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ABSTRACT: Titanium alloy Ti-6Al-4V has been widely applied in many industries, for example, aerospace, marine,
automotive, and biomedical engineering systems, where accurate characterization of plastic deformation is important
for evaluating material performance and potential failure under severe loading conditions. This material shows non-
linear plasticity and tension-compression asymmetry, which makes the strain hardening characterization important
for computational failure analysis and crashworthiness-related simulations. However, conventional strain hardening
models and parameter identification methods often rely on linear or extrapolation-based assumptions and are sensitive
to initial guesses due to the non-convex nature of the optimization problem. In this study, a flexible rational-polynomial-
based strain-hardening model was employed to characterize the stress—strain responses of Ti-6Al-4V under both
tensile and compressive loading. To identify the polynomial parameters, an online hyperparameter tuning Bayesian
optimization framework was adopted. The finite element predictions closely reproduce the experimental force-
displacement responses under both tensile and compressive loading. This consistency demonstrates the capability of the
proposed data-driven computational framework to identify strain-hardening parameters and characterize the plastic
deformation behavior of Ti-6Al-4V alloy.
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1 Introduction

Titanium alloy Ti-6Al-4V is widely applied in aerospace [1], marine [2], automotive [3], biomedical [4],
etc., because of its excellent strength [5,6], corrosion resistance [5,7], fatigue [8] performance. The plastic
deformation behavior is complex and it has been extensively investigated using plane-strain compression [9]
and impact-related simulations such as bird-strike [10], ballistic impact [11] studies, etc. [12]. Consequently,
accurate material modeling of Ti-6Al-4V is essential for structurally reliable design, forming processes,
impact, crashworthiness, etc. In these applications, plastic strain hardening plays a crucial role in modeling
severe deformation to capture the extreme mechanical behaviors in numerical analysis [13,14].

Experimental investigations have demonstrated that Ti-6Al-4V shows nonlinear plasticity and tension-
compression asymmetry [15-17]. As a result, simple linear hardening laws are insufficient to describe its
deformation behavior in plasticity. In previous studies, different advanced material models for Ti-6Al-4V
have been proposed including Hill yield function [18], exponential-extrapolated-based hardening laws [15],
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Hansel-Spittel model [19], Johnson-Cook material model [20], etc., to describe the strain hardening of Ti-
6Al-4V in either tension [15,18] or compression [15,19,20]. Although the number of material parameters in
these models is generally of the same order as that of the polynomial-based formulation in this study, many
existing approaches rely on extrapolation-based strategies [15,18,20] or piecewise linear descriptions [19] in
the quasi-static region. In contrast, the rational-polynomial-based model provides a compact and continuous
representation for the hardening response. This offers greater fitting flexibility over a large strain range and
can capture complex nonlinear stress—strain behavior more effectively. In other words, the main contribution
of the present study does not lie in reducing the number of parameters, but rather in improving the
capability to accurately fit strain-hardening behavior in both tension and compression within a unified
phenomenological framework.

Conventionally, the material parameter identification process of Ti-6Al-4V relies on grid search [18],
response surface [19], gradient-based [20], evolutionary [21] optimizations. While these methods are effective
in certain cases, they are often highly sensitive to initial parameter guesses and require a large number
of iterations to address the nonlinear and non-convex optimization tasks. To overcome these limitations,
Bayesian optimization, as a global optimization strategy, especially for high computational cost problems,
becomes a better solution [22]. It works well in the non-convex parameter space to avoid the suboptimal
solutions. Bayesian optimization is a powerful and data-efficient approach that can determine the next
parameter by considering all the previous information. By using its acquisition function, this approach can
decide the most promising next parameter set in a smart way that balances exploration and exploitation. In
addition, previous optimization for Ti-6Al-4V did not consider the effect of hyperparameter tuning during
the optimization process. In the present work, Bayesian optimization is combined with an online Gaussian
Process hyperparameter tuning scheme. This enables an adaptive feature and therefore provides a clear
distinction from earlier studies [18-20].

To the best of our knowledge, a rational-polynomial-based strain-hardening model combined with
Bayesian optimization and online hyperparameter tuning has not yet been applied to characterize the
plastic deformation behavior of Ti-6Al-4V. Therefore, the objective of this study is to employ an in-house
online hyperparameter Bayesian optimization framework [23] to identify the parameters of a polynomial-
based strain-hardening model for Ti-6Al-4V. The model parameters are calibrated using previously reported
tension and compression experimental data [12,15,17,24].

