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ABSTRACT: Accurate prediction of entropy generation in nanofluid turbulent convection is essential for optimizing
thermal system efficiency, yet remains challenging due to complex near-wall phenomena and thermal property varia-
tions with temperature. This study applied an elliptic blending turbulence model (SST k-ω-φ-α) to numerically analyze
entropy generation in alumina-water nanofluid flow through a uniformly heated circular tube. The model’s performance
was validated using both experimental data and established heat transfer and fluid flow correlations at small wall-bulk
temperature difference condition, and its superiority was rigorously evaluated against two widely adopted turbulence
models (SST k-ω and realizable k-ε). Results show that the SST k-ω-φ-α model demonstrates superior accuracy, with
maximum deviations from classical Bejan’s correlations of only 3.75% in heat transfer irreversibility and 1.86% in friction
irreversibility, both of which are lower than the deviations of the comparative turbulence models. The SST k-ω-φ-α
model was further used to analyze the entropy generation under large wall-bulk temperature difference condition. It was
found that the failure of classical Bejan’s correlation is due to the dominant influence of wall temperature on property
evaluations and entropy mechanisms. Under large wall-bulk temperature difference condition, total entropy generation
varies non-monotonically with Reynolds number (Re), revealing an optimal flow rate that minimizes irreversibility. On
the whole, the effect of nanoparticle concentration depends on flow regime, being beneficial at low Re but detrimental
at high Re. This work underscores the necessity of employing advanced numerical tools which are capable of resolving
detailed near-wall physics using high-fidelity turbulence modeling, especially under significant temperature gradients,
for reliable performance prediction in advanced thermal systems using nanofluids.
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1 Introduction
Nanofluids are a class of tailored colloidal suspensions comprising solid nanoparticles (typically 1–100

nm in diameter) evenly dispersed in conventional base fluids. Since the concept was first introduced by Choi
and Eastman in 1995 [1], nanofluids have garnered widespread research interest owing to their adjustable
thermal properties, such as superior thermal conductivity and remarkable stability. These attributes make
them highly promising for use in high-performance heat exchangers and advanced energy systems.

Recent decades have witnessed a remarkable expansion in nanofluids research. Substantial efforts have
concentrated on heat transfer enhancement using nanofluids in circular tubes. For conciseness, only selected
representative studies are focused here. Some researchers have conducted systematic experimental studies
on heat transfer of nanofluids [2–6]. The common conclusions drawn from these studies are: on the one
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hand, regardless of the materials used for nanoparticles and base fluid, the heat transfer coefficient, as well
as the Nusselt number (Nu), increase monotonically with both nanoparticle volume concentration (αp) and
Reynolds number (Re). On the other hand, the addition of nanoparticles leads to an increase in viscosity.
There is a controversial result concerning the empirical correlations for the Nu. Some experimental results
indicated that the traditional correlations based on single-phase fluid cannot be applied to nanofluids,
necessitating reconstruction of new correlations [2,3]. However, some results suggested that the traditional
correlations for single-phase fluid remain valid for nanofluids, with the only requirement being the use of
nanofluid-specific thermophysical properties [4,6].

Extensive numerical simulations have also been systematically employed to elucidate the fundamental
flow and heat transfer characteristics of nanofluids. Four predominant computational approaches are
commonly adopted: (i) the single-phase homogeneous model [7], (ii) the two-phase mixture model [8],
(iii) the Eulerian–Eulerian multiphase model [9], and (iv) the Lagrangian discrete particle model [10]. The
effectiveness of numerical simulation has been confirmed through the verification of experimental data.
However, despite each numerical method achieving certain successes, none has been proven to possess an
overwhelming advantage. Each numerical method has its own strengths and can meet different needs [11].

In contemporary engineering applications, advanced heat transfer media such as nanofluids are
increasingly being adopted. Concurrently, researchers continue to pursue optimal heat exchanger designs
and working fluid flow conditions. The aforementioned investigations primarily rely on the first law of
thermodynamics (energy conservation principle) as their theoretical foundation. Although first-law analysis
offers valuable insights into heat transfer efficiency, it falls short in identifying the optimal thermal operating
conditions. Empirical studies confirm that while the enhanced thermal conductivity of nanofluids improves
heat transfer, their increased viscosity can lead to counterproductive outcomes. However, first-law analysis
cannot intuitively reveal the net effect of these competing factors. The second law of thermodynamics
effectively bridges this gap through its entropy-based assessment framework.

Entropy generation analysis (EGA), which is grounded in the second law of thermodynamics, has
emerged as a robust methodology for optimizing thermal transport processes. Several research groups have
successfully applied EGA to study convective heat transfer characteristics of nanofluids in circular tube
geometries. These studies can be systematically categorized into two distinct methodological approaches. The
first approach adopts theoretical frameworks based on Bejan’s seminal correlations for entropy generation
rate [12]. The second approach directly computes entropy generation rates by leveraging velocity and
temperature field data acquired from computational fluid dynamics (CFD) [13].

Singh et al. [14] theoretically analyzed Al2O3/water nanofluid flow and heat transfer in circular tubes
using EGA. The study considered three tube diameters: microchannels (0.1 mm), minichannels (1 mm),
and conventional channels (10 mm). Their results indicated that high-viscosity Al2O3/water nanofluids are
unsuitable for conventional channels, highlighting the importance of developing low-viscosity nanofluids.
Moghaddami et al. [15] also conducted a similar theoretical study and drew the conclusion that nanoparticle
addition enhances efficiency mainly when heat transfer irreversibility dominates. Sohel et al. [16] evaluated
entropy generation for various nanofluids in circular micro- and minichannels, comparing water-based and
ethylene glycol-based systems. They found that water-based nanofluids exhibit lower entropy generation
rates due to reduced heat transfer irreversibility, attributed to their higher thermal conductivity compared to
ethylene glycol-based nanofluids. Bianco et al. [17] analytically explored entropy generation characteristics
of nanofluids under three distinct inlet conditions: constant Reynolds number, fixed mass flow rate, and
constant velocity. Mohseni-Gharyehsafa et al. [18] employed entropy generation minimization methodology
to identify optimal parameters—such as nanoparticle volume fraction, Reynolds number, nanoparticle
diameter, and average flow temperature—for turbulent nanofluid flow in circular tubes. Their findings
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demonstrated that metallic oxide nanofluids (Al2O3 and CuO-based) generate significantly less entropy
than nonmetallic oxide nanofluids (SiO2-based). Mukherjee et al. [19] established a theoretical framework
integrating genetic algorithms to optimize flow conditions for Al2O3-ethylene glycol nanofluids in circular
tubes under constant wall temperature. Their optimized configuration included a mass flow rate of 0.54 kg/s,
Reynolds number of 4000, nanoparticle diameter of 65 nm, and volume concentration of 0.2%.

The theoretical entropy generation analysis method, while useful, is largely constrained by empirical
correlations and necessary simplifications, thus exhibiting applicability primarily to systems with simple
geometric configurations and small wall–bulk temperature differences [20]. To overcome these limita-
tions, researchers have increasingly adopted computational approaches that derive entropy generation
rates directly from CFD simulations, thereby advancing nanofluid heat transfer optimization. Mwesigye
and Huan [21] performed a thermodynamic analysis of turbulent forced convection in circular tubes by
integrating EGA with CFD data. Their study covered tube cross-sectional areas ranging from 2.5 × 10−6 m2

to 0.05 m2, nanoparticle volume fractions from 0% to 6%, and Reynolds numbers between 5000 and
18,000. Their results showed that an optimal cross-sectional area exists for each Reynolds number, and
that this optimal area increases with increasing Reynolds number. Ji et al. [22] applied CFD-based entropy
generation analysis to investigate turbulent convective heat transfer characteristics of Al2O3/water nanofluids
in circular tubes. Using a single-phase flow assumption, their study offered detailed insights into local entropy
generation profiles. Rashidi et al. [23] conducted a systematic comparison between single-phase and two-
phase modeling approaches for entropy generation analysis in TiO2/water nanofluid forced convection.
Their findings indicated identical entropy generation values for pure water across CFD approaches, while
significant model discrepancies emerged with increasing nanoparticle volume fractions.

