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ABSTRACT: Feature selection methods rooted in rough sets confront two notable limitations: their high computa-
tional complexity and sensitivity to noise, rendering them impractical for managing large-scale and noisy datasets. The
primary issue stems from these methods’ undue reliance on all samples. To overcome these challenges, we introduce the
concept of cross-similarity grounded in a robust fuzzy relation and design a rapid and robust feature selection algorithm.
Firstly, we construct a robust fuzzy relation by introducing a truncation parameter. Then, based on this fuzzy relation,
we propose the concept of cross-similarity, which emphasizes the sample-to-sample similarity relations that uniquely
determine feature importance, rather than considering all such relations equally. After studying the manifestations
and properties of cross-similarity across different fuzzy granularities, we propose a forward greedy feature selection
algorithm that leverages cross-similarity as the foundation for information measurement. This algorithm significantly
reduces the time complexity from O(m?n*) to O(mn?). Experimental findings reveal that the average runtime of five
state-of-the-art comparison algorithms is roughly 3.7 times longer than our algorithm, while our algorithm achieves
an average accuracy that surpasses those of the five comparison algorithms by approximately 3.52%. This underscores
the effectiveness of our approach. This paper paves the way for applying feature selection algorithms grounded in fuzzy
rough sets to large-scale gene datasets.

KEYWORDS: Fuzzy rough sets; feature selection; cross-similarity; fuzzy relations

1 Introduction

With the evolution of information technology, a substantial amount of information is captured in the
form of data. These datasets contain a substantial quantity of redundant information. In data mining and
model training, these redundant features can increase computational complexity and even result in model
distortion, ultimately affecting the model’s predictive capability. Feature selection (or attribute selection,
attribute reduction) is a crucial technique to minimize redundant features, aiming to identify the smallest
subset of features that retain the distinguishability of the data.

Rough set theory [1] enjoys widespread application across diverse fields [2-4], with feature selection
emerging as a particularly prominent research area within its scope. However, a limitation of rough set
theory is its inability to handle continuous data directly. When dealing with features with continuous
values, discretization is necessary, which can lead to the loss of valuable data information. To address these
limitations of traditional rough set theory, Dubois et al. [5] introduced a novel concept by integrating fuzzy
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sets with rough sets, resulting in the emergence of a fuzzy rough set (FRS). This extension of Pawlak’s rough
set model to the fuzzy domain represents a significant advancement in the field. Since then, researchers have
conducted thorough investigations into fuzzy rough set theory, further refining its theoretical framework,
alleviating constraints in practical applications, mitigating the impact of noisy data, and enhancing its overall
robustness. Some researchers [6,7] have endeavored to generalize the fuzzy relationships among samples in
fuzzy rough sets, broadening their scope and enhancing the model’s adaptability. Additionally, they have
gone beyond the traditional definitions of the upper and lower approximation operators, giving the model
a more comprehensive and flexible framework. These innovative extensions not only increase the model’s
flexibility but also enable it to handle a wider range of practical applications with greater precision and
adaptability. Despite the efforts of some researchers [8-11] to design more reasonable relationships and upper-
lower approximation operations in order to mitigate the impact of noisy data and enhance the robustness
of these fuzzy rough set models, they are often accompanied by increased computational complexity. Some
researchers [12-16] have broadened the concept of fuzzy partition to fuzzy covering, thereby easing the
constraints on the model’s application and enhancing its adaptability to diverse scenarios. This generalization
not only facilitates a more flexible application of the model but also empowers it to tackle a broader spectrum
of practical problems with enhanced precision and accuracy.

With the evolution of fuzzy rough set theory, numerous feature selection algorithms have emerged, built
upon this theory. These algorithms aim to identify and extract salient features from datasets, aiding in their
effective representation and interpretation. Jensen et al. [17] introduced the concepts of the fuzzy positive
region and the fuzzy-rough dependency function, subsequently developing a feature selection model based
on this dependency. Yang et al. [18] proposed a granular matrix and a granular reduction model, informed
by fuzzy -covering theory. Huang et al. [19,20] introduced a novel discernibility measure and a novel fitting
model for attribute reduction, utilizing the fuzzy -neighborhood to capture the distinguishing power of a
fuzzy covering family. Huang et al. [21] devised a robust rough set model that integrates fuzzy rough sets,
covering-based rough sets, and multi-granulation rough sets. Furthermore, he successfully employed this
model in the realm of feature selection. Wan et al. [22] proposed a novel interactive and complementary
feature selection approach, which is based on the fuzzy multi-neighborhood rough set model, specifically
designed for use with fuzzy and uncertain data. Hu et al. [23] developed a fuzzy multi-objective feature
selection method, incorporating a fuzzy dominance relationship and particle swarm optimization. Deng
et al. [24] formulated the dual similarity by leveraging the concept of neighborhood fuzzy entropy, and
subsequently utilized it for feature selection in label distribution learning. Dai et al. [25] introduced the
concept of multi-fuzzy 3-covering approximation spaces and subsequently proposed a forward greedy fuzzy
B-covering reduction algorithm, which is based on the monotone conditional entropy in a multi-fuzzy
B-covering approximation space.

Current feature selection algorithms predominantly employ forward greedy feature selection, that
follows a sequential process, consisting of several distinct steps:

1) Determine an evaluation metric.

2)  Model initialization: commences with an empty set as the selected feature subset and a candidate feature
subset consisting of all features.

3) Feature selection: in each iteration, incorporate one feature from the candidate feature subset to the
already selected feature subset according to the evaluation metric. This process continues until the
stopping criteria are satisfied.

When dealing with a dataset containing » features and m samples, the forward greedy feature selection
algorithm, in the worst-case scenario, necessitates the calculation of the evaluation metric n(n —1)/2 times.
Moreover, for each evaluation of the evaluation metric, the calculation of relationships between every pair
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of samples in the dataset is essential, which necessitates calculating m? relationships between samples, such
as distances or similarities. Consequently, the time complexity of these algorithms typically lies in the order
of O(m*n?) or higher. A significant challenge faced by these feature selection algorithms is their high
computational complexity, which makes it challenging for them to effectively handle large sample sizes or
high-dimensional data in practical settings.

Through rigorous research and meticulous analysis, we have identified the following issues with existing
uncertainty measures and their corresponding feature selection algorithms:

1) Existing feature selection algorithms must consider the relationships between all samples when
calculating uncertainty measures (based on dependency or conditional information entropy).

