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ABSTRACT: The moving morphable component (MMC) topology optimization method, as a typical explicit topology
optimization method, has been widely concerned. In the MMC topology optimization framework, the surrogate
material model is mainly used for finite element analysis at present, and the effectiveness of the surrogate material model
has been fully confirmed. However, there are some accuracy problems when dealing with boundary elements using
the surrogate material model, which will affect the topology optimization results. In this study, a boundary element
reconstruction (BER) model is proposed based on the surrogate material model under the MMC topology optimization
framework to improve the accuracy of topology optimization. The proposed BER model can reconstruct the boundary
elements by refining the local meshes and obtaining new nodes in boundary elements. Then the density of boundary
elements is recalculated using the new node information, which is more accurate than the original model. Based on
the new density of boundary elements, the material properties and volume information of the boundary elements are
updated. Compared with other finite element analysis methods, the BER model is simple and feasible and can improve
computational accuracy. Finally, the effectiveness and superiority of the proposed method are verified by comparing it
with the optimization results of the original surrogate material model through several numerical examples.

KEYWORDS: Topology optimization; MMC method; boundary element reconstruction; surrogate material model;
local mesh

1 Introduction
Topology optimization is a process that finds an appropriate material layout within a specified design

domain to achieve optimal structural response based on objective functions and constraints. It can min-
imize the limitations of human design experience to the greatest extent, and it is also one of the most
effective methods to obtain innovative structures and explore unknown structures at present [1,2]. Since
the pioneering work of Bendsøe and Kikuchi [3], topology optimization theories and methods have been
extensively and deeply developed. Based on different structural topology descriptions, topology optimization
methods can be divided into two categories: density-based topology optimization and boundary-based
topology optimization. For example, the solid isotropic material with penalization (SIMP) method [4]
belongs to the former, which is a discrete solution that makes the artificial density continuous and punishes
the design variables to 0/1 by means of a penalty method. The level set method (LSM) [5] and the moving
morphable component (MMC) method [6] belong to the latter. The LSM uses zero contour lines of high-
dimensional level set functions to implicitly characterize the boundary of topological structure, while the
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MMC method uses explicit boundary descriptions to describe each component in the structure, thereby
obtaining the explicit boundary of topological structure. The SIMP method based on density description has
the advantages of a stable convergence process, and it is easy to deal with complex structural design problems,
such as multiple types of variables, multiple constraints, and multidisciplinary optimization. Moreover, it has
been successfully integrated into many commercial Computer-Aided Engineering (CAE) software. However,
topology optimization based on density description usually has difficulties in identifying and controlling
geometric features, such as structural dimensions, interfaces, and closed holes. Topology optimization based
on boundary description has clearer geometric boundaries and it is easier to realize size control, but its
implementation process is more complex.

Although density-based topology optimization methods are relatively mature, boundary-based topol-
ogy optimization methods have clearer structural boundaries, which can further reduce human intervention
in post-processing. Therefore, boundary-based topology optimization has become the research hotspot of
topology optimization technology at present and an important development direction of topology optimiza-
tion technology in the future. Topology optimization based on boundary description achieves the evolution
of structural topology by driving boundary evolution. The boundary divides the background mesh elements
within the design domain into three categories: inner elements, outer elements, and cutting elements, and the
density of element is obtained based on node information. Meanwhile, topology optimization methods can
be further divided into implicit topology optimization methods and explicit topology optimization methods.
Implicit topology optimization methods describe structural boundaries based on implicit information, and
the obtained optimization results lack explicit geometric information that can be directly used. Explicit
topology optimization methods mainly use explicit geometric expression schemes to parameterize topology
optimization problems and obtain the optimal topology by optimizing and controlling the geometric
parameters of discrete geometric components. Compared with the implicit level set topology optimization
method, explicit topology optimization methods represented by the MMC method have shown great
potential in designing variable-scale control, Computer-Aided Design (CAD) system connectivity, and other
aspects [7–9]. Explicit geometric expression schemes (such as hyperellipsoid equations, spline curves, etc.)
are used in the MMC method to parameterize topology optimization problems. However, although the MMC
method is decoupled from the background mesh, the accuracy of mesh division still has a certain impact
on the topology optimization results. Li et al. [10] found components that are too small (or meshes are too
large) may not be mapped to nodes, thereby affecting the calculation accuracy. At this time, it is necessary
to determine the appropriate mesh division density. In addition, cutting elements in the MMC method
will generate intermediate density. Due to the selection of cutting element processing strategies based on
boundary description topology optimization methods, such as surrogate material model, cutting elements in
different areas may have the same element density, which will also affect the calculation accuracy. Especially
for multi-material optimization, the influence of the elements cutting problem is more obvious [11]. The
focus of this study is to conduct in-depth research on the density of cutting elements in boundary description
topology optimization to further improve the computational accuracy of MMC method.

