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ABSTRACT: Concrete exhibits significant stochasticity and nonlinearity, making the calibration of nonlinear damage
models challenging for high-precision structural analysis. To address the high computational cost of finite element
model calibration and the influence of model bias, this study proposes a machine learning surrogate framework for
Bayesian calibration of nonlinear concrete damage models. The framework integrates a bi-scalar damage constitutive
model, support vector regression based surrogate modeling, response-level finite element model bias representation,
and adaptive Markov Chain Monte Carlo sampling within a unified probabilistic setting. The surrogate models are con-
structed to approximate the nonlinear mapping from constitutive parameters to force-displacement responses, thereby
replacing repeated high-cost finite element evaluations during posterior sampling. Meanwhile, the model bias term is
explicitly incorporated into the likelihood formulation to distinguish structural model inadequacy from observational
noise. The proposed framework is validated using experimental force-displacement responses of reinforced concrete
columns. The results show that the surrogate models provide accurate predictions and substantial computational
acceleration. The posterior predictions agree well with the experimental responses, and the incorporation of model bias
leads to more realistic uncertainty representation in both parameter inference and structural response prediction. The
proposed framework provides an efficient and robust strategy for Bayesian calibration and uncertainty quantification
of nonlinear concrete damage models.
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1 Introduction
Concrete is a material of paramount importance within the engineering field [1]. Due to its

microstructure containing inherent defects such as micropores and microcracks, concrete structures exhibit
pronounced nonlinear and stochastic mechanical behavior under mechanical loading and environmental
actions. Reliable characterization of such nonlinear responses is therefore essential for structural safety and
rational design.

Systematic research through both experimental investigations and numerical modeling has been con-
ducted to characterize the nonlinear structural behavior of damaged concrete structures [2,3]. Among these
approaches, nonlinear damage models are widely incorporated into finite element frameworks to capture
the complex mechanical responses. However, practical finite element analyses of real structures typically
involve nonlinear constitutive relationships and iterative solution procedures, which result in substantial
computational costs.
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Damage model parameters govern the nonlinear material behavior and significantly influence the
structural responses computed by finite element simulations. Because the mapping from model parameters
to structural responses is implicit and highly nonlinear, reliable parameter estimation must rely on calibra-
tion against experimental observations. Bayesian calibration provides a rigorous framework for updating
uncertain parameters using experimental data and quantifying predictive uncertainty [4,5]. Formulated as an
inverse problem, Bayesian calibration requires repeated evaluations of the forward model to explore posterior
distributions. For nonlinear finite element damage models, this results in significant computational burden.

To reduce the computational cost of repeated forward simulations, surrogate modeling techniques
have been widely developed for approximating expensive nonlinear models. Representative data-driven
approaches include Gaussian process regression (GPR), neural networks, polynomial chaos expansions
(PCE), and support vector regression (SVR) [6–10]. These methods provide efficient computational tools
for uncertainty analysis and, when integrated with Bayesian inference, can substantially accelerate pos-
terior estimation. Related studies have further demonstrated the value of surrogate-based approaches in
improving computational efficiency and supporting uncertainty aware approximation in computational
mechanics [11,12]. Meanwhile, Bayesian calibration has been applied to parameter identification and uncer-
tainty quantification in engineering systems [13,14]. Further studies have considered model-bias correction,
reliability assessment, and durability-related calibration in concrete structures [15–17]. However, existing
surrogate-based calibration frameworks primarily emphasize approximation accuracy and sampling effi-
ciency, while the treatment of structural model bias is often simplified. In practice, calibration uncertainty
arises from two conceptually distinct sources: observational noise and structural model bias. Observational
noise originates from measurement inaccuracies and experimental variability and is typically modeled as
a stochastic error term in the likelihood function. In contrast, structural model bias corresponds to the
systematic deviation between model predictions and experimental observations that persists even when the
model parameters are optimally calibrated. Such bias may result from simplified modeling assumptions,
incomplete physical representation, or idealized constitutive descriptions in computational models [18]. This
distinction is illustrated in Fig. 1.

Figure 1: The distinction between test error and model bias.

While observational noise is routinely incorporated into Bayesian calibration, structural model bias
is often neglected or implicitly absorbed into parameter uncertainty [19,20]. Moreover, surrogate approx-
imation errors are sometimes conflated with structural model bias, leading to ambiguity in uncertainty
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interpretation and potentially biased posterior estimates [21]. Surrogate-assisted Bayesian calibration can
substantially reduce the computational burden associated with repeated model evaluations [22]. These
considerations highlight the need for an integrated probabilistic framework that simultaneously addresses
computational efficiency and systematic model bias within Bayesian inference. In the proposed framework,
the surrogate model is introduced to approximate the finite element response for computational acceleration,
whereas the response-level model bias term represents the systematic discrepancy between the finite element
model and the experimental response. Therefore, the model bias considered in this study refers to the finite
element model bias rather than the surrogate approximation error.