The accuracy of the turbulence model plays a crucial role in analyses that employ CFD to study the
turbulent convective heat transfer of nanofluids. In previous studies, whether based on the first or second
law of thermodynamics, the k-ε model has been the predominant choice [10,21,24,25], while the k-ω model
has also been used in some studies [22,26]. These two-equation models rest on a theoretical framework
that assumes homogeneous or weakly inhomogeneous turbulence. Yet, in near-wall regions characterized
by strong inhomogeneity, their accuracy is often remains limited, even with the help of wall functions.
To address this, various approaches have been proposed to extend such two-equation models to near-wall
flows. One influential approach was introduced by Durbin [27], whose model captures near-wall turbulence
behavior by solving an elliptic relaxation equation for the velocity-pressure gradient correlation tensor. This
concept inspired a series of turbulence models, known as the v2 − f models. To overcome the numerical
challenges posed by the v2 − f models, Manceau and Hanjalić [28] proposed the elliptic blending approach,
greatly enhancing computational stability. Later, several research groups [29–31] further developed these
elliptic-blending-based models and applied them to more complex configurations. Our research group
had also developed a turbulence model (denoted as SST k-ω-φ-α model), which combines the elliptic-
blending approach with the Shear Stress Transport (SST) formulation. By introducing an eddy viscosity
modulation based on the turbulent specific rate and shear stress transport limitation, the proposed model
not only preserves the benefits of elliptic-blending-based models for near-wall treatment, but also improves
predictive accuracy in free shear layers. The model has been rigorously validated across several typical flow
configurations, with results confirming its superiority over the k-ε and k-ω models [20,32,33].

To the best of the authors’ knowledge, in existing numerical studies on turbulent flow and heat transfer
of nanofluids, the turbulence models used are the k-ε model, k-ω model, and their variants, while turbulence
models based on elliptic relaxation or elliptic blending methods have not yet been used. This study evaluates
the performance of the in-house-developed elliptic blending turbulence model (the SST k-ω-φ-α model)
for predicting the entropy generation in turbulent convective heat transfer of an Al2O3/water nanofluid
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inside a circular tube under constant wall heat flux. The objectives are twofold: first, to validate the accuracy
and demonstrate the superiority of the proposed turbulence model in predicting entropy generation during
nanofluid heat transfer via numerical simulation; second, to provide guidance for extending the application
of this turbulence model to entropy generation analysis in heat exchangers utilizing nanofluids, which
typically feature more complex geometries and flow conditions.

The numerical modeling is elaborated in the following section. Results and discusions are presented
in Sections 3 and 4, respectively, followed by a summary of the main conclusions in the final section.

2 Numerical Modeling
In this work, the two-phase mixture model was employed. The selection of the two-phase mixture

model is primarily justified by its capability to capture the relative motion between phases (slip velocity)
and non-uniform particle distribution, which are critical for accurately predicting nanofluid heat transfer.
This model adopts a single-fluid approach, treating the nanofluid as a homogeneous mixture where the base
fluid and nanoparticles are in thermal equilibrium and can interpenetrate, offering a balanced compromise
between computational cost and physical fidelity. Here, the base fluid is defined as the primary phase, while
the nanoparticles represent the secondary phase.

The following assumptions were incorporated into the numerical model:

(1) The mixture shares a common pressure field and a single temperature field, implying local ther-
mal equilibrium.

(2) The influence of gravitational body force is neglected.
(3) The flow is steady, incompressible, and turbulent. Turbulence is modeled using the Reynolds-averaged

Navier-Stokes (RANS) framework, with the Boussinesq hypothesis applied to relate the Reynolds
stresses to the mean velocity gradients.

(4) The continuity, momentum, and energy equations are solved for the mixture as a whole. Additionally,
a separate transport equation is solved for the volume fraction of the secondary phase.

(5) The turbulence model is applied to the mixture phase.

2.1 Governing Equations of Fluid Flow and Heat Transfer
2.1.1 Continuity Equation

The continuity equation for the mixture takes [34]

∇ ⋅ (ρmv⃗m) = 0, (1)

where ρm and v⃗m are the density and velocity vector of the mixture, respectively. They are determined using
the following equations:

ρm =
N
∑
q=1

αqρq, (2)

v⃗m =
∑N

q=1 αqρqv⃗q

ρm
, (3)

where αq, ρq and v⃗q are the volume fraction, density, and velocity vector of phase q, respectively, N is the
total number of phases.
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2.1.2 Momentum Equation
The momentum equation for the mixture can be written as [34]

∇ ⋅ (ρmv⃗mv⃗m) = −∇p +∇ ⋅ [μm (∇v⃗m +∇v⃗T
m)] + ∇ ⋅ (∑

N
k=1 αkρkv⃗dr,kv⃗dr,k) , (4)

where p is the pressure. μm is the viscosity of the mixture and it can be written as

μm = μl,m + μt,m, (5)

in which μl,m and μt,m are the molecular viscosity and turbulent viscosity of the mixture, respectively. The
μt,m is computed by the turbulence models, and the μl,m is computed as

μl,m = ∑
N
q=1 αqμq, (6)

where μq is the molecular viscosity of phase q. v⃗dr,k is the drift velocity for phase k and it is calculated by

v⃗dr,k = v⃗k − v⃗m. (7)

Introducing a relative (or slip) velocity,

v⃗kq = v⃗k − v⃗q , (8)

which represents the relative velocity of phase k to phase q, the drift velocity can be rewritten as

v⃗dr,k = v⃗kq −
∑N

i=1 αiρiv⃗iq

ρm
. (9)

In ANSYS Fluent, instead of Eq. (8), an algebraic formulation is used for the slip velocity, and it takes
the form

v⃗kq =
τk

fdrag

(ρk − ρm)
ρk

a⃗, (10)

where ρk is the density of phase k, fdrag is the drag function, a⃗ is the acceleration vector. The τk is the
particulate relaxation time, which is defined as

τk =
ρkd2

k
18μq

, (11)

here dk is the diameter of the particles.
For steady flow, when the effect of gravity is neglected, the acceleration vector can be expressed as

a⃗ = −(v⃗m ⋅ ∇) v⃗m. (12)

Many definitions for the drag function are available. In this work, the Schiller and Naumann model was
used, and it is

fdrag =
⎧⎪⎪⎨⎪⎪⎩

1 + 0.15Re0.687
r Rer ≤ 1000

0.0183Rer Rer > 1000
, (13)

where Rer is the relative Reynolds number, and it is defined as
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Rer =
ρq ∣v⃗q − v⃗k∣dk

μq
. (14)

2.1.3 Energy Equation
The energy equation for the mixture can be written as [34]

∇ ⋅∑N
k=1 αkρkcp,kv⃗kTm = ∇ ⋅ (λeff∇Tm) , (15)

where cp,k is the specific heat of phase k, Tm is the temperature of the mixture, and λeff is the effective
conductivity of the mixture calculated as

λeff = λt +∑
N
k=1 αkλk, (16)

where λk is the thermal conductivity of phase k, λt is the turbulent thermal conductivity of the mixture. The
λt is calculated as

λt =
cp,mμt,m

Prt
, (17)

where cp,m is the specific heat of the mixture, and it is calculated using

cp,m =
∑N

k=1 αkρkcp,k

ρm
. (18)

The turbulent Prandtl number was taken as Prt = 0.85 in this work, following common practice in
nanofluid forced-convection simulations [8,35,36].

2.1.4 Volume Fraction Equation for the Secondary Phase
In nanofluid flow, there is no mass transfer between the base fluid and nanoparticles. Consequently, the

volume fraction equation for phase of the nanoparticles is

∇ ⋅ (αpρpv⃗m) = −∇ ⋅ (αpρpv⃗dr,p), (19)

where v⃗dr,p is the drift velocity for the phase of nanoparticles [34].

2.2 Transport Equations of Turbulence Models
An in-house-developed elliptic blending turbulence model, specifically the SST k-ω-φ-α model, is

employed for the mixture. The turbulent transport equations are presented below. These equations were
rigorously formulated by replacing the variables of single-phase flow with their mixture counterparts, while
preserving the constitutive relations and closure constants from the single-phase framework [32].

