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ABSTRACT: A new quadrilateral finite element IQ4 is developed for the free vibration of carbon nanotube-reinforced
composite (CNTRC) perforated plates with a central cutout. By enriching the membrane part and incorporating a
projected shear technique, the IQ4 element is proposed to address the known limitations of the standard Q4 element,
such as shear locking and limited consistency in the coupling of membrane-bending components. The proposed element
is formulated within the FSDT-based framework and assessed through benchmark tests to verify its convergence and
accuracy. The governing equations are obtained via the weak form of Hamilton’s principle. Particular attention is given to
the influence of carbon nanotube volume fraction, distribution patterns, and boundary conditions on the fundamental
frequency response of CNTRC plates with cutouts. In addition, a parametric study is conducted to assess the influence
of cutout geometric configuration, shape, and size ratios on the vibrational response of the CNTRC plate. The numerical
results demonstrate that the formulated IQ4 element provides stable and accurate estimations of natural frequencies,
even in the presence of a cutout and the coupled effects of the non-uniform distribution of reinforcement through
the plate thickness. The developed formulation is expected to contribute to the structural design and optimization of
advanced lightweight systems, particularly in aerospace and mechanical engineering applications.

KEYWORDS: Free vibration analysis; improved quadrilateral element (IQ4); projected shear technique; membrane
enrichment; cutout; carbon nanotube-reinforced composites (CNTRC)

1 Introduction
In recent years, carbon nanotube-reinforced composite (CNTRC) structures have received increasing

attention due to the exceptional mechanical, thermal, and vibrational properties imparted by carbon
nanotubes (CNTs) embedded within polymer matrices [1–4]. Numerical and experimental results in the
literature consistently indicate that a low volume fraction of CNT reinforcements contributes notably to the
mechanical enhancement of nanocomposite plates [5,6]. As a result, CNT-based composites are now being
considered for critical applications in aerospace, mechanical, and civil engineering, where lightweight and
high-performance materials are essential. Extensive research has been devoted to plates containing geometric
discontinuities, including cutouts, which serve practical purposes such as weight reduction and access
provision [7–9]. However, it is now well established that these discontinuities significantly affect changes
in the global dynamic characteristics and the local stress distribution [10,11]. The mechanical impact of
cutouts manifests in elevated stress zones and reduced local rigidity, leading to abrupt deformation gradients,
which are more severe in CNT-reinforced composites due to their anisotropy and functional gradation of
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constituents [12–15]. Various cutout shapes, such as circular, elliptical, and polygonal openings, influence
nanocomposites’ vibrational and stability behavior and functionally graded plates, and have been extensively
investigated [16–19]. A common framework adopted in earlier studies involves the application of classical
or first-order shear deformation plate theories, integrated with Ritz-based solutions using polynomial or
Chebyshev expansions [20–22]. Although these approaches offer fundamental insights, their predictive
accuracy tends to degrade in regions exhibiting steep strain gradients near cutouts and under different
boundary conditions. Moreover, conventional low-order finite elements frequently encounter numerical
artifacts, including shear locking and sensitivity to mesh refinement near cutout regions [23–25]. Several
advanced theories have emerged to address these challenges: higher-order deformation kinematics, nonlocal
and gradient-enhanced elasticity, and NURBS-based isogeometric approaches [26–29]. Nonetheless, the
practical application of these techniques remains constrained by their intensive computational requirements
and complex formulation procedures [30–32]. In addition, several of these approaches are unsuited for
capturing the interaction between perforation shape, material gradation patterns, and mechanical modeling
strategy. Recent research has increasingly turned toward the detailed analysis of advanced composite struc-
tures, with particular attention given to functionally graded carbon nanotube-reinforced composites and
porous materials featuring intricate cutouts. Several analytical models have been proposed to explore their
vibration and damping behaviors; many utilize higher-order shear deformation theory, various energy-based
approaches, and the Rayleigh–Ritz method. These models have proven effective in capturing the dynamic
response of CNT-reinforced plates embedded with viscoelastic layers. In parallel, bending behavior in FG-
CNTRC panels has been assessed using shell elements derived from Kirchhoff–Love theory, integrating
correction factors to reflect the efficiency of carbon nanotube reinforcement. Porous solids with irregular
cutout shapes have been examined on a structural complexity front using three-dimensional elasticity
formulations and hybrid Q4-T4 finite element meshes [33–37]. These studies highlight the impact of porosity
distribution and cutout geometry on the system’s natural frequencies. Experimental investigations have
also contributed to the field. Notably, tests conducted on honeycomb sandwich beams under clamped-
free boundary conditions have offered valuable insights into vibrational behavior, particularly with core
structure and fundamental damping mechanisms. In light of these challenges, a new quadrilateral finite
element is presented to investigate the free vibration behavior of CNTRC plates with cutouts. The formulation
is founded in first-order shear deformation theory (FSDT) and incorporates refined membrane and shear
components interpolations to enhance numerical accuracy. This enrichment allows for accurately modeling
strain gradients near the cutout region and effectively avoids shear locking without requiring refined meshes
or higher interpolation functions. The formulation accommodates both uniform and functionally graded
CNT distributions using rule-of-mixtures micromechanical-based models. The performance of the proposed
IQ4 element is assessed through a series of benchmark problems involving CNTRC plates both with and
without cutouts, and the obtained results are compared against established reference solutions. The effects
of cutout shape, size, CNT volume fraction, distribution patterns, boundary conditions, and plate geometry
on the vibrational response are systematically investigated. The developed approach is well-positioned
for integration into the structural optimization of lightweight, cutout-bearing components exposed to
vibratory environments.

2 Problem Formulation

2.1 Mechanical Properties of CNTs Reinforced Plates
A functionally graded carbon nanotube-reinforced composite (FG-CNTRC) plate with a central rect-

angular cutout and a uniform thickness h is considered, as illustrated in Fig. 1. The Cartesian coordinate
system (x, y, z) is defined such that the plane z = 0 coincides with the mid-surface of the plate. The rectangular
cutout located at the center of the plate has side lengths c and d, representing its dimensions in the x- and
y-directions, respectively. In Fig. 2, the FG-CNTRC plate is modeled as a two-phase nanocomposite of
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aligned carbon nanotubes (CNTs) embedded in an isotropic polymer matrix. CNTs are continuously
distributed through the thickness according to one of four patterns: UD (uniform distribution), FG-O (mid-
plane concentration), FG-X (symmetric surface concentration), and FG-V (graded from top to bottom).
These gradation schemes define the CNT volume fraction as a function of the thickness z-coordinate,
designed to optimize the mechanical performance of the nanocomposite plate.