To address these limitations, this study introduces a machine learning surrogate framework for Bayesian
calibration of nonlinear concrete damage models. The main methodological contribution lies in the explicit
separation between data-driven surrogate approximation for accelerating Bayesian inference and response-
level model bias representation for quantifying systematic finite element model inadequacy. A data-driven
surrogate is constructed to approximate the nonlinear relationship between model parameters and structural
responses obtained from nonlinear finite element simulations, and is incorporated into the Bayesian
sampling loop to accelerate posterior inference. Furthermore, an explicit probabilistic model bias term is
introduced at the response level to represent structural model inadequacy while distinguishing it from
observational noise. The proposed framework is demonstrated through the calibration of a nonlinear finite
element damage model for a reinforced concrete column.

2 Machine Learning Surrogate Framework
Bayesian calibration of nonlinear concrete damage models requires repeated evaluations of the forward

operator, which is defined in the present study through a nonlinear finite element procedure involving
constitutive integration and iterative equilibrium solution. When such a high-fidelity model is embedded into
a sampling-based inference framework, the computational cost of posterior estimation becomes prohibitive.
To overcome this difficulty, a machine learning surrogate framework is developed by introducing a data-
driven approximation of the forward mapping and integrating it with Bayesian inverse analysis. The
proposed framework combines nonlinear damage modeling, surrogate-based approximation, model bias
representation in the likelihood formulation, and adaptive posterior sampling within a unified computational
procedure. The overall calibration workflow is illustrated in Fig. 2.

Figure 2: Bayesian model calibration process.

2.1 Nonlinear Damage Forward Model
The nonlinear mechanical behavior of concrete is characterized by stiffness degradation and strength

softening, which cannot be adequately captured by traditional elastic or plastic models [23]. In damage
mechanics, internal variables are introduced to represent the progressive deterioration of micro defects
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such as cracks and pores, thereby enabling the simultaneous modeling of elastic degradation and plastic
deformation [24–28].

In this study, a bi-scalar elastoplastic damage model for concrete [29] is adopted as the forward
constitutive model. Two independent damage variables are incorporated to distinguish tensile softening and
compressive weakening mechanisms. For the uniaxial case, the stress–strain relationship is expressed as:

σ = (1 − dt) σ t + (1 − dc) σ c = (1 − dt/c) σ t/c (1)

where dt and dc denote the tensile and compressive damage variables, respectively; σ t and σ c are the tensile
and compressive components of the effective stress; and σ represents uniaxial stress. The subscript t/c, as
appropriate, denotes tensile and compressive quantities. The effective stress σ is defined by:

σ = E (ε − εp) = Eεe (2)

where E is the elastic modulus of the undamaged material, while ε, εp and εe represent total strain, plastic
strain, and elastic strain, respectively. A one-dimensional empirical damage evolution equation can be
obtained by simultaneously considering the following equation:

dt/c =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 −
ρt/c nt/c

nt/c − 1 + (xt/c)
nt/c

xt/c ≤ 1

1 −
ρt/c

αt/c (xt/c − 1)2 + xt/c

xt/c > 1
(3)

where ρt/c =
f t/c

Eεt/c
, nt/c =

Eεt/c
Eεt/c− f t/c

, xt/c = εe

εt/c
. Here, ft , εt and αt denote the tensile strength, peak strain,

and descending branch parameter, respectively, while fc , εc and αc denote the corresponding compressive
quantities. These parameters are selected according to relevant design provisions [30].

To account for the coupling between plasticity and damage, the plastic strain is decomposed into positive
and negative components:

εp = εp
t + εp

c (4)

where εp
t represents the tensile plastic strain, and εp

c represents the compressive plastic strain. Since tensile
plastic strain values are typically negligible, yielding εp = εp

c . The corresponding plastic evolution function is
given as:

εp = ∅p max (εe
c) = ξp [exp (npdc) − 1]max (εe

c) (5)

where ∅p is the plastic strain coefficient, ξp and np are parameters governing the evolution of plastic
deformation. The uniaxial constitutive law is illustrated in Fig. 3, comprising four stages: linear, nonlinear,
descending, and convergence [23].

The confinement effect of transverse reinforcement is incorporated through a confinement coefficient
AC, which is calculated based on the equivalent lateral confinement stress Fl as follows [31]:

AC = 2.254
√

1 + 7.94 Fl

fc
− 1.254 − 2 Fl

fc
(6)
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Figure 3: Uniaxial constitutive law of concrete.

This coefficient is used to account for the effect of transverse reinforcement by enhancing the
effective compressive strength and adjusting the corresponding strain and damage-related parameters in
compression.

Based on the above constitutive formulation, the nonlinear structural response is governed by a set
of material parameters. In this study, eight constitutive parameters are treated as uncertain and subject to
Bayesian calibration. The uncertain parameter vector is defined as:

θ = {E , ft , εt , αt , fc , εc , αc , Fl} (7)

Given θ, the finite element solver produces the corresponding structural response:

y = M(θ) (8)

where M(⋅) denotes the nonlinear mapping defined by the finite element solver. Each evaluation of M(θ)
requires a full nonlinear finite element analysis. The physical meanings of these parameters are summarized
in Table 1.