2)  Existing sample relationships may exhibit weak associations due to noisy data, which can result in the
selection of redundant features.

3)  Existing feature selection algorithms struggle to process large sample sizes or high-dimensional datasets
effectively due to their high computational complexity.

Drawing upon the insights obtained, we introduce a novel and efficient feature selection algorithm that
is grounded in cross-similarity. This algorithm represents a significant advancement in addressing the above
challenges associated with feature selection. The primary contributions of this paper are outlined as follows:

1) We establish a fuzzy binary relation known as the “cross-similarity relation”, which is highly sensitive
to samples and relationships that impact the uncertainty of the decision tables while ignoring samples
that are already consistent in the decision table.

2)  Using the cross-similarity relation as the uncertainty measure, we propose a new feature selection algo-
rithm. Compared to existing feature selection algorithms, our algorithm reduces the time complexity
from O(m?*n?) to O(mn?).

3) To mitigate the impact of noise-induced weak relationships, we introduce a truncation parameter that
effectively reduces the influence of noisy data on the feature selection algorithm.

The paper is organized as follows: Section 2 covers the basics of similar relations and fuzzy rough
sets. Section 3 introduces cross-similarity relations and their significance, along with their key proper-
ties. Section 4 details our new forward greedy feature selection model using fuzzy cross-similarity for
data analysis. Section 5 presents experiments proving our method’s effectiveness, stability, and efficiency.
Finally, Section 6 summarizes our findings, limitations of the algorithm, and further research directions.

2 Preliminaries

In this section, we will delve into the fundamental concepts of similar relations and fuzzy rough sets.

2.1 Similar Relations

In an information table, a binary relation among samples can be constructed based on the feature set.
This binary relation is generally either a similarity relation [5,20,25] or a distance relation [7,26].

Definition 1. Let U = {x), X2, ..., X, } be a set of samples, A = {ay, a,,...,a,} be a set of conditional
features, and R = {r|,ry,...,7,} be a set of similar relations between samples, where r; € R(i =1,2,---,n)
is a fuzzy compatible relation derived from the corresponding feature a; € A, signifying that r;(x;, xi) €
[0,1](x;j, x € U) and r; fulfills the properties of reflexivity and symmetry. Then, the pair (U, R) is referred to
as a fuzzy compatible relation space (FCRS).

Definition 2. Let (U;R) be an FCRS, x,y € U,§ € R, and Simg(x,y) = N,,cs7i(%, y). Then Simg is
called a multi-attribute fuzzy compatible relation concerning 9.
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Definition 3. A parameterized multi-attribute fuzzy compatible relation is defined as follows:

0,Sim} (x,y) <A

1
Sim} (x,y),Sim} (x,y) > A o

Simé (x,y) = {
where 0 < A < 1.

The truncation parameter A can be used to eliminate weak similarity relationships introduced by noisy
data in the dataset. Simé is capable of filtering out weak similarity relationships that exert influence on
data uncertainty.

Proposition 4. Let (U, R) be an FCRS. It holds that, for any x, y € U,
1) ifG,cY,CR, then Simé1 (x,y) > Simé2 (x,9);
2) if My <Ay, then Sim’g11 (x,9) > Sim;LZ (x, ).

Proof. 1) For any r;€§;, §,cG,=r;€5,, Sim‘é1 (%7) = Ares, 1i (X, 7) 2 Ares, 1i (X,7) =
Simé2 (%, 7).

2) If Simg (X,y) < Ay < A, then Simg1 (x,y) = Sim;‘2 (x,y) = 0; if \; < Simg (x,¥) <Ay, Simél (x,y) =

Simg (x,y) > Sim;‘2 (x,y) = 0;if Ay <\, < Simg (x,y), then Simg‘1 (x,y) = Simé2 (x,y) = Simg (X, y). In sum-
mary, Simé1 (x,y) > Sim;‘2 (x,y).O

2.2 Fuzzy Rough Sets

Definition 5. Let (U, R) be an FCRS, with D serving as the decision feature. Then the triple (U, R, D) is
known as a fuzzy decision table (FDT).

Let U/D = {Dy,D,,...,D;} denote the ensemble of equivalent classes that are categorized by D. D; €

U/D(i=12,...,p) can also be conceptualized as a fuzzy set, characterized by clear boundaries.
0,x ¢ D,‘
Di(x) = )
1( ) {l,x € D,’

Definition 6. Let (U, R) be an FCRS, VA € F(U), VY C R, and VA € [0,1]. Then the lower and upper
approximations of A concerning § and A are respectively as follows:

Aprh(A) (x) = A {A() V(- Simd(x, )} 3)
yGU

Apry(A)(x) = V {4 () Asim ()} @)
ye

Then the quadruple (U, 9, A, \) is called a fuzzy rough set model (FRSM) concerning § and \.
Proposition 7. Let (U, Y, A, 1) be an FRSM. Then the following conclusions hold:

) if 919, G, then Apr (A) € Apr. (A);
2) if M < Ay, then Apr'i(A) € Apri2(A).

Proof. 1) Base on Proposition 4, for any x,yeU, if §,c6,c§, then Simél (x,y) >
Simg, (x,y) = Apr (A) (x) = Ayeul{A(y) VI-Simg ()} < Ay ufA(y) V (1-Simg, (x.y))} =
Apry (A)(x) = Aprg” (A) € Apr ' (4).
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2) Base on Proposition 4, for any x,y € U, if A; < A,, then Simg1 (x,y) > Sim;‘2 (x,7) = Apr™ (A)
(x) = Ayeu{A (Y) V(1= Simg (x,¥))} € Ayeu{A (y) V(1-Simg* (x,y))} = Apri*(A)(x) = Apr)'(A) €
Apr*(A).O

Proposition 8. Let (U, Y, A, 1) be an FRSM. Then the following conclusions hold:
1) if G €9, <G, then Apry (A) 2 Aprg (A);
2) if b < Ay, then Apry (A) 2 Apre (A).

Proof of Proposition 8 follows a similar approach to Proposition 7.

Proposition 9. Let (U, 3, A, ) be an FRSM. Then mg(A) CAcC A_pré (A).