Figure 1: Geometrical configuration of a FG-CNTRC plate with a central rectangular cutout

(aa) (bb)

(cc) (dd)

(ee)

Figure 2: CNTs through the z-direction distribution patterns: (a) FG-UD; (b) FG-O; (c) FG-X; (d) FG-V;
(e) z-thickness distribution patterns of CNT volume fraction VC N Ts (z) for FG-CNTRC plates with V∗C N Ts = 0.17

The volume fraction of CNTs VC N Ts (z) according to each distribution pattern, it is defined as
follows [38,39]:

VC N Ts(z) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

V∗C N Ts for FG-UD

V∗C N Ts (2 − 4 ∣z∣
h

) for FG-O

V∗C N Ts (
4 ∣z∣

h
) for FG-X

V∗C N Ts (1 + 2z
h
) for FG-A

(1)
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here, V∗C N Ts represents the intended amount of CNT reinforcement within the matrix material related to the
distribution through the z-coordinate. The effective elastic properties, including Young’s modulus E(z), shear
modulus G(z), and mass density ρ(z), are estimated using the rule of mixtures, as described [40,41]:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E11 (z) = η1VC N Ts (z)EC N Ts
11 + Vm (z)Em

η2
E22(z) =

VC N Ts (z)
EC N Ts

22
+ Vm (z)

Em

η3

G12 (z) = VC N Ts (z)
GC N Ts

12
+ Vm (z)

Gm

ρ (z) = VC N Ts (z) ρC N Ts + Vm (z) ρm

(2)

For convenience, the volume fraction of the polymer matrix is assumed to be:

Vm (z) = 1 − VC N Ts(z) (3)

here, EC N Ts
11 , EC N Ts

22 and GC N Ts
12 denote the longitudinal and transverse Young’s moduli and the shear modulus

of the carbon nanotubes, respectively. While Em and Gm represent the corresponding elastic properties of
the polymer matrix. The coefficients η1, η2 and η3 are the efficiency parameters introduced to account for
the scale-dependent behavior of CNTs. In the present study, Poisson’s ratio ν (z) of the CNTs and the matrix
constituents is expressed as follows:

υ (z) = VC N Ts (z) υC N Ts + Vm (z) υm (4)

2.2 Basic Formulation
In this investigation, the first-order shear deformation theory is employed. The corresponding kinematic

assumptions are introduced through the displacement field, which is expressed as:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

u (x , y, z, t) = u0(x , y, t) − zβx(x , y, t)
v (x , y, z, t) = v0(x , y, t) − zβy(x , y, t)
w (x , y, z, t) = w0(x , y, t)

(5)

here, u0 and v0 represent the in-plane displacements, while w0 denotes the transverse displacement at a point
on the mid-plane of the CNTRC plate. The rotations of the normal to the mid-surface, due to transverse
shear deformation, are represented by βx and βy about the y- and x-axes, respectively. The strain components
associated with the displacement field defined in Eq. (5) are given as follows:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

εx
εy

γx y

⎫⎪⎪⎪⎬⎪⎪⎪⎭
=
⎧⎪⎪⎪⎨⎪⎪⎪⎩

εm
x

εm
y

γm
x y

⎫⎪⎪⎪⎬⎪⎪⎪⎭
+ z

⎧⎪⎪⎪⎨⎪⎪⎪⎩

χx
χy
χx y

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(6)

{γxz
γyz

} = {γs
xz

γs
yz
}

where

⎧⎪⎪⎪⎨⎪⎪⎪⎩

εm
x

εm
y

γm
x y

⎫⎪⎪⎪⎬⎪⎪⎪⎭
=
⎧⎪⎪⎪⎨⎪⎪⎪⎩

u0,x
v0, y

u0, y + v0,x

⎫⎪⎪⎪⎬⎪⎪⎪⎭
,
⎧⎪⎪⎪⎨⎪⎪⎪⎩

χx
χy
χx y

⎫⎪⎪⎪⎬⎪⎪⎪⎭
= −

⎧⎪⎪⎪⎨⎪⎪⎪⎩

βx ,x
βy , y

βx , y + βy ,x

⎫⎪⎪⎪⎬⎪⎪⎪⎭
, {γs

xz
γs

yz
} = {w0,x − βx

v0, y − βy
} (7)
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The constitutive relations for the CNTRC plate are formulated based on the linear elasticity theory
for orthotropic materials. These relations define the stress-strain behavior in terms of the effective material
properties, which vary through the thickness according to the presented CNTs distribution patterns as:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

σx
σy
τx y
τxz
τyz

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Q11 Q12 0 0 0
Q12 Q22 0 0 0
0 0 Q66 0 0
0 0 0 Q44 0
0 0 0 0 Q55

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

εx
εy

γx y
γxz
γyz

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭

(8)

The stiffness coefficients Qi j, associated with the CNT reinforced nanocomposite material, are defined
in terms of the effective elastic constants as follows:

Q11 =
E11(z)

1 − υ21υ12
; Q22 =

E22(z)
1 − υ21υ12

; Q12 =
υ21E11(z)
1 − υ21υ12

; Q66 = G12 (z) ; Q44 = ksG13(z); Q55 = ksG23(z) (9)

here, ks denotes the shear correction factor, which is taken as 5/6.

2.3 Variational Formulation
The governing equations of the CNTRC nanocomposite plate are derived using Hamilton’s variational

principle, which accounts for the balance of strain energy and kinetic energy as follows:

t2

∫
t1

δ (ΠP − ΠK) dt = 0 (10)

In this expression, δΠP denotes the variation of the strain energy of the CNT reinforced nanocomposite
plate, while δΠK represents the variation of kinetic energy. The strain energy variation is given by:

δΠP = ∫
V

(σx δεx + σy δεy + τxz δγxz + τyz δγyz + τx y δγx y) dV

=
+a/2

∫
−a/2

+b/2

∫
−b/2

(Nx δεm
x + Ny δεm

y + Nx y δγm
x y + Mx δ χx + My δ χy + Mx y δ χx y

+ Sxz δγs
xz + Syz δγs

yz) dxd y (11)

The stress resultants, including the membrane forces N, bending moments M, and transverse shear
forces S, are obtained by integrating the corresponding stress components through the thickness of the CNT
reinforced nanocomposite plate:

{Ni j
Mi j

} =
+h/2

∫
−h/2

σi j {
1
z} dz; (i j = x , y, x y) and Si j =

+h/2

∫
−h/2

τi jdz; ( j = xz, yz) (12)
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By substituting Eqs. (8) and (9) into Eq. (11), the final expressions for the stress resultants are obtained
in the following form:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

Ni j
Mi j
Si j

⎫⎪⎪⎪⎬⎪⎪⎪⎭
=
⎡⎢⎢⎢⎢⎢⎣

Ai j Bi j 0
Bi j Di j 0
0 0 AS i j

⎤⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

εm
i j

χi j
γs

i j

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
(13)