Table 1: Definition of constitutive model parameters.

Parameter Description Unit
E Elastic modulus GPa
ft Uniaxial tensile strength MPa
εt Peak tensile strain –
αt Tensile descending branch parameter –
fc Uniaxial compressive strength MPa
εc Peak compressive strain –

(Continued)
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Table 1 (continued)

Parameter Description Unit
αc Compressive descending branch parameter –
Fl Equivalent lateral confinement stress MPa

2.2 Data-Driven Surrogate Modeling of the Forward Mapping
The forward operator M(θ) is evaluated through a full nonlinear finite element analysis involving

iterative equilibrium solution and constitutive integration. When embedded into sampling-based Bayesian
calibration, the large number of required operator evaluations leads to substantial computational cost. To
alleviate this difficulty, a data-driven surrogate model is constructed to approximate the implicit operator:
⌢

M(θ) = M(θ) (9)

The surrogate model replaces the computationally intensive finite element simulation during posterior
sampling, while retaining the nonlinear relationship between model parameters and structural response. The
construction procedure comprises training data generation, regression-based operator learning, hyperpa-
rameter optimization, and predictive error assessment.

Beyond its role as a computational accelerator, the surrogate model is treated in this study as an integral
component of the inverse problem formulation. In particular, the surrogate directly influences the structure
of the likelihood function and thus affects the geometry of the posterior distribution. Consequently, surrogate
model selection must be aligned not only with approximation accuracy but also with the requirements of
stable and reliable Bayesian inference.

2.2.1 Support Vector Machines Formulation
The surrogate is trained using a dataset generated from the FE model. The admissible parameter domain

is defined as θ ∈ Ωθ ⊂ Rd , where d denotes the number of material parameters. A Latin Hypercube Sampling
(LHS) strategy is employed to generate parameter samples within the predefined parameter ranges [32,33].
This sampling design provides sufficient coverage of the admissible parameter domain while reducing
clustering effects in the high dimensional parameter space.

For each sampled parameter vector the FE solver is evaluated to obtain the corresponding structural
response. The resulting dataset, consisting of parameter samples and corresponding structural responses,
denoted by

D = {(θi , yi)}N
i=1 (10)

is used as the training set for surrogate construction. The sample size is determined by balancing surrogate
accuracy and computational cost. Its sufficiency is further examined through learning curves constructed
from separate training and test sets.

To select an appropriate surrogate model, several candidate methods, including Kriging, PCE, and
SVR, were preliminarily evaluated under identical training and testing settings. This comparison was
based on the finite element simulation dataset generated for the reinforced concrete column case. Details
of the loading protocol, the force-displacement response at the column top, and the train-test split are
provided in Section 3.3. Their prediction accuracies were compared using normalized root mean square
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error (NRMSE), the mean absolute percentage error (MAPE) and the coefficient of determination (R2), as
summarized in Table 2. The NRMSE was calculated by normalizing the RMSE with the range of the true
response values. This preliminary comparison indicates that SVR provides the most accurate approximation
for the present dataset.

Table 2: Prediction accuracy comparison of candidate surrogate models.

Model NRMSE MAPE (%) R2

SVR 0.004 0.223 0.999
PCE 0.0335 3.319 0.947

Kriging 0.036 3.180 0.944

SVR is employed to approximate the nonlinear mapping from model parameters to structural
response [34]. Given the training dataset, SVR seeks a regression function that achieves a balance between
prediction accuracy and model flatness. Based on the ε-insensitive loss function, deviations lying within a
prescribed tolerance band are ignored, while larger deviations are penalized. In the kernel-based represen-
tation, the resulting regression function can be written as [35]:

f (θ) = wT φ(θ) + b =
N
∑
i=1
(αi − α∗i )φ (θ i)T φ(θ) + b (11)

where w is the weight coefficient vector, b represents the bias parameter, αi and α∗i are the Lagrange
multipliers. By using a kernel function to define the inner product, the expression becomes:

K (θ i , θ) = φ (θ i)φ(θ) (12)

and the regression function becomes:

f (θ) =
N
∑
i=1
(αi − α∗i )K (θ i , θ) + b (13)

In this study, a Gaussian kernel with anisotropic scaling is adopted to account for the different sensi-
tivities of the structural response to individual parameters. The associated hyperparameters are optimized
using a span leave-one-out error estimator in combination with the Covariance Matrix Adaptation Evolution
Strategy (CMA-ES).

2.2.2 Justification of Surrogate Model Selection
The choice of surrogate model plays a critical role in surrogate-assisted Bayesian calibration, as it directly

affects predictive accuracy, numerical stability, and the efficiency of posterior sampling.
First, the nonlinear mapping from constitutive parameters to structural response is characterized by a

high-dimensional input space and a limited number of training samples due to the computational cost of
FE simulations. In such small sample regimes, SVR provides strong generalization capability through the
principle of structural risk minimization, which enables effective control of model complexity and reduces
the risk of overfitting.