Proof. Based on Definitions 2.2 and 2.7, for any x € U, Sim} (x,x) =1, Mé(A)(x) = Nyeu{A(Y)V

—

(1= Sim} (x,9))} < A(x) V(L= Sim} (x,%)) = A(x) and Zpry (4) (x) = Vyeu{A (9) A Sim} (x, )} >
A(x) ASim} (x,x) = A (x), Apr} (A) (x) < A (x) < Aprg(A) (x), s0 we have Apr’ (A) € A € Apry(A).D

Definition 10. Let (U, R, D) be an EDT, ¥§ < R and ¥ < [0,1). If Apr! (D;) (x) = Aprg (D;) (x)

(VD; € U/D), x is referred to as a consistent sample regarding G and A. If all samples of U demonstrate
consistency, the FDT is considered a consistent one.

Proposition 11. Let (U,R, D) be an FDT, VA€ F(U), VY C R, and VA € [0,1]. Then the following
conclusions are true:

1) if Sim} (x,y) >0(VyeU) = D;(x)=D;(y)(i=12,...,p),then the sample x is a consistent sample;
2) if Sim} (x,y) >0(Vye U) = 3ID; € U/Dsuch that D;(x) # D; (y), then the sample x is an inconsistent
sample.

Proof. 1) For D;(x) =1 Apri(Di)(x) = Ayeu{Di () v (1= Simi(x, )} = {Ayen, {Di () V
(1= Simg(x, )}y A{Ayev-pADi () V(1 = Simg (x,9))}}.  For € Di = D;(y) =1= Ayep,{Di ()
V(1-Simi(x,y))} =1  for  y¢D; = Sim} (x,) =0= Ayev-p,ADi (y) V(1-Simg(x,y))} =1.
Mﬁ, (D;) (x) =1 holds. A_pr;L (Di) (x) = Vyeu {D; (y) ASim} (x,y)} > D; (x) ASimg (x,x) =1, and
Apry (D) (x) € [0,1],50 ¥y U, Apris (D) (x) = 1= Apr’ (D) ().

For D;(x)=0, @2 (Di) (x) = AyeuiDi (y) V(1 - Sim}(x,y))} < D; (x) V(1 - Sim} (x,x)) =
0. and Apr) (D)) (x)>0. so Apr} (D)) (x)=0; Apry (Dy) (x) = Ve {D; (¥) A Sim} (x, )} -
{\/yeD,- {Di (y) \Sim} (x,y)}} v {V},EU_Di {D,» (y) \Sim} (x,y)}}. For yeD; = Sim}(x,y)=0=
Vyep, {Di () ASimg (x,y)} =0; and for y¢D;= D;(y)=0=V,ey_p, {Di (y) ASim} (x,y)} =
0. Apry (D;) (x) = 0 holds. Apr (D;) (x) = 0 = Aprg (D;) ().

Hence, the sample x is a consistent sample.

2) For D;(x)=1, D;(y)=0 and Sim{d} (x,y)>0, ﬂé (Di) (x) = Ayeu{Di (y) V(1 -
Sim}(x,7))} < D; () V(1 - Simi(x,)) <1 Aprg (D) (x) = V,eu {Di () ASimi (x,9)} 2 D; (x) A
Sim} (x,x) = Land Aprg (D) (x) € [0,1], Aprg (D;) (x) = 1> Apr! (D) (x).

For D; (x) =0, D; (y) =1 and Sim} (x,y) >0, % (Dy) (x) = Ayeu{Di (») V(1 = Sim} (x, )} <
D; () V(1 - Sim}(x,x)) =0 Apry (Di) (x) = Vyeu {Di () ASim} (x,7)} 2 D; (y) ASim} (x,y) =
Sim} (x,y) > 0,50Apry (D;) (x) > Aprt (D) ().
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Hence, the sample x is an inconsistent sample. O

3 Cross-Similarity

According to Proposition 11, the non-zero similarity of samples that are inconsistent originates from
distinct classes. Hence, the focus should be exclusively on the similarity relationships that exist between
samples belonging to different classes. Now, it’s time to delve into the intriguing concept of cross-similarity.

Definition 12. Let (U, R, D) bean FDT,§ € R, x € U, y € U, and 0 < A < 1. The cross-similarity between
x and y is defined as follows:

) 0,D (x) = D(y)
CSen(x:) = {Simé (x,5),D(x) # D(). X

One can consider the FDT as a graph.

o The samples in U are visualized as nodes in the graph.

o The parameterized multi-attribute similarity relations, designated as Simé, are conceptually understood
as undirected weighted edges connecting nodes within the graph. If Simg‘ = 0, then there is no edge
connecting node x and node y in the graph.

o The equivalence relations derived from D can be visualized as distinct enclosed areas within the graph.

By Definition 12, we narrow our focus to the similarity relations among samples belonging to distinct
target partitions. The term “cross” denotes the intersection of the edge connecting samples of different target
partitions and the boundary of enclosed areas, from a graphical perspective.

Definition 13. Let (U, R, D) be an FDT, Y C R, x € U, and 0 < A < 1. The fuzzy set with respect to x is
defined as follows:

CSgp(x) (1) | CSpp () (a) - C8p (x) (xm)

X1 X2 Xm

CSe p(x) = (6)

The fuzzy set can be conceptualized as the fuzzy information granule of x, with its cardinality
represented as follows:

CSp (%) ] = [Z | CS; p () (x:) 7)
Let
CSé’D(xl,xl) CSé’D(xl,xz) CSé,D(xl,xm)
CSep (U) = ) CSep (51 2) C86.p (a1 xm)
0 0 csg,D('xm,xm)
and
CSsp (W)= 2 CSgp(x) (x)) (®)

ie[l,m],je[i,m]

|CS& p (U) | represents the cross-similarity level of U.

Proposition 14. Let (U,R,D) be an FDT, x € U, y e U,0< A <1and GcRr The following conclusions
are true:
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1) CSé)D (x,y) =0;

2) CSé‘,D (x,y) = CSé,D (y,x);

3) ‘CSS,D(U)‘ = %Zie[l,m] ng,D (xi)];
4) 0<|CSE, (x)|<m-1

5) 0<|CS} (V)| < M

Proof. 1) By Definition 12, it is evident that CS;‘,D (x,y) = 0;
2) Under Definitions 2.2-2.4 and Definition 12, it is evident that this conclusion holds true;
3) According to 1), 2), and Eq. (8), it is evident that this conclusion holds true;
4) Since Slmg (x,y) €[0,1] and Slmg (x,x) = 0, this conclusion is true;
5) In accordance with 3) and 4), |CSQ’D(U)‘ =2 Yie[1,m] ‘CSQ‘)D (xi)‘ >1/2xm x 0 =0and ‘CSQ’D(U)‘ =
S ierimy [CS b (k)] < 4 x m x (m - 1) < 2D
Theorem 15. Let (U, R, D) be an FDT, x € U, y € U, A € [0,1] and G € R. The following conclusions hold
true:
1) ifG,c9, SR, then CS)L (x y) > CSA b (%)
2) if0<A <Ay <], then Cs o () () 2 cs* (%) (7).

