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ABSTRACT: Due to the complex and dynamic nature of multi-phase interfaces, accurately capturing interface
evolution remains one of the key challenges in multi-phase flow simulations, particularly in modeling bubble rising. In
this study, a fully Lagrangian method is developed by using the Generalized Finite Difference (GFD) scheme, which
we refer to as Finite Difference Particle Method (FDPM), and the Continuum Surface Force (CSF) model to simulate
bubble dynamics. In this framework, the fluid is represented by particles, and all partial differential terms in the Navier–
Stokes equations are discretized into symmetric linear systems using the GFD scheme. Notably, the interface curvature
required by the CSF model is computed directly via the Laplacian of the color function, rather than through the
divergence of the unit normal vector. The bubble relaxation cases with various density ratios (up to 1000) are tested,
revealing that the pressure distributions inside and outside the bubbles generally agree with theoretical predictions.
Finally, simulations of rising bubbles with a high density ratio (1:1000) and Reynolds number of 25 demonstrate that
the time evolution of the bubble’s center of mass by FDPM is consistent with results obtained by the Smoothed Particle
Hydrodynamics (SPH) and the Finite Element Method (FEM) approaches.

KEYWORDS: Lagrangian meshfree method; finite difference particle method; rising bubble; continuous surface force
model

1 Introduction
Bubble dynamics in two-phase flows are governed by a variety of interacting factors, including gravity,

surface tension, pressure, and viscous forces, resulting in a nonlinear process characterized by complex
internal flows and dynamic interface deformations. Under these influences, bubbles may undergo phe-
nomena such as breakup, coalescence, and other intricate interface evolutions. This phenomenon is not
only ubiquitous in nature, but also actively utilized or deliberately suppressed in engineering fields such as
marine engineering, chemical processing, and the food industry [1–3]. Therefore, the complexity and broad
relevance of bubble dynamics make it a scientifically important and challenging subject of research.

The numerical study of bubble dynamics primarily relies on accurately simulating bubble motion
and capturing interface evolution. In the field of computational fluid dynamics (CFD), Eulerian methods
are widely adopted owing to their conservative properties and the ease of achieving high-order accuracy.
However, these methods often face difficulties in accurately capturing or tracking bubble interfaces in the
early time. To address this issue, various interface-capturing techniques have been developed, such as the
Volume of Fluid (VOF) method [4,5], VOF coupled with the Level-Set method [6,7], and VOF coupled
with Front-Tracking methods [8,9], all of which have demonstrated promising results. On the other hand,
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Lagrangian meshfree methods, owing to their special physical foundations, are getting more attention on
bubble problems in recent years, such as the Smoothed Particle Hydrodynamics (SPH) [10], the Moving
Particle Semi-implicit (MPS) [11] and Dissipative Particle Dynamics (DPD) methods [12]. These methods are
inherently suitable for handling large deformations, as well as interface merging and tearing [13–17], making
them particularly advantageous in the numerical study of bubble dynamics [18–21].

Lagrangian meshfree methods simulate fluid flow by employing a set of discrete particles that carry
physical properties. The simulation of natural flow fields is achieved by updating both the particle positions
and their associated physical quantities. In the numerical study of bubble two-phase flows using Lagrangian
meshfree approaches, the modeling of surface tension and the treatment of viscous terms at the fluid interface
are two critical challenges [22].

Currently, two mainstream approaches are employed to handle surface tension. The first category is
based on inter-particle force models [23], which are simple and effective but heavily reliant on empirical
coefficients, limiting their applicability in large-scale or generalized simulations. The second category adopts
the Continuum Surface Force (CSF) model [24], wherein surface tension is modeled as being proportional
to the local interface curvature. The accuracy of this method thus depends on the precise evaluation of
curvature. Within meshfree frameworks, the CSF model commonly utilizes a color function to facilitate the
divergence calculation of the unit normal vector to the interface [25]. This enables more reliable curvature
computation from the interface normals. In early SPH formulations, direct curvature calculation often
amplified numerical errors, necessitating smoothing of the unit normal vectors to enhance computational
stability and accuracy [15]. Additionally, it has been observed that high density ratios adversely affect
curvature accuracy. As a result, density-corrected color functions have been introduced to better capture
asymmetric distributions of surface tension [22].

To address the viscous approximation near two-phase interfaces, Grenier et al. [25] introduced a shelter
correction function into the SPH method, aimed at improving simulations involving both interfaces and free-
surface flows. Grenier et al. [26] later extended this multiphase formulation by examining both harmonic
and arithmetic means for viscous term approximations, demonstrating that the harmonic mean yields higher
accuracy. Building upon these advancements, numerous modified models have been developed for bubble
dynamics within Lagrangian meshfree frameworks, further expanding their applicability [16,17,27,28].