∇ ⋅ (ρmkmv⃗m) = Gk,m − ρmfkβ∗kmωm +∇ ⋅ [(
μm

2
+ σkμt,m)∇km] , (20)

∇ ⋅ (ρmωmv⃗m) = fωγ ωm

km
Gk,m − ρmβω2

m +CD,m +∇ ⋅ [(
μm

2
+ σωμt,m)∇ωm] , (21)

∇ ⋅ (ρmφmv⃗m) = (1 − αp
m) ρmfwall,m + αp

mρmfhom,m −
φm

km
Gk,m +

2σkμt,m

km
∇φm ⋅ ∇km

+∇ ⋅ [(μm

2
+ σφμt,m)∇φm] , (22)
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0 = 1 − αm

L2
m
+∇ ⋅ ∇αm. (23)

The turbulent viscosity is calculated as

μt,m = (1 − αp)CμρmφmkmMin (Tm, Tlim) + αp a1ρmkm

Max (a1ωm, F2Sm)
. (24)

A comprehensive description of the SST k-ω-φ-α model is available in the work of Yang et al. [32].
For comparison, two industry-standard turbulence models—the realizable k-ε model and the SST k-ω

model—were also employed. As these models are extensively documented in the ANSYS Fluent theory
guide [34], their governing equations and closure coefficients are adopted directly from this source without
restating here for brevity.

2.3 Formulas for Entropy Generations
The total local volumetric entropy generation rate, S′′′gen, in a viscous flow with convective heat transfer

comprises two components: the rate due to friction irreversibility, S′′′gen,f , and the rate due to heat transfer
irreversibility, S′′′gen,h. The relationship between them is given by

S′′′gen = S′′′gen,f + S′′′gen,h. (25)

Generally, the S′′′gen,f can be computed using either a direct or an indirect approach. Yang and Yang [20]
demonstrated that, for the SST k-ω-φ-α turbulence model, the S′′′gen,f should be computed via the indirect
approach. While for the realizable k-ε model and the SST k-ω model, two approaches provide same results.
Therefore, in this work, the indirect approach was adopted. In cylindrical coordinates, the components S′′′gen,f
and S′′′gen,h can be calculated as follows [12,20]:

S′′′gen,f =
μl,m + μt,m

Tm
{2 [(∂ur

∂r
)

2
+ (ur

r
)

2
+ (∂ux

∂x
)

2
] + (∂ur

∂x
+ ∂ux

∂r
)

2
} (26)

S′′′gen,h =
λeff

T2
m
[(∂Tm

∂r
)

2
+ (∂Tm

∂x
)

2
] . (27)

here, x and r denote the axial and radial coordinates, respectively. ux and ur represent the velocity components
of the mixture in the axial and radial directions, respectively.

For flow in a circular tube, the entropy generation rate per unit length is obtained by integrating Eqs. (26)
and (27) over the cross-section, yielding

S′gen,f = ∫A
S′′′gen,f dA, (28)

and

S′gen,h = ∫A
S′′′gen,hdA. (29)

2.4 Thermal Properties of Materials
The nanofluid considered in this work is composed of water as the base fluid and alumina (Al2O3)

nanoparticles. Near ambient temperature, certain thermophysical properties—namely density, specific
heat, and thermal conductivity—of both water and alumina exhibit minimal variation with temperature.
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Therefore, they are treated as constants, and their values at T = 293.15 K, consistent with the operating
temperature (20○C) in experiments of Pak and Cho [2], are listed in Table 1. In contrast, the viscosity of water
exhibits a strong dependence on temperature. The functional relationship between the viscosity of water and
temperature is

μbf = 2.414 × 10−5 × 10
247.8

T−140.0 . (30)

where μbf is the dynamic viscosity of water, T is the temperature in Kelvin.

Table 1: Some thermal properties of the water and nanoparticles of Al2O3 at T = 293.15 K.

Density, ρ (kg/m3) Specific Heat, cp (J/kg⋅K) Thermal Conductivity, λ (W/m⋅K)
Water 998.2 4183 0.599
Al2O3* 3880 773 36

Note: *Data from Pak and Cho [2].

The density and specific heat of the nanofluid are generally well-described by the classical relationships
for a two-phase mixture, as given in Eqs. (2) and (18). In contrast, the dynamic viscosity and thermal
conductivity do not follow the traditional rule of mixtures; therefore, specific correlations must be employed.
In this study, the correlation between the dynamic viscosity ratio of the nanofluid to the base fluid and
the nanoparticle volume fraction was derived using the experimental data reported by Pak and Cho [2]
through a least-squares curve fitting approach. Their work measured the viscosity of Al2O3/water nanofluid at
various nanoparticle volume concentrations under different shear rates (γ̇). They found that the Al2O3/water
nanofluid depicted the shear-thinning behaviour when αp > 3%. In other words, the Al2O3/water nanofluid
can be approximated to be Newtonian fluid when αp < 3%. The experimantal data within the range of
αp = 0%–4% was selected for curve fitting. It shoud be noted that the datum at αp = 4% is based on high shear
rate of γ̇ = 384.1 to ensure no abrupt changes. A comparison between the fitted curve and experimental data
is presented in Fig. 1a, and the corresponding fitting expressions is as follow:

μnf

μbf
= 1456.8α2

p + 20.4αp + 1, (31)

here μnf and μbf denote dynamic viscosities of the nanofluid and base fluid, respectively, and αp represents
the volume fraction of nanoparticles.

The correlation for the thermal conductivity ratio of nanofluid and base fluid, as a function of
nanoparticle volume fraction, was established using the experimental data from Pak and Cho [2], originally
measured by Masuda et al. [37]. A least-squares curve fitting method was applied to derive the relationship,
and the resulting correlation is given by:

λnf

λbf
= 7.61αp + 1, (32)

where λnf and λbf are the thermal conductivities of nanofluid and base fluid, respectively. A comparison
between the fitted curve and experimental data is presented in Fig. 1b.
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Figure 1: Experimental data and correlations for dynamic viscosity ratio and thermal conductivity ratio of nanofluid
and base fluid. (a) dynamic viscosity ratio; (b) thermal conductivity ratio [2].

It should be noted that although the data provided in Pak and Cho [2] were obtained at a fixed
temperature of 300 K, we consider the fitted correlation to remain valid across the temperature range
considered in this study. This is supported by several experimental studies indicating that the thermal
conductivity ratio is nearly independent of temperature [4,5]. Nevertheless, it is important to emphasize that
the thermal conductivity of the base fluid itself does vary with temperature, and this should be taken into
account when applying the proposed correlation.

It is important to note that the experimental data from Pak and Cho [2] obtained with nanoparticle
concentrations ranging from 0% to 4.33% and temperatures between 293.15 and 345.65 K. Consequently,
the applicable conditions for Eqs. (31) and (32) are confined to this range. If these bounds are substantially
exceeded, the validity of the equations requires further assessment. In this study, the maximum nanoparticle
concentration considered is 4%, and the highest temperature reaches 329.95 K, both of which fall within the
applicable scope of the equations.

2.5 Model Implementation
The numerical simulations were conducted using the commercial software ANSYS Fluent (version 17.0).

The transport equations for the in-house developed SST k-ω-φ-α turbulence model were implemented and
solved through the User-Defined Scalar (UDS) functionality. Conversely, the SST k-ω and realizable k-ε
models, available as built-in options in the software, were employed directly.

The system of governing equations includes the continuity, momentum, energy, volume fraction (for the
secondary phase), and turbulence transport equations, which were solved using a pressure-based algorithm.
The overall solution procedure is outlined in Fig. 2. Specifically, a pressure-based Coupled algorithm was
used to solve the continuity and momentum equations simultaneously, while a pressure-based Segregated
algorithm was employed to solve the volume fraction equation, the turbulence transport equations, and the
energy equation sequentially.

Upon convergence, post-processing was performed to evaluate key parameters, including the Nusselt
number, friction factor, heat transfer coefficient, and entropy generation rate.
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Figure 2: The solution procedure.