The remainder of this paper is organized as follows. The experimental procedures and corresponding
finite element models are first introduced. Then, the material model and Bayesian optimization framework
are described in detail. The curve fitting results between experiment and numerical simulations, together
with the optimization history, are presented next. Finally, the key findings and implications of this study are
discussed and summarized.

2 Method

The experiment reported by Hammer et al. [12] is first reviewed. The finite element model with
the material model formulation is then presented. Finally, the optimization algorithm for material model
parameter characterization is described in detail. Fig. 1 provides an overall and concise scheme of the
workflow and highlights the connections among the subsections.
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Figure 1: Flowchart for material model parameter characterization. Note: several numbers (m) of initial data sets for
parameters and their residual values are needed to initialize the process.

2.1 Experiment
2.1.1 Specimen Preparation

Previous studies conducted material coupon tests on a 0.25-inch-thick Ti-6Al-4V plate to characterize
its mechanical behavior under different material orientations, strain rates, and temperatures [12,15,17].
The quasi-static tests conducted at a strain rate of 1x10™*s™" in both tension and compression were
selected for the present study. The mechanical property of Ti-6Al-4V was measured through the rolled
direction according to Fig. 2. The additional specific raw material and specimen information are documented
in Table 1.

Thickness
Direction (Z)

Figure 2: Orientation of specimen manufacturing [17,15].



4 Comput Model Eng Sci. 2026;148(1):8

Table 1: Experiment information for tension and compression [17,15]. Tension experiment ID: M2-TMT-P3-SG1-O1-
SRI-T1-N1. Compression experiment ID: M2-TMC-P3-SGI1-01-SR1-T1-N1.

. . Specimen Strain o
Experiment  Plate Stock Specimen Geometry Orientation Rate (1/s) Temperature (°C)
Tension 0.25 Flat dogbone Rolled 1.0E-04 Room
Compression 0.25 Cylinder Rolled 6.9E-05 Room

The tensile specimen was cut based on the profile shown in Fig. 3. Specifically, it was processed using
the electrical discharge machine according to the dimensions in Table 2. The cylindrical specimen used for
the compression test is shown in Fig. 4. Considering the buckling limitation in the experiment, the value of
length over diameter was close to one. The raw material was cut and turned to the dimensions in Table 3.

10.16 mm

L

2.54 mm - ) 12.7Tmm
B (A

L

9

Figure 3: Tension specimen dimension for plane stress study [17,15].

Table 2: Tensile specimen dimension.

Length (L,) (mm) Gage Width (W,) (mm) Thickness (h) (mm)
5.0800 2.0650 0.7160
d
|~eesnli] e

S~

Figure 4: Compression experiment specimen.
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Table 3: Compression specimen dimension.

Diameter (d) (mm) Height (L,) (mm)
3.8560 3.8227
2.1.2 Experiment Setup

The experimental setup [12] for the previously conducted test is summarized as follows: An INSTRON
1321 model biaxial servohydraulic machine was used for tension and compression tests. The MTS Flex Test
SE controller controlled the testing platform and MTS 493.25 digital signal conditioner received the signal at
100 kHz. The linear variable differential transformer was used to measure the displacement for both tests. For
compression, vascomax C-350 and tungsten carbide were inserted between the Inconel push rod surfaces
and the specimen to protect the push rod from damage. To maintain the quasi-static loading for strain rate,
with 1.0OE-04 (1/s) and 6.9E-05 (1/s) for tension and compression, respectively. Note: The experimental data
used in this study were adopted directly from the published government report [12]. Therefore, the present
work focuses on the inverse finite element identification framework rather than on the experimental details.

2.2 Finite Element Modeling

Our finite element models were created based on the unit system: mm, ms, kg, kN, and GPa. LS-
DYNA RI16.1 double precision was used to solve the numerical models. The mesh sizes for both tension
and compression are not larger than the Federal Aviation Administration report by Haight et al. [15]. In
our tensile simulation, comparison with a refined mesh of approximately half the element size showed only
about a 5% difference in the force-displacement response, which indicates that the present mesh is adequate
for the calibration purpose of this work. For the compression simulation, the same nominal mesh size as
the reference report was adopted. For both cases, hexahedral elements were adopted. For the compression
model, a single-integration scheme with No. 6 hourglass control in LS-DYNA was used, whereas for the
tension model, a fully integrated scheme without hourglass control was applied. Specifically, the element
formulation was selected to ensure that the hourglass energy remained small compared with the total energy
and therefore it maintains numerical stability. To only consider the elastic-plastic behavior, the model is
designed to simulate a quasi-static process. A higher loading speed was applied to simulate the model in
a reasonable time, since this is an explicit dynamic feature in LS-DYNA. The loading-speed convergence
studies have been done to ensure the boundary conditions make sense. The smoothed displacement control
boundary was used to avoid the oscillation at the beginning of the simulation.