Based on the above review, the resolution of surface tension at the bubble interface relies heavily on
the calculation of the gradient of the color function, whose accuracy and robustness are closely related to
the computation of partial differential operators. In early SPH methods, Morris [14] found that directly
calculating curvature from sharp color functions would amplify numerical errors. Using normal vector
smoothing can improve the accuracy of curvature calculation. So many multiphase flow numerical methods
rely on first-order differential operators, which are computationally more expensive to capture interface
information. However, studies have shown that the Generalized Finite Difference (GFD) scheme can solve
partial differential equations with high accuracy and computational efficiency [29–32]. GFD is a mesh-free
local collocation method, which constructs the discrete form of PDEs based on Taylor series expansion
of the field variables, and uses the Moving Least Squares (MLS) technique to minimize truncation errors.
For instance, Prieto et al. [33] applied the GFD method to solve the advection-diffusion equation using
an explicit scheme, and investigated the convergence and truncation error on irregular grids. Later, Li and
Fan [34] proposed a new meshfree numerical method based on the GFD framework to accurately solve two-
dimensional shallow water equations. In the Lagrangian framework, Seibold [35] investigated the properties
of the M-matrix in finite difference schemes and conducted a comparative study on different least-squares
formulations. Tiwari and Kuhnert [36] proposed a meshfree particle method, based on the Finite Pointset
Method (FPM), which incorporates surface tension effects and was validated through the Laplace law and
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Rayleigh–Taylor instability tests. Huang et al. [37] proposed a new FPM scheme. This method is a kernel
gradient-free (KGF) SPH method. It is based on Taylor series expansion and solves hydrodynamic problems
without computing kernel gradients. Lu et al. [38] demonstrated that the FPM based on the least-squares
approach can simulate complex free-surface flows efficiently and accurately. Zhang and Xiong [39] developed
a pure Lagrangian meshfree particle method based on the GFD scheme named Finite Difference Particle
Method for simulating weakly compressible viscous single-phase flows, in which fluid motion is described
by Lagrangian particles and the differential operators in the Navier–Stokes equations are discretized into a
symmetric linear system using the GFD formulation. In addition, Joubert et al. [40] developed a multiphase
flow solver based on the GFD framework to simulate incompressible multiphase flows.

In this study, a Generalized Finite Difference (GFD) scheme is introduced under the Lagrangian
framework to directly compute the Laplacian of the color function field, enabling accurate evaluation of the
local interface curvature by leveraging the high-order accuracy of GFD. This method is a kernel gradient-
free calculation method. It also belongs to a generalized kernel correction SPH method. It is similar to
the kernel gradient-free method proposed by Huang et al. [37]. Based on this approach, it is extended
to two-phase flow. It achieves high-order computation under the unified GFD framework. This paper is
organized as follows. Sections 2.1 and 2.2 describe the GFD numerical formulation and the discretization
of fluid state equations, respectively. Section 2.3 presents the multiphase bubble flow solver, including the
numerical formulation of the CSF model. The reliability of the proposed solver is validated by comparing
numerical results with analytical velocity profiles in a two-phase planar Poiseuille flow. Section 3.1 investi-
gates bubble relaxation problems with various density ratios and compares the numerical and theoretical
results. Section 3.2 simulates rising bubbles with different density ratios, and the results are compared with
those from other numerical methods. Finally, conclusions are summarized in Section 4.

2 Numerical Model

2.1 Governing Equations
In this paper, the Navier–Stokes equations are introduced, in which the fluid mass conservation equation

under the Lagrangian framework is:

Dρ
Dt

= −ρ∇ ⋅ u, (1)

where ρ denotes the fluid density, ∇ represents the Hamiltonian, which is the spatial gradient, and u is the
velocity of each fluid particle. The momentum conservation equation for fluid is:

ρ Du
Dt

= −∇p + μ∇2u + Fsur + F , (2)

where p is the pressure, μ is the dynamic viscosity of the fluid, ∇2 denotes the Laplace operator, Fsur
represents the interfacial surface tension force, and F denotes other external body forces.

Based on the above equations, the variations in fluid mass and momentum can be evaluated; however,
the governing equations remain underdetermined. To close the system considering two-phase flows, a
nonlinear relationship between pressure and density is introduced [41], which has been evaluated and widely
used in particle methods. The equation of state is:

p = c2ρ0

γ
[( ρ

ρ0
)

γ

− 1] + pb , (3)
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where c denotes the artificial speed of sound, and γ is a constant used to adjust the compressibility of the
fluid to match the actual fluid compressibility in numerical simulations. ρ0 is a fixed value which represents
the reference fluid density, ρ is the fluid density in computing processing, and pb is the background pressure
introduced to enhance numerical stability. The above equations constitute the formulation of fluid motion
within the Lagrangian framework, which serves as the theoretical foundation for the bubble dynamics in
this study.

2.2 Generalized Finite Difference Approximations
The Finite Difference Particle Method, the theoretical foundation of this method lies in the Taylor series

expansion of field functions combined with the moving least squares approximation for the discretization
of partial differential equations [42]. As with other particle methods, any continuous field function is
represented by a set of particles carrying physical quantities.

As shown in Fig. 1, particle i is located at the center of a support domain composed of its neighboring
particles j. In a two-dimensional Cartesian coordinate system (xoy), particles are randomly distributed. F (x,
y) denotes an arbitrary scalar field defined in this domain. Around the central particle i, the field function F
in the support domain can be locally approximated by a Taylor series expansion:

Fj = Fi + hi
∂Fi

∂x
+ ki

∂Fi

∂y
+

h2
j

2
∂Fi

∂x2 +
k2

j

2
∂2Fi

∂y2 + h jk j
∂2Fi

∂y∂y
h3

j

6
∂3Fi

∂x3 +
k3

j

6
∂3Fi

∂y3 +
h2

j ki

2
∂3Fi

∂x2∂y
+

h jk2
i

2
∂3Fi

∂x∂y2

+
h4

j

24
∂4Fi

∂x4 +
k4

j

24
∂4Fi

∂y4 +
h3

j k j

6
∂4Fi

∂x3∂y
+

h2
j k2

j

4
∂4Fi

∂x2∂y2 +
h jk3

j

6
∂4Fi

∂x∂y3 + . . . , (4)

here, x and y denote the spatial coordinates of the particles. Fi and Fj represents the function value of particle
i at (xi , yi) and neighboring particle j at (x j , y j), respectively. The coordinate differences are defined as
hi = x j − xi , ki = y j − yi .