In this work, the diffusion terms in all governing equations were discretized using a central-differencing
scheme. The convection terms in the continuity, momentum, energy, and turbulence equations were
discretized with a second-order upwind scheme. For the convection term in the volume fraction equation,
the QUICK scheme was applied. All derivatives and gradients were computed using the least-squares
cell-based method.

2.6 Geometry and Boundary Conditions of the Computational Model
The problem under consideration involves a hydrodynamically fully developed, turbulent nanofluid

flow in a circular tube. Owing to the geometric and physical axisymmetry of the problem, a two-dimensional
axisymmetric model was adopted. The computational geometry and the corresponding boundary conditions
are illustrated in Fig. 3. The computational domain comprises a hydrodynamic entry section (−L1 ≤ x < 0)
and a thermal section (0 ≤ x < L2). The length of the hydrodynamic entry section was designed to be
sufficient long to ensure that a fully developed turbulent flow would be established at the inlet (x = 0) of the
thermal section.

Side wall (constant heat flux, q'')

L2

Inlet Outlet
0.5D

x

r

Side wall (adiabatic)

Axis

Origin of coordinate

L1

Figure 3: Geometry and boundary conditions of the computational model.

A static pressure of zero was imposed at the outlet. At the inlet, a uniform distribution was presumed for
all physical quantities. The inlet values for velocity (uin), temperature (Tin), turbulent kinetic energy (kin),
turbulent dissipation rate (εin), specific dissipation rate (ωin), wall-normal turbulent anisotropy (φin) and
elliptic variable (αin) were specified as follows: uin = U0, Tin = T0, kin = 3

2(U0I)2, εin = Cμ
ρk2

in
μVR

, ωin = ρkin
μVR

,
φin = 0.4, αin = 1. Here, U0 and T0 are the mean inlet velocity and temperature, respectively. In this work, the
value of T0 is 293.15 K, while U0 = μRe

ρD is problem-dependent. I is the turbulence intensity, and VR is the ratio
of the turbulent viscosity to the molecular viscosity. Moreover, values of I = 0.03 and VR = 5 were adopted.
The constant Cμ = 0.09 is a standard coefficient for the turbulence model.

The wall treatment method is determined by the specific turbulence model employed. For the SST k-
ω-φ-α model, the following quantities were specified at the wall: uw = 0, kw = 0, ωw = 3ν/ (β0y2

1 ), φw = 0,
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and αw = 0. Here, the subscript w denotes the wall value, ν is the kinematic viscosity of the nanofluid,
y1 is the normal distance from the centroid of the wall-adjacent cell to the wall, and β1 = 0.0708 is a
model constant [32]. The SST k-ω model utilized an automatic near-wall treatment for the wall boundary
conditions [38], while the realizable k-ε model adopted the enhanced wall treatment method. A uniform
heat flux was applied on the wall, with its specific value being problem-dependent.

2.7 Data Reduction
Upon achieving a converged solution, post-processing is performed. Key performance metrics, includ-

ing the friction factor (f), Nusselt number (Nu), and entropy generation rate, are evaluated from the
computed flow and temperature fields.

The friction factor is calculated using the following expression:

f = 8τw

ρU2 , (33)

where τw is the wall shear stress. The local Nusselt number on the wall can be evaluated by

Nu(x) = h(x)D
λ

, (34)

where h(x) is the heat transfer coefficient and it can be evaluated using

h(x) = q′′

Tw(x) − Tb(x)
, (35)

and

Tb(x) = Tin +
q′′πDx

ṁcp
, (36)

where x is the distance from the entrance of the thermal section, q′′ is the heat flux per unit area, ṁ is the
mass flow rate, Tin is the temperature at inlet, Tw and Tb are the wall temperature and bulk mean temperature
at cross-section, respectively.

The local volumetric entropy generation rates can be calculated using Eqs. (25)–(27), from which the
entropy generation rates per unit length can be obtained via Eqs. (28) and (29).

For a fully developed, single-phase flow in a circular tube with constant fluid properties—an assumption
that hold valid under small wall-bulk temperature difference condition—the friction factor, Nusselt number,
and entropy generation rate per unit length can be evaluated using the following established correlations:

Petukhov’s correlation [39]:

f = (0.790 ln Re − 1.64)−2 (3000 ≤ Re ≤ 5 × 106) (37)

Gnielinski’s correlation [39]:

Nu = (f/8) (Re − 1000)Pr
1 + 12.7

√
f/8 (Pr2/3 −1)

( 0.5 ≤ Pr ≤ 2000
3000 ≤ Re ≤ 5 × 106 ) . (38)
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Bejan’s correlations [12]:

S′gen,h =
q′2

πλT2
bNu

, (39)

and

S′gen,f =
32ṁ3f

πρ2T2
bD5 . (40)

where q′ is the heat flux per unit length, D is the diameter of the tube.
In Eqs. (37)–(40), the thermophysical properties of the fluid are evaluated at the bulk mean temperature

(Tb), defined as the arithmetic mean of the inlet temperature (Tin) and outlet temperature (Tout):

Tb =
Tin + Tout

2
. (41)

However, when the wall-bulk temperature difference (ΔT) is too large to be neglected, Eq. (39) is no
longer applicable. In such cases, the following alternative formulation should be employed [12,20]:

S′gen,h =
q′ΔT

Tb (Tb + ΔT) . (42)

3 Results and Discussion
In all simulations performed in this study, the mean nanoparticle diameter was set to 13 nm, the tube

diameter was D = 10.66 mm, and the tube length was L1 = L2 = 100 D. Certain parameters were adjusted
according to the specific case under investigation. For the studies presented in Sections 3.1 and 3.2, a constant
heat flux of q′′ = 10, 273 W/m2 was applied, resulting in a small wall-bulk temperature difference [2]. A
total of eight Reynolds numbers—10,000; 20,000; 30,000; 40,000; 50,000; 60,000; 80,000; and 100,000—were
considered, all based on the fluid properties at the inlet of the thermal section. In Section 3.3, a substantially
higher constant heat flux of q′′ = 500, 000 W/m2 was imposed, leading to a large wall-bulk temperature
difference. Likewise, eight Reynolds numbers, calculated using the local properties at a specified streamwise
location, were also examined. All subsequent analyses refer to the thermal section.

3.1 Verification and Validation
3.1.1 Mesh Independence Test

The computational domain was discretized using a mesh of quadrilateral cells. A grid refinement was
applied in the near-wall region to accurately capture the steep gradients of variables. In the radial direction,
the cell size increased progressively from the wall with a stretching ratio of 1.03, by contrast, a uniform grid
distribution (the number of cells is 10,000) was adopted in the axial direction.

A grid independence study was conducted using four distinct mesh configurations to determine the
optimal grid density. Simulations were performed for pure water flow and nanofluid (αp = 0.04) flow at
Re = 100,000, with the key results summarized in Table 2. The results indicate that, both for the pure
water flow and nanofluid flow, the 150-cell and 200-cell radial meshes yield outcomes in close agreement
with the reference data. Considering the optimal trade-off between computational accuracy and cost, the
configuration with 150 radial cells was selected for all subsequent simulations.
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Table 2: (a) Results of mesh independence test (pure water); (b) results of mesh independence test (αp = 0.04).

The Number of Cells in the r-Direction f Nu S
′

gen,h (
W

m ⋅K
) S

′

gen,f (
W

m ⋅K
)

(a)

50 2.090 × 10−2 735.0 0.279 × 10−3 0.163
100 1.786 × 10−2 613.6 1.125 × 10−3 0.205
150 1.814 × 10−2 590.0 1.227 × 10−3 0.215
200 1.815 × 10−2 590.7 1.225 × 10−3 0.216

Ref.* 1.799 × 10−2 598.4 1.223 × 10−3 0.214

(b)

50 1.898 × 10−2 796.2 8.0684 × 10−5 4.8384
100 1.806 × 10−2 884.5 6.0382 × 10−4 6.8433
150 1.814 × 10−2 821.2 6.6477 × 10−4 6.9365
200 1.815 × 10−2 822.5 6.6323 × 10−4 6.9393

Ref.* 1.799 × 10−2 845.3 6.5774 × 10−4 6.8610

Note: *The reference data were calculated using Eqs. (37)–(40).