The detailed expressions for the stiffness coefficients are given as follows:

[Ai j] =
⎡⎢⎢⎢⎢⎢⎣

A11 A12 0
A12 A22 0
0 0 A66

⎤⎥⎥⎥⎥⎥⎦
; [Bi j] =

⎡⎢⎢⎢⎢⎢⎣

B11 B12 0
B12 B22 0
0 0 B66

⎤⎥⎥⎥⎥⎥⎦
; [Di j] =

⎡⎢⎢⎢⎢⎢⎣

D11 D12 0
D12 D22 0
0 0 D66

⎤⎥⎥⎥⎥⎥⎦
; [AS i j] = [As44 0

0 As55
]

(14)

where
⎧⎪⎪⎪⎨⎪⎪⎪⎩

Ai j
Bi j
Di j

⎫⎪⎪⎪⎬⎪⎪⎪⎭
=
+h/2

∫
−h/2

Qi j

⎧⎪⎪⎪⎨⎪⎪⎪⎩

1
z
z2

⎫⎪⎪⎪⎬⎪⎪⎪⎭
dz (i j = 11, 12, 22, 66) and {As44

As55
} = ks

+h/2

∫
−h/2

{Q44
Q55

} dz (15)

The variation of kinetic energy for the CNT-reinforced nanocomposite plate is expressed as follows:

δΠK = ∫
V

ρ(z) (u̇δu̇ + v̇δv̇ + ẇδẇ) dV

=
+a/2

∫
−a/2

+b/2

∫
−b/2

[I0u̇0δu̇0 + I0v̇0δv̇0 + I0ẇ0δẇ0 − I1 (u̇0δβ̇x + β̇x δu̇0)

− I1 (v̇0δβ̇y + β̇y δv̇0) + I2 (β̇x δβ̇x + β̇y δβ̇y)] dxd y (16)

here, ρ (z) denotes the mass density varying through the thickness, (I0, I1 and I2) represent the mass inertia
terms, defined as follows:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

I0
I1
I2

⎫⎪⎪⎪⎬⎪⎪⎪⎭
=

h/2

∫
−h/2

ρ (z)
⎧⎪⎪⎪⎨⎪⎪⎪⎩

1
z
z2

⎫⎪⎪⎪⎬⎪⎪⎪⎭
dz (17)

By substituting Eqs. (11) and (16) into Eq. (10), and expressing the δΠP and δΠK variations in explicit
form, followed by the application of integration by parts and setting the virtual displacements δu0, δv0, δw0,
δβx and δβy , the weak variational form of the governing equations for the CNT-reinforced plate is derived
as follows:

∫
ds

(⟨δεm⟩ [A] {εm} + ⟨δεm⟩ [B] {χ} + ⟨δ χ⟩ [B] {εm} + ⟨δ χ⟩ [D] {χ} + ⟨δγs⟩ [As] {γs} + ⟨δu0⟩ I0 {ü0}

+ ⟨δv0⟩ I0 {v̈0} + ⟨δw0⟩ I0 {ẅ0} − ⟨δu0⟩ I1 {β̈x} − ⟨δβx⟩ I1 {ü0} − ⟨δv0⟩ I1 {β̈y} − ⟨δβy⟩ I1 {v̈0} + ⟨δβx⟩ I2 {β̈x}
+ ⟨δβy⟩ I2 {β̈y}) ds = 0 (18)
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Consequently, the weak form presented in Eq. (18) can be discretized and reformulated into the standard
matrix form of the governing equations:

(Km + Kmb + Kbm +Kb + Ks) {di}
+ (Mu0 + Mv0 + Mw0 − Mu0 βx − Mβx u0 − Mv0 β y − Kβ y v0 + Mβx + Mβ y){d̈i} = 0 (19)

2.4 New Improved IQ4 Finite Element Formulation
A new finite element model is proposed for FG-CNTRC plates based on the FSDT assumptions. The

formulation enhances the classical Q4 membrane part by incorporating side-based average projection to
accurately evaluate membrane–bending coupling, which is essential for graded composite materials. To avoid
shear locking, the shear strain projection method is employed. This combination leads to an improved and
advanced element formulation with enhanced accuracy and convergence performance.

2.4.1 IQ4 Finite Element Stiffness Matrix
The fundamental idea is to replace the normal strain components εx and εy by their averaged values

over the element domain. Unlike the standard Q4 element, which ignores edge orientations, the proposed
B-type method incorporates side-based projections for the element geometry. This modification effectively
avoids locking under near-incompressible conditions and improves membrane strain accuracy, particularly
for distorted or refined meshes. The position vector of any point M located on the mid-surface of the element
can be interpolated from the nodal coordinates using the standard bilinear isoparametric shape functions,
which depend explicitly on the natural coordinates ξ and η, as follows:

Ni=1,2,3,4 (ξi , ηi) =
1
4
(1 + ξi ξ) (1 + ηi η) ξi ∈ [−1,+1] and ηi ∈ [−1,+1] (20)

The derivatives with respect to the physical coordinates (x, y) are obtained through the Jacobian matrix
transformation.

∂Ni

∂x
= J−1 ∂Ni

∂ξ
; ∂Ni

∂y
= J−1 ∂Ni

∂η
(21)

where

J =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η

⎤⎥⎥⎥⎥⎥⎥⎥⎦

=
4
∑
i=1

{xi
yi
}⟨∂Ni

∂ξ
; ∂Ni

∂η
⟩ (22)

The average strains over the element are computed using numerical integration based on a 2 × 2 Gauss
quadrature scheme.

ε̃x =
1
4

4
∑
i=1

εx (ξi , ηi) , ε̃ y =
1
4

4
∑
i=1

εy (ξi , ηi) (23)

The modified matrix is explicitly expressed as follows:

B̃m =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

B̃x
B̃y
Bx y

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(24)
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where the modified components are explicitly defined as:

B̃x =
1
4

4
∑
i=1

Bm
x (ξi , ηi) , B̃y =

1
4

4
∑
i=1

Bm
y (ξi , ηi) (25)

with the initial components given by:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

Bm
x

Bm
y

Bx y

⎫⎪⎪⎪⎬⎪⎪⎪⎭
= [J]−1 [∂ξ]

⎡⎢⎢⎢⎢⎢⎣

Ni 0
0 Ni ⋅ ⋅ ⋅

Ni Ni

⎤⎥⎥⎥⎥⎥⎦
and [∂ξ] =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

(),ξ 0
(),ξ 0

0 (),η
0 (),η

⎤⎥⎥⎥⎥⎥⎥⎥⎦

(26)