Second, the ε-insensitive loss formulation in SVR enhances robustness to localized irregularities and
numerical noise in the training data. This property is particularly beneficial for nonlinear FE responses,
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where small numerical inconsistencies may arise during nonlinear finite element simulations. By filtering
out minor fluctuations, SVR yields a stable approximation of the underlying physical mapping.

Third, compared with GPR, which requires inversion of covariance matrices and may become com-
putationally demanding or numerically sensitive for large datasets or high-dimensional outputs, SVR
provides a more scalable alternative while maintaining sufficient approximation accuracy for the present
application. Although GPR provides predictive uncertainty, SVR is adopted here as a deterministic surrogate
for computational acceleration, while model bias is represented separately by the response-level bias term.

More importantly, from the perspective of Bayesian inverse problems, a smooth and numerically
stable surrogate approximation is helpful for obtaining stable likelihood evaluations and efficient posterior
sampling. Kernel-based SVR provides relatively smooth mappings in the parameter space, which is beneficial
for stable posterior sampling in the present application.

Therefore, the selection of the surrogate model in the present study considers not only approximation
accuracy, but also numerical stability and suitability for Bayesian calibration.

2.2.3 Surrogate Validation and Error Assessment
For Bayesian calibration, it is necessary to assess whether the approximation error introduced by

the surrogate model significantly affects likelihood evaluation and posterior inference. To this end, the
surrogate predictive accuracy is evaluated using separate training and test sets through statistical error
metrics, including NRMSE, MAPE and R2. In addition, the maximum relative deviation between surrogate
predictions and FE responses is examined to assess the worst-case approximation behavior.

The magnitude of surrogate error is then compared with the experimental measurement uncertainty
adopted in the likelihood formulation. Since the surrogate approximation error is found to be substantially
smaller than the observational noise level, its contribution to the total uncertainty is considered negligible in
the present study. Accordingly, surrogate error is not explicitly included in the Bayesian calibration model,
and the learned operator

⌢

M(θ) is used directly in place of the FE model during posterior inference.

2.3 Bayesian Model Calibration as an Inverse Problem
Bayesian calibration formulates parameter identification as an inverse problem in which uncertain

model parameters are updated by combining prior knowledge with experimental observations. The observed
structural response is denoted by d, and the corresponding model prediction is given by the forward
operator M(θ), where θ is the vector of uncertain constitutive parameters. In the subsequent surrogate-
assisted implementation, M(θ) is replaced by the trained surrogate operator

⌢

M(θ). In structural engineering
applications, discrepancies between model predictions and experimental data may arise from both random
observational noise and systematic model inadequacy. To obtain reliable parameter estimates, these two
sources of uncertainty should be clearly distinguished and incorporated into the likelihood formulation.

2.3.1 Bayesian Model Calibration without Model Bias
The typical Bayesian forward model is formulated as:

d =
⌢

M(θ) + εe (14)

where εe denotes the observational noise vector. It is commonly modeled as a realization of a Gaussian
random vector with zero mean and covariance matrix ∑e , i.e., εe ∼ N (0,∑e). In practice, when multiple
experimental observations from the same test series are available, the covariance matrix can be estimated as:
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∑e =
1

n − 1

n
∑
i=1
(d i − d) (d i − d)T

(15)

where d i denotes the i-th experimental observation vector and d is the corresponding sample mean vector.
The goal of Bayesian inversion is to infer the posterior distribution of θ given prior knowledge and

measurement data. According to Bayes’ theorem, the posterior distribution of the uncertain parameters is
described as follows:

p (θ∣d) = p (d∣θ) p(θ)
p (d) (16)

Here, p(θ) represents the prior distribution, while p (d∣θ) is the likelihood function, i.e., the probability
of observing d given θ. p (d) is the marginal distribution function of d, which is usually omitted during
posterior inference. Therefore, the posterior is proportional to the product of the prior and likelihood. The
likelihood function can be derived as:

p (d∣θ) =
exp(− 1

2
(d −

⌢

M(θ))
T
∑−1

e (d −
⌢

M(θ)))
√
(2π)nd det (∑e)

(17)

This formulation implicitly assumes that the computational model is structurally adequate and that
discrepancies between model predictions and experimental data are solely attributed to random observa-
tional noise.

2.3.2 Bayesian Model Calibration with Model Bias
In practice, systematic discrepancies may remain between model predictions and experimental obser-

vations even when the parameters are optimally calibrated. Such discrepancy, commonly referred to as model
bias, reflects the effects of structural simplifications, numerical approximations, and constitutive idealizations
that cannot be eliminated through parameter updating alone.

