set of siphons
[S]=A{[S1], [S:], - -, [S70]} are computed. Finally, by applying the proposed SbDaC policy, 70 subnets are
obtained, and 54 necessary CPs v = {Cl, C2, ..., C54} are computed for the S’PR net as depicted in Table 6.
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Figure 9: A large-sized S*PR net from [43]

Comput Mater Contin. 2026;86(1)

Table 6: 54 necessary CPs computed for the large-sized S’PR net

i PIi Ci Ci pO(Ct)
1 34 + 35 <2 t37 35 2
2 U25 + 26 < 2 127 25 2
3 U6 + pl9 <2 t7, 120 t6, t19 2
4 U5 + p28 < 2 t5, t30 t4, £29 2
5 ull + pl2 + p24 < 2 t13, 25 tl1, t24 2
6 ul3 + p29 < 2 t14, t31 13, t30 2
7 ud + 29 <2 t4, t31 3, t30 2
8 U2 + pl8 + p35 < 4 t2, 16, 121, t37 tl, 20, t36 4
9 W7 + 8 + 20 < 2 t9, t19 t7, t18 2
10 W7 + 120 + 27 <2 t8, t19, t29 t7, t18, t28 2
1 W7 + 8 + p27 <2 t9, 129 t7, 128 2
12 U20 + P21 + 27 <2 19, 129 t17, 128 7
13 U8 + p21 + p27 <2 t9, 18, t29 t8, t17, 128 2
14 U8 + 120 + 21 < 2 t9, t19 t8, t17 2

(Continued)
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Table 6 (continued)

i PI, G G i (C)
15 uS + pl3 + p28 + p29 <3 t5, t14, t31 t3, t13, t29 3
16 U2 + 6 + ul8 + pul9 + u35<5 t2, t7, t21, t37 t1, t19, t36 5
17 pé + p20 + p21<3 t7, t19 to6, t17 3
18 u3+ I3 + uld + p29 + u32 + p33 + t3, t15, t31, t37 t2, t13, t30, t33 8

u34 + u35<8

19 u3 + pd + pl4d + p29 + p32 + p33 + t4, t15, t31, t37 t2, t14, t30, t33 8

u34 +u35<8
20 U2 + p6 + p20 + 21 + u35<6 t2, t7, t19, t21, t37 t1, t17, 120, t36 6
21 U2 + pu3 + pd + pl4 + pl8 + u29 + t4, 16, t15, t21, t31, t35,  tl, t14, t20, t30, t33, t36 10
p32 + pu33 + u35<10 t37
22 U2 + pu3 + i3 +pld + pl8 + u29 + 3, t6, t15, 21, t31, t35,  tl, t13, t20, t30, t33, t36 10
u32 + p33 + u35<10 t37
23 U2 + 5 + p6 + pl4 + pl8 + u28 + t2, t5, t7, t15, t21, t30,  tl, t4, t14, t20, t29, t33, 10
u32 + u33 + u35<10 t35, t37 t36
24 u3 + pd + pu5 + pl4 + p28 + p32 + t5, t15, t30, t37 t2, t14, t29, t33 9
u33 + pu34 + u35<9
25 U3 + 5 + pl3 + pl4 + p28 + u3d2 + t3, t5, t15, t30, t37 t2, t4, t13, 129, t33 9
u33 + u34 +pu35<9
26 P2+ u3+pd +pu5+ p6 + ul8 + ul9 t5, t7, t21, t31, t37 tl, t19, t30, t36 8
+u29 +pu35<8
27 p2+u3+uS+pu6+ul3 +pul8+ul9  t3,t5, t7 tl4, t21, t31, tl, t4, t13, t19, t30, t36 8
+u29 +u35<8 t37
28 U3 + pu5 + pu6 + pl3 + pl8 + pl9 + t3, t5, t7, t14, t21, t31, t2, t4, t6, t13, t19, t30, 8
p29 +u34 + p35< 8 t37 t35
29 U3 + pd + p5 + p6 + pl8 + pl9 + t5, t7, 21, t31, t37 t2, t6, t19, t30, t35 8
u29 + u34 + u35<8
30 U2 + pu3 + p6 + pl3 + uld + pl8 + t3, t7, t15, t21, t31, t35,  tl, t13, t19, t30, t33, t36 1
pl9 + p29 + p32 + 33 + u35 <11 t37
31 U2 + u3 + 6 + pl3 + uld + pl8 + t3, t7, t15, t21, t31, t35,  t, t13, t20, t29, t33, t36 11
U28 + pu29 + u32 + u33 + u35<11 t37
32 p2+u3+pd+p6+uld+pl8 +ul9  t4,t7 t15, 121, t31, t35,  tl, t14, t19, t30, t33, t36 11
+ u29 + u32 + pu33 + u35<11 t37
33 u2 + u3 + pd + p6 + pl4 + ul8 + t4, t7, t15, 121, t31, t35,  ftl, t14, t20, t29, t33, t36 n
p28 + p29 + u32 + u33 + u35<11 t37
34 p2+p3+pS+p6+pl3 +puld+pl8 3,5, t7 t15, t21, t35, tl, t4, t13, t19, t33, t36 1
+ul9 + p32 +u33 + pu35<11 t37
35 p2+u3+uS5+pu6+ul3+puld+ul8  t3,t5,t7 115, 121, t30, 1, t4, t13, t20, t29, t33, 11
+u28 + u32 + 33 + u3s5<11 t35, t37 t36
36 u2+u3+pd+us+u6+uld+pul8  t5,t7 t15, t21, t30, t35,  tl, t14, 20, t29, t33, t36 11
+ u28 + u32 + 33 + u35<11 t37