The finite element models for the tensile test and compressive test are shown in Figs. 5 and 6, respectively.
The prescribed boundary displacement condition was applied on the node set in red in the positive Z
direction for the tensile test and negative Z in the compressive test, with a fixed boundary in both X and Y
directions. The fixed boundaries were applied to the node set in green at the bottom. For the compression
test, the upper and lower bottom plates were modeled using the real material in the experiment. For the
tensile test, the red and green stars in the middle line are the nodes to be recorded in history, while in the
compressive test, the node on the top surface in the center is for the displacement history. The force from the
cross-section plane is labeled the purple line on the left side of Figs. 5 and 6.
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Figure 5: Tensile specimen finite element model. Left: Front view. Right: Iso view.

Figure 6: Compression specimen finite element model. Left: Front view. Right: Iso view.

Material Model

A piecewise plastic model, *MAT_024 in LS-DYNA [25], was used in both the tension and compression
finite element models. Elastic deformation material parameters were known as the fixed parameters (Tension:
Young’s modulus = 110 GPa and Poisson’s ratio = 0.342. Compression: Young’s modulus = 203 GPa and
Poisson’s ratio = 0.3) [15]. In plasticity, the rational polynomial in Eq. (1) was used to generate the strain
hardening process [26]. There are five parameters with p;, p,, p3 in the numerator and gq;,q; in the
denominator to describe the relation using effective plastic strain, 7, as inputs and yield stress, oy, as output.
In this work, the coefficients to be optimized are used to reproduce the hardening response to fit the force-
displacement response. Thus, they do not individually correspond to direct physical quantities. The different
signs and orders of magnitude reflect the mathematical structure of the polynomial.
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The yield stress, oy, vs. effective plastic strain, €7, is the required curve for the LCSS ins *MAT_024
in LS-DYNA (this one-dimensional curve can also be characterized using the uniaxial loading condition
starting from the yield point). In LS-DYNA, this curve determines the slope H in the plasticity process or the
return-mapping algorithm [25,27-30] from Eqs. (2) to (12). The names of variables are explained in Table 4.

Table 4: Variable definitions for the return-mapping algorithm. Note: The von Mises strength is also known as the
initial yield stress (o). The effective stress is also referred to as von Mises stress or equivalent stress.

Variable Description
oy Yield stress
&r Effective plastic strain
H Slope of yield stress vs. effective plastic strain curve
Ovo Von Mises strength, initial yield stress
& Shifted stress
e True strain
t Cauchy stress
s Deviatoric stress
B Back stress

In the return-mapping algorithm, the plasticity deformation process follows either (both) isotropic or
(and) kinematic rules. Specifically, ¢ = 1 means the pure isotropic hardening, while ¢ = 0 makes kinematic
hardening only. 0 < ¢ < 1represents the isotropic and kinematic hardenings happen at the same time. At time
step t,41 f,m (the yield function trial value) is:

oo =Bl /2 (ov0 ) @

where

tp = Atr (en+1 - ef;) I+2p (en+1 - ez) ()
Sna1 = tyy1 — %tr (thn) I 4)
2n+1 = 81— B, )

During iteration for each time step, if f,,+1 (Eqg. (2)) > 0, the following variables are updated. If it is not,
we do not update the variables below.

2‘Ll + 3H
p __P £n+1
€, =€ +Ay— (7)

£n+1H
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t o = Atr (enﬂ - egﬂ) I+2u (enﬂ - efm) (10)

Sn+1 =ty — %tr (tn+1)I (11)

After the above variables from Eqs. (6) to (11) are updated, the value of the yield function returns to
zero in Eq. (12), which has been proven in literature [26], the yield function value returns to zero as shown
in Eq. (12), which has been proven in literature [26].