Figure 1: Central particle i and its support domain.

According to Ref. [39], a system of linear algebraic equations is constructed based on the GFD scheme.
The resulting linear system can be written in the following form:

KL = R, (5)

where K is a symmetric matrix constructed from the weighted coordinate differences:
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, (6)

where R is a vector determined by the differences in function values between the central particle and its
neighbors:

R =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑N
j=1 ( f j − fi) h jW2

∑N
j=1 ( f j − fi) k jW2

∑N
j=1 ( f j − fi) h2

j W2

∑N
j=1 ( f j − fi) k2

j W2

⋮

∑N
j=1 ( f j − fi) h3

j k3
j W2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (7)

where L contains the partial derivatives of the field function at particle i, such as the pressure, velocity, and
viscosity:

L = {∂ fi

∂x
, ∂ fi

∂y
, ∂2 fi

∂x2 , ∂2 fi

∂y2 , ∂2 fi

∂x∂y
⋅ ⋅ ⋅ ∂4 fi

∂x∂y3}
T

. (8)

The W is the kernel function and can take various forms, such as the cubic spline function, the quintic
spline function, or the Gaussian function [43]. In this study, the quintic spline function is adopted for
computation:

W =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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h
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0;
;
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ri j

h
≤ 3.0

ri j

h
> 3.0

, (9)

where h denotes the smoothing length, and ri j represents the distance between particle i and particle j. The
solution for the spatial derivatives at particle i is obtained by L = K−R.

It can be observed that the GFD scheme adopted in this study belongs to the class of kernel
gradient-free methods [37], as it does not require the computation of kernel function derivatives. This
distinguishes it from most conventional particle methods, which typically rely on kernel gradients for spatial
derivative approximations.
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2.3 Numerical Solver
2.3.1 Discretization of the Governing Equations

Section 2.2 introduces the governing equations of fluid motion from the Lagrangian perspective. In
this section, based on the GFD discretization approach, the Lagrangian-form fluid governing equations
from Section 2.2 are discretized. According to Equation L = K−R, spatial derivatives of various field variables,
such as velocity and pressure, can be computed. Thus, Eq. (1) can be reformulated as:

Dρi

Dt
= −ρi Dx(ui) − ρi Dy(vi), (10)

where ρi is the density of particle i, ui and vi are the velocity components in the x- and y-directions,
respectively. Dx(ui) and Dy(vi) denote the first-order spatial derivatives of velocity in the x- and y-
directions, respectively, as computed via the GFD scheme. Although only particle i is indicated, its partial
derivatives are computed using neighboring particles j within the support domain. It is worth noting that,
according to Eq. (10), unlike some multiphase particle methods [44–48], the continuity equation in this
work has no terms related to volume. It only depends on velocity and the distance between particles. This
means that particle volume is assumed to remain constant. This assumption simplifies the computational
framework. However, the conservation property is not strictly maintained.

Similarly, the momentum equation (Eq. (2)) can be rewritten as:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Dui

Dt
= − 1

ρi
Dx(Pi) −

1
ρi

μk(Dx2(ui) + Dy2(ui)) +
1

ρi
(Fsur + F)x ,

Dvi

Dt
= − 1

ρi
Dy(Pi) −

1
ρi

μk(Dx2(vi) + Dy2(vi)) +
1

ρi
(Fsur + F)y ,

(11)

where Dx(Pi) and Dy(Pi) are the first-order derivatives of pressure at particle i in the x and y directions,
respectively. μk is the dynamic viscosity of the fluid, Dx2(ui) and Dy2(vi) denote the second-order spatial
derivatives of velocity in the x and y directions. To ensure the accuracy of second-order spatial derivatives
of velocity, a fourth-order matrix is generally constructed to maintain the computational accuracy. The
expressions (Fsur + F)x and (Fsur + F)y represent the components of surface tension and external body
forces in the x and y directions.

Accordingly, the governing equations are discretized in the Lagrangian GFD framework:

P = c2ρ0

γ
[( ρi

ρ0
)

γ

− 1] . (12)

Particularly, the discretized form of the continuity equation in two-phase flow is given as Ref. [41]:

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Pa =
c2

a ρ0a

γa
[( ρi

ρ0a
)

γa

− 1] + pback ground ,

Pb =
c2

b ρ0b

γb
[( ρi

ρ0b
)

γa

− 1] + pback ground ,
(13)

where a and b are used to denote different fluid phases. The parameter c is the artificial speed of sound,
which must satisfy the condition c ≫ 10umax during computation to ensure numerical stability. The constant
γ is used to control the compressibility of the fluid, typically selected to ensure that the density fluctuation
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remains within 1%. The term pback ground represents the background pressure (30 × c2 in this paper), which
serves to stabilize the computation.

2.3.2 Multi-Viscosity Model
For two-phase flows, the momentum and continuity equations require modification. The viscosity

term in the momentum equation is revised in particular. Referring to the work of Hu and Adams [15], the
dynamic viscosity between particles i and j is computed using harmonic averaging μi = 2μi μ j/(μi + μ j).
When computing the viscous term involving second-order velocity derivatives, this effective viscosity μi
is incorporated into the matrix L in the GFD formulation (as described in Section 2.2). Therefore, the
momentum equation for two-phase flow becomes:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Dui

Dt
= − 1

ρi
Dx(Pi) −

1
ρi
(Dx2(μiui) + Dy2(μiui)) +

1
ρi
(Fsur + F)x ,

Dvi

Dt
= − 1

ρi
Dy(Pi) −

1
ρi
(Dx2(μivi) + Dy2(μivi)) +

1
ρi
(Fsur + F)y .