.0

Proof. 1) In accordance with Definition 12 and Proposition 4, it is evident that this conclusion holds true.

2) According to Definition 12 and Proposition 4, it is straightforward. O

Theorem 16. Let (U, R, D) be an FDT, x € U, A € [0,1] and § < R. The following conclusions hold true:
) if 919, SR then|CS} | (x)|>]CS} (%) };
2) if0<A <Ay <1, then|CS) (x)]>]CSp2, (x) |-

Proof. According to Theorem 15 and Eq. (7), it is straightforward to demonstrate the validity of these
conclusions. O

Theorem 17. Let (U, R, D) be an FDT, x € U, A € [0,1] and G € R. The following conclusions are true:

1) ifglggzgR,then|CSébD(U)| |CSg D(U)|~
2) i]fosAls)Lzs1,then|CS (U)|>|CS S (U).

Proof. According to Theorem 16 Proposition 14, and Eq. (8), it is straightforward to demonstrate the
validity of these conclusions. O
Example 1. Let (U,R,D) be an FDT, where U = {xi,x;,X3,X4,X5,Xs,%7} and U/D ={D, =

{x2,x3},D3 ={x1,x7},D3 = {x4, X5, X6} } Simé is shown in Table 1, where Y C Rand 0 < A < 1.

1,1 ,0_,0,0

Target partition D, can be represented as a fuzzy set D; = x% +-+ =+ =+ =+ + x%. The lower and

X2 X3 X4 X5 X6
upper approximations of D; under FCRS (U, 9 ) and parament \ are:
05 03 O 0 0 05 1 1 06 O 0 0.7
Apr (Dl)——+— —+—+—+—+— Aprg(Dl)_—+—+—+—+—+—+—.
X2 X3 X4 X5 Xg X1 X2 X3 X4 X5 Xe X7

Obviously, Aprg (Dy) c A_prg (D), there is uncertainty in the FCRS (U, §) for Target partition D;. For a
decision table, if there is an approximate inequality between the upper and lower parts of a decision partition,
it is claimed that the decision table has uncertainty.

By Definition 13, the fuzzy set associated with each sample point is computed as follows:

0 05 0 0 0 0 0
CSgD(xl)——+—+—+—+—+— +—,|CSe b (x1)] = 0.5;
X] X» X3 X4 X5 Xg Xy ’
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CS/;,D (x2) =

X1

0

CSep (x3) = — +

0.5

0 0 0

X2 X3 X4

0 0

0.6
+ _

0 0 0
+— 4+ — 4+ —,
X5 X X7

CSs p (x2)| = 0.5

0 O
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0.7
+—+—+—,[CS¢p, (x3)] = 1.3;
X] X, X3 X4 X5 X¢ Xy ’

O 0 06 0 O 0 O
CSpp(Xg) = — 4+ — 4 — + —+ — + — + —,
’ X; X3 X3 X4 X5 Xg Xy

CS¢p, (x4)| = 0.6;

0 0 0 0 0 0 0
CSé,D(xs):—+—+—+—+—+—+—,

CS;,D (XS)‘ =0;
Xp X3 X3 X4 X5 Xg Xy

0 O 0 0 0 0 04
CSQ’D(X6):—+—+—+—+—+—+—,

CSi 1 (x6)| = 0.4;
X] X X3 X4 X5 Xg X7

0 0 07 0 0 04 O
CSéD(X7)=—+—+—+—+—+—+—,|CS£D(X7)‘=1.1.
’ X1 X2 X3 X4 X5 X X7 ’

Table 1: Simé

Simé X1 X2 X3 X4 X5 X¢ X7
X1 1 05 0 0 0 0 0.8
X; 05 1 06 0 0 0 0
X3 0 06 1 06 O 0 07
X4 0 0 06 1 08 0 0
X5 0 0 0 08 1 05 0
X6 0 0 0 0 05 1 04
X7 08 0 07 0 0 04 1

Therefore, based on Definition 12, the FDT (U, R, D) under G and \ can be represented in Fig. 1. Each
sample is represented as a node, a similarity relationship greater than 0 corresponds to an edge, and a target
partition is depicted as an area enclosed by a dashed line in the graph. Cross-similarity relationships within
similar relationships are highlighted in bold red.

e s O T e

Figure 1: Graphical representation of the FDT
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The cross-similarity matrix CSé, p(U) of the FDT is shown as follows:

0050 0 00 0
0 0 0 0 00 0
0 0 0 06 0 0 07
CStp(U)=l0 0 0 0 00 ©
0 0 0 0 00 0
0 0 0 0 0 0 04
0 0 0 0 00 0

Therefore, the cross-similarity level of U is:

ICStp (U)[=1/2 ) [CSE py (x)] = 2.2
xeU

Theorem 18. Let (U, R, D) be an FDT, A € [0,1] and G c R. If ‘CSQ,D (U)| =0, the EDT is consistent:

Proof. ‘CSé’D (U)|=0<=Vx,yeU, CSé,D (x,9) =0 < ifSim} (x,y) > 0= D (x) = D(y).
Therefore, the FDT is consistent according to Proposition 111). O

Theorem 19. Let (U, R, D) be an FDT, A € [0,1] and G c R. If ‘CS;‘,D (U)‘ > 0, the FDT is inconsistent.

Proof. ‘CSé‘,D (U)| >0=3dx,yeU, CSS)D (x,y)>0=13D; e U/D, D;(x)#D;(y) and
Si mé (x,y) > 0. Therefore, the FDT is inconsistent according to Proposition 11 2). O

4 Feature Selection Based on Cross-Similarity

As ‘CSS)D (U)‘ decreases, the similarity between samples belonging to different classes diminishes. In
other words, a low |CS;‘,D (U)‘ suggests that G exhibits strong discriminatory capabilities. Consequently,

‘CS;"D (U)| serves as an effective tool for measuring the uncertainty associated with the FDT. The framework
diagram of feature selection based on cross-similarity is shown in Fig. 2.