2
fuor= e~ Byl 2 v s et} =0 @

2.3 Optimization

The optimal parameters py, p2, 3, g1, 42 are needed to minimize the root mean squared error to obtain
the best curve fit of force-displacement responses from finite element solution and experiment. In this study,
Bayesian optimization as the global optimizer finds the parameters first. Then it is followed by a local search
using the Nelder-Mead algorithm to further improve the results. In this study, we used our in-house Bayesian
optimization program [23]. The implementation details of Bayesian optimization are presented below. There
are two main steps in Bayesian optimization. (Step 1): constructing a Gaussian-process-based surrogate
model. (Step 2): finding the target material parameters in the acquisition function. The Gaussian process can
be defined by its prior mean m and covariance function k [31] using 6 and 6’ as input parameter vector (In
this case, we have 0 = [p1, P2, P3> 91> 42]):

F(8) ~N (m(0),k(0,6)). (13)

In this study, we adopt the exponential covariance function in Eq. (14), where s denotes the signal
variance of the Gaussian process and represents the typical amplitude of variation of the objective function
around its mean over the parameter space, while the length-scale ¢ controls how rapidly the Gaussian-process
prediction changes as the input variables, i.e., the material parameters, vary. It is shown as:

k = s* exp (—%rz), (14)

where % = (0 - 0')T p) (0 - 0') and the directional nature of the model is determined by the matrix X. In
general, as an anisotropic model, X is defined as:

620 ... 0
-2
¥ =diag(l)? = ? & 0 (15)
0 0 ... (7

To simplify the model, in this study, an isotropic model was applied. Then matrix of X is reduced
to Eq. (16). Specifically, in the isotropic case, all length-scale components are assigned to the same value
(ly =0y = --- =0z ="). Then I is the d x d identity matrix.
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=1 (16)

Without enough prior information, it is a general procedure to assume the prior mean as zero [32-35].
Then the vector form of joint Gaussian distribution [32,36,37] is:

fl:t K k
I:f“'l:l NN(O, [kT k(0n+l> 0n+1):|) ’ (17)

where
k(61,8 ... k(6,0,)
K = ; ; , (18)
k(0,,0)) ... k(0,6
k=[k(011,01) Kk(0:1,05)...k(0,1,0,)] (19)
fio = [£(6) f(62)...£(6))], (20)
ft+1 = ft+1(0t+1)~ (21)

Based on the Sherman-Morrison-Woodbury identity, the predicted distribution at a new parameter
point 8., is obtained as [38]:

P (fi+1|Drt, 0441) NN(,M (0t+1),02 (0t+l))> (22)
where

i (0r1) = KKy, 23)
0% (0141) = k(8141 0:11) ~ k' K'k, (24)

and D,.; is data observed in history during iterations.

To maintain the numerical inverse stability, the Cholesky decomposition [39] approach was employed
by adding Eq. (17) with an identity matrix scaled by 1 x 107*.

The lower confidence bound (LCB) acquisition function is used to balance exploration and exploitation,

as shown in Eq. (25), where x is given with 0.5. Eq. (26) is the process to find the parameter vector
0 = [pla P2>P3> ql, q2] in thls Study.

arcp(0) = p(0) -xa (0), (25)
0;,1 =argmin a;cp (p(0),0(6)). (26)

To improve Bayesian optimization, hyperparameters were updated by maximizing the log marginal
likelihood function as shown in Eq. (27). In this study, the amplitude scaling parameter, s, and the length
scale, /, are as Gaussian process hyperparameters [38] that control the behavior of the covariance function
in Eq. (14). These hyperparameters were reestimated every five iterations as the inputs for Eq. (26).

1 1
£ =1ogp (fi | 01 ) = ~ 'K~ log|K]| - glog(zﬂ) . (27)
The local optimization, Nelder-Mead simplex algorithm [40,41], was used to further refine the solution.

The SciPy package [42] with a tolerance of 10™* was used as the stopping criterion. The residual value was
calculated by root mean square error (RMSE).
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3 Result

3.1 Force vs. Displacement Response

The good corrections for both tension and compression are shown in Figs. 7 and 8. The force vs.
displacement from experiment in solid line and simulation in dashed line demonstrate good fits except
the yield regions in Fig. 8a. Figs. 7b and 8b present the yield stress vs. effective plastic strain. Fig. 8a for
tension displays a nonlinear strain-hardening behavior characterized by a high initial hardening modulus
and decreasing hardening modulus as effective plastic strain increases. However, the compression curve in
the Fig. 8b demonstrates an approximately linear relationship between yield stress and effective plastic strain.
This shows the difference between tension and compression for the yield stress and effective plastic strain
relation. The stress-strain relations were plotted based on Eq. (1) using the parameters in Table 5.