The accuracy of the topology optimization calculation is mainly determined by the accuracy of the
finite element analysis. When solving the basic equations of elasticity through the finite element method,
the accuracy of the displacement field is closely related to the degree of spatial discretization of finite
element elements. Although using fine meshes in calculations can ensure accuracy, it can also bring huge
computational costs. In addition, because uniform quadrilateral elements and bilinear interpolation forms
are used to discretize the analysis domain in classical structured meshes, finer meshes are required in places
where field quantities may change dramatically, such as material boundaries, geometric vertices, and small
holes, to meet the requirements of computational accuracy. However, the use of the same fine global mesh
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will lead to unnecessary waste of computational resources. Therefore, a reasonable mesh density should be
set according to the finite element analysis method. At present, the finite element analysis methods applicable
to the MMC method mainly include the extended finite element method (X-FEM), the isogeometric analysis
(IGA) method, adaptive mesh method, meshless method, and surrogate material model method.

X-FEM reconstructs the mesh near the structural boundary through linear interpolation based on
the values of the component topology description function [12,13]. The polygon cut by the component
boundary is divided into several triangles, and each triangle is integrated using Gaussian integration to
complete the finite element analysis, as shown in Fig. 1a. Since the topological description function can clearly
describe the boundaries of components, X-FEM can easily calculate the corresponding displacement field
during the optimization process without extensive re-meshing and can obtain more accurate analysis results.
However, in X-FEM, the number of nodes will increase, and it inevitably involves additional computational
costs. To unify the geometric model and the finite element model, Hughes et al. [14] proposed the IGA
method to reconstruct the analysis process within the CAD geometric framework. In IGA, NURBS basis
functions are directly used to represent the space of the unknown solution, and the node coordinates of
the design mesh used in the coarse traditional topology optimization model are replaced by the control
point coordinates of the spline surface, as shown in Fig. 1b. Therefore, accurate geometric information can
be used for structural analysis, and the time-consuming finite element mesh partitioning process can be
avoided. IGA has a natural advantage in connecting topology-optimized geometric and analytical models
by using the same basis functions to represent them [15,16]. The most significant advantage of IGA is
that it may break down barriers between engineering design and analysis, which has been elucidated by
[17–19]. As a new finite element analysis method, IGA has the advantages of precise geometric discretization,
high-order continuity, and unified data expression of CAD-CAE models. However, the stiffness matrix of
IGA may be singular due to structural discontinuity, and its technical maturity and practicality still need
to be further studied. The adaptive mesh method improves the original method of discretizing the entire
analysis domain with uniform meshes. High precision meshes are selectively used only in areas that require
fine meshes, while coarser meshes are used in other areas, thus saving overall computational cost [20,21], as
shown in Fig. 1c. However, the introduction of adaptive meshes into the traditional finite element framework
may also introduce suspension nodes, which may lead to displacement field incompatibility during finite
element solution, thus resulting in errors in finite element analysis. To solve the problem of suspended nodes,
the combination of the scaled boundary finite element method (SBFEM) and the adaptive mesh method can
be introduced [22–24]. SBFEM can naturally ensure the continuity of the boundary displacement on the
interface by sharing the boundary elements. SBFEM can solve the problem of suspended nodes through the
processing of polygonal elements, while maintaining the characteristics of the overall stiffness matrix, such
as symmetry, semi-positive definiteness, and sparsity, and it does not require fundamental solutions. SBFEM
is flexible and simple in mesh partitioning and has the potential advantage of being combined with topology
optimization. Traditional topology optimization methods often require the introduction of weak materials to
simulate voids, but numerical analysis models containing weak materials will increase the computational cost
of the structure and also lead to numerical instability (especially when large deformation/dynamic/buckling
analysis is included). The meshless method does not require mesh generation in numerical calculations. The
discrete control equations of interpolation functions are constructed based on some arbitrarily distributed
coordinate points, which can conveniently simulate various complex shapes, as elucidated by [25]. Based
on the meshless MMC method, numerical analysis is only conducted in the solid area covered by the
components. Thus, there is no need to introduce weak materials in the optimization process, as shown
in Fig. 1d. The singularity of the stiffness matrix caused by component discontinuity can be avoided by
adaptively adjusting the influence domain of the meshless shape function. The meshless method has greater
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flexibility in constructing arbitrary-order shape functions [26,27]. Due to its independence from elements,
it is more flexible in discretizing complex structures and constructing shape functions. Therefore, it is very
suitable for analyzing structures with irregular geometric shapes and problems that require continuous
meshing or moving meshes. However, almost all studies indicate that topology optimization methods
combined with a meshless numerical analysis method face the problem of increased computational cost. The
surrogate material model method is currently the most widely used finite element analysis method in the
MMC method, characterized by simplicity, ease of use, and high computational efficiency. Reference [28]
elucidated that the core idea of the surrogate material model is to determine the material properties of
elements based on the node properties, as shown in Fig. 1e. The effectiveness and efficiency of the surrogate
material model have been proven by many works [29–32]. Especially when the global objective functions,
such as structural flexibility, are involved, the element stiffness can be related to the value of the topological
description function on its nodes, and the Young’s model of the relevant region can be recalculated through
the Heaviside function, which can further improve computational efficiency.