A decision table A reduced decision
(U,4,D) table (U, €, D)

)

s o
E ]
[ [*H)
L 7]
3 2
¥ a

: A reduced FCRS
An ECRS (U, R, D) M> (U,G,D)

Figure 2: A framework diagram of feature selection

Definition 20. Let (U, R, D) be an FDT, A € [0,1] and red < R. The red is referred to as a reduction of
R, if
1) |CS?ed,D (U) |: |CS£,D (U)f;
2 [CS}yyp (U [>CShy p (U)], V7 € red.
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Definition 21. Let (U, R, D) be an FDT, A € [0,1], red € R and r € R — red. The significance of r with
respect to red is defined as follows:
A A
DCy (r,red, D) = [CS,.4.p (U)| - |CSredU{r},D (U)| )

The larger DC) (r, red, D) is, the smaller |CSfe dU{r}D (U)‘ becomes, making the r more signicant.

Algorithm 1, a cross-similarity based feature selection (CSFS) algorithm, is a forward greedy feature
selection algorithm.

Algorithm 1: A forward greedy feature selection based on cross-similarity (CSFS)
Input: An FDT (U, R, D) derived from A and A.
Output: A reduct red.

1: Initialization: red = @, U* = U, R* = R

2: foreachaeA do

3: Calculate r, based on g;

4: Calculate the parameterized relation Sim?r} (x,9);

5: Calculate the corresponding cross-similarity matrix CS?r}, p(U");
6: end

7: n matrices CSg‘{r}) p(U*) based on A are generated.

8: while R* + @ and U* # @ do

9: for eachre R* do

10: Caleulate |CS}, g,y p(U)] = |CSky p (VY ACSE, 1, (U))]
11: end

12: Find ' € R* such that the minimum value is |CS? , ue,p(U") ls
13: Calculate DC), (r', red, D) = |CS?,, ,(U*)| - |csfedu{r,})D(U*)|
14: if DC, (r',red,D) >0 then

15: red < red u{r'};

16: R* <« R*—{r'};

17: U« U* = {x[CSh 4oy p (%)] = O]

18: else

19: break;

20: end

21: end

22: return red

Considering that as more features are chosen, the number of relationships to be considered when
calculating cross-similarity progressively diminishes, and only the relationships between samples located in
different categories are considered, the number of samples gradually decreases. It can be assumed that the
number of samples decreases in geometric progression with a common ratio of k(0 < k < 1). Then m + km +
kK*m -+ +k'm=[(1-k")/(1- k)] m = cm. Therefore, the time complexity of Algorithm 1 is improved
to O(mn?). In contrast, the time complexity of the feature selection algorithm based on positive domain,
dependency, and conditional entropy is O(m?n?).

Example 2. A decision information table is shown in Table 2, where U = {x, x3, X3, X4, X5, X5, X7 }, A =
{ay,a3,a3,a4} and D = {p,n}. Let U* = U and R* = R.
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Table 2: A decision information table

U x1 x2 X3 X4 X5 X6 X7

a 03 04 0 1 04 05 075
az 1 05 0 05 02 08 03
as 07 03 1 0 03 08 025
ag 08 1 0 02 07 065 0.6
D p P p n n n n

In this paper, the value of r; is determined through the utilization of the following equation:

ra,(x,y) = max {min{ai(x) —ai(7) + % , ai(y) = ai(x) + ou } ,0} (10)

0, O,

i i

where o,, is the standard deviation of the attribute a;. By calculations, it is determined that o, = 0.32, Let
A =0.4.Thenr,, Sim?r ) and CS’{lr ) are shown in Table 3.
ay ay

. ) A
Table 3: ral,Szm{ral} and CS{ral}

.1 )

Ta, Szm{rul} Cs{ra,} (U)
X1 X2 X3 X4 X5 Xe¢ X7 X1 X2 X3 X4 X5 X X7 X1 X2 X3 X4 X5 Xg X7
X1 1 069 006 0 069 038 0 1 069 0 0 069 O 0 0 0 0 0 069 0 0
x2 0.69 1 0 0 1 069 0 069 1 0 0 1 069 0 0 O O O 1 069 O
x3 0.06 O 1 0 0 0 0 0 0 1 0 0 0 o 0 0 0 0 0 0 0
x4 O 0 0 1 0 0 022 0 0 0 1 0 0 o 0 o0 0 O 0 0 0
x5 0.69 1 0 0 1 069 0 0.69 1 0 0 1 069 0 0 0 O O 0 0 0
x¢ 038 069 0 0 0.69 1 022 0 069 0 0 0.69 1 o 0 0 0 O 0 0 0
x; 0 0 0 022 0 022 1 0 0 0 0 0 0 1 0 0 0 O 0 0 0

The samples correspond to the nodes, similarity relations correspond to edges, bold red edges highlight
the cross-similarity relations, and an area enclosed by a dashed line represents the target partition. The cross-
similarity relation derived from a, is shown in Fig. 3.

Similarly, CS}{‘ra b CS>{‘ra ) and CS){‘ra ) can be determined, as shown in Table 4.

If U*=@, let Sim}  (x,y)=0. Therefore, ‘CS:}ed’D (x)|=0. If red=@, let Sim} ,(x,y)=1
€540 (] =12



1206 Comput Mater Contin. 2025;83(1)

FETEEEEEE== \f ______________ Y
! 1 x4 I
I 1 1
! O I
i 0.69 - !
[ 0.69 |
] 1 1 1 ]
I

| 069 |

X
| 0.69 ;|
| I
P10 !
L 1
7

N . A X J

Figure 3: Cross-similarity graph representation
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Table 4: Cross-similarity relations CS){‘ p CS>{‘r ) and CS}{‘ }

cst (U cst (U cst (U
fr} (U) fr} (U) froy @)
X1 X2 X3 X4 X5 X6 X7 X1 X2 X3 X4 X5 X6 X7 X1 X2 X3 X4 X5 X6 X7
xx 0 O O O 0 0.43 0 0o 0 0 0 072 0 0 0o 0 O 0 0.71 0.57 043
x2 0 0 0 1 0 0 043 0 0 O O 1 0 08 0 0 0 0 0 0 0
x3 0 0 0 O 043 0 0 0O 0 0 O 0 0.44 0 0 0 0 043 O 0 0
x4 0 0 0 O 0 0 0 0O 0 0 O 0 0 0 0O 0 O 0 0 0 0
xs 0 0 0 O 0 0 0 0o 0 0 o0 0 0 0 0o 0 O 0 0 0 0
xs 0 0 0 O 0 0 0 0o 0 0 o0 0 0 0 0o 0 O 0 0 0 0
x2 0 0 0 O 0 0 0 0o 0 0 O 0 0 0 0o 0 O 0 0 0 0
~ Tables , : A _ A _
According to Tables3 and 4, we obtain |CSredU{ral}(U)| =2.38, |CSredU{ra2}(U)| =2.29,
A _ A _ . . /\
|CSredU{ru3}(U)| =3.02 and |CSrEdU{ra4}(U)| = 2.14. Therefore, the minimum value is |CSred LJ{%}(U)|

and DC, (r,,,red,D)=12-214=9.86>0. 'Thus, red={r,}, R*={rs,ra,»re,} and U*=

{x1, x3, x4, X5, X6, X7 }. Subsequently, we can obtain the following values by calculation. |C Si‘e U }(U) =