The final expression of the modified B̃m matrix corresponding to the membrane part is given by:

B̃m =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1
4 ∑

4
j=1 ( J−1

11 Ni ,ξ∣ j + J−1
12 Ni ,η ∣ j) 0 0 0 0

0 1
4 ∑

4
j=1 ( J−1

21 Ni ,ξ∣ j + J−1
22 Ni ,η ∣ j) 0 0 0 ⋅ ⋅ ⋅

(J−1
21 Ni ,ξ + J−1

22 Ni ,η) (J−1
11 Ni ,ξ + J−1

12 Ni ,η) 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦i=1,2,3,4

(27)

Finally, the membrane stiffness contribution is expressed as:

[Km] =
+1

∫
−1

+1

∫
−1

[B̃m]
T [Ai j] [B̃m] ∣J∣ ∂ξ∂η (28)

The variation of the strain energy associated with the bending deformation of the CNTRC plate is
expressed as:

δKb = ∫
ds

⟨δ χ⟩ [Di j] {χ} ds (29)

with

χ =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

−βx ,x
−βy , y

−(βx , y + βy ,x)

⎫⎪⎪⎪⎬⎪⎪⎪⎭
= [Bb] {

βx
βy
} (30)

The rotations of the normal to the mid-surface are interpolated using a bilinear shape function of the
Q4 element, and are given by:

{βx
βy
} =

4
∑
i=1

⟨Ni⟩ {
βx i
βy i

} (31)

where the differential operator matrix [Bb] associated with the bending stiffness part is defined as:

[Bb] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 (J−1
11 Ni ,ξ + J−1

12 Ni ,η) 0 ⋅ ⋅ ⋅

0 0 0 0 (J−1
21 Ni ,ξ + J−1

22 Ni ,η) ⋅ ⋅ ⋅

0 0 0 (J−1
21 Ni ,ξ + J−1

22 Ni ,η) (J−1
11 Ni ,ξ + J−1

12 Ni ,η) ⋅ ⋅ ⋅

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦i=1,2,3,4

(32)
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Finally, the bending stiffness contribution is expressed as:

[Kb] =
+1

∫
−1

+1

∫
−1

[Bb]T [Di j] [Bb] ∣J∣ ∂ξ∂η (33)

In the present formulation, membrane–bending coupling is evaluated through an enhanced membrane
strain–displacement matrix B̃m , specifically developed to reflect the interaction neglected in classical models.
This coupling is important for accurately representing asymmetric through-thickness CNT distribution
patterns:

[Kmb] = [Kbm] =
+1

∫
−1

+1

∫
−1

[B̃m]
T [Bi j] [Bb] ∣J∣ ∂ξ∂η (34)

This study adopts the discrete shear projection technique to avoid shear locking without introducing
spurious modes or sensitivity to mesh distortion [42–45]. Refining the shear strain field within the Q4γ
element achieves accurate shear deformation across various thicknesses without additional variables or
reduced integration. The resulting formulation remains efficient and stable for both thick and thin plates.
The variation of the shear strain energy is given by:

δKs = ∫
ds

⟨δγs⟩ [As] {γs} ds (35)

with

{γs
xz

γs
yz
} = {w0,x − βx

w0, y − βy
} (36)

and in isosparametric coordinates:

{γs
ξz

γs
ηz
} = {w0,ξ − βξ

w0,η − βη
} = [Bξ] {de} (37)

In matrix form:

[Bξ] = [0 0 Ni ,ξ ξi Ni ,ξ 0 ⋅ ⋅ ⋅
0 0 Ni ,η 0 ηi Ni ,η ⋅ ⋅ ⋅ ]i=1,2,3,4

(38)

Eq. (37) defines the transverse shear deformation along each side of the plate element in terms of the
nodal displacement parameters:

1

∫
−1

[γξz − (∂w0

∂ξ
− φξ)] dξ = 0

1

∫
−1

[γηz − (∂w0

∂η
− φη)] dη = 0 (39)
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The transverse shear strain components γ are then interpolated over the element using the projected
side values as:

γ =
4
∑
i=1

Nγ
i (ξ, η) γ jk (40)

where Nγ
i are the interpolation functions associated with the element sides, and γ jk are the corresponding

constant shear strains projected along each side. The transverse shear strain field is interpolated from side-
based constant values using appropriate shape functions as:

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

γi j
ξ = 1

2
(1 − η) γ12

ξ + 1
2
(1 + η) γ34

ξ

γi j
η = 1

2
(1 − ξ) γ13

ξ + 1
2
(1 + ξ) γ24

ξ

(41)

The Bξ matrix corresponding to the shear strain–displacement relation is defined as:

[Bξ] = [0 0 Ni ,ξ ξi Ni ,ξ J−1
11 ξi Ni ,ξ J−1

12 ⋅ ⋅ ⋅
0 0 Ni ,η ηi Ni ,η J−1

21 ηi Ni ,η J−1
22 ⋅ ⋅ ⋅ ]i=1,2,3,4

(42)

and

[Bs] = [J]−1 [Bξ] (43)

The shear stiffness contribution is expressed as:

[Ks] =
+1

∫
−1

+1

∫
−1

[Bs]T [[As]] [Bs] ∣J∣ ∂ξ∂η (44)

Finally, the element stiffness matrix for the IQ4 element, which includes membrane, bending,
membrane–bending coupling, and transverse shear effects, is expressed as:

[Ke] = [Km] + [Kmb] + [Kbm] + [Kb] + [Ks] (45)

2.4.2 IQ4 Finite Element Mass Matrix
The IQ4 mass matrix is derived from the virtual variation of kinetic energy. This formulation considers

translational and rotational inertial effects, including the coupling terms arising from asymmetric mass
distribution through the plate thickness. Based on the weak form of the kinetic energy of the CNT-reinforced
nanocomposite plate, the mass matrix may be expressed by:

δΠK = ∫
ds

(I0 (⟨ δu0⟩ {ü0} + ⟨δv0⟩ {v̈0} + ⟨δw0⟩ {ẅ0})

−I1 (⟨δu0⟩ {β̈x} + ⟨δβx⟩ {ü0} ⟨δv0⟩ I1 {β̈y} + ⟨δβy⟩ I1 {v̈0})
+ I2 (⟨δβx⟩ {β̈x} + ⟨δβy⟩ {β̈y})) ds (46)
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The bilinear isoparametric shape functions Ni(ξ, η) are employed to interpolate the translational and
rotational degrees of freedom within the element domain:

{dT} =
⎡⎢⎢⎢⎢⎢⎣

Ni 0 0
0 Ni 0
0 0 Ni

⎤⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎨⎪⎪⎪⎩

u0
v0
w0

⎫⎪⎪⎪⎬⎪⎪⎪⎭i=1,2,3,4

(47)

and,

{dR} = [Ni 0
0 Ni

]{βx
βy
}

i=1,2,3,4
(48)

where {dT} and {dR} are the translational and rotational d.o.f, respectively. Accordingly, the final expression
of the computed element mass matrix is given by:

[Me] = ∫
ds

(N T
T I0N T

T − N T
T I1N T

R − N T
R I1N T

T + N T
R I2N T

R ) ds (49)

where

[Me] = [ MT MRT
MRT MR

] (50)

By assembling the contributions from all elements, the global stiffness matrix Kg and the global mass
matrix Mg are obtained as:

[K]g =
n
∑
e=1

[Ke] and [M]g =
n
∑
e=1

[Me] (51)

After rewriting Eq. (19), the free vibration eigenvalue analysis is obtained in the form:

([K]g − ω2 [M]g){d} = 0 (52)

In Eq. (52), ω denotes the system’s natural frequencies. All element matrices are integrated using
a 2 × 2 Gauss quadrature scheme, ensuring sufficient numerical accuracy for evaluating stiffness and
mass contributions.

3 Numerical Simulation and Discussion
This section provides a series of computational examples to assess the accuracy and robustness of the

formulated IQ4 model in predicting the free vibration behavior of FG-CNTRC nanocomposite plates. Both
comparative and parametric studies are carried out, drawing on reference solutions available in the literature
for validation purposes. The FG-CNTRC plates analyzed in this study feature various CNT distributions
embedded within a polymer matrix. Detailed information on the material properties and volume fractions
is presented in Tables 1–3. The boundary conditions applied in each case are summarized in Table 4. A
systematic investigation evaluates the effects of CNT distribution patterns, material gradation, and geometric
parameters, including central cutouts. Both intact plates and those with cutouts are examined, allowing for
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a clear assessment of the cutout size and shape influence the dynamic response. To ensure consistency and
facilitate comparison, the natural frequencies are reported in normalized form [14,31]:

ω = ω(a2

h
)
√

ρm

Dm
; Dm = Em h2

12 (1 − ν2
m)

(53)

Table 1: Mechanical properties of the matrix and the CNTs reinforcement [14,31]

Component Young modulus E (GPa) Mass density ρ (kg/m3) Poisson’s ratio ν
Epoxy/Polymer matrix 2.5 1150 0.34

CNTs E11 = 5646.6; E22 = 7080 1400 0.175

Table 2: CNTs efficiency parameters [14,31]

VCNT η1 η2 η3

0.17 0.142 1.626 0.7 η2

Table 3: The calculated final material properties of FG-UD nanocomposite plates (VCNT = 0.17)

E11 (GPa) E22 (GPa) G12 (GPa) G13 (GPa) G23 (GPa) ν12 ν21 ρ (kg/m3)
138.3839 4.8972 1.2791 1.2791 1.2791 0.3120 0.0110 1192.5

Table 4: Boundary conditions were used in the present study

BCs x = −a/2, a/2 y = −b/2, b/2
SSSS u0 = w0 = βy = 0 v0 = w0 = βx = 0

CCCC u0 = v0 = w0 = βx = βy = 0 u0 = v0 = w0 = βx = βy = 0
CFCF u0 = v0 = w0 = βx = βy = 0 u0 ≠ v0 ≠ w0 ≠ βx ≠ βy ≠ 0

The first example provides a convergence study to assess the performance of the proposed IQ4 finite
element in the free vibration analysis of CNT-reinforced plates. Fig. 3 presents results for FG-UD and FG-X
distribution patterns, respectively, with comparisons made against the classical Q4 element using selective
reduced integration. Across both patterns, the IQ4 element demonstrates faster and more stable convergence,
achieving accurate fundamental frequencies with fewer mesh divisions. In contrast, the Q4 element shows
slower convergence and higher sensitivity to mesh refinement. These results confirm the improved numerical
robustness and efficiency of the IQ4 formulation, making it particularly suitable for analyzing nanocomposite
plates with advanced material gradations. The next section investigates the vibrational behavior of FG-
CNTRC plates with central cutouts through a comparative analysis against benchmark solutions reported
by Mirzaei and Kiani [31] and Mirzaei [14]. The IQ4 finite element model demonstrates excellent agreement
with the reference Ritz-based results across various CNT distribution configurations. For clarity, the results
are presented separately: Tables 5–8 correspond to simply supported plates, whereas Tables 9–12 report the
case of fully clamped plates. Notably, the IQ4 element effectively captures both in-plane and transverse shear
effects induced by material gradation, while maintaining reduced computational cost compared to the high-
order Ritz and Ritz–Chebyshev approaches. As consistently observed, the FG-X distribution exhibits the
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highest natural frequencies due to the concentration of CNTs near the plate surfaces, thereby enhancing
bending stiffness.

Figure 3: Convergence comparison of fundamental frequency using classical Q4 and improved IQ4 elements for CNT-
reinforced plates with different CNTs distribution patterns: (a) FG-UD pattern; (b) FG-X

Table 5: Investigation of the first four dimensionless frequencies of FG-UD CNTRC nanocomposite simply-supported
plates with central cutouts (a/b = 1, a/h = 20, VCNT = 0.17 and various cutout aspect ratios)

c/a Models ω1 ω2 ω3 ω4

0 Ritz-FSDT [31] 63.2598 83.2741 132.0746 143.7036
Present 63.2957 83.2834 132.0494 140.6680

0.1 Ritz-FSDT [31] 62.8020 83.1849 131.8828 144.8261
Present 61.1788 83.0629 131.4948 145.7748

0.3 Ritz-FSDT [31] 52.8233 78.3506 111.6736 130.6302
Present 51.7910 77.5376 107.3200 129.2882

0.5 Ritz-FSDT [31] 49.7695 72.2115 75.6430 110.4459
Present 49.0996 71.6079 73.2652 107.1577

Table 6: Investigation of the first four dimensionless frequencies of FG-V CNTRC nanocomposite simply-supported
plates with central cutouts (a/b = 1, a/h = 20, VCNT = 0.17 and various cutout aspect ratios)

c/a Models ω1 ω2 ω3 ω4

0 Ritz-FSDT [31] 55.2524 78.2905 130.3768 144.7268
Present 55.3600 78.4845 130.4763 141.9702

0.1 Ritz-FSDT [31] 54.8235 78.1925 130.2147 145.8510
Present 62.4889 85.2564 129.0723 146.7707

0.3 Ritz-FSDT [31] 46.7420 73.0816 107.2829 129.9159
Present 62.7300 65.1645 104.4452 127.5728

0.5 Ritz-FSDT [31] 45.0900 66.7584 73.9966 108.6995
Present 42.0709 65.8099 74.6212 102.4068
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Table 7: Investigation of the first four dimensionless frequencies of FG-O CNTRC nanocomposite simply-supported
plates with central cutouts (a/b = 1, a/h = 20, VCNT = 0.17 and various cutout aspect ratios)