Figure 1: Finite element analysis methods for topology optimization: (a) extended finite element method (b) isogeo-
metric analysis method (c) adaptive mesh method (d) meshless method (e) surrogate material model method

In the present work, a boundary element reconstruction model based on a surrogate material model is
proposed in order to improve the accuracy of topology optimization of the MMC method. The remaining
sections of the paper are organized as follows: The finite element methods applicable to the MMC method are
introduced in Section 1. The accuracy problems of the surrogate material model are analyzed, and the BER
model is described in Section 2. The implementation points of the BER model are elaborated in Section 3.
In Section 4, the topology description function and problem formulation are presented, and the effectiveness
of the proposed method is verified through several numerical examples. Section 5 provides some concluding
remarks on the proposed method and its potential for future research.
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2 BER Model

2.1 Accuracy Analysis of Surrogate Material Model
(1) Surrogate material model

The surrogate material model is used to define element material property based on node information.
For a single material, taking the commonly used structured four-node bi-linear elements as an example, the
density of the e-th element can be described as

ρe =
1
4
(∑ 4

i=1(H(ϕe
i )

q) (1)

where H =H(x) is the Heaviside function and ϕe
i , i = 1, . . ., 4 are the topology description function values of

element e at four nodes. q is the penalty factor (usually q = 2). The equivalent stiffness of the element can be
expressed as

Ee = ρe E = E
4
(∑ 4

i=1(H(ϕe
i )

q) (2)

The Eq. (2) is the surrogate material model, where E is the Young’s modulus of solid material. In order
to ensure the stability of numerical implementation, H(x) is usually regularized in the following form during
finite element analysis

Hε (x) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

1, x > ε
3 (1 − α)

4
(x

τ
− x3

3τ3 ) +
1+α

2 −ε ≤ x ≤ ε

α, x < −ε

(3)

where ε is a regularization parameter that controls the width of the smooth transition of the Heaviside
function, and α is a small positive number used to simulate the stiffness of void structures in surrogate
material model in order to avoid singular phenomena in the overall stiffness matrix.

(2) Accuracy of surrogate material model
The surrogate material model obtains the element density based on the node information. When the

component boundary cuts an element, different boundary cutting positions may calculate the same element
density, as shown in Fig. 2. For ease of understanding, the regularization form of the Heaviside function is
not considered here. The calculation element density obtained through the surrogate material model and the
actual element density of the cutting elements are shown in Table 1. It can be seen that the calculation element
density is just one case of the actual element density, and the variation range of actual element density under
the same calculation element density is relatively large. At this time, using the calculation element density
for finite element analysis may lead to significant analysis errors. In addition, the accuracy of the cutting
element directly affects the calculation of the actual volume. The solid volume is often used as a constraint
condition, and the results need to be input into the solver to update the design variables. Therefore, the actual
volume of the cutting element will also have a certain impact on the variable update, which may affect the
final structural topology.