3.1.2 Model Validation
To validate the two-phase mixture model, numerical schemes, and thermophysical properties of

the nanofluid, simulations were conducted on two cases with different nanoparticle volume fractions
(αp = 0.0134 and αp = 0.0278). For comparison, each case was simulated using three different turbu-
lence models.

Fig. 4 compares the numerically predicted heat transfer coefficient (h) at various Re with the exper-
imental data reported by Pak and Cho [2]. At both αp = 0.0278 and αp = 0.0134, the SST k-ω-φ-α model
shows excellent agreement with the experimental measurements. Both the SST k-ω model and the realizable
k-ε model overpredict h, with the former exhibiting a more pronounced deviation.

Figure 4: Comparison of the predicted heat transfer coefficient at various Re with experimental data [2].
(a) αp = 0.0278; (b) αp = 0.0134.
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Fig. 5 compares the predicted friction factor (f) against values from Petukhov’s correlation (Eq. (37))
across various Reynolds numbers. The predictions from the SST k-ω-φ-α model show excellent agreement
with the correlation with a maximum discrepancy of approximately 1.87% at Re = 10,000. The SST k-ω model
overpredicts the friction factor across all Reynolds numbers studied, with a maximum overprediction of
about 3.88%. The realizable k-ε model exhibits a different behavior: it overestimates the friction factor at
lower Reynolds numbers but underestimates it at higher Reynolds numbers, with a maximum deviation
exceeding 7.48%.

Figure 5: Comparison of the predicted friction factor with Petukhov’s correlation (Eq. (37)) across various Re.

These results demonstrate that the SST k-ω-φ-α model accurately predicts both flow behavior (reflected
by the friction factor in Fig. 5) and heat transfer performance (indicated by the heat transfer coefficient
in Fig. 4) of nanofluids. As a result, the velocity and temperature fields obtained with this model offer
a reliable foundation for evaluating the entropy generation rate. It should be noted that although we
have not conducted direct validation of entropy generation based on experiments, the entropy generation
calculated using Bejan’s analytical formulation is feasible as long as the temperature and velocity fields are
sufficiently accurate.

3.1.3 Computational Efficiency of the Turbulent Models
The SST k-ω-φ-α model has two more transport equations than the SST k-ω and realizable k-ε

models, and need to handle more source terms, so that its computational cost will increase. We examined
the computational efficiency of these three turbulence models for simulating of nanofluid flow. In the
computational case, the number of computational cells is 1.5 million, the concentration of nanoparticles is
0.0278 and the Re is 100,000. The time consumed to calculate 100 steps based on the same hardware (52 CPU
cores and 256 GB memory capacity) is recorded. To ensure statistical reliability, each turbulence model was
simulated five times. The resulting CPU times were then averaged for each model. The time spent by the SST
k-ω-φ-α model, the SST k-ω model and the realizable k-ε model is 96.9, 74.3 and 72.3 s, respectively. It can
be seen that the time spent by the SST k-ω and realizable k-ε models is basically the same, while the time
spent by the SST k-ω-φ-α model is larger, increasing by about 34% compared to the realizable k-ε model.

3.2 Entropy Generation Analysis under Small Wall-Bulk Temperature Difference Condition
3.2.1 Profiles of the Entropy Generation Rate on Cross-Section

Analyzing the radial distribution of the local entropy generation rate offers detailed insights into the
spatial variation of entropy generation across the flow field. Decomposing the total entropy generation
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rate into its components—contributions from friction irreversibility (S′′′gen,f ) and heat transfer irreversibility
(S′′′gen,h)—is essential for understanding their respective contributions. In this subsection, the case with
αp = 0.0278 is selected as representative example for analysis.

Due to the small wall-bulk temperature difference, the thermophysical properties of the nanofluid
can be regarded as constants. Moreover, as the flow is hydrodynamically fully developed and turbulent at
the entrance of the thermal section, this flow state remain unchanged along the entire length. According
to Eq. (26), the entropy generation rate due to friction irreversibility, S′′′gen,f , depends solely on the velocity
field; thus, its radial distribution is identical at every cross-section. Given the similarity of results across
different Reynolds numbers, only the case at Re = 10,000 is presented here.

Fig. 6 shows the radial profiles of S′′′gen,f , predicted by the three turbulence models. Since S′′′gen,f is pre-
dominantly generated in the thin near-wall region, the wall-normal distance is normalized by y+ = ρuτy/μ
and used as the abscissa for clarity, where uτ =

√
τw/ρ is the friction velocity and y is the distance from the

wall. The peak value of S′′′gen,f occurs at the wall, which aligns with the position of the maximum velocity
gradient. Most of the S′′′gen,f is generated within the viscous sublayer (y+ < 5) and the buffer layer (5 ≤ y+ < 30).
In addition, discrepancies among the predictions of the three turbulence models are primarily confined to
the viscous sublayer. The realizable k-ε model predicts the highest value, while the SST k-ω-φ-α model gives
the lowest. This difference mainly results from the different near-wall treatments adopted by the models and
their varying accuracy in resolving the near-wall flow physics.

Figure 6: Profiles of entropy generation rate due to friction irreversibility on the cross-section predicted by different
turbulence models.

After the hydrodynamically fully developed turbulent flow enters the thermal section, it passes through
a short thermal entrance region (approximately < 10D [39]) before achieving a thermally fully developed
state. Within this thermal entrance region, the profile of S′′′gen,h evolves axially, driven by the developing
temperature field.

Fig. 7 depicts the evolution of the S′′′gen,h profiles predicted by the SST k-ω-φ-α model at various axial
locations (x/D) for the case of Re = 10,000. It can be observed that beyond x/D > 5, the profiles remain
nearly unchanged with further axial progression. This confirms that the thermal entrance length is short
compared to the total length of the thermal section under consideration. Additionally, it is well established
that the thermal entrance length decreases with increasing Reynolds number. Therefore, when averaging
S′′′gen,h over the entire thermal section, the influence of the entrance region is limited, and the associated error
is negligible.
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Figure 7: Profiles of entropy generation rate due to heat transfer irreversibility at different x-position.

As indicated by Eq. (27), the entropy generation rate due to heat transfer irreversibility, S′′′gen,h, depends
exclusively on the temperature gradient. For a thermally fully developed flow with constant thermophys-
ical properties under a constant heat flux boundary condition, the temperature gradient profile—and
consequently, the profile of S′′′gen,h—remains unchanged along the axial direction.

Fig. 8 compares the radial profiles of S′′′gen,h at the axial location of x/D = 50, predicted by different
turbulence models. The peak value of S′′′gen,h occurs at the wall, which corresponds to the position of the
maximum temperature gradient. The majority of S′′′gen,h is generated within the viscous sublayer (y+ < 5) and
the inner part of the buffer layer (5 ≤ y+ < 10). Discrepancies among the predictions by different turbulence
models are primarily confined to this near-wall region. Notably, the region of significant S′′′gen,h predicted
by the SST k-ω-φ-α model is more extensive than those predicted by the other two models. The difference
between the results from the SST k-ω model and the realizable k-ε model is relatively minor.

Figure 8: Profiles of entropy generation rate due to heat transfer irreversibility on the cross-section at x/D= 50 predicted
by different turbulence models.

3.2.2 The Entropy Generation Rate per Unit Length
For flow in a circular tube, the entropy generation rates per unit length due to friction (S′gen,f ) and heat

transfer (S′gen,h) are obtained by integrating their respective local volumetric rates (S′′′gen,f and S′′′gen,h) over the
cross-section within the thermal section, as defined by Eqs. (28) and (29). In this subsection, the integration
is performed at a fixed axial location of x/D = 50. The resulting values for S′gen,h and S′gen,f are thus directly
comparable to the corresponding Bejan’s correlations of Eqs. (39) and (40), respectively.
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Fig. 9 compares the entropy generation rate per unit length due to heat transfer irreversibility (S′gen,h), as
predicted by different turbulence models, against the correlation given by Eq. (39). The Re range considered
in this comparison is from 104 to 105. It is evident that S′gen,h decreases with increasing Re.