c/a Models ω1 ω2 ω3 ω4

0 Ritz-FSDT [31] 49.4292 49.4292 123.2571 144.7344
Present 49.4678 49.4678 123.2670 142.0210

0.1 Ritz-FSDT [31] 49.0286 72.4102 123.0916 145.8609
Present 47.1810 72.2726 121.2397 145.7748

0.3 Ritz-FSDT [31] 41.9863 67.4468 100.7698 123.2779
Present 41.3124 66.6416 100.0194 122.0297

0.5 Ritz-FSDT [31] 40.9160 31.2728 69.6564 103.1278
Present 40.5261 60.6878 67.3708 100.8114

Table 8: Investigation of the first four dimensionless frequencies of FG-X CNTRC nanocomposite simply-supported
plates with central cutouts (a/b = 1, a/h = 20, VCNT = 0.17 and various cutout aspect ratios)

c/a Models ω1 ω2 ω3 ω4

0 Ritz-FSDT [31] 72.8708 92.2430 141.7590 144.7344
Present 72.8965 92.2035 141.5502 142.0210

0.1 Ritz-FSDT [31] 72.4414 92.1454 141.5884 145.8609
Present 70.0160 92.0114 139.7606 145.7747

0.3 Ritz-FSDT [31] 60.5716 87.1986 119.1929 139.3437
Present 59.8852 86.2815 114.7052 137.7016

0.5 Ritz-FSDT [31] 56.2066 80.5715 80.8909 118.0424
Present 55.2970 80.1869 83.8524 116.2512

Table 9: Investigation of the first four dimensionless frequencies of FG-UD CNTRC nanocomposite fully clamped plates
with central cutouts (a/b = 1, a/h = 20, VCNT = 0.17 and various cutout aspect ratios)

c/a Models ω1 ω2 ω3 ω4

0
Ritz-FSDT [31] 104.7581 127.4624 177.3348 216.4439

Ritz-Chebyshev FSDT [14] 104.7871 127.8264 178.7971 216.4614
Present 104.8555 127.7297 178.3468 216.8847

0.1
Ritz-FSDT [31] 105.4667 127.4527 178.2958 210.3946

Ritz-Chebyshev FSDT [14] 105.7780 127.7721 178.7566 210.8695
Present 104.5621 127.4042 176.9683 210.2584

(Continued)
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Table 9 (continued)

c/a Models ω1 ω2 ω3 ω4

0.3
Ritz-FSDT [31] 120.4439 126.9656 169.8070 188.2571

Ritz-Chebyshev FSDT [14] 120.8667 127.2531 170.0702 188.8003
Present 120.4666 126.0794 168.1927 187.1374

0.5
Ritz-FSDT [31] 144.3419 145.0951 220.7844 229.0503

Ritz-Chebyshev FSDT [14] 145.5115 146.4002 222.2984 230.8655
Present 143.8815 146.8993 222.2869 230.1312

Table 10: Investigation of the first four dimensionless frequencies of FG-V CNTRC nanocomposite fully clamped plates
with central cutouts (a/b = 1, a/h = 20, VCNT = 0.17 and various cutout aspect ratios)

c/a Models ω1 ω2 ω3 ω4

0
Ritz-FSDT [31] 97.1637 122.2427 175.0384 205.6517

Ritz-Chebyshev FSDT [14] 97.2016 122.6404 176.5811 205.6906
Present 97.2544 122.516 176.0846 206.1775

0.1
Ritz-FSDT [31] 97.5556 122.2235 175.8912 200.6315

Ritz-Chebyshev FSDT [14] 97.8739 122.5515 176.3491 201.1100
Present 93.5732 122.4598 176.7310 202.5817

0.3
Ritz-FSDT [31] 111.1976 120.2882 160.6058 183.8592

Ritz-Chebyshev FSDT [14] 111.6316 120.5688 160.8451 184.3800
Present 104.9553 116.8825 160.6379 181.0257

0.5
Ritz-FSDT [31] 137.8894 138.7569 208.3156 208.3156

Ritz-Chebyshev FSDT [14] 138.4666 139.4295 209.8142 219.0137
Present 137.1283 138.5251 205.7145 219.3500

Table 11: Investigation of the first four dimensionless frequencies of FG-O CNTRC nanocomposite fully clamped plates
with central cutouts (a/b = 1, a/h = 20, VCNT = 0.17 and various cutout aspect ratios)

c/a Models ω1 ω2 ω3 ω4

0
Ritz-FSDT [31] 90.1519 114.9774 166.5357 195.1187

Ritz-Chebyshev FSDT [14] 90.1964 115.3363 167.9144 195.1793
Present 90.2704 115.2563 167.5656 195.6660

0.1
Ritz-FSDT [31] 90.3317 114.9383 167.1189 190.7122

Ritz-Chebyshev FSDT [14] 90.6542 115.2476 167.5834 191.1995
Present 90.8394 114.8662 165.9004 189.9235

(Continued)
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Table 11 (continued)

c/a Models ω1 ω2 ω3 ω4

0.3
Ritz-FSDT [31] 102.7080 112.4737 150.9616 174.3439

Ritz-Chebyshev FSDT [14] 103.1452 112.7492 151.1918 174.8699
Present 102.8673 111.5584 149.2400 172.7853

0.5
Ritz-FSDT [31] 129.1618 129.9906 196.1895 205.0887

Ritz-Chebyshev FSDT [14] 129.7544 130.6752 197.6935 206.7070
Present 127.8304 128.4866 197.5835 205.6650

Table 12: Investigation of the first four dimensionless frequencies of FG-X CNTRC nanocomposite fully clamped plates
with central cutouts (a/b = 1, a/h = 20, VCNT = 0.17 and various cutout aspect ratios)

c/a Models ω1 ω2 ω3 ω4

0
Ritz-FSDT [31] 112.9857 136.1313 187.5684 228.1375

Ritz-Chebyshev FSDT [14] 113.0013 136.4831 189.0796 228.1233
Present 113.0595 136.3417 188.4628 228.5125

0.1
Ritz-FSDT [31] 114.0739 136.1672 188.9056 221.1219

Ritz-Chebyshev FSDT [14] 114.3648 136.4345 189.2184 221.6162
Present 114.8811 136.0238 189.9235 218.4614

Ritz-FSDT [31] 130.6054 136.3973 181.1849 199.9691
0.3 Ritz-Chebyshev FSDT [14] 131.0019 136.6431 181.4328 200.3748