(14)

2.3.3 Continuous Surface Force Model
The continuous surface tension model is:

Fsur = βknδ + ∂β
∂s

s, (15)

where β is the surface tension coefficient, k is the curvature of the interface, n is the unit normal vector at the
interface, δ denotes the Dirac delta function (nonzero in the vicinity of the interface), and s represents the
unit interface surface. Following the work of Hu and Adams [15], particles located on the bubble interface
are identified based on the distribution of the Dirac delta function.

In this paper, the surface tension coefficient β is generally assumed to be constant, implying that the
surface gradient vanishes. Thus, the surface tension force is in the same direction as the local interface normal,
and the model can be simplified as:

Fsur = βknδ. (16)

It is easily found that accurate evaluation of surface tension depends on the precise calculation of the
unit normal vector and the curvature at the interface. These quantities are typically computed using the
gradient of a color function.

In two-phase flow, the color function c (x, y) is defined as:

c =
⎧⎪⎪⎨⎪⎪⎩

0 a phase particl e
1 b phase particl e

. (17)

The unit normal vector at the interface can be obtained by computing the gradient of the color function:

n = ∇c
∣∇c∣ . (18)
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In general, the Dirac delta function δ in Eq. (16) is approximated by ∣∇c∣, which satisfies the normaliza-
tion condition for a smoothed interface. Furthermore, the curvature at the interface can be computed as:

k = −∇ ⋅ n. (19)

As can be seen from the above equation, accurate curvature evaluation requires sufficient data of unit
normal vectors within the support domain of the interface particle. This implies that a well-resolved interface
should consist of an enough number of particles from both phases. In this paper, the second-order spatial
derivatives of the color function can be directly computed based on the GFD scheme. This enables accurate
curvature evaluation at the interface of particles with even a thin interface.

By expanding the expression of the unit normal vector and substituting the spatial derivatives computed
using the GFD formulation, the unit normal vector can be written as:

nk =
∇c
∣∇c∣ =

⎛
⎝

Dx(ck)√
Dx(ck)2 + Dy(ck)2

,
Dy(ck)√

Dx(ck)2 + Dy(ck)2

⎞
⎠

, (20)

where Dx(ck) and Dy(ck) represent the first-order derivatives of the color function in the x and y directions,
respectively, at the interface particle k. Accordingly, the discrete form of the Dirac delta function at the
interface is:

δ =
√

Dx(ck)2 + Dy(ck)2. (21)

Similarly, the curvature at the interface can be computed as:

kk = −∇ ⋅ nk

=
2 ∗ ∂c

∂x
∂c
∂y

∂2c
∂x∂y

− ( ∂c
∂x
)

2 ∂2c
∂y2 − (

∂c
∂y
)

2 ∂2c
∂x2

⎛
⎝
( ∂c

∂x
)

2
+ ( ∂c

∂y
)

2⎞
⎠

3
2

=
2 (ABD − A2E − B2C)

(A+ B)
3
2

,

A = Dx(ck), B = Dy(ck), C = 1
2

Dx2(ck), D = Dx y(ck), E = 1
2

Dy2(ck), (22)

where A, B are the first-order derivatives, and C, D, E are the second-order spatial derivatives of the
color function at particle k. This equation exactly matches the accuracy required by the momentum
equation. Tests show that higher-order accuracy matrices are not needed. It can satisfy general curvature
accuracy requirements. It is found that the final expression for curvature is mathematically equivalent
to the composite function-based formulation proposed by Duan et al. [17], although the derivation and
intermediate procedures differ. This study develops a weakly compressible Lagrangian numerical model for
bubble rising based on the GFD method to solve partial differential equations. It focuses particularly on
handling flows with large density ratios. Compared to Reference [40], which uses a unified GFD framework
to directly calculate surface curvature using high-order partial derivatives.
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2.3.4 Artificial Particle Displacement and Time Stepping
In this paper, two types of wall boundary conditions are primarily employed: no-slip walls and

free-slip walls. A virtual particle technique is utilized to construct the numerical boundary model. As
for time integration, the leapfrog scheme is adopted to iteratively update the physical quantities in the
computational domain.

Because the entire flow domain is represented by discrete particles, unphysical phenomena such as
particle clustering and local voids may occur, which can significantly degrade the stability and accuracy of
the simulation. To address these issues, the artificial particle displacement technique is introduced, following
the paper [49]. This method helps maintain a uniform particle distribution during the computation.

The artificial displacement of particles is given as:

ri =
1
N

N
∑
j=1

ri j , (23)

δri = αri
2Vmax Δt

N
∑
j=1

ri j

r3
i j

, (24)

where ri is the average distance between particle i and its neighboring particles j within the support domain,
Vmax is the maximum particle velocity, and ri j is the distance between particles i and j. The parameter α
is the artificial displacement coefficient, which is set to 0.01 in the investigation. δri is the artificial particle
displacement. Based on the computed artificial displacement, other physical variables must also be corrected
to maintain consistency. The correction formula is as follows:

δOi = Di (O) ∗ δri , (25)

where O denotes any physical variable subject to correction (e.g., velocity, density), Di (O) represents the
first-order spatial derivative at particle i, and δOi is the artificial correction offset for that variable.