(Continued)
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Table 6 (continued)

i PI, C C 1 (C)
37 2+ u3+pd+uS+pu6+uld+ul8 5,7 t15, t21, t35, t37 tl, t14, t19, t33, t36 11
+ul9 + u32 + p33 + u35<11
38 u3 + pu5 + p6 + pl3 + uld + pl8 + t3, t5, t7, t15, t21, t37 t2, t4, t6, t13, t19, t33 11
pl9 + p32 + 33 + p34 + u35< 11
39 u3+ud+p5+pu6 + uld + pl8 + ul9 t5, t7, t15, t21, t37 t2, 6, t14, t19, t33 11
+u32 + pu33 + u34 + u3s5<11
40 P2+ p6 + pl4 + pl9 + p20 + 27 + 2,17 15, 120, t29, t35,  tl, tl4, 18, t28, t33, t36 1
u32 +u33 +u35<1 t37
41 M2 + 6 + ul4d + pl8 + 2l + p27 + 12,17 t15, 118, 121, t29,  tl, t14, t17, t20, t28, t33, 1
u32 + u33 + u35 <11 t35, t37 t36
42 U2 + 6 + ul4 + pl8 + u20 + 27 +  t2, 17 115, t19, t21, t29, tl, t14, t18, t20, t28, 11
p32 4+ u33 + u35 <11 t35, t37 t33, t36
43 U2 + pu3 + po6 + pl3 + uld + pl8 + t3, t7, t15, t18, t21, 129,  tl, t13, t17, t20, t28, t30, 12
u2l + p27 + p29 + p32 + u33 + u35 t31, t35, t37 t33, t36
<12
44 U2 + pu3 + p6 + pl3 + pld + pl8 + t3, t7, t15, t19, t21, 29, t1, t13, t18, 120, 28, 12
p20 + p27 + p29 + u32 + u33 + u3s t31, t35, t37 t30, t33, t36
<12
45 U2 + u3 + p6 + ul3 + pl4 + ul9 + t3, t7, t15, 120, t29, t31,  tl, tl3, t18, t28, t30, t33, 12
p20 + u27 + p29 + u32 + u33 + u35 t35, t37 t36
<12
46 U2 + pu3 + po6 + pl3 + uld + pl8 + t3, 17, t15, t19, 121, t31,  tl, t13, t17, t20, t30, t33, 12
@20 + p21 + p29 + pu32 + u33 + u35 t35, t37 t36
<12
47  p2+pu3 +ud +p6 +pld +ul8 + 21 t4, 17 115, t18, 121, t29,  tl, tl4, t17, 120, t28, t30, 12
+ u27 + p29 + u32 + u33 + u35<12 t31, t35, t37 33, t36
48 p2+p3+pd 4+ p6 + pld + pl8 + p20  t4, t7, t15, t19, 21, t29, tl, t14, t18, t20, 28, 12
+ U27 + pu29 + u32 + p33 + u35< 12 t31, t35, t37 t30, t33, t36
49  p2+p3+pd +p6 +ul4 +pl8 +p20  t4,t7 t15, t19, t21, t31,  tl, t14, t17, t20, t30, t33, 12
+ u21 + p29 + p32 + u33 + u35<12 t35, t37 t36
50  p2+p3+pd+p6+pld+pl9 +p20  t4, t7 t15, t20, £29, t31, tl, t14, t18, t28, t30, 12
+ u27 + p29 + u32 + u33 + u35 <12 t35, t37 t33, 136
51 U2 + u4 + p6 + pl4 + pl8 + u20 + t2, t4, t7, t15, 119, t21, 1, t3, t14, t18, 120, t28, 12
u27 + p28 + u32 + u33 + u35 <12 t30, t35, t37 33, t36
52 p2 + p3 + po6 + ul3 + ul4 + pl8 + t3, t7, t15, t19, 121, t30,  tl, t13, t18, t20, 128, t33, 12
p20 + p27 + u28 + p32 + u33 + u3s5 t35, t37 t36
<12
53 u4 + u6 + ul4 + ul8 + u20 + u27 +  t4, t7, t15, t19, t21, t30,  t3, 6, tl4, t18, t20, 128, 12