To account for this effect, the forward model in Eq. (14) is extended as:

d =
⌢

M(θ) + εM + εe (18)

where the enhanced term εM denotes model bias introduced at the response level.
In this study, the model bias is treated as an effective statistical discrepancy rather than a fully

latent model form uncertainty jointly inferred with the model parameters. For a dataset consisting of N
experimental samples, the residual vector between experiments and finite element predictions is defined as:

r(k) = d(k) − y(k)
FEM, k = 1, . . . , N (19)

where y(k)
FEM denotes the corresponding finite element prediction. In this study, the residual samples

are constructed using finite element predictions from the simulation dataset generated before Bayesian
calibration, rather than from posterior calibrated responses. The same set of experimental responses is used
as the reference response for residual construction and parameter calibration. The estimated bias statistics
are introduced as fixed hyperparameters in the likelihood function.

The collection of residuals is regarded as empirical realizations of the random vector εM , which provides
an empirical probabilistic representation of response-level model bias. Similarly, εM is assumed to follow a
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normal distribution with a mean vector μM and covariance matrix ∑M , i.e., εM ∼ N (μM , ΣM). The mean
vector is estimated from the sample average of the residuals, while the marginal variances are estimated
from the residual samples. If output correlations are neglected, the covariance matrix can be taken as
diagonal. In the present study, however, correlation between response quantities is represented using a
squared exponential kernel:

(∑M)i j = σM (xi) σM (x j) exp
⎛
⎝
−
(xi − x j)

2

2l 2
⎞
⎠

(20)

where (∑M)i j denotes the covariance between the model bias components at response coordinates xi and
x j, σM (xi) and σM (x j) are the marginal standard deviations of the model bias estimated from the residual
samples, and l is the kernel length scale controlling the correlation range. The length scale is optimized using
the residual samples.

Assuming independence between the model bias and observational noise, the total covariance is
given by:

ΣM+e = ΣM + Σe (21)

Accordingly, the likelihood function is written as:

p (d∣θ) = N (M(θ) + μM , ΣM+e) (22)

2.4 Computational Efficiency and Acceleration Analysis
The computational cost of Bayesian calibration is primarily governed by the number of evaluations of

the forward model. In the present problem, each evaluation of the nonlinear forward operator requires a
full finite element simulation involving incremental loading, constitutive updates, and iterative equilibrium
solution. As a consequence, a single model evaluation may be computationally expensive.

Bayesian inference is performed by sampling from the posterior distribution of the uncertain param-
eters. Since the posterior distribution generally does not admit a closed form solution, sampling-based
methods are required, and a large number of model evaluations is typically needed to ensure stable posterior
estimation. When the forward model is directly represented by a nonlinear finite element solver, repeated
evaluations can render the calibration procedure computationally prohibitive.

To overcome this difficulty, the surrogate model introduced in Section 2.1 is employed to approximate
the nonlinear mapping between model parameters and structural responses. Once trained using a limited
number of finite element simulations, the surrogate can provide rapid predictions for newly proposed
parameter samples at negligible computational cost. In the proposed framework, the expensive finite element
solver is therefore used only for training data generation, while posterior sampling is carried out using the
surrogate model.

Posterior inference is performed using the Metropolis Hastings algorithm [36,37]. Candidate samples
are generated from a proposal distribution and accepted or rejected according to the posterior density. To
improve numerical stability, the likelihood function is evaluated in logarithmic form. In addition, an adaptive
step size strategy is adopted to regulate the proposal scale according to the current acceptance rate. The step
size is automatically adjusted to maintain the acceptance rate within a target interval of 0.2 to 0.4, thereby
improving sampling efficiency, reducing manual tuning, and enhancing convergence stability.
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Through this surrogate-assisted inference strategy, the number of expensive finite element evaluations is
restricted to the offline training stage, whereas the online Bayesian updating procedure is conducted using the
computationally efficient surrogate. This substantially reduces the overall computational burden and makes
Bayesian calibration feasible for nonlinear damage models with repeated likelihood evaluations.

To provide a clear overview of the complete computational procedure, a detailed flowchart of the
proposed surrogate-assisted Bayesian calibration methodology is presented in Fig. 4.

Figure 4: Flowchart of the proposed surrogate-assisted Bayesian calibration methodology.

3 Case Study of Reinforced Concrete Columns
This section presents a case study of reinforced concrete columns to demonstrate the applicability of the

proposed machine learning surrogate-based Bayesian calibration framework. The experimental program is
used as the benchmark, and the corresponding nonlinear finite element model is established to reproduce the
structural response. Experimental observations are then incorporated to calibrate the constitutive parameters
of the concrete damage model.
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The implementation procedure consists of four main parts. First, a finite element benchmark model
is established for the selected column specimens. Second, a surrogate model is constructed from a dataset
generated by finite element simulations. Third, sensitivity analysis is performed to examine the relative
influence of uncertain parameters on the structural response. Finally, Bayesian calibration is carried out to
infer the posterior distributions of the constitutive parameters, with and without explicit consideration of
model bias.