Present 130.5104 135.3890 181.9925 200.0749

0.5
Ritz-FSDT [31] 155.3892 156.2246 233.7825 242.7781

Ritz-Chebyshev FSDT [14] 155.8463 156.7755 235.2230 244.1759
Present 154.4608 157.6292 235.2517 243.4912

Conversely, with CNTs concentrated near the mid-plane, the FG-O pattern results in the lowest stiffness
and frequencies. The FG-UD and FG-V distributions yield intermediate values, with FG-UD demonstrating
higher stiffness attributed to its uniform reinforcement profile. This uniformity ensures that the reinforcing
CNTs contribute consistently across the entire thickness, enhancing the stiffness. By contrast, while still
effective, the FG-V distribution concentrates CNTs toward the surfaces, improving bending resistance locally
but not providing the same balanced contribution throughout the plate. As a result, FG-UD exhibits slightly
higher natural frequencies than FG-V, since its uniform stiffness distribution increases the global structural
resistance to deformation. In contrast, FG-V shows a more mode-dependent sensitivity to bending and shear
interactions. These trends are in close accordance with the reference data presented in Mirzaei and Kiani [31]
and Mirzaei [14]. For plates with clamped–free (CFCF) boundary conditions on both sides, as presented
in Tables 13–16, the proposed IQ4 model yields results that are in close agreement with the reference
solutions. The frequency ordering FG-X > FG-UD > FG-V > FG-O is consistently maintained. Minor
discrepancies are attributed to shear deformation treatments in thick plate configurations. Nonetheless, the
IQ4 model achieves comparable accuracy with significantly reduced computational effort, confirming its
suitability for large-scale parametric studies and practical engineering applications.
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Table 13: Investigation of the first four dimensionless frequencies of FG-UD CNTRC nanocomposite CFCF plates with
central cutouts (a/b = 1, a/h = 20, VCNT = 0.17 and various cutout aspect ratios)

c/a Models ω1 ω2 ω3 ω4

0
Ritz-FSDT [31] 100.1209 100.5478 106.0262 130.1245

Ritz-Chebyshev FSDT [14] 100.1628 100.5884 106.0609 130.1657
Present 100.2584 100.6852 106.1573 130.2469

0.1
Ritz-FSDT [31] 100.2534 100.3429 106.3842 129.9112

Ritz-Chebyshev FSDT [14] 100.5187 100.5980 106.5982 130.0777
Present 100.1908 100.6904 105.6487 129.8107

0.3
Ritz-FSDT [31] 100.7600 101.2200 118.8467 128.0103

Ritz-Chebyshev FSDT [14] 101.0124 101.4658 119.1584 127.0111
Present 101.0968 101.5450 118.6661 128.3575

0.5
Ritz-FSDT [31] 101.6312 101.6706 134.2600 134.9668

Ritz-Chebyshev FSDT [14] 101.8795 101.9136 134.0388 134.9972
Present 101.9542 101.9876 131.2662 131.8858

Table 14: Investigation of the first four dimensionless frequencies of FG-V CNTRC nanocomposite CFCF plates with
central cutouts (a/b = 1, a/h = 20, VCNT = 0.17 and various cutout aspect ratios)

c/a Models ω1 ω2 ω3 ω4

0
Ritz-FSDT [31] 91.7731 92.3623 98.8950 125.5211

Ritz-Chebyshev FSDT [14] 91.8200 92.4033 98.9357 125.5620
Present 91.9235 92.5147 99.0610 125.6767

0.1
Ritz-FSDT [31] 91.8120 92.1557 99.0190 125.2861

Ritz-Chebyshev FSDT [14] 92.0841 92.4114 99.2196 125.4391
Present 83.6365 103.7556 117.7636 124.4332

0.3
Ritz-FSDT [31] 92.5250 93.0347 109.7041 121.8601

Ritz-Chebyshev FSDT [14] 92.7802 93.2878 110.0218 120.6987
Present 75.46126 89.8137 101.9569 115.4847

0.5
Ritz-FSDT [31] 93.5251 93.5551 126.8153 127.6207

Ritz-Chebyshev FSDT [14] 93.7767 93.7994 126.6408 127.6781
Present 67.1080 68.8748 124.8944 131.6732

Table 15: Investigation of the first four dimensionless frequencies of FG-O CNTRC nanocomposite CFCF plates with
central cutouts (a/b = 1, a/h = 20, VCNT = 0.17 and various cutout aspect ratios)

c/a Models ω1 ω2 ω3 ω4

0
Ritz-FSDT [31] 84.7084 85.3698 92.0274 118.2125

Ritz-Chebyshev FSDT [14] 84.7650 85.4349 92.1063 118.3220
Present 84.8710 85.5426 92.2125 118.4198

(Continued)
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Table 15 (continued)

c/a Models ω1 ω2 ω3 ω4

0.1
Ritz-FSDT [31] 84.6851 85.1671 92.0179 117.9871

Ritz-Chebyshev FSDT [14] 84.9619 85.4417 92.2475 118.2025
Present 84.6394 85.5449 91.3555 117.9134

0.3
Ritz-FSDT [31] 85.4922 85.9562 101.4103 114.2352

Ritz-Chebyshev FSDT [14] 85.7645 86.2236 101.7796 113.0819
Present 85.8604 86.3160 101.4315 114.2222

0.5
Ritz-FSDT [31] 86.8830 86.5131 118.6095 119.3833

Ritz-Chebyshev FSDT [14] 86.7629 86.7813 118.6271 119.6144
Present 86.8426 86.8620 116.1825 116.8734

Table 16: Investigation of the first four dimensionless frequencies of FG-X CNTRC nanocomposite CFCF plates with
central cutouts (a/b = 1, a/h = 20, VCNT = 0.17 and various cutout aspect ratios)

c/a Models ω1 ω2 ω3 ω4

0
Ritz-FSDT [31] 108.3648 108.7314 114.1163 138.8282

Ritz-Chebyshev FSDT [14] 108.4022 108.7544 114.0909 138.7229
Present 108.4893 108.8425 114.1785 138.7812

0.1
Ritz-FSDT [31] 108.5295 108.6060 114.7279 138.6133

Ritz-Chebyshev FSDT [14] 108.7655 108.8620 114.8865 138.6355
Present 108.5687 108.8494 113.9385 138.3445

0.3
Ritz-FSDT [31] 108.9985 109.4736 128.8350 137.2623

Ritz-Chebyshev FSDT [14] 109.2298 109.6954 129.0626 136.1666
Present 109.3050 109.7638 128.4675 137.9427