Figure 9: Comparisons of the entropy generation rate per unit length due to heat transfer irreversibility S′gen,h predicted
by different turbulence models with correlation (Eq. (39)): (a) αp = 0.0134; (b) αp = 0.0278.

Upon quantitative examination of the data, we found that the maximum deviation of the SST k-ω-
φ-α model from Bejan’s correlation occurs at Re = 30,000, whereas for the other two models, it occurs at
Re = 10,000. The specific values are listed in Table 3. Notably, the predictions of the SST k-ω-φ-α model
exhibit good agreement with Bejan’s correlation. The maximum deviation of this model is only 3.36% for
the case of αp = 0.0134 and 3.75% for the case of αp = 0.0278. In contrast, both the SST k-ω model and the
realizable k-ε model consistently underpredict S′gen,h across the entire Reynolds number range. For the SST
k-ω model, the maximum deviation exceeds 16.74% (for αp = 0.0134) and 16.82% (for αp = 0.0278). Similarly,
the realizable k-ε model shows maximum deviations exceeding 13.78% (for αp = 0.0134) and 14.03% (for
αp = 0.0278).

Table 3: The deviations of predicted S′gen,h compared with Bejan’s correlation.

Re Turbulence Models αp = 0.0134 αp = 0.0278

S′gen,h (W/(m⋅K)) Deviation (%) S′gen,h (W/(m⋅K)) Deviation (%)

10,000

Reference data* 7.3639 × 10−3 — 5.9973 × 10−3 —
SST k-ω-φ-α 7.4380 × 10−3 1.00 6.1172 × 10−3 2.00

SST k-ω 6.1314 × 10−3 16.74 4.9886 × 10−3 16.82
Realizable k-ε 6.3495 × 10−3 13.78 5.1558 × 10−3 14.03

30,000

Reference data* 2.7422 × 10−3 — 2.2189 × 10−3 —
SST k-ω-φ-α 2.8343 × 10−3 3.36 2.3021 × 10−3 3.75

SST k-ω 2.4511 × 10−3 10.62 1.9733 × 10−3 11.07
Realizable k-ε 2.5997 × 10−3 5.19 2.0864 × 10−3 5.97

Note: *The reference data were obtained from Bejan’s correlation (Eq. (39)).
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Fig. 10 compares the entropy generation rate per unit length due to friction irreversibility (S′gen,f ),
predicted by different turbulence models, against Bejan’s correlation given in Eq. (40). The variation trend
of S′gen,f with Re is opposite to that of S′gen,h. Specifically, S′gen,f increases with increasing Re.

Figure 10: Comparisons of the entropy generation rate per unit length due to friction irreversibility S′gen,f predicted by
different turbulence models with correlation (Eq. (40)): (a) αp = 0.0134; (b) αp = 0.0278.

The maximum deviations of predicted S′gen,f compared to Bejan’s correlation occur at Re = 10,000 for
all three turbulence models, as listed in Table 4. Consistent with the previous findings, the predictions of the
SST k-ω-φ-α model for S′gen,f also show good agreement with Bejan’s correlation. The maximum deviations
of this model are only 1.40% for the case of αp = 0.0134 and 1.85% for the case of αp = 0.0278. In contrast,
the results from both the SST k-ω model and the realizable k-ε model exhibit larger deviations from Bejan’s
correlation. For the realizable k-ε model, the maximum deviations exceed 7.99% (for αp = 0.0134) and 7.54%
(for αp = 0.0278). The predictions of the SST k-ω model are, however, slightly more accurate than those of
the realizable k-ε model, with maximum deviations of 5.74% (for αp = 0.0134) and 5.16% (for αp = 0.0278).

Table 4: The deviations of predicted S′gen,f compared with Bejan’s correlation at Re = 10,000.

Re Turbulence Models αp = 0.0134 αp = 0.0278

S′gen,f (W/(m⋅K)) Deviation (%) S′gen,f (W/(m⋅K)) Deviation (%)

10,000

Reference data* 1.4704 × 10−3 — 4.9958 × 10−3 —
SST k-ω-φ-α 1.4498 × 10−3 1.40 4.9030 × 10−3 1.85

SST k-ω 1.5548 × 10−3 5.74 5.2538 × 10−3 5.16
Realizable k-ε 1.5879 × 10−3 7.99 5.3728 × 10−3 7.55

Note: *The reference data were obtained from Bejan’s correlation (Eq. (40)).

The results presented above confirm that, under condition of a small wall-bulk temperature difference,
the Bejan’s correlations for entropy generation rate—originally developed for single-phase flow—remain
valid for nanofluids, provided that the nanofluid-specific thermophysical properties are used in the calcula-
tions. The results also demonstrate that the SST k-ω-φ-α model accurately predicts the entropy generation
rate for nanofluid flow in a circular tube under a constant heat flux boundary condition. This accuracy
is primarily attributed to the model’s enhanced capability in resolving the velocity and temperature fields
in the near-wall region [32]. In contrast, the predictions from both the SST k-ω model and the realizable
k-ε model show significant deviations from the correlations for the entropy generation rate due to heat



Comput Model Eng Sci. 2026;148(1):12 19

transfer irreversibility (S′gen,h). For the friction component (S′gen,f ), however, the deviations of both models
fall within an acceptable range. Therefore, for accurate simulation of nanofluid flow and heat transfer in
circular tubes and the consequent precise calculation of entropy generation, the SST k-ω-φ-α model is
highly recommended.

3.2.3 The Effect of Nanoparticle Volume Fraction on Entropy Generation Rate
The nanoparticle volume fraction (αp) exerts a significant influence on the thermophysical properties

of nanofluids, particularly the dynamic viscosity and thermal conductivity (see Eqs. (31) and (32)). Further-
more, these properties govern the flow and heat transfer characteristics in the near-wall region, thereby
directly affecting the entropy generation rates. The effect of αp on the entropy generation rates was evaluated
using the SST k-ω-φ-α model, with the results being presented in Fig. 11. Three nanoparticle volume fractions
(αp = 0.0134, 0.0278 and 0.04) and eight Reynolds numbers (ranging from 104 to 105) were considered. The
curves in Fig. 11 were obtained by fitting the numerical data.

Figure 11: The effect of the volume fraction of the nanoparticles on the entropy generation rates. (a) S′gen,h; (b) S′gen,f .

The results show that as αp increases, the entropy generation rate due to heat transfer irreversibility
(S′gen,h) decreases slightly, while the rate due to friction irreversibility (S′gen,f ) increases substantially. To
elucidate this trend, we examine the underlying physical mechanisms. As illustrated in Fig. 1, both the
dynamic viscosity and thermal conductivity of the nanofluid increase with αp. According to Eq. (39), S′gen,h
is inversely proportional to thermal conductivity when the Reynolds number and other parameters hold
constant. Therefore, an increase in αp, which enhances thermal conductivity, leads to a reduction in S′gen,h. On
the other hand, an increase in dynamic viscosity requires a higher flow velocity—and consequently a higher
mass flow rate (ṁ)—to maintain a constant Reynolds number. Eq. (40) shows that S′gen,f is proportional to
the cube of the mass flow rate (ṁ3) when other parameters are constant. As a result, S′gen,f rises markedly
with increasing αp.

It is also noteworthy that the entropy generation rate due to friction irreversibility (S′gen,f ) is approx-
imately three orders of magnitude greater than that due to heat transfer irreversibility (S′gen,h), implying
that the total entropy generation rate is primarily governed by the friction component (S′gen,f ). Therefore,
increasing the nanoparticle volume fraction (αp) imposes an overall adverse effect on the thermodynamic
performance of the heat transfer process, owing to a significant increase in total irreversibility. This
finding is consistent with the conclusion of Singh et al. [14], who argued that high-viscosity Al2O3/water
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nanofluids are unsuitable for conventional channel flows and emphasized the importance of developing
low-viscosity nanofluids.

3.3 Entropy Generation Analysis under Large Wall-Bulk Temperature Difference Condition
In this section, a constant wall heat flux of q′′ = 500, 000 W/m2 was applied, resulting in a substantial

wall-bulk temperature difference. Under this condition, the thermophysical properties of the nanofluid, par-
ticularly the dynamic viscosity, become spatially non-uniform and exhibit strong temperature dependence.
While one nanoparticle volume fraction of αp = 0.0278 was considered in Sections 3.3.1 and 3.3.2, three
different nanoparticle volume fractions (αp = 0.0134, 0.0278, 0.04) were considered in Section 3.3.3.