3.1 Finite Element Benchmark Model
The applicability of the proposed method was examined through simulation of reinforced concrete

column experiments [38]. Eight groups of rectangular columns were tested under low cycle reversed loading.
Among them, specimens T1, T2 and T4 from the same test series were selected for Bayesian calibration,
while T3 was excluded due to premature failure. These specimens share the same main structural and loading
conditions, and mainly differ in transverse reinforcement anchorage details. The concrete compressive
strength was 25.6 MPa, and the yield strengths of longitudinal and transverse reinforcement were 474 and
333 MPa, respectively. The specimen dimensions, reinforcement details, and corresponding experimental
force-displacement curves are shown in Fig. 5. Each column was fixed at the base and free at the top, subjected
first to axial load and then to displacement controlled loading up to 100 mm.

Figure 5: Column case study (a) loading procedure and reinforcement layout; (b) experimental force-displacement
curves.

The experimental results exhibit five distinct stages: linear elastic response, cracking accompanied
by stiffness reduction, yielding with peak load attainment, softening with rapid crack development and
structural degradation, and a residual stage, where load capacity stabilizes at a relatively low level despite
continued deformation.

A fiber beam based finite element model was established using the same concrete constitutive model
described in Section 2.1. The concrete section was modeled as a rectangular beam section, while the
reinforcement was represented by an equivalent box section based on the principles of equal area and equal
position. The model employed B31 beam elements [39] and was discretized into five segments along the
height. Consistent with the experimental loading protocol described above, the column base was fixed, the
top was left free, and the specimen was first subjected to axial load followed by displacement-controlled
lateral loading up to 100 mm.
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Concrete behavior was described using the damage plasticity model with confinement effects incor-
porated through equivalent transverse confining stress [31]. The initial material parameters of the damage
model were taken as the prior distribution means listed in Section 3.2. The reinforcement was modeled using
a bilinear constitutive relation with a hardening coefficient of 0.01. This model was used to generate the
simulation dataset required for surrogate construction and subsequent Bayesian calibration.

3.2 Random Variables and Prior Distributions
Eight parameters in the concrete constitutive model were treated as uncertain random variables in

the Bayesian calibration framework. Their prior distributions were defined based on available experimental
data and reported values in literature [40,41]. Normal prior distributions were assigned to all parameters as
summarized in Table 3. Since these parameters must remain positive on physical grounds, samples taking
negative values were excluded during sampling.

Table 3: Prior distributions of concrete model parameters for column specimens.

Parameter Distribution Unit Mean Standard Deviation
E(GPa)

Normal

28 2.156
ft(MPa) 2.5 0.45

εt 0.0001 0.000014
αt 1.95 0.975

fc(MPa) 25.6 4.608
εc 0.00156 0.00027
αc 1.06 0.318

Fl (MPa) 2.51 0.251

The uncertain parameter vector was selected according to the physical meaning of the bi-scalar damage
constitutive model, rather than as purely numerical tuning variables. Although some parameters correspond
to intrinsic material properties, their effective values in structural-scale simulations may still be affected by
material heterogeneity, specimen variability, scale effects, and modeling idealizations. Therefore, they are
treated as uncertain constitutive parameters within physically constrained prior ranges.

For the elastic modulus, a coefficient of variation of 0.077 was adopted. For the tensile and compressive
strengths, a coefficient of variation of 0.18 was used. The prior means of εt and αt were determined from the
tabulated parameters of the uniaxial tensile stress-strain curve in GB 50010 [35] according to f t. Similarly, the
prior means of εc and αc were determined from the tabulated parameters of the uniaxial compressive stress-
strain curve according to f c. The prior mean of Fl was calculated using the Mander confinement model. For
these parameters, moderate coefficients of variation were adopted based on engineering judgment because
these parameters are not directly measured in standard material tests. The selected prior ranges were also
used to generate the finite element simulation dataset for surrogate training. In this way, the subsequent
surrogate construction and Bayesian calibration were performed consistently within the same admissible
parameter domain.

3.3 Training Dataset and Surrogate Validation
To construct the surrogate model described in Section 2.2, LHS was performed over the parameter

space. A total of 2000 parameter sets were generated and evaluated through finite element simulations,
and the resulting dataset is illustrated in Fig. 6. For each sampled parameter vector, the force-displacement
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response at the column top was obtained from the finite element benchmark model. Therefore, in this
study, the structural response used for surrogate construction specifically refers to the column-top force-
displacement response, where the output components are the reaction forces corresponding to prescribed
displacement points. The multi-output force-displacement response was reconstructed by training indepen-
dent SVR models at different displacement points and assembling the predicted reaction forces along the
displacement axis.

Figure 6: Distribution of parameters sampled for finite element simulation of column specimens.