0.5
Ritz-FSDT [31] 109.8563 109.9006 144.0598 144.7920

Ritz-Chebyshev FSDT [14] 110.0719 110.1112 143.5786 144.5836
Present 110.1370 110.1750 140.5959 141.2446

The influence of cutout geometry on the dynamic response is examined with particular attention to
aspect ratio variations. As the longitudinal cutout ratio c/a increases, a marked reduction in effective stiffness
is observed, particularly for the FG-O and FG-V distributions. This results in a corresponding decrease
in natural frequencies. The sensitivity of the third mode to asymmetrical CNT gradation is also notable,
indicating the role of in-plane stiffness in higher-order dynamic behavior. Further analysis of the effect of
cutout dimensions is presented in Table 17, where variations in c/a and d/b are considered independently. It is
observed that increases in c/a lead to a more significant frequency reduction than equivalent variations in d/b,
for all CNT distribution patterns. This highlights the dominant influence of longitudinal stiffness reduction,
particularly in distributions where axial reinforcement is less effective. The trend remains consistent across
all FG configurations, reaffirming the enhanced stiffness contribution of outer-surface reinforcement (FG-X)
and the reduced rigidity of mid-plane-oriented distributions (FG-O).
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Table 17: Benchmark analysis of the first dimensionless frequency of simply supported CNTRC plates with various
central cutout geometries and CNT distribution patterns (a/b = 1, a/h = 20, and VCNT = 0.17)

c/a d/c FG-UD FG-V FG-O FG-X

0

0.25 49.97959 48.496216 46.27385 54.27748
0.5 49.97959 48.496216 46.27385 54.27748
1 49.97959 48.496216 46.27385 54.27748
2 49.97959 48.496216 46.27385 54.27748

0.1

0.25 48.90223 47.810552 45.69251 53.73502
0.5 48.90223 47.810552 45.69251 53.73502
1 47.49447 47.750200 45.41971 52.37798
2 46.01692 45.933801 44.32308 50.93853

0.3

0.25 46.21696 44.801387 41.21541 47.87748
0.5 45.99041 43.600615 40.30508 46.20286
1 45.01434 42.457887 38.71061 45.41971
2 44.88294 40.923911 37.91109 44.88294

0.5

0.25 44.33043 38.097021 36.98639 44.33043
0.5 44.22016 38.660646 31.88088 44.22016
1 41.79417 32.900894 29.89431 41.92621
2 32.61140 28.789438 25.79424 34.81017

Fig. 4 illustrates the mesh and geometric configuration of square FG-CNTRC plates with central
cutouts for varying cutout aspect ratios c/a, ranging from 0 (no cutout) to 0.5. As the cutout size increases,
the effective cross-sectional area is reduced, thereby decreasing the global stiffness of the plate. This
geometric simplification is crucial for systematically investigating the influence of cutout geometry on
vibrational characteristics under simply supported boundary conditions. The mesh remains consistent across
configurations to ensure convergence and maintain numerical stability in the frequency evaluation. Fig. 5
presents the variation of the first dimensionless natural frequencies as a function of both longitudinal (c/a)
and transversal (d/b) cutout aspect ratios for four distinct CNT distribution patterns: FG-UD, FG-O, FG-
X, and FG-A. Across all configurations, a progressive decrease in natural frequencies is observed as the
cutout ratio increases, confirming that removing material significantly lowers the plate’s bending stiffness.
However, the longitudinal aspect ratio (c/a) effect is consistently more pronounced than the transversal one
(d/b). This trend is particularly evident for FG-O and FG-V patterns, where reinforcement is concentrated
near the mid-plane or distributed asymmetrically, reducing their effectiveness in resisting in-plane and
flexural deformation. The FG-X configuration demonstrates the highest frequency values throughout the
parametric range, which is attributable to the CNT reinforcement being concentrated near the plate surfaces,
substantially enhancing the flexural rigidity. In contrast, FG-O consistently exhibits the lowest frequencies,
as its central reinforcement minimizes bending resistance.
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Figure 4: Finite element mesh and geometric configurations of simply supported square FG-CNTRC plates with central
cutouts for various cutout aspect ratios: (a) FG-UD; (b) FG-O; (c) FG-X; (d) FG-V
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(a) (b)

(c) (d)

Figure 5: Variation of the first dimensionless natural frequency with respect to longitudinal (c/a) and transversal (d/b)
cutout aspect ratios for different CNT distribution patterns: (a) FG-UD; (b) FG-O; (c) FG-X; (d) FG-A

4 Conclusion
In the present study, the free vibration characteristics of functionally graded carbon nanotube-

reinforced composite (FG-CNTRC) plates with central cutouts have been thoroughly investigated by
developing an improved finite element formulation. A novel IQ4γ element, based on the first-order shear
deformation theory (FSDT), was implemented by incorporating an enhanced membrane formulation and
a discrete shear projection technique. This improved formulation effectively eliminates shear locking and
captures the membrane–bending coupling behavior, thereby extending the applicability of conventional
FSDT-based plate elements to complex nanocomposite configurations. The accuracy and reliability of the
proposed model were verified through systematic comparisons with benchmark results available in the
literature. Subsequent parametric studies assessed the influence of CNT distribution profiles, cutout aspect
ratios, and boundary conditions. The principal findings can be summarized as follows:

– The proposed IQ4 element demonstrated excellent performance in predicting natural frequencies of
FG-CNTRC plates, particularly in capturing shear deformation and coupling effects, with reduced
computational cost.

– Among the CNT distribution patterns, the FG-X configuration consistently yielded the highest natural
frequencies due to the surface-concentrated reinforcement. At the same time, the FG-O layout resulted
in the lowest frequencies due to mid-plane CNT concentration.

– The increase in longitudinal cutout aspect ratio (c/a) had a more significant effect on frequency reduction
than the transverse ratio (d/b), especially in FG-O and FG-V configurations, highlighting the importance
of axial stiffness in dynamic response.

– Larger cutout sizes were generally associated with decreased stiffness and reduced frequency values, with
the FG-X layout exhibiting the most robust performance under increasing geometric discontinuities.
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– The effect of boundary conditions was observed, where fully clamped plates exhibited higher frequencies
than simply supported ones, due to enhanced edge constraints and stiffness.

– The study confirms that optimal CNT distribution, particularly surface-focused patterns like FG-X,
combined with controlled cutout geometry, can significantly improve nanocomposite plates’ dynamic
performance in advanced engineering applications.

The developed computational model provides an accurate and efficient tool for the vibrational analysis
of FG-CNTRC plates with geometric discontinuities. This study’s findings are a useful reference for future
investigations involving different cutout shapes, locations, and composite configurations, contributing to
the structural optimization of high-performance materials in aerospace, mechanical, and civil engineer-
ing domains.
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