2.2 Principle of BER Model
The core idea of the BER model is to perform secondary mesh partitioning and reconstruction on the

boundary elements (i.e., cutting elements) to form locally dense meshes, as shown in Fig. 3a. Then, recalculate
the density of the boundary elements based on the new element nodes’ information. Based on this, the two
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key points of the BER model are the identification of boundary elements and the strategy for calculating the
density of the reconstructed elements. The identification of boundary elements can be achieved by filtering
the calculation results of the surrogate material model, that is, selecting the intermediate density elements.
The calculation strategy for reconstructing element density is still based on the node information, and the
surrogate material model can continue to be used for the secondary calculation, but the calculation amount
is large, and the implementation is complex. In this paper, a relatively simple statistical method is adopted,
and the ratio of the number of solid nodes to the total number of nodes is used as the new density of the
element. As shown in Fig. 3b, the calculation element density based on the original surrogate material model
is 1/4. The reconstructed element has a total of 11 × 11 nodes, including 24 nodes (solid nodes) within the
boundary. Therefore, the density of the element is updated to 24/121, which is more accurate than the original
density. And the closer the boundary is to the nodes of the element, the more obvious the improvement of
the calculation accuracy is.

Figure 2: Schematic diagram of element cutting: (a) void element (b) solid material element. (c,d) cutting elements

Table 1: Densities of cutting elements

Element category Calculation element density Actual element density Accuracy (%)
Fig. 2a 0 0 100
Fig. 2b 1 1 100

Fig. 2c 1/4
c1 = 1/32 12.5
c2 = 1/8 50
c3 ≈ 1/2 −50

Fig. 2d 1/2
c1 = 1/4 50
c2 = 1/2 100
c3 ≈ 1 −50
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Figure 3: Element reconstruction diagram: (a) element reconstruction (b) inner nodes

2.3 Implementation Process of BER Model
The implementation of the BER model is shown in Fig. 4, which can be embedded into the existing

MMC program. After the original program calculates the density of all elements using the surrogate material
model, the following process is implemented:

Figure 4: Implementation process

(1) Identify boundary elements. Based on the calculation results of the surrogate material model, where
the density of non-material elements is αq and the density of solid elements is 1, the boundary elements
can be identified, whose density is between αq and 1.

(2) Reconstruct boundary elements. The same number of nodes is distributed equidistantly along both
sides of the boundary element, and corresponding nodes are generated inside the boundary element to
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achieve mesh subdivision and reconstruction of the boundary element. The reconstruction accuracy
is determined by the number of newly added nodes.

(3) Identify nodes within the boundary. Based on all component description functions, calculate the
topology values of newly added nodes, and identify the nodes within the boundaries using the
Heaviside function.

(4) Recalculate the density of boundary elements. Calculate the ratio of the number of nodes within the
boundary to the total number of element nodes as the new element density for the boundary element.

(5) Replace the density of boundary elements. Replace the new density of boundary elements in the overall
stiffness matrix, and then perform finite element analysis and volume calculation.

The proposal of the BER model is to obtain more accurate element density information, so as to improve
the accuracy of finite element analysis, and thus enhance the accuracy of topology optimization. Compared
with the global mesh refinement, which greatly increases the computational complexity of finite elements,
the BER model only needs to reconstruct the boundary elements, significantly reducing the number of
reconstructed elements. The newly reconstructed nodes are only used to calculate the density of boundary
elements and do not participate in finite element analysis and sensitivity analysis. Therefore, the impact on
the overall computational efficiency is relatively small. Moreover, the BER model can further decouple the
optimization results from the background mesh.

3 Implementation Points of BER Model

3.1 The Coordinate of Boundary Element Determination
After identifying the numbers of boundary elements, it is necessary to locate the boundary elements,

that is, to determine the coordinates of boundary elements in the mesh system. In our present work, the
element coordinate is determined by the element number. Taking a 3 × 3 mesh division as an example,
the total number of x-direction elements is nelx = 3, and the total number of y-direction elements is nely = 3.
The element length is EW and the element width is EH. The element numbers, node numbers, and coordinate
origin are shown in Fig. 5. And the 2th node is chosen as the datum node.