Based on the generated data, SVR surrogate models were established to approximate the nonlinear
mapping from the constitutive parameters to the structural response. Consistent with the SVR setting
described in Section 2.2, the models were built using the l2 - ε loss function. The optimized hyperparameters
include the penalty parameter, the insensitive loss parameter, and the anisotropic kernel scale parameters
associated with the eight input variables. Both input and output scaling were enabled, and the input
parameters and output responses were standardized using the mean and standard deviation of the training
data. Among the 2000 samples, 1800 were used for training and the remaining 200 were used for testing, and
the same split was used for all displacement points.

The adequacy of the dataset size was examined through learning curves constructed from separate
training and test sets, as shown in Fig. 7. The results indicate that the learning curve becomes stable after
approximately 1500 samples, confirming that the adopted split of 1800 training samples and 200 testing
samples is sufficient and that no evident overfitting is observed.

The predictive performance of the surrogate models was further evaluated by NRMSE, MAPE and R2.
The force-displacement response was further divided into different critical stages for stage-wise validation,
as summarized in Table 4. The trained surrogate models are therefore considered suitable for the subsequent
sensitivity analysis and Bayesian calibration. In addition, the same scale comparison with the observational
noise and model bias indicates that the SVR approximation error is relatively small. Therefore, the SVR sur-
rogate models were used as deterministic computational accelerators in the subsequent Bayesian calibration.
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Figure 7: Surrogate dataset and validation in the column case (a) finite element simulation dataset; (b) learning curve
for train-test split.

Table 4: Stage-wise surrogate validation results for force-displacement responses.

Stage NRMSE MAPE (%) R2

Linear elastic 0.011 0.586 0.999
Cracking 0.025 0.490 0.992
Yielding 0.012 0.175 0.996

Softening 0.010 0.153 0.997
Residual 0.010 0.183 0.998

3.4 Sensitivity Analysis
Before performing Bayesian calibration, sensitivity analysis was conducted based on the LHS and the

established SVR surrogate model. Sobol sensitivity indices were calculated to quantify the relative influence
of the eight uncertain parameters on the structural response [42]. In the sensitivity analysis, 2000 parameter
samples were used, and the structural reaction force at each displacement point was taken as the output
response for evaluating the Sobol sensitivity indices along the force-displacement curve. The results are
shown in Fig. 8.

Figure 8: Sensitivity analysis results in the column case (a) first-order sensitivity index; (b) total sensitivity index.
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Among the eight parameters, the most influential ones are the concrete compressive strength, the
peak compressive strain, and the stirrup confinement-related parameter, whereas the remaining variables
also contribute to the response evolution to varying degrees. In the elastic stage, the elastic modulus and
compressive strength mainly govern the structural stiffness and load response. As the displacement increases,
the compressive strength becomes increasingly dominant and largely determines the ultimate load capacity.
In the plastic stage, the nonlinear behavior of concrete becomes more pronounced, and the influence of
stirrup confinement is significantly enhanced, leading to increased toughness and improved crack resistance.

Overall, the sensitivity evolution reflects the transition from elastic response to nonlinear deterioration,
as well as the changing interaction between concrete and reinforcement. These results confirm that the
selected parameters are identifiable from the structural response and provide support for the subsequent
Bayesian calibration.

3.5 Bayesian Calibration Results
Bayesian calibration was performed to infer the posterior distributions of the eight constitutive param-

eters and quantify the associated uncertainty in concrete behavior. Four parallel MCMC chains with 500,000
samples per chain were generated. A Gaussian random walk proposal with an adaptive step size was adopted.
A burn-in length of 40% and a thinning interval of 250 were used, resulting in 4800 retained posterior
samples in total. The average acceptance rate of the four chains was 0.35. Two calibration processes were
conducted, namely calibration without model bias and calibration with model bias.

The trace plots shown in Fig. 9 exhibit stable mixing behavior without evident drift. This was further
supported by the Gelman Rubin statistics listed in Table 5, while the effective sample sizes (ESS) were
used to quantify the sampling efficiency. Although some parameters exhibited relatively small ESS values
due to posterior autocorrelation, the Gelman Rubin statistics remained close to 1, indicating satisfactory
convergence. In addition to posterior stability, substantial computational acceleration was achieved through
the proposed surrogate-assisted framework. The computational cost was reduced from about 10 min per
finite element simulation to less than 1 s per surrogate prediction, corresponding to a speedup of at least
600 times.

Figure 9: Trace plots for the four chains of the eight parameters in the column case.
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Table 5: MCMC convergence diagnostics for the eight calibrated parameters.

Parameter Gelman Rubin Statistics ESS
E(GPa) 1.0054 251.6
ft(MPa) 1.0121 168.7

εt 1.0077 219.6
αt 1.0035 250.1

fc(MPa) 1.0045 357.7
εc 1.0087 466.8
αc 1.0237 94.4

Fl (MPa) 1.0086 349.2

The pairwise correlation plots in Fig. 10 show three main categories of relationships among the eight
parameters, namely strong correlation, weak correlation, and nonlinear dependence. In particular, the
strength related parameters and the corresponding peak strain parameters exhibit strong positive corre-
lations, indicating their coupled influence on the load carrying capacity of concrete. By contrast, several
parameter pairs show bent and asymmetric contours, indicating nonlinear coupling effects related to tensile
softening behavior.