An appropriate time step size is critical to ensure the stability of the numerical simulation. The time
step must satisfy constraints imposed by surface tension, viscosity, and artificial speed of sound in this paper.
According to Ref. [50], the time step must satisfy the following conditions:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Δt f = CFL f (
ρh3

2πβ
)

0.5

Δtμ = CFLμ
ρh2

μ

Δtc = CFLc
h

c + umax

, (26)

where CFL f = 0.2, CFLμ = 0.125, CFLc = 1.0, and h is the kernel radius, which is 1.35 times the particle
spacing. As for the 4th order solver, the support domain radius is 4 × h. The final time step is determined by
taking the minimum among the three constraints.

Δt = min (Δt f , Δtμ , Δtc) . (27)
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3 Numerical Tests for the Bubble

3.1 Square Droplet Relaxation
The square droplet relaxation is a classical benchmark case for validating two-dimensional multiphase

flow models. It is primarily used to verify the reliability of surface tension modeling during the dynamic
evolution of fluid interfaces. In the simulation involving multiphase fluids, accurately capturing both surface
tension and viscosity is essential for achieving correct droplet behavior. Only when both aspects are properly
resolved can the initially square droplet gradually relax into a stable circular shape, as expected from
physical theory.

In Fig. 2, the square droplet relaxation model consists of two immiscible liquid phases. Fluid phase a
occupies the central region of the computational domain as a square droplet with dimensions 0.4 m × 0.4 m,
while fluid phase b fills the remaining part of the domain. The entire computational domain has a size of
1.0 m × 1.0 m. According to Ref. [19], the surface tension coefficient is set to 1.0. Because surface tension plays
a vital role in this test, the artificial particle displacement coefficient α is typically set to 0. Given the equal fluid
densities, the constant γ in the governing equations is set to 7.0. To maintain a density compressibility below
2%, the artificial speed of sound is set to at least 10 times the maximum fluid velocity, or higher if necessary.

Figure 2: Particle distribution of square bubble in initial time.

According to the Young–Laplace law, a stable pressure difference will form between the interior and
exterior of the droplet once it evolves from a square into a circular shape. The pressure difference is given by
the following expression:

ΔP = β
r

, (28)

where r is the radius of the circular droplet after relaxation, which can be determined by the area. Therefore,
the theoretical pressure difference ΔP = 4.43. This theoretical value (4.43) is used as a reference to evaluate
the accuracy of the numerical simulations.



Comput Model Eng Sci. 2026;148(1):10 11

3.1.1 Curvature Accuracy Assessment
Before performing the numerical simulation of the square droplet relaxation, the curvature must be

validated. Eq. (22) is used to calculate the boundary curvature of a circular droplet of a given radius at
different resolutions. The boundary particles are selected based on the smoothed color function, while the
calculation is performed directly using the sharp color function. The validation cases adopt two resolutions,
dp = 0.01 and dp = 0.02, with a ratio of circle diameter to particle spacing 2R/d p. The figure below compares
the calculated curvature with the theoretical curvature (1/R) at a particle spacing of 0.01.

In Fig. 3, the calculated curvature agrees well with the theoretical curvature at different radii. It is also
observed that as the radius increases, the absolute value of the error decreases. A quantitative analysis of the
calculated and theoretical curvatures was performed for all boundary particles, and the relative mean error
and maximum error were quantified for the boundary particles at each radius. The resulting error analysis
for different ratios of diameter to particle spacing is shown in the table below.

Figure 3: Comparison the calculated curvature (red) with the theoretical curvature (1/R) (blue) at the particle spacing
of 0.01.

From Table 1, it can be observed that under all conditions, the results obtained at the two resolutions are
almost identical, indicating that the curvature calculation depends only on the number of particles within the
support domain and their relative algebraic distances. When the ratio of diameter to particle spacing exceeds
100, the maximum curvature error already exceeds 5%, while under other conditions, both the maximum
error and the relative error are below 5%. Considering that curvature is one of the core concerns in multiphase
flow, this method is recommended for ratios between 10 and 40, where the mean relative error is below
0.983%, and the maximum error is below 2.525%. For ratios of 5 and ratios greater than or equal to 80, the
maximum error is considered to already exceed 3%, which may introduce a relatively large error into the
calculation results, even though the corresponding mean relative error remains below 3%.
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Table 1: The resulting error analysis for different ratios of diameter to particle spacing.

Case 2R/d p R dp Mean Error/% Max Error/%
1 5 0.025 0.01 1.448 3.834
2 0.05 0.02 1.441 3.786

3 10 0.05 0.01 0.424 1.499
4 0.1 0.02 0.425 1.496

5 20 0.1 0.01 0.444 1.789
6 0.2 0.02 0.444 1.789

7 40 0.2 0.01 0.983 2.525
8 0.4 0.02 0.983 2.525

9 80 0.4 0.01 2.133 3.556
10 0.8 0.02 2.133 3.556

11 100 0.5 0.01 2.684 4.583
12 1.0 0.02 2.684 4.583

13 150 0.75 0.01 4.056 6.222
14 1.5 0.02 4.056 6.222

3.1.2 The Density Ratio Is 1.0 for Square Droplet Relaxation
In this case, both fluids have identical densities, satisfying ρa = ρb = 1.0 kg/m3. The cases involving

different density ratios are also discussed in this section. The dynamic viscosity of the fluids is also equal,
with μa = μb = 0.2 Pa ⋅ s. Besides, the particle spacing is set to 0.02 m, and the time step is 0.0002 s. The
simulation for a total physical time is 1.0 s. The time evolution of the shape of fluid phase a is shown in Fig. 3.