0.69, ‘CSfedU{raz}(U) =0.43 and CSfedU{%}(U) =0.57. Therefore, the minimum value is
‘Csfedu{ruz}(U)‘ and DC, (ra,, red, D) = 214 — 0.43 = 1.71> 0. Thus, red = {ra,,7a,} R* = {ra,re}

and U* = {x1,x¢}. Proceeding further, we have =0 and =0.43.

CS,iray (U)

CS, i Uray (U)

Therefore, the minimum value is CSfedU{r }(U)‘ and DC) (r4,,red, D) =0.43 -0 =0.43 > 0. Thus,
a

red ={ra,7a,,7a,}» R* ={rs,} and U*=@. As DC, (r4,,red,D)=0-0=0, the feature selection

process is terminated. As a result, the final feature selection outcome is red = {r,,,74,, 74, }. Given m =7,

k =6/7 and c¢ = 3. Then, the descending sequence of sample sizes fulfills the condition: 7+ 6 +2+ 0 <

m+km+k*m+ k>m < cm << m?.

5 Experimental Analysis

To establish the validity of CSFS, we conduct rigorous experimental comparisons between CSFS and
five other state-of-the-art feature selection algorithms.
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The following provides brief introductions to the five comparison algorithms, highlighting their key
features and characteristics:

o FRFS[15] (2024): It is a classic feature selection algorithm based on the dependency between the decision
attribute and the conditional attributes subset.

« FBC[18] (2020): It proposes a forward attribute selection algorithm based on conditional discernibility
measure which can reflect the change of distinguishing ability caused by different attribute subsets.

« NEFE [22] (2023): It provides a feature selection algorithm for label distribution using dual-similarity-
based neighborhood fuzzy entropy.

o  MFBC[23] (2021): It is a feature selection algorithm based on the conditional information entropy under
multi-fuzzy B-covering approximation space.

« HANDI [24] (2022): It proposes a feature selection algorithm based on a neighborhood discrimination
index, which can characterize the distinguishing information of a neighborhood relation.

5.1 Experimental Design
5.1.1 Evaluation Criteria

In the following three dimensions, we comprehensively evaluate the six algorithms, emphasizing their
individual strengths and limitations.

o  The size of the selected feature subset.
o The time cost of the feature selection process.
o The performance of the selected feature subset in classification.

5.1.2 Classifiers

To conduct a rigorous and comprehensive evaluation of the efficacy of these six algorithms, we have
chosen KNN (k = 5), SVM, and DT (CART) as the primary classification algorithms for assessing their
classification accuracy. All other parameters of the three classifiers are set to default values. All testing
procedures are conducted using ten-fold cross-validation for rigorous evaluation.

5.1.3 Experimental Environment

All experiments are implemented by Python 3.8.16 and scikit-learn 1.3.2, and run on a computer with an
Intel(R) Xeon(R) Gold 5318Y CPU at 2.1 GHz, 128 GB RAM, and the operation system is Ubuntul8.04.1 LTS.

5.1.4 Datasets

In our experiments, we utilized 10 publicly available datasets as benchmarks to assess the performance
of various algorithms. The first six datasets, being of low dimension, were procured from the UCI Machine
Learning Repository [27], whereas the remaining four high-dimensional datasets were retrieved from the
KRBD Repository [28]. For a comprehensive overview of these datasets, please refer to Table 5, which
provides detailed descriptions of each dataset’s characteristics. If there are missing values in the dataset, we
will fill them with the average value of samples that belong to the same class and have the same feature as the
missing value.
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Table 5: Description of datasets

No. Dataset Samples Attributes Classes Brief description

1 Wine 178 13 3 Using chemical analysis to determine the

origin of wines.
2 Glass 214 9 6 Determine 6 categories of glass based on
oxide content.
3 Ionosphere 315 34 2 Classification of radar returns from the
ionosphere.
4 MuskV1 476 166 2 Predict whether new molecules will be in
the musk or non-musk category.
5 German 1000 20 2 Evaluate good or bad credit risks based on
a set of attribute descriptions.
6 WDBC 569 30 2 Diagnostic Wisconsin Breast Cancer
Database.

7 DLBCL Stanford 47 4026 2 High-dimensional biomedical data sets
8 DLBCL Tumor 77 7129 2 taken from the Kent Ridge Biomedical
9 DLBCL NIH 240 7399 2 Data Set Repository, including gene

10 AMLALL 72 7129 2 expression data, protein profiling data,

and genomic sequence data that are
related to classification tasks.
5.1.5 Parameter Settings

Among the six algorithms, FRFS stands alone as the sole algorithm that does not involve any parameters.

To ensure the fairness and integrity of comparative experiments, we employ a meticulous grid search
approach to identify the optimal parameter values for all algorithms encompassing parameters. The step size
of the CSFS algorithm has been set to 0.01, while the step sizes of other algorithms have been configured to
0.1. As per the specifications provided in the respective references for each algorithm, the search scope of the
parameters is summarized in Table 6. The reason why the other algorithms set the step size to 0.1 instead of
0.01 is that if they also set the step size to 0.01, the experiments would not be able to complete. Initially, we
outline the time taken by each algorithm in their search for optimal parameters. Subsequently, we present

the optimal parameter values that were chosen based on their classification accuracy.

Table 6: Parameter setting of experiments algorithm

No. Algorithm Parameter
1 CSES A from 0.01 to 0.99 with a step of 0.01
2 MFBC B from 0.5 to 0.9 with a step of 0.1
A from 0.1 to 0.5 with a step of 0.1
3 NFEM delta from 0.1 to 0.9 with a step of 0.1
4 FBC B from 0.5 to 0.9 with a step of 0.1

A from 0.1 to 0.5 with a step of 0.1

(Continued)
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Table 6 (continued)

No. Algorithm Parameter
5 HANDI epsilon from 0.1 to 0.9 with a step of 0.1
6 FRFS -

Note: Symbol ‘-’ indicates that the algorithm has no parameter.