Figure 5: Element division diagram (N represents nodes and E represents elements)
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The 2th node number Nj of the boundary element can be represented as

N j = Ei + ∣ Ei
nel y

− β∣
integer

+ 1 (4)

where Ei is the element number, β is a very small positive value to ensure that the Eq. (4) also applies to the
bottom row of elements. In this paper, β = 1 × 10−3 is taken.

The coordinates Nj(xe, ye) of the 2th node of the boundary element based on the node number can be
described as
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

xe = ∣ N j
ne l y+1 − β∣

integer
∗ EW

ye = ((∣ N j
ne l y+1 − β∣

integer
+ 1) ∗ (nel y + 1) − N j) ∗ EH

(5)

The implementation code is as follows

%Identify boundary elements
Ei = find(denk > α2 & denk < 1); % Boundary element number
n = length(Ei); % Number of boundary elements
i = 1e−3; % Set a minimum value
%Determine the second node number of the boundary element
Nj = Ei + floor(Ei/nely − i) + 1;
%Calculate the coordinate of the second node
xe = floor(Nj/(nely + 1) − i) ∗ EW; ye = ((floor(Nj/(nely + 1) − i) + 1) ∗ ((nely + 1) − Nj) ∗ EH

3.2 Boundary Element Reconstruction
The reconstruction accuracy is set to m (where m is an integer), and the boundary element can be

reconstructed using the meshgrid function

[xN , yN] = meshgrid ([xe ∶ EW
m

∶ xe + EW] , [ye ∶ EH
m
∶ ye + EH]) (6)

where xN and yN are the horizontal and vertical coordinates of all nodes of the reconstructed boundary
element, respectively.

The implementation code is as follows

% Boundary element reconstruction
m = 10; % Reconstruction accuracy
for ia = 1:n
xe0 = [xe(ia):EW/m:xe(ia) + EW]; ye0 = [ye(ia):EH/m:ye(ia) + EH];
xe0n = length(xe0); ye0n = length(ye0);
[Nx, Ny] = meshgrid(xe0, ye0);
% Obtain the coordinates of the new nodes
NLSgrid.x = Nx(:); NLSgrid.y = Ny(:);
end
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3.3 The Density of Boundary Element Recalculation
The topological function values of all components in the reconstructed boundary element nodes need

to be calculated. Then, the topological values are mapped to the nodes through the Heaviside function (the
regularization form of the Heaviside function is not necessary at this time). The number of nodes with a
value of 1 in the reconstructed boundary element nodes can be counted, and the ratio of this value to the
total number of element nodes is recorded as the density of the boundary element. It should be noted that
in some cases, the calculated value of the new density may be 0, such as when the boundary falls on the 1st
node of the element. At this time, to avoid matrix singularity, a small positive number is assigned to the new
density. Finally, all the densities of the boundary elements are replaced in the overall stiffness matrix.

4 Numerical Implementation and Numerical Examples

4.1 Numerical Implementation
(1) Topology description function

According to the optimization idea of the MMC method, taking the component description of
hyperelliptic equation as an example [33], the component description equation can be expressed as

ϕ (x , y) = 1 − (x′

L
)

p

− ( y′

f (x′))
p

(7)

with

{x′
y′} = [

cos θ sin θ
− sin θ cos θ]{

x − x0
y − y0

} (8)

where p is a relatively large positive even number (usually take p = 6). L and f (x′) represents the half-length
and half-width of the i-th component, respectively. (x′, y′) and (x, y) represent the coordinates of any point
in the local coordinate system and the global coordinate system, respectively, θ is the rotation angle of the
component. In this paper, a quadratically varying thickness, with the component variables [x0, y0, t1, t2, t3, L],
is adopted, as shown in Fig. 6, and the f (x′) is specifically expressed as

f (x′) = t1 + t2 − 2t3

2L2 (x′)2 + t2 − t1

2L
x′ + t3 (9)