In Fig. 4, the initially square droplet gradually deforms into a circular shape under the influence of
surface tension and viscous forces from 0 to 1 s, which is similar to Ref. [19]. To investigate the droplet
relaxation process in more detail, the velocity field is analyzed. Fig. 5 presents the velocity vector distribution.

Figure 4: (Continued)
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Figure 4: Temporal evolution of the shape of phase-a fluid.

Figure 5: Velocity vector distribution in the flow field at different times.

In Fig. 5, nonzero curvature exists only at the corners of the square droplet at the initial moment,
leading to strong localized surface tension forces according to the Continuous Surface Force (CSF) model.
As a result, the corner particles show large velocities directed inward. As the corners begin to deform, their
curvature decreases, while the neighboring regions have a big curvature, leading to a reduction in corner
velocities. Over time, vortices form near the four corners due to the combination of surface tension and
viscous effects, while the central regions of the droplet edges expand outward. With the dissipation of energy
through viscosity, the overall shape gradually evolves into a circle.
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The Fig. 6 is the pressure field of the computational domain at different times. As the droplet transitions,
the pressure inside the droplet gradually increases. A pressure difference forms across the interface, with
higher pressures inside the bubble and lower pressures outside. Elevated pressure is also observed near the
corners, consistent with the findings reported by Sun et al. [41].

Figure 6: Pressure contour plots within the flow field at different time instants.

To quantitatively validate the pressure distribution, pressure values along a sampling line defined
in Fig. 2 are extracted. The measured pressure is then compared against the theoretical pressure difference
predicted by the Young–Laplace equation (with the background pressure set to zero in this case).

Fig. 7 shows the pressure profile along the X-axis, where the horizontal axis represents the particle
position in the X direction, and the vertical axis shows the pressure. It is evident that the pressure inside
the relaxed droplet reaches approximately 4.55 Pa, while the pressure outside remains close to zero. The
theoretical pressure difference is 4.43 Pa, resulting in a relative error of about 2.7%, indicating a successful
validation of the surface tension implementation in this simulation. Pressure oscillation appears in this case.
According to the definition of the discretized momentum equation, it is attributed to discontinuous surface
tension loading at particles on the two-phase interface.

3.1.3 Large Density-Ratio Square Droplet Relaxation
High-density-ratio bubble simulation is a challenging problem in multiphase flow research. In this sec-

tion, the Finite Difference Particle Method is used to study square bubble relaxation with high density ratios.
Three cases are considered with density ratios ρa/ρb = 10.0, ρa/ρb = 100.0, ρa/ρb = 1000.0, respectively. All
simulations use a quintic spline kernel function, and artificial particle displacement is beneficial for pressure
averaging in numerical format, it is not applied in any of the three cases to mitigate the effect of non-natural
factors. The key parameters for different density ratios are summarized in Table 2.
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Figure 7: Distribution of pressure difference along the X-axis.

Table 2: The key parameters for different density ratios in three cases.

Case ρa/ρb μa/μb β/(N/m)
1 10 10 1.0
2 100 20 1.0
3 1000 50 1.0

Figs. 8–10 illustrate the time evolution of the bubble shape under various density ratios.
As shown in these figures, the square droplet gradually transforms into a circle. The curvature of the

droplet interface begins to smooth out under the effect of surface tension, and this process is gradually
dissipated by viscous effects, resulting in a circular shape. At higher density ratios, such as density ratio =
1000, a longer relaxation time is required for the droplet to achieve a circular configuration.

Figure 8: (Continued)
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Figure 8: Time evolution of the bubble shape at a density ratio of 10.

Figure 9: Time evolution of the bubble shape at a density ratio of 100.

Figure 10: (Continued)
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Figure 10: Time evolution of the bubble shape at a density ratio of 1000.

Another key change in the relaxation process is the pressure difference across the droplet interface.
Based on the pressure sampling line defined in the previous section, pressure data are obtained. Figs. 11–13
compare the numerically calculated pressure differences with theoretical values for different density ratios.

Figure 11: Comparison of numerical and theoretical pressure difference at a density ratio of 10.
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Figure 12: Comparison of numerical and theoretical pressure difference at a density ratio of 100.

Figure 13: Comparison of numerical and theoretical pressure difference at a density ratio of 1000.

In Figs. 11 and 12, the pressure in the outer fluid (phase b) remains close to zero, unlike in the previous
density-equal case.

The pressure inside the droplet is approximately 4.76 and 4.79 Pa for density ratios = 10 and 100,
respectively, which closely match the theoretical pressure difference of 4.43 Pa. This indicates that the square-
to-circle relaxation model remains reliable for moderate density ratios, consistent with the works of Johannes
et al. [40] and Xiong [39]. However, in Figs. 6–12, for a density ratio= 1000, pressure fluctuations are observed
near the phase b region, likely due to imperfect contact between the two fluid phases. The internal pressure
reaches 4.59 Pa, which still agrees well with the theoretical prediction. These results suggest that at low and
high density ratios, viscous effects play a critical role in the numerical stability of the simulation.

Furthermore, to investigate the spurious currents at the interface under a large density ratio, the
internal and external velocities during the relaxation of rectangular droplets of different geometric sizes
were monitored, based on the case with a density ratio of 1:1000. Cases of 0.4 m × 0.4 m, 0.1 m × 0.1 m,
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and 0.05 m × 0.05 m was calculated, respectively. The resulting maximum velocities inside and outside the
droplet and at the interface are shown in Fig. 14.

Figure 14: Comparison of the maximum velocities inside and outside the droplet and at the interface particles under
four geometric sizes at a density ratio of 1000.