p28 + u32 + p33 + u34 + pu35<12

t37

t33

(Continued)
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Table 6 (continued)

i P, o o 1,(C)
54 U3 + 6 + ul3 + ul4 + ul8 + p20 +  t3, t7 t15, t19, t21, t30,  t2, t6, t13, t18, t20, 128, 12
p27 + p28 + u32 + p33 + u34 + p35 t37 t33
<12

The CPNM (N, M,) is constructed by merging 54 necessary CPs with the SPR net (N, M)
shown in Fig. 9. The CPNM is live with 84,480,488 good markings. The permissiveness of the CPNM is
84,480,488/84,489,428 = 99,989%.

Table 7 depicts the comparison of different control methods for the large-sized S’PR net based on
behavioral permissiveness and structural complexity. It is well-known that a low structural complexity of a
given LES means fewer numbers and simpler structure of CPs [52,53], which can provide low implementation
overheads in terms of both software and hardware costs. Therefore, from this perspective, fewer numbers of
CPs with ordinary arcs is desirable. Another aspect in assessing the LESs is that of behavioral permissiveness.
The LES provided in [54] consists of only 10 CPs with ordinary arcs but its behavioral permissiveness is
very low. The LESs of both [23,27] provide maximally permissiveness, but they contain CPs with weighted
arcs. Although solutions obtained by methods [23,27] provide optimal permissive behavior, these methods
require solving ILPPs, which are intractable for very large-scale nets. The LES shown in Table 6 provides a
near-optimal solution with a simpler structure of CPs having only ordinary arcs.

Table 7: Comparison of different control methods for the large-sized S*PR net

Parameters Solution provided Solution provided Solution provided Solution provided

in [54] in [23] in [27] in Table 6
# Total CPs added 10 25 53 54
# CPs with ordinary arcs 10 17 51 54
# CPs with weighted arcs - 8 2 -

# reachable states 257 890 84 489 428 84 489 428 84 480 488

Permissiveness (%) 257,890/84,489,428 =  84,489,428/84,489,428 84,489,428/84 84,480,488/84,489,428
0.30 =100 489,428 =100 =99.989

Note: Even though 25 CPs indicated in Column 3 were computed in [23], they are made available in [43].

4.3 S’ PR Net Example 2

Fig. 10 shows another large-sized S’PR net of an FMS with deadlocks, consisting of 26 places, P = {pl-
p26} and twenty transitions, T = {t1-t20} from [55]. The RG of this S’PR net has 74,202,530 states. The LZ
and the DZ have 59,698,137 legal states and 14,504,393 illegal states, respectively. Consequently, an optimal
live solution should be obtained with 59,698,137 legal markings.