Table 7 provides an enumeration of the total time consumed by each algorithm on each dataset when
running all possible parameters under the parameter configuration outlined in Table 7. Notably, CSFS
stands out in terms of efficiency, consistently achieving the lowest average time for parameter search across
all datasets.

Table 7: Time consumption for iterating through all parameters (second)

Dataset FRFS  HANDI FBC NFEM  MFBC CSFS
Wine 186 14 20 30 132 54
Glass 369 18 21 18 305 41
Ionosphere 4965 431 707 641 3464 548
MuskV1 226,604 5154 7742 83,534 37,082 4705
German 50,361 1332 2464 2088 63,577 1919
WDBC 20,172 787 1371 1277 8957 1254

DLBCL Stanford 151,897 2132 306 147,142 1439 670
DLBCL Tumor 1,831,943 8447 1761 1,497,466 8753 2754

DLBCL NIH - 148,991 34,715 - 190,671 35,208
AMLALL 1,508,175 5414 1322 1,287,427 7071 2465
Average 421,630.2 17272 50429 335,513.7 32,1451 4961.8

Note: Symbol ‘-’ indicates that the corresponding algorithm failed to complete execution
on the dataset within 30 days. The runtime of FRFS is defined as the time required for it
to complete a single feature selection.

5.2 Result Analysis
5.2.1 The Size of the Selected Feature Subset

Table 8 presents the count of features chosen by six feature selection algorithms across ten datasets.
FRFS and NFEM were terminated early due to excessive runtime, hence their outcomes are undisclosed.

Table 8 indicates the following findings:

o In comparison to the original feature count in Table 5, it is noteworthy that these feature selection
algorithms effectively select salient features and reduce data redundancy.

o The optimal feature subsets for different classifiers can vary.

o CSEFS selects fewer features than FRFS, HANDI, NFEM, and MFBC, yet slightly more than FBC.
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5.2.2 The Runtime of the Algorithms

Table 9 and Fig. 4 present a comparison of the time taken by the six feature selection algorithms
to execute a feature selection using parameters that achieved the highest classification accuracy for
each classifier.

Table 9 and Fig. 4a—c indicate the following findings:

o When it comes to time efficiency, CSFS outperforms all other algorithms, exhibiting a clear advantage.
The scale of the vertical axis representing time consumption in the graph is exponentially increasing.

o As the sample size increases, the advantage of CSFS becomes increasingly apparent. This observation is
consistent with the theoretical time complexity of CSFS, which is O(mn?).

It is worth noting that for the DLBCL NIH dataset with 240 samples and 7399 conditional attributes,
as the dimensionality increases, the time required for feature selection by the comparison algorithms is
significantly higher than that of the CSFS algorithm. The NFEM algorithm is even unable to produce results
within an acceptable time frame.

Time Consumption (second)

T T T T T T T T T T
wine glass ionosphere muskvl german wdbc DLECLStanford DLBCLTumor DLBCLNIH AMLALL

Time Consumption (second)

wine glass  ionosphere  muskvl  german wdbc  DLBCLStanfordDLBCLTumor DLBCLNIH  AMLALL

Time Consumption (second)

wine glass ionosphere muskvl german wdbc  DLBCLStanford DLBCLTumor DLBCLNIH AMLALL

(©

Figure 4: The time consumption of the feature selection process across various datasets. (a) KNN classifier with the
optimal parameter. (b) SVM classifier with the optimal parameter. (c) DT classifier with the optimal parameter. FRES
and NFEM failed to complete execution on the DLBCLNIH dataset within 30 days and the runtime is set to 2,592,000 s
(30 days)
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5.2.3 Classification Accuracy

Tables 10-12 present the classification accuracy of three distinct classifiers across the selected feature
subsets of the six algorithms. The highest classification accuracy is boldly displayed.

Tables 10-12 clearly indicate the following findings:

o  Through 30 rigorous evaluations, algorithm CSFS has emerged as the clear leader, achieving the highest
classification accuracy on 19 occasions. In comparison, algorithm FBC excelled on 11 occasions, while
algorithms HANDI and MFBC delivered the best results on 8 and 3 occasions, respectively. Algorithms
FRFS and NFEM lagged behind, achieving the highest accuracy on just 2 occasions each.

o The standard deviation values clearly indicate that the features selected by algorithm CSES exhibit
excellent representativeness, providing a stable and accurate representation of the data.

Table 10: Comparison of the classification accuracy achieved by KNN on 10 datasets, utilizing six distinct feature

selection algorithms (%)

Dataset FRFS HANDI FBC NFEM MFBC CSFS

Wine 96.6 +2.78 98.33 +2.55 98.33 £2.55 96.05+3.59 98.33+2.55 98.33 +2.55
Glass 66.86 £779 6959 +£9.28 6825+8.6 69.68+92 69.65+85 71.97+9.5
Ionosphere 849+614 8833+516 8974+703 8519+696 83.78+6.33 90.89 +5.22
MuskV1 76.97 +12.14 7525+737 80.26 +5.65 73.41+1211 7628 +6.5 79.44+5.87
German 65.8+3.92 72.8+6.24 72.0+6.86 72.4 £ 758 71.9 £ 5.97 72.3 +3.77
WDBC 96.83+2.2 963+2.01 96.83+2.07 96.84+189 9596+137 9596+ 2.08
DLBCL Stanford  98.0 + 6.0 98.0 + 6.0 975+75 61.0 £13.75  95.5+9.07 98.0 + 6.0
DLBCL Tumor 92.32+8.42 96.07 £6.02 96.07 £6.02 79.64 £11.24 96.07 +6.02 97.32 + 5.37
DLBCL NIH - 68.75 +12.11 675 +13.15 - 63.33 +11.76  67.92 + 7.69
AMLALL 98.75+3.75 9857 +429 100.0+0.0 8732+768 9857+4.29 100.0+0.0

Note: Symbol ‘" indicates that the corresponding algorithms failed to complete execution on the dataset
within 30 days. The bold font indicates the highest accuracy achieved on this dataset.