It can be observed that as the droplet becomes more circular, the maximum velocities inside, outside,
and at the interface of the droplet all decay. After the calculation converges, the global maximum velocities
(usually regarded as the spurious current velocity) are 0.0139 m/s (0.4 m × 0.4 m), 0.00458 m/s (0.1 m
× 0.1 m), and 0.00495 m/s (0.05 m × 0.05 m), respectively. It can be seen that the global maximum
velocity decreases as the size decreases. Considering the curvature calculation in Section 3.1.1, the 0.05 m ×
0.05 m case can be regarded as being subject to a relatively large numerical disturbance. It should be noted
that the residual velocity for larger bubbles may include contributions from incompletely damped shape
oscillations. The reported values, therefore, represent an upper bound of the spurious current magnitude for
the larger configurations.

In summary, across all density ratios, the square droplet successfully deforms into a circular shape.
Minor pressure fluctuations observed in the external fluid are likely attributed to incomplete phase interface
contact. It is generally believed that errors in density accumulate over time. These errors come from directly
solving the continuity equation. They are then amplified by the equation of state. This causes pressure
oscillation. A treatment similar to δ+-SPH can effectively dissipate this oscillation [51]. The computed
pressure differences generally agree with the theoretical Laplace pressure, thereby confirming the robustness
of the FDPM for high-density-ratio droplet relaxation simulations.

3.2 Rising Bubble
In this section, the two-dimensional rising bubble cases are investigated. As shown in Fig. 15, the 2D

bubble is initially circular with a radius of 0.5 m, centered at the origin. The computational domain measures
1.0 m × 2.0 m, with free-slip boundaries on the left and right sides and no-slip boundaries at the top
and bottom.

The bubble (fluid phase a) is surrounded by a second immiscible fluid (phase b), forming a two-phase
system. Two different cases with varying density ratios, Reynolds numbers, and Bond numbers are defined.
The resulting bubble shapes will exhibit different characteristics depending on the parameter combinations.
The main parameters of the two cases are summarized in Table 3.

In both cases, the density of fluid b is 1000 kg/m3, the particle spacing is 0.02 m, and the quintic spline
kernel function is adopted. Artificial particle displacement is considered in these cases. The total simulation
time is 3 s.
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Figure 15: Schematic diagram of the two-dimensional rising bubble numerical model.

Table 3: Main parameters for the two rising bubble cases.

Case ρa/ρb μa/Pa ⋅ s μb/Pa ⋅ s β/(N/m) g/(m/s2) Re Bo
1 1:1000 0.1 10 1.96 0.98 35 125
2 100:1000 1 10 24.5 0.98 35 10

To quantitatively investigate the rising bubble behavior, the centroid velocity and displacement of the
bubble are monitored over time. According to Ref. [41], the average centroid displacement and velocity are
computed by averaging the positions and velocities of all bubble particles:

y0 =
∑N

i yi

N
, (29)

v0 =
∑N

i vi

N
, (30)

where y0 and v0 represent the average vertical displacement and velocity of the bubble centroid, respectively;
N is the number of bubble particles, and yi , vi denote the vertical position and velocity of particle i. The
resulting center’s displacement and velocity profiles are compared with data from Refs. [41,50].

For Test Case 1, simulations were first carried out at three different resolutions, dp = 0.01, 0.02, and 0.04.
The resulting average bubble velocity and bubble rise displacement (sampled every 0.025 s) are shown in
the Fig. 16 below:
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Figure 16: Comparison of the average bubble rise velocity and rise displacement under three resolutions.

From Fig. 16, the velocity fluctuation is noticeably larger when dp = 0.04, while the velocity fluctuations
for dp = 0.02 and dp = 0.01 are relatively small and in good agreement. The displacement curves of all three
resolutions agree well. Combining this with the curvature calculation results in the previous section, it is
found that although the curvature can achieve good accuracy within a certain range, a finer resolution can
still better capture the bubble motion. However, a finer resolution requires a smaller time step and greater
computational resources. Therefore, taking all factors into account, this paper will continue to use dp = 0.02
for subsequent calculations.

Then the simulation results in case 1 are compared with those reported by Sun et al. [41]. Fig. 17 presents
the comparison of bubble shapes at various times: the left is the SPH results from [41] (using 20,000 particles),
and the right is the present results (with 5000 particles). As can be observed from the snapshots, during the
rising process, particles beneath the bubble exhibit high upward velocities, impacting the bottom interface
and gradually deforming the bubble into a jellyfish-like shape. Vortices form at the lateral wings of the bubble
and may break off, generating smaller bubbles during the rising process.

The bubble shapes from both methods show good agreement in morphology. However, there is a time
shift of approximately 0.1 to 0.2 s between the SPH simulation and the present method, which may be
attributed to differences in initial conditions and the numerical schemes. In this study, the initial pressure
condition is defined by imposing a standard pressure difference between the two fluid phases, rather than
assuming an identical pressure.

The average vertical displacement and velocity of the bubble centroid (sampled every 0.00005 s) are
analyzed. Fig. 18 presents the comparison of the centroid displacement in the Y direction with results from
Refs. [41,50].

The results demonstrate good agreement, especially within the first 0–2.0 s, where the average vertical
displacement closely follows that of the SPH and FEM-Level-Set coupled simulations. However, at later times,
the present method predicts slightly larger displacements; this may be caused by a conflict between two
factors. The particle volume should increase due to the bubble rising. However, the method assumes that
particle volume remains constant.
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Figure 17: Comparison of bubble shapes at different time instants with SPH results [41]: left—SPH results; right—
results from this study.