A critical issue under such circumstances is the selection of an appropriate reference temperature
for evaluating the nanofluid properties required to compute parameters such as Nu, Re, and f. In the
subsequent analysis, the specific reference temperature and its corresponding axial position used in the
property evaluation are clearly stated in each respective subsection.

3.3.1 The Integrals of Entropy Generation Rate on Various Cross-Sections
In this subsection, the Re is calculated based on the nanofluid properties at the inlet of the thermal

section, with a temperature of 293.15 K. Similar to the cases with small wall-bulk temperature differences, the
local volumetric entropy generation rate is highest in the near-wall region. A key difference, however, is that
the entropy generation rates per unit length, which are obtained by integrating across different cross-sections,
do not remain constant along the axial direction of the tube.

Fig. 12 shows the axial variations of the entropy generation rates per unit length due to friction (S′gen,f )
and heat transfer (S′gen,h). Given the similarity of results at various Re, we analyze only two representative
cases: Re = 10,000 and Re = 100,000. As shown in Fig. 12a,b, S′gen,f decreases monotonically along the axial
direction. However, S′gen,h exhibits a non-monotonic trend, initially increasing and then decreasing along
the tube axis (Fig. 12c,d).

Although the qualitative trends for both S′gen,f and S′gen,h are consistent across different Reynolds
numbers, the magnitude of the axial variation—quantified by the difference between the maximum and
minimum values—varies with the Reynolds number. As shown in Fig. 12a,c, at a low Reynolds number (Re
= 10,000), the relative change in both S′gen,f and S′gen,h between the inlet and outlet exceeds 10%. In contrast,
at a high Reynolds number (Re = 100,000), the relative change is less pronounced, remaining below 5%
(Fig. 12b,d).

Figure 12: (Continued)
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Figure 12: The integrals of entropy generation rate on various cross sections. (a) S′gen,f , Re = 10,000; (b) S′gen,f ,
Re = 100,000; (c) S′gen,h, Re = 10,000; (d) S′gen,h, Re = 100,000.

3.3.2 The Entropy Generation Rate per Unit Length
This subsection focuses on the results at the axial location of x/D = 50. Accordingly, unless otherwise

specified, the thermophysical properties of the nanofluid are evaluated at the bulk mean temperature of this
cross-section. Under this condition, the range of Re considered here is 13,188 to 102,877.

As previously indicated, a significant wall-bulk temperature difference renders Bejan’s correlation
(Eq. (39)) inadequate for accurately evaluating the entropy generation rate due to heat transfer irreversibility
(S′gen,h). Instead, Eq. (42) should be employed. In addition, the applicability of Eq. (40) for predicting
the entropy generation rate due to friction irreversibility (S′gen,f ) under such large wall-bulk temperature
differences must also be re-examined.

Fig. 13 compares the entropy generation rate per unit length (S′gen,h and S′gen,f ) obtained from different
methods. The solid line denotes the results from the present numerical simulations. In Fig. 13a, the dashed
and dash-dot-dot lines represent the values computed using Eq. (42) and Bejan’s correlation (Eq. (39)),
respectively. In Fig. 13b, the dash-dot-dot line depicts the results from Bejan’s correlation (Eq. (40)), wherein
the friction factor (f) is evaluated using Petukhov’s correlation (Eq. (37)).

Figure 13: The entropy generation rate per unit length at x/D = 50. (a) S′gen,h; (b) S′gen,f .

It can be seen from Fig. 13a that the simulation results of S′gen,h agree excellently with Eq. (42) across
all Reynolds numbers but show slight deviations from Bejan’s correlation (Eq. (39)). A maximum deviation
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of 7.3% occurs at the lowest Re of 13,188. The deviation gradually decreases with increasing Re. This trend is
directly attributed to the reduction in the wall-bulk temperature difference with increasing Re. For instance,
the temperature difference decreases from 56.8 K at Re = 13,188 to merely 9.3 K at Re = 102,877. It can be
expected that when the temperature difference narrows to a negligible level, the difference between Eqs. (39)
and (42) will disappear.

For S′gen,f in Fig. 13b, a pronounced deviation is observed between our numerical results and the
predictions from the combination of Bejan’s and Petukhov’s correlations. Similarly, the maximum deviation,
exceeding 37.5%, occurs at Re = 13,188. The deviation gradually decreases with increasing Re. This significant
discrepancy is primarily traced to an inaccurate evaluation of the friction factor (f). In Petukhov’s correlation,
the Re is calculated using the nanofluid viscosity evaluated at the bulk temperature. However, the friction
factor is predominantly governed by the nanofluid viscosity in the near-wall region, which is affected strongly
by the wall temperature. Consequently, a large wall-bulk temperature difference thus introduces considerable
error in the predicted friction factor.

Fig. 14 compares the friction factors from different evaluation methods. Evidently, the friction factor
evaluated at the wall temperature agrees well with the simulation results, whereas the value based on the bulk
temperature shows a considerable deviation. The deviation decreases with increasing Re, consistent with
the reducing wall-bulk temperature difference. Substituting the numerically obtained friction factors into
Bejan’s correlation—replacing Petukhov’s correlation (Eq. (37))—yields a significantly improved agreement,
as shown by the dashed line in Fig. 13b. This correction reduces the maximum deviation to 5.6%.

Figure 14: The friction factors obtained by different methods.

In summary, the analysis in this subsection demonstrates that Bejan’s correlations are not applicable for
predicting both entropy generation rate due to heat transfer (S′gen,h) and that due to friction (S′gen,f ) under
significant wall-bulk temperature difference. Under this condition, accurate prediction must rely on the
fundamental definitions of local volumetric entropy generation rates for heat transfer (Eq. (27)) and friction
(Eq. (26)). These definitions, in turn, require highly accurate velocity and temperature fields as inputs.
Consequently, high-fidelity numerical simulations, supported by accurate, robust, and reliable turbulence
models, become essential.

3.3.3 The Effect of Nanoparticle Volume Fraction on Entropy Generation Rate
This subsection examines the influence of the nanoparticle volume fraction (αp) on the entropy

generation rate using the SST k-ω-φ-α model. Three values of nanoparticle volume fractions (αp = 0.0134,
0.0278, and 0.04) were considered, along with eight Reynolds numbers ranging from 104 to 105. It is noted that
the Reynolds number was evaluated based on the nanofluid properties at the inlet of the thermal section. The
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entropy generation rate per unit length at the axial location of x/D = 50 was selected for analysis. Numerical
results were fitted into smooth curves via the least-squares method and are presented in Fig. 15.

Figure 15: The effect of the volume fraction of the nanoparticles on the entropy generation rate. (a) S′gen,h; (b) S′gen,f ;
(c) S′gen.

Under a large wall-bulk temperature difference, the trends of the entropy generation rates per unit length
due to heat transfer (S′gen,h) and friction (S′gen,f ) with respect to the nanoparticle volume fraction (αp) are
similar to those observed under a small wall-bulk temperature difference (see Section 3.2.3). Specifically, as
αp increases, S′gen,h decreases slightly (Fig. 15a), whereas S′gen,f increases substantially (Fig. 15b).

Notably, the total entropy generation rate per unit length (S′gen) deserves particular attention. Unlike
the case with a small wall-bulk temperature difference, a large wall-bulk temperature difference can result in
S′gen,h and S′gen,f being of the same order of magnitude. Consequently, the thermodynamic performance of
the heat transfer process should be assessed based on the total entropy generation rate (S′gen) rather than on
either individual component alone.

Fig. 15c shows the variation of S′gen (sum of S′gen,h and S′gen,f ) with Re. Due to the fact that S′gen,h decreases
with increasing Re, while S′gen,f increases with increasing Re, and they are of the same order of magnitude, so
S′gen decreases first and then increases with increasing Re. This trend indicates that for each value of αp, there
exists an optimal Re that minimizes the total entropy generation rate. Moreover, at lower Re, S′gen decreases
as αp increases, suggesting that a higher αp improves thermodynamic performance. Conversely, at higher
Re, S′gen increases with αp, implying that raising αp adversely affects thermodynamic performance.