Table 11: Comparison of the classification accuracy achieved by SVM on 10 datasets, utilizing six distinct feature

selection algorithms (%)

Dataset FRFS HANDI FBC NFEM MFBC CSFS
Wine 9833 £255 9833 +255 9833+£255 9833+255 9833+255 99.44+1.67
Glass 64.05+9.46 65.89+8.89 631+1086 6589+889 6498+973 66.41+8.76
Ionosphere 9287 +6.3 94.88+£3.55 9544+3.43 93.73+475 9515+£4.25 94.59 +4.32
MuskV1 78.43+99 7947 +849 8028711 79.06+954 7794+554 79.85+6.29
German 72.0 £ 1.9 742 +£6.11 74.4 + 6.12 743 £8.52  73.6 +£798 74.8 + 6.46
WDBC 97.89+233 9737141 97.89+2.05 9789+2.05 9701+2.25 9736+197
DLBCL Stanford 975+ 75 100.0 = 0.0 98.0+6.0 695+1524  96.0+8.0 98.0 £ 6.0
DLBCL Tumor  92.5 + 8.29 975+ 5.0 94.64 £ 6.59 8732+1119 94.82+6.36 97.5 + 5.0
DLBCL NIH - 68.75 +12.25 65.83 +14.04 - 63.33 +£10.34 69.17 +10.74
AMLALL 95.89 +6.29 100.0+0.0 100.0+0.0 87.68+9.46 98.57+4.29 100.0=+0.0

Note: Symbol ‘-’ indicates that the corresponding algorithms failed to complete execution on the dataset
within 30 days. The bold font indicates the highest accuracy achieved on this dataset.
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Table 12: Comparison of the classification accuracy achieved by DT on 10 datasets, utilizing six distinct feature selection
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algorithms (%)

Dataset FRFS HANDI FBC NFEM MFBC CSFS
Wine 85.3 + 69.57 90.52+£93 93.89+6.78 88.27 £11.2 9219 £753 95.0+5.24
Glass 59.74 £ 14.31 6439 +18.17 6394 +13.6 64.44+10.81 62.14+£15.21 65.97+12.4

Ionosphere 92.31 + 3.62 9317 +£29 93.44+3.85 90.87£598 90.03+6.29 9317 +4.07
MuskV1 65.69 +14.84 68.7+18.02 75.05+8.88 7332+78 7297 +10.42 73.54 +4.58
German 63.1 £5.07 68.7 £ 5.57 68.8 +3.71 68.2 £ 6.71 69.1+1.7 69.1+1.7
WDBC 91.93 + 3.43 93.68 £ 2.5 95.08+2.8 9315+276 9419 +£3.07 94.73+£3.59

DLBCL Stanford  94.0 + 9.17 96.0 + 8.0 96.0 £ 8.0 7701 £6.61 93.0+10.77 96.0+8.0
DLBCL Tumor 89.82+9.42 94.64+6.59 91.96+6.6 81.61+13.17 91.96+6.6 92.5+11.46
DLBCLNIH - 62.92 +£10.94 63.75+6.47 - 5833 £768 63.75+6.19
AMLALL 94.46 £ 6.8 9714 +£5.71 95.71+9.15 87.5 £ 7.66 9714 +£5.71 9714+5.71

Note: Symbol ‘- indicates that the corresponding algorithms failed to complete execution on the dataset
within 30 days. The bold font indicates the highest accuracy achieved on this dataset.

Compared with other comparison methods, the CSES algorithm focuses more attention on samples
that have not yet been perfectly partitioned under current conditions when measuring the uncertainty of
target attributes in feature subsets and is more sensitive to improving the uncertainty of such samples when
selecting subsequent features.

5.3 Parameter Analysis

The value of parameter A’ in the CSES algorithm impacts the outcome of feature selection. In Fig. 5a-d,
we can observe the correlation between the number of selected features and the value of parameter A’ in the
CSES algorithm. In Fig. 6a—d, we can observe the correlation between the classification accuracy of selected
features and the value of parameter ‘A’ in the CSES algorithm.

Figs. 5 and 6 clearly indicate the following findings:

o As the value of parameter ‘A’ increases, the overall tendency is for the number of selected features to
decrease. This is because with an increase in the value of ‘A’ the number of cross-similar relationships
being removed also rises.

o When the value of parameter ‘A’ surpasses a certain threshold, the classification accuracy undergoes a
drastic drop. This is because at high values of A} crucial information is also being eliminated, leading to
a significant decline in performance.

o The parameter ‘\’ serves to eliminate noisy and redundant relationships, hence the value of ‘A’ should
generally not be set too high.

Lets illustrate the impact of the truncation parameter A on noise reduction in feature selection through a
specific case. For the gene dataset DLBCL NIH, which contains noisy data, by observing Fig. 6¢, we find that
as A increases from a small value to a large one, the accuracy of the selected attribute subset in the classifier
first increases and then decreases. This indicates that within a certain range, the parameter A can effectively
eliminate the impact of noise and identify a truly meaningful subset of attributes for target classification.
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6 Conclusions and Discussions

In this article, we introduce a novel and unique metric for quantifying data uncertainty, termed cross-
similarity. This metric iteratively emphasizes similarity relations that substantially influence the uncertainty
of fuzzy decision tables. Leveraging this metric, we have devised a forward greedy feature selection
algorithm, known as CSFS. The CSFS algorithm significantly reduces the time complexity of feature selection
algorithms based on fuzzy rough sets, transforming it from O (m?n*) to O (mn?), thereby greatly enhancing
computational efficiency. Experimental results validate that the CSFS algorithm not only accelerates the
feature selection process but also accurately identifies the most representative features. Consequently, our
algorithm effectively tackles the challenges posed by the high computational complexity of existing fuzzy
rough set-based feature selection algorithms.

However, the CSES algorithm also has some limitations. Firstly, when integrating multi-attribute
similarity relationships, it relies on the minimum similarity relationship, making the algorithm sensitive to
outlier features. Secondly, the uncertainty measure is based on cross-similarity within the decision table, thus
its application is limited to comparing the uncertainty of different attribute subsets within the same decision
table, rather than across different decision tables.

In response to the above limitations, our future research endeavors will encompass the following: Firstly,
we aim to delve into multi-attribute similarity metrics that consider sample distribution or incorporate
linear reconstruction of samples prior to similarity assessment. Both approaches hold promise in reducing
the impact of outlier features, ultimately bolstering the algorithm’s robustness. Secondly, to navigate the
trade-oftf between computational complexity and robustness, we will explore the potential of parallel
computing. Lastly, we will undertake further research into normalized uncertainty measures grounded in
cross-similarity, with the objective of expanding their applicability across diverse scenarios.
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