Figure 6: Geometric description of a quadratically varying thickness component

Then the structural topology description can be achieved in the following way

⎧⎪⎪⎪⎨⎪⎪⎪⎩

ϕS(x) > 0, i f x ∈ ΩS

ϕS(x) = 0, i f x ∈ ∂ΩS

ϕS(x) < 0, i f x ∈ D/ΩS ∂ΩS)
(10)
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where D represents a prescribed design domain, ΩS is the area occupied by solid materials in the design
domain, ϕS (x) is the topological description function of all components, which can be expressed as

ϕS (x) = max (ϕ1
e , ⋅ ⋅ ⋅, ϕi

e , ⋅ ⋅ ⋅, ϕn
e) (11)

where ϕi
e is the area occupied by i-th component, which can be described as

⎧⎪⎪⎪⎨⎪⎪⎪⎩

ϕe
i (x) > 0, i f x ∈ Ω i

ϕe
i (x) = 0, i f x ∈ ∂Ω i

ϕe
i (x) < 0, i f x ∈ D/(Ω i ∪ ∂Ω i)

(12)

(2) Problem formulation
Taking volume as constraint and structural flexibility as objective function, the specific optimization

problem formulation can be expressed as follows

Find D = ((D1)T , . . . , (Di)T , . . . , (Dn)T)
T

, u (x)
Min C = ∫D H (ϕs (x , D)) f ⋅ udV + ∫Γt

t ⋅ udS
S .t.
∫D H (ϕs (x , D))E∶ ε (u) ∶ ε (v) dV = ∫D H (ϕs (x , D)) f ⋅ vdV + ∫Γt

t ⋅ vdS ,∀v ∈ Uad
V − V = ∫D H (ϕs (x , D)) dV − V ≤ 0
u = u, on Γu
D ⊂ UD

(13)

where Di is the parameters of i-th component. f and t represent body force and surface tractions, respectively.
u is displacement constraint, and E is elastic tensor. u(x) and v(x) are displacement field function and
displacement function, respectively. H(x) represents the Heaviside function, and its regularized form is often
used for achieving the continuity of the function.

Then sensitivity of objective function and constraint function can be expressed as

∂C
∂a

= −U T ∂K
∂a

U = −U T (E
4
(

N E
∑
e=1

4
∑
i=1

q (H (ϕe
i ))

q−1 ∂H (ϕe
i )

∂a
ks))U (14)

∂V
∂a

= 1
4

N E
∑
e=1

4
∑
i=1

∂H (ϕe
i )

∂a
(15)

where a is an arbitrary design variable. ks is the element stiffness matrix, which will be used to form the
overall stiffness matrix K.

The method of moving asymptotes (MMA) algorithm [34,35] is implemented to update the design
variables. The information from the sensitivity analysis is used to introduce the MMA algorithm for design
variable updates. Considering the feasibility of the BER model, this paper still uses a surrogate material model
based on four nodes for sensitivity analysis, without considering the sensitivity of newly added nodes (i.e.,
the number of nodes in sensitivity analysis is still the same as that in the original overall mesh division).
However, due to the reconstruction of the boundary elements density, the overall stiffness matrix K has
changed. According to U = F/K, it can be inferred that the node displacement matrix U has also changed.
Therefore, the sensitivity analysis of the objective function to the design variables (as shown in Eq. (14)) is
different from the original calculation results, but the sensitivity of the volume constraint function to the
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design variables remains unchanged. In addition, the MMA algorithm also requires the volume of solid
elements at each iteration, and this parameter also changes. To verify the feasibility of the proposed method,
several examples are selected for analysis.

4.2 Numerical Examples
The Michell truss problem, short beam problem, and MBB beam problem are selected as examples, as

shown in Fig. 7. Different mesh densities are set to demonstrate the effectiveness of the proposed method.
To simplify the analysis, it is assumed that all relevant quantities in the studied problems are dimensionless,
and the thickness of all design domains is set to a unit value. The Young’s modulus and Poisson’s ratio of the
isotropic solid material are chosen as E = 1 and μ = 0.3, respectively. The element type is chosen as four-node
bi-linear elements. The method of the MMA algorithm is implemented to update the design variables.