Figure 18: Comparison of average displacement of bubble centroid in the Y-direction in case 1.
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Similarly, the average vertical velocity of the bubble centroid is compared, as shown in Fig. 19. The
general trend agrees well with the SPH and FEM-Level-Set results. However, within the first 0–0.25 s, a
noticeable oscillation is observed in the present simulation. This is because the sharp color function [13,46]
causes particles at the interface to experience very large external forces at the initial time. This leads to severe
velocity oscillations. On the other hand, this may be attributed to the large density difference between the
two fluid phases [44]. Under gravity and buoyancy forces, the bubble experiences strong initial acceleration.
Since it is not in equilibrium initially, significant oscillations occur before gradually stabilizing. Compared
with the SPH method, the present simulation exhibits greater overall velocity fluctuation.

Figure 19: Comparison of average velocity of bubble centroid in the Y-direction in case 1.

For Case 2, the simulation is also compared with reference results from SPH and FEM-Level-Set
methods.

In Fig. 20, the centroid displacement again shows close agreement in trend, but over time, the predicted
displacements are consistently larger than those in the references, with a maximum relative error of 3.16%.

Figure 20: Comparison of vertical centroid displacement of the rising bubble in case 2.



24 Comput Model Eng Sci. 2026;148(1):10

The average vertical velocity in Case 2 is shown in Fig. 21. The results align well with reference data,
and the bubble velocity increases rapidly before flattening out. Nevertheless, the velocity fluctuations remain
more pronounced than those in SPH simulations.

Figure 21: Comparison of the average velocity of bubble centroid in the Y-direction in case 2.

Based on the above comparisons of centroid displacement and velocity, it can be concluded that the
FDPM can effectively simulate the bubble rising process. However, the method exhibits relatively high
numerical oscillations, particularly for the average bubble velocity. Significant velocity oscillations can be
clearly observed at the initial time. This is mainly attributed to the use of the sharp color function. The
subsequent bubble centroid deviation and velocity oscillations are mainly attributed to error accumulation.
This error accumulation comes from the constant volume assumption and directly solving the continuity
equation. indicating that further improvements—such as enhanced smoothing techniques or adaptive
time-stepping—are necessary to increase stability and accuracy.

To further explore the applicability of this method with respect to the size of the rising bubble,
simulations were performed based on Case 1 by changing only the bubble size. By combining the maximum
velocity (spurious current velocity) obtained from the rectangular bubble relaxation in Section 3 with the rise
velocities of bubbles at multiple scales, conclusions are drawn regarding the current practical applicability of
this method for rising bubbles. The rise velocities of bubbles of different sizes are shown in the figure below.

Fig. 22 shows the quasi-steady average rise velocity as a function of bubble radius. The velocity increases
with R, as expected from the balance between buoyancy and viscous drag. Deformation increases with bubble
size due to the higher Weber number, and breakup is only observed at R = 0.25, indicating the onset of a
topological transition. Only at (R = 0.05), where the average bubble velocity is below 0.2 m/s, significant
fluctuations are observed. Referring to the previous section, where the maximum velocity (spurious current
velocity) in the 0.4 m × 0.4 m rectangular bubble relaxation case was 0.0139 m/s, and considering that a
larger geometric size leads to a higher spurious current velocity, it can be concluded that this method is more
suitable for simulating small-sized rising bubbles (while maintaining curvature accuracy), whereas for larger
bubbles, the spurious currents would mask the true bubble dynamics. Taking all factors into account, it is
concluded that this method achieves good accuracy when 2R/dp is greater than 10 and around 40.
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Figure 22: Comparison of the average rise velocities of bubbles of different sizes.

4 Conclusion
This study develops a weakly compressible Lagrangian numerical model for bubble rising based on

the GFD method to solve partial differential equations. It focuses particularly on handling flows with large
density ratios. Compared to Reference [40], which uses an incompressible numerical model with global
pressure Poisson solving and only first-order accuracy globally, this study adopts a different approach. A
viscosity correction term is incorporated to ensure the accuracy of viscous flow simulations. Furthermore,
under the unified GFD framework, a second-order differential operator in the Continuum Surface Force
model is directly computed using the local color function. This enables accurate evaluation of interface
curvature and surface tension forces.

The two-phase model is validated through simulations of 2D bubble dynamics, including square droplet
relaxation and bubble rising. The square droplet relaxation problem is tested across a wide range of density
ratios (1.0–1000.0). The rising bubble tests also show that the proposed method can simulate high-density-
ratio and large-deformation bubble dynamics. In particular, in Section 3.2, case 1, a small bubble detachment
phenomenon is observed at the tail of the main bubble, and is also shown in Ref. [27], which was successfully
captured and simulated, verifying the reliability of the FDPM in modeling bubble motion.

However, the method still has certain limitations. First, non-physical oscillations appeared in the
external pressure field at the highest and lowest density ratios in the cases of square droplet relaxation.
Second, numerical oscillations were observed when evaluating the average bubble velocity. Third, the method
achieves good accuracy when 2R/dp is greater than 10 and around 40, while exhibiting relatively large
spurious current velocities at large scales. The main reasons are as follows. The constant volume assumption
is used. The conservation property of the numerical method is not strictly maintained. Directly solving the
continuity equation causes density error accumulation. This leads to pressure oscillations. The use of the
sharp color function causes significant velocity oscillations at the initial stage of computation. Therefore,
future research will focus on these reasons to optimize and further develop this method to address the
aforementioned issues.
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