Figure 10: Pairwise correlation plot of eight parameters in the column case. The diagonal panels show marginal
posterior distributions, while the off-diagonal panels present bivariate posterior density contours. Warmer colors (red)
denote higher probability density, while cooler colors (blue) denote lower density.

The posterior distributions compared with priors are shown in Fig. 11. In all cases, the posterior
distributions become more concentrated after calibration, indicating that the experimental data provide
informative updating of the constitutive parameters. A comparison between the two calibration schemes
shows that the posterior distributions obtained without model bias are narrower for some parameters,
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whereas those obtained with model bias are generally broader and more conservative. In particular, explicit
treatment of model bias increases the conservativeness of some parameter estimates and improves the
robustness of the inferred uncertainty range, while its influence on other parameters remains limited. The
corresponding posterior statistics are summarized in Table 6.

Figure 11: Comparison of prior and two posterior distributions of eight parameters in the column case.

Table 6: Comparison of posterior estimates with and without model bias for the column specimens.

Parameter Prior
Mean

Prior
Std. dev.

Posterior
Mean

Posterior
Std. dev.

Posterior Mean
(with bias)

Posterior Std. dev.
(with bias)

E (GPa) 28.00 2.16 24.38 1.00 25.40 1.34
ft (MPa) 2.50 0.45 2.50 0.37 2.56 0.39
εt (10−3) 0.11 0.01 0.09 0.01 0.09 0.01

αt 1.95 0.98 1.65 0.47 1.99 0.52
fc (MPa) 25.60 4.61 22.26 0.24 22.51 0.31
εc (10−3) 1.56 0.27 1.01 0.03 1.03 0.04

αc 1.06 0.32 1.35 0.27 1.28 0.27
Fl (MPa) 2.51 0.25 2.37 0.04 2.35 0.05

It should be noted that the eight calibrated parameters are identifiable to different degrees from the
global force-displacement response. The Sobol sensitivity analysis indicates that the global response provides
stronger information for response dominant parameters, such as the compressive strength, peak compressive
strain, and stirrup confinement related parameter. Other parameters can still be updated through Bayesian
calibration, but their posterior uncertainty reduction may be less pronounced due to weaker sensitivity or
stronger posterior correlation. Additional local physical measurements, such as strain, crack development,
or local deformation responses, would be helpful for further improving parameter identifiability.
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The posterior response in Fig. 12 was obtained using the experimental curves included in the Bayesian
calibration. The calibration results are shown through the 95% credible interval of the posterior response.
Good agreement is observed between the posterior mean predictions and experimental data. The improve-
ment is mainly driven by the updating of the most sensitive parameters, while the introduction of model
bias further reduces the discrepancy between simulation and experiment. Overall, the proposed Bayesian
calibration framework effectively refines parameter distributions, improves the agreement between model
predictions and calibration data, and provides a more reliable uncertainty representation for nonlinear
structural responses.

Figure 12: Credible interval with posterior distribution in the column case.

4 Conclusion
This study presents a machine learning surrogate-based Bayesian calibration framework for nonlinear

concrete damage models. The framework combines SVR-based surrogate modeling, response-level model
bias representation and adaptive MCMC sampling within a unified probabilistic inference procedure. By
replacing repeated finite element evaluations with a trained surrogate model during posterior sampling, the
proposed method substantially improves computational efficiency while retaining predictive accuracy.

The reinforced concrete column case study demonstrates that proposed framework effectively calibrates
constitutive parameters from experimental force-displacement data. The surrogate model accurately repro-
duces the nonlinear responses generated by the finite element benchmark model, and Bayesian updating
reduces prior uncertainty in the calibrated parameters. Sensitivity analysis further identifies the compressive
strength, peak compressive strain, and stirrup confinement related parameter as the dominant variables
governing the structural response.

The comparison between calibration results with and without model bias shows that explicit bias
treatment yields broader but more realistic posterior uncertainty, whereas neglecting model bias leads to
comparatively overconfident parameter estimates. The close agreement between the posterior responses and
the experimental observations used for calibration further demonstrates the effectiveness of the proposed
framework within the present calibration setting.

Overall, the proposed method provides an efficient and robust strategy for parameter calibration and
uncertainty quantification in nonlinear concrete damage models. Nevertheless, the present case study is
mainly applicable to reinforced concrete column and beam specimens modeled using fiber beam elements
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and calibrated against global force-displacement responses. When the framework is extended to shear walls,
three-dimensional solid models, or full cyclic hysteretic responses, additional experimental observations,
more refined finite element descriptions, and higher dimensional parameter representations may be required.
In particular, local physical information, such as strain, stress and crack development, can help improve
parameter identifiability and better constrain the calibration process. Future work should therefore focus on
incorporating multi source response information and extending the framework to more complex structural
systems, loading conditions, and surrogate construction strategies.
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