The details of the applied procedure for this problem are omitted. By using INA, 18 SMS S = {S;, S,
... Sig} of the reduced S’PR net are computed. Then the complementary set of siphons [S] = {[S;], [S:],
... [S1s]} are computed. Finally, by applying the proposed SbDaC policy, 18 subnets are obtained and 17
necessary CPs y = {Cl, ..., C17} are computed for the S’PR net as depicted in Table 8.
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Figure 10: A large-sized S’PR net from [55]

Table 8: 17 necessary CPs computed for the second large-sized S’PR net

i PIi .Ci Ci' Po(Cz)
1 ul3 +ul9 <2 t10, t16 t9, t15 2
2 pu2 +pu3 <2 t13 tl1 2
3 pu3 +u8 <2 t4, t13 t3, t12 2
4 pl2 + pl8 <2 t9, t17 t8, t16 2
5 pll + pl7 <2 t8, t18 t7, t17 2
6 pll + ul8 <3 t8, t17 t7, t16 3
7 pl2 + pl3 + pl8 + ul9 <3 t10, t17 t8, t15 3
8 pll + pl2 + pl8 + pl9 < 4 t9, t17 t7, t15 4
9 pll + pl3 + pl8 + pl9 < 4 t8, t10, t17 t7, t9, t15 4
10 U2 + pu3 + 9 + pl3 + ul8 + pl9 <5 t5, t10, t13, t17 4, t9, t11, t15 5
11 u3 + u8 + pu9 + pul3 + ul8 + ul9 <5 t5, t10, t13, t17 3, 19, t12, t15 5
12 U2 + 3 + 9 + pll + pl8 + ul9 <6 t5, t8, t13, t17 t4, t7, t11, t15 6
13 U3 + pu8 + 9 + pll + pul8 + pul19 <6 t5, t8, t13, t17 t3, t7, t12, t15 6
14 U6 + U7 + pll + ul6 + ul7 < 915 t3, t8, t19 tl, t17 915
15 p6 + pu7 + p8 + 9 + pll + pl3 + pl6 + pl8 + ul9 <919 15,18, 110, t17,t19  t1, 19, t15,t18 919
16 H6 + 17 + p9 + pll + pl3 + pl7 + pl8 + ul9 < 919 t3, t5, t8, 110, t18  tl, t4, t9, t15 919
17 U6 + u7 + p9 + pll + pl2 + pl6 + pl8 + pl9 < 919 t3,t5, 19, t17, 119 tl, t4,t15,t18 919

The CPNM (N, M.) is constructed by merging 17 CPs with the S’PR net (N, M) shown in Fig. 10. The
CPNM is live with 59,698,137 legal markings. The permissiveness of the CPNM is 100%.
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Table 9 depicts the comparison of two control policies for the second large-sized S’PR. Although the
LES provided in [55] consists of only 4 CPs with weighted arcs, its behavioral permissiveness is 98,88%. On
the other hand, the LES provided in Table 8 provides maximally permissive controlled behavior with 17 CPs
having only ordinary arcs.

Table 9: Comparison of two policies for the second large-sized S’PR net

Parameters Solution provided in [55]  Solution provided in Table 8
# Total CPs added 4 17
# CPs with ordinary arcs - 17
# CPs with weighted arcs 4 -
# reachable states 59 030159 59 698 137

Permissiveness (%) 59,030,159/59,698,137 = 98.88  59,698,137/59,698,137 = 100

4.4 S’PGR® Net Example

Fig. 11 shows a large-sized S’PGR* net of an FMS with deadlock problems, which has P = {pl-p26}
and T = {t1-t22} from [56]. Originally the markings of idle places pl, p7 and pl6 were M(pl) = M(p7) =
M(p16) = 3. The RG of this PNM has 170,312,521 markings and 1,428,308,870 transitions. The LZ and the
DZ have 168,026,565 legal states and 2,285,956 illegal states, respectively. Therefore, an optimal live solution
must provide 168,026,565 legal markings.
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Figure 11: A large-sized SPGR? net from [56] with M(pl) = M(p7) = M(p16) = 50
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The details of the applied procedure for this problem are omitted. By using INA, 19 SMSs of the reduced
S’PGR? net are computed. Then the complementary set of siphons [S] = {[S;], [S:], ..., [S19]} are computed.
Finally, by applying the proposed SbDaC policy, 19 subnets are obtained and 26 necessary CPs v = {Cl, .. .,
C26} with only ordinary arcs are synthesized for the SPGR? net as depicted in Table 10. The CPNM (N,
M_,) is constructed by merging 26 CPs with the SPGR? net (N, M,) depicted in Fig. 11. The CPNM is live
with 78,842,738 good markings. The permissiveness of the CPNM is 78,842,738/168,026,565 = 46.92%.