Figure 7: Problem examples: (a) Michell truss problem (b) short beam problem (c) MBB beam problem

(1) The Michell truss problem
The design domain is 2 × 1, with fixed supports at both ends of the bottom edge. A vertical load of F = 1

is applied to the midpoint of the bottom edge, and the volume constraint is set to 0.4. Three mesh densities
of 80 × 40, 100 × 50, 120 × 60 are set. The Michell truss optimization results based on the surrogate material
model and BRE model are shown in Fig. 8. It can be seen that the optimization results of the proposed BRE
model are similar to the original surrogate material model, which verifies the effectiveness of the proposed
method. Meanwhile, the structural flexibility of the optimization results of the BER model is slightly lower
than that of the original surrogate material model, and the boundary is smoother.

Figure 8: The optimization results of Michell truss problem
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(2) The short beam problem
The design domain is 2 × 1, with the left edge fixed. A vertical load F = 1 is applied to the midpoint on the

right, and the volume constraint is set to 0.4. Three mesh densities of 80 × 40, 100 × 50, 120 × 60 are set. The
short beam optimization results based on the surrogate material model and BER model are shown in Fig. 9.
It can be seen that the BER model can achieve good topological structures at different mesh densities, which
can further reduce the mesh dependence.

Figure 9: The optimization results of short beam problem

(3) The MBB problem
Due to the symmetry of MBB beams, half of the beam structure is selected for the design domain. The

design domain is 3 × 1, with symmetrical constraints on the left side. A vertical load F = 1 is applied to the
midpoint of the top edge, and the volume constraint is set to 0.4. Three mesh densities of 120 × 40, 150 × 50,
180 × 60 are set. The MBB beam optimization results based on the surrogate material model and BER model
are shown in Fig. 10. It can be seen that the BER model can obtain clearer topological structure boundaries
and facilitate the convergence of computational results to feasible solutions.

4.3 Analysis of Optimization Effects
(1) Iterative histories

The iterative histories of different numerical examples using surrogate material model and BER model
ars shown in Figs. 11–13. It can be observed that the BER model can obtain a stable objective function value,
and the number of stable iterations is almost the same as that of the surrogate material model. Moreover, the
objective function value of BER model is closer under different mesh resolutions.

(2) Calculation time
The calculation times using the surrogate material model and the BER model are shown in Fig. 14. As

the mesh density increases, the calculation times of both models increase. Due to the addition of the process
of constructing boundary elements, the calculation time required by the BER model is longer than that of the
surrogate material model. In the numerical examples discussed in this paper, the calculation time required
by the BER model is approximately twice that of the surrogate material model. The difference in calculation
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times between the two models mainly depends on the proportion of boundary elements. Generally speaking,
the more complex the model is and the more boundary elements it has, the longer the calculation time will be.

Figure 10: The optimization results of MBB problem

Figure 11: Iterative histories of Michell truss: (a) surrogate material model (b) BER model
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Figure 12: Iterative histories of short beam: (a) surrogate material model (b) BER model

Figure 13: Iterative histories of MBB: (a) surrogate material model (b) BER model

Figure 14: Comparison of calculation time: (a) Michell truss (b) Short beam (c) MBB
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Analyzing the above examples, we can see that after introducing the BER model, although the computing
time increases, the mesh dependence during optimization is reduced, a smoother structural topology can be
obtained, and unreasonable optimization results can be improved. Moreover, the BER model also has great
application potential in multi-material topology optimization.

5 Conclusion
In the present work, we introduce a new boundary element reconstruction model for the MMC topology

optimization method. The proposed method focuses on the issue of boundary element density accuracy,
which is cut by the boundary curve. Through processes such as element identification, element mesh
reconstruction, and new node identification, the element densities are recalculated. Compared with the four-
node element surrogate material model (which only calculates the element density based on four nodes),
the density calculation accuracy of boundary elements has been improved. The numerical examples analysis
under different mesh densities indicates that the proposed method can achieve a better structural topology,
reduce the mesh dependence, and has an iteration speed similar to that of the surrogate material model,
although the calculation time is longer. It is also necessary to note that the newly generated nodes do not
participate in the finite element analysis, thereby effectively avoiding a significant increase in computational
cost. Moreover, the proposed method is easy to implement and can be integrated into existing algorithms.
Due to its more precise boundary element density values, the proposed method also has potential application
in multi-material structure optimization, which is the subsequent work of our study.
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