24 Comput Model Eng Sci. 2026;148(1):12

Figs. 11 and 15 illustrate the variations of entropy generation rates due to friction and heat transfer
irreversibilities. While dimensionless parameter (such as the Bejan number) is commonly used to identify
the dominant mechanism, the present study emphasizes the order-of-magnitude analysis of dimensional
entropy generation rates. This approach is adopted because it provides a direct measure of the absolute
thermodynamic loss in the system. For complex nanofluid flows where thermophysical properties vary
significantly, understanding the absolute scales of friction and heat transfer irreversibilities is more critical
for engineering design than relying solely on normalized ratios.

4 Discussion
This study demonstrated that high-fidelity simulation, supported by advanced turbulence models

capable of accurately capturing near-wall turbulence behavior, is crucial for reliably designing and optimizing
nanofluid-based heat exchange systems. It clarified the trade-off between heat transfer enhancement and
increased irreversibility, offering guidance for future development and applications of nanofluids. The study
also provides some guidance on the considerations of applying the elliptic blending turbulence model to
more complex geometric configurations and flow conditions [40,41].

This work is limited to the application of the SST k-ω-φ-α model to Al2O3/water nanofluid in simple
geometry. The high accuracy achieved in simulating single-phase flow for complex configurations—such as
separated flow, backward-facing step flow, and impinging jet flow—confirms the robustness of the proposed
turbulence model [32]. Furthermore, since the model does not rely on specific nanofluid formulations, it
is highly scalable. By incorporating appropriate correlations for the effective thermophysical properties of
nanofluids, the method can be seamlessly extended to investigate the hydrothermal performance of various
nanofluids flowing through arbitrarily complex geometries.

It is worth noting that while the present model treats nanoparticles as ideal spheres within a Newtonian
base fluid, real nanofluids often exhibit more complex behaviors. In practical applications, nanoparticles
may deviate significantly from perfect sphericity, and the suspending fluid can display non-Newtonian
shear-thinning [2,42], particularly at high volume fractions. Furthermore, the heat transfer enhancement
mechanisms in nanofluids are intrinsically linked to micro-scale phenomena, specifically Brownian motion
and thermophoresis, which induce particle migration and non-uniform distributions that are not captured
by the homogeneous two-phase assumption.

Moreover, certain limitations inherent to the mixture model employed in this study must be acknowl-
edged. The model assumes a single turbulence field shared by both phases, which may oversimplify
the physics at high Reynolds numbers; specifically, the dispersed nanoparticles likely possess a distinct
turbulence structure and experience different levels of turbulent dispersion compared to the carrier fluid.
Furthermore, under large temperature gradients, thermophoresis becomes significant. While the mixture
model incorporates a drift velocity to account for this effect, it relies on empirical correlations for the
thermophoretic force that may not be universally valid across all nanoparticle morphologies and sizes.

5 Conclusion
This study conducted a comprehensive numerical investigation into the turbulent convective heat

transfer and entropy generation characteristics of Al2O3/water nanofluid flow in a circular tube under
a constant heat flux boundary condition. The primary objective was to evaluate the performance of an
in-house developed elliptic blending turbulence model (SST k-ω-φ-α) against industry-standard models
and to analyze the thermodynamic performance through detailed entropy generation analysis. The main
conclusions are summarized as follows:
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(1) The SST k-ω-φ-α model delivers superior accuracy in predicting both fluid flow (friction factor) and
heat transfer (heat transfer coefficient) of nanofluids. Its predictions align closely with established
experimental data and empirical correlations, outperforming the SST k-ω and realizable k-ε models.
This improvement stems from the model’s enhanced resolution of near-wall flow physics, which is
essential for accurately predicting the entropy generation rate.

(2) Under low heat flux conditions resulting in small wall-bulk temperature differences—where thermo-
physical properties can be treated as constants—Bejan’s correlations for entropy generation rate remain
valid when using nanofluid-specific thermophysical properties. The SST k-ω-φ-α model accurately
predicted both components of the entropy generation rate (S′gen,f and S′gen,h), confirming its reliability
for thermodynamic analysis.

(3) For cases with small wall-bulk temperature differences, increasing the nanoparticle volume fraction
has opposing effects: it slightly reduces S′gen,h by enhancing thermal conductivity, while dramatically
increases S′gen,f due to a significant increase in dynamic viscosity. Since S′gen,f is about three orders of
magnitude greater than S′gen,h, it dominates the total entropy generation. Thus, nanoparticle addition
raises total irreversibility, potentially undermining thermodynamic performance in conventional
channel flows under low heat flux.

(4) Under high heat flux conditions leading to large wall-bulk temperature differences, the classical Bejan’s
correlations for entropy generation rates are no longer valid. Accurate analysis must rely on the
fundamental local definitions of entropy generation rates (Eqs. (26) and (27)), which require precise
velocity and temperature fields. Moreover, using bulk temperature instead of wall temperature for
property evaluation under large temperature differences significantly exacerbates errors in friction
factor prediction.

(5) When the entropy generation rates due to friction (S′gen,f ) and heat transfer (S′gen,h) become com-
parable, the total entropy generation rate (S′gen) varies non-monotonically with Re for any given
nanoparticle volume fraction (αp), indicating the existence of an optimal Re that minimizes S′gen.
Moreover, the effect of increasing αp on thermodynamic performance depends on the flow regime: it
is beneficial at lower Re by reducing S′gen, but becomes detrimental at higher Re by increasing it.

Future investigations will aim to address the aforementioned limitations by focusing on the following
key aspects:

(1) The applicability of the model to other nanofluids with spherical nanoparticles (e.g., Cu, CuO, TiO2);
(2) The performance of the SST k-ω-φ-α model in predicting flow and heat transfer in complex geometries;
(3) The capability of the SST k-ω-φ-α model for nanofluids containing non-spherical nanoparticles;
(4) The performance of the SST k-ω-φ-α model in predicting non-Newtonian flow behavior of nanofluids;
(5) Integrate the Brownian motion and thermophoresis terms into the governing equations to provide a

more mechanistic insight into real nanofluid systems.
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Abbreviations
The following abbreviations are used in this manuscript
CFD Computational Fluid Dynamics
EGA Entropy Generation Analysis
SST Shear Stress Transport
RANS Reynolds-Averaged Navier-Stokes

Nomenclature
Lattin letters
a Accelaration, m/s2

a1 Model constant
CD Interaction diffusion of turbulence
cp The specific heat, J/(kg⋅s)
d Diameter of the nanoparticles, nm
D Diameter of the circular tube, mm
f Drag function; friction factor; specific term in turbulence model
F Blending function
G Production of turbulent kinetic energy
I Turbulence intensity
k Kinetic energy of turbulence, m2/s2

L Length of the computational region, m
Nu Nusselt number
p Pressure, Pa
r Radial coordinate, m
Re Reynolds number
S
′

Entropy generation rate per unit length, W/(m⋅K)
S′′′ Entropy generation rate per unit volume, W/(m3⋅K)
T Temperature, K; turbulence time scale, s
t Time, s
u,U Velocity, m/s
v⃗ Velocity vector, m/s
x,y Coordinates, m

Greek symbols
α Elliptic variable in turbulence model; volume fraction
β Model coefficient
γ Model coefficient
ε Dissipation rate, m2/s3

λ Thermal conductivity, W/(m⋅K)
σ Model coefficient
μ Fluid dynamic viscosity, kg/(m⋅s)
ρ Density, kg/m3

τ Particulate relaxation time, s; wall shear stress, Pa
φ Wall-normal turbulent anisotropy
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ω Specific dissipation rate of turbulence, 1/s

Subscripts
bf Base fluid
dr Drift velocity
f Friction
gen Entropy generation rate
h Heat transfer
i Interfacial; index i = 1, 2, 3
k Kinetic energy of turbulence
m Mixture
nf Nanofluid
t Turbulent
p Phase index, nanoparticle
q Phase index
w Wall
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