Table 10: Computed 26 necessary CPs for the S°PGR? net

i PI, G G 1 (C)
1 ul8 +pul9 <3 t19 t21 3
2 u8 + u20<6 t8, t18 t7, t19 9
3 pll + pl7 + pI8 < 6 t12, t20 t10, t22 6
4 us + pl8 <6 t5, t20 t4, t21 6
5 uS + pl7 + 18 + ul9 <7 t5, t19 t4, 122 7
6 u8 + 9 + pl9<6 t9, t10, t19 t7, t20 6
7 pd + p9 + ul9 + p20 < 6 t4, 19, t10, t18 t3, t8, 120 6
8 u8 + u9 + pll + pl7 + pl8 + pl9 + pu20 <9 t9, t12, t18 t7, 122 9
9 U2 + pu8 + pll + ul8 + p20 <9 t2, t8, t12, t18, t20 tl, t7, t10, t19, t21 9
10 uo +ul9 <4 t9, t10, t19 t8, t20 4
1 U2 + u3 + pd + p8 + p9 + pl9 + p20<9 t4, t9, t10, t18 tl, t7, 120 9
12 pd + p5 + pll + pl8 <9 t5, t12, t20 t3, t10, t21 9
13 pud + u8 + u9 + pll + pI8 + u20< 9 t4, 19, t12, t18, 120 t3, t7, t19, t21 9
14 uS + u8 + 9 + pll + pl7 + pl8 + u20 <9 t5, t9, t12, t18, t20 t4, t7, t19, t22 9
15 p2 + u5 + p9 + pll + pl7 + pl8 + pu20 <9 t2, t5, t9, t12, t18, t20 tl, t4, t8, t19, 122 9
16 u3 + pu8 + 9 + pll + ul8 + p20 <9 t3, t9, t12, t18, t20 t2, t7, t19, t21 9
17 u3 + pud +pu9 + ul7 + ul9 <10 t4, 19, t10, t19, 21 t2, t8, 120, t22 10
18 U2 + pu3 + pd + p5 + p8 + p9 + pll + pl8 + t5, 19, t12, t18, t20 tl, t7, t19, t21 11
u20 <11
19 p2+pu3+pd+pu8+ p9 + ull + pl7 + pl8 + t4, t9, t12, t18 tl, t7, 122 13
pl9 + u20 <13
20 U2 + pu3 + pd + p9 + pll + pl8 + p20 <10 t4, 19, t12, t18, 120 tl, t8, t19, t21 10
21 p2+p3+ypd+pS+pll + pl7 + pl8 + pl9 <11 t5, t12, t19 tl, t10, t22 11
22 ud+pu5+p8+p9 +ull +ul7 + pl8 + ul9 <11 t5, t9, t12, t19 t3, t7, 122 11
23 pu2 + u3 + pd + pu8 + pl7 + pl8 + p20 <11 t4, 8, t18, t20 tl, t7, t19, t22 11
24 u3+pd +p5+p9 + pll + pl7 + pl8 + pl9 <11 t5, 19, t12, t19 t2, 8, t22 11
25 2+ pd+p5+p9 + pll + pl7 + pl8 + pl9 <11 t2, t5, t9, t12, t19 tl, t3, t8, t22 11
26 u3 + pd + u8 + ul7 + pl8 + ul9 <12 t4, t8, t19 t2, 17, 122 12

5 Conclusion

A novel siphon-based divide-and-conquer (SbDaC) policy is presented in this paper for the synthesis
of PN-based LESs for FMSs suffering from deadlocks or livelocks. Given the uncontrolled and bounded PN
model of an FMS with deadlock or livelock problems, a live controlled PN model of the FMS can be obtained
using the SbDaC method proposed in this paper. The proposed SbDaC policy is applicable to all classes of
PNs related to FMS having deadlocks or livelocks. Therefore, it is general and its use is not limited to any
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subclass of PNs of FMS. In theory, its off-line computation is of exponential complexity, but it is generally
applicable, easy to use, effective and straightforward. The applicability and the effectiveness of the proposed
method to realistic systems have been shown by considering several examples from the literature. Especially,
three of these examples contain realistic FMSs with very large state spaces. In general, the method provides
an optimal or a near-optimal solution in the existence of the optimal one. However, for some generalized
classes of PN models of FMS, some legal states cannot be reached under the controlled behavior, resulting
in less permissive behavior. Therefore, further research is necessary to provide new policies to achieve more
permissive LESs for generalized classes of PNs. It is also necessary to carry out further research to reduce the
structural complexity of the computed LESs.
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