1.4
©
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0 0.5 [
- 21.0
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0.01'
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Displacement (mm) Effective plastic strain
(a) (b)

Figure 7: Tensile specimen using the best fit by Bayesian optimization and Nelder-Mead simplex algorithms: (a) Force-
displacement response; (b) Yield stress-effective plastic strain.
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Figure 8: Compressive specimen using the best fit by Bayesian optimization and Nelder-Mead simplex algorithms:
(a) Force-displacement response; (b) Yield stress-effective plastic strain.
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Table 5: Best-fit coefficients of the rational polynomial in Eq. (1), identified by Bayesian optimization with online
hyperparameter tuning refined with Nelder-Mead simplex algorithm.

Specimen pl p2 p3 ql q2
Tension 180,705.2853 99,165.1216 2702.9313 96,888.4937 3183.7165
Compression -720,826.2347 3,151,373.7714 995,962.4396 1,095,715.8565 1,070,812.3241

3.2 Optimization Residual Value History

The residual value optimization histories for both tension and compression tests are shown in Fig. 9. This
demonstrates that the Bayesian optimization scheme results in a good fit for force vs. displacement response
using the material model in Eq. (1). The residual values significantly decrease using Bayesian optimization.
This provides a good choice for a starting point for a local optimizer, Nelder-Mead simplex.

I BO 512 BO
n 0.4 0
g Nelder-Mead _g 10 Nelder-Mead
F
© © 0.8
> >
§02 So06
° B
- -
0.1 Lo.4
0 200 400 600 0 200 400 600
Iteration Iteration

(@) (b)

Figure 9: Residual value histories during Bayesian optimization and Nelder-Mead simplex algorithm refinement:
(a) Tension; (b) Compression.

The final residual values for Bayesian optimization and Nelder-Mead simplex algorithm are documented
in Table 6. In this table, we can qualitatively see that the Bayesian optimization provides a significant

improvement in the optimization scheme.

Table 6: Residual values of Bayesian optimization (BO) and Nelder-Mead simplex method.

Bayesi Bayesi
Specimen . .aye.s 1an ... . :ayes.lan . Nelder-Mead Simplex Final
Optimization Initial Optimization Final
Tension 0.4328 0.1517 0.0743
Compression 1.23181 0.3744 0.3201

3.3 Hyperparameter Tuning History

Figs. 10 and 11 present the histories of the Gaussian process kernel hyperparameters, amplitude scaling
(s) and length scale (¢) for tension and compression, respectively. During the Bayesian optimization process,
the marginal likelihood function in Eq. (27) reestimated the hyperparameters every 5 iterations. In the
early phase (approximately the first 200 iterations), both tension and compression parameters show obvious
variability. After the early phase, the parameter of tension stabilized around 2.5 and 0.4 for s and ¢, while the
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compression parameters moved downward slightly. The hyperparameter tuning variation history pattern is
also shown in the literature [23].

4.0 1.0
3-5 0.8
U!30 =
0.6
2.5
0.4
2.0
0 100 200 300 400 500 0 100 200 300 400 500
Iteration Iteration

(@) (b)

Figure 10: History of tension specimen hyperparameter tuning: (a) Amplitude scaling (s); (b) Length scale (¢).

1.0
3.5
0.8
3.0
0 =
0.6
2.5
0.4
2.0
0 100 200 300 400 500 0 100 200 300 400 500
Iteration Iteration

() (b)

Figure 11: History of compression specimen hyperparameter tuning: (a) Amplitude scaling (s); (b) Length scale (¢).

4 Discussion

This work demonstrated that the framework of using a polynomial-based strain hardening material
model in plasticity calibrated by an online hyperparameter Bayesian optimization scheme can effectively
capture the plastic deformation behavior of Ti-6Al-4V under both tension and compression. The good
agreement between experimental and numerical force-displacement responses was obtained. In this section,
the significance of our findings is discussed.

The identified yield stress-effective plastic strain behavior highlights the different strain hardening
characteristics of Ti-6Al-4V for tension and compression. The stress vs. strain response displays a clear
nonlinear behavior. In tension, it starts with a high initial modulus, followed by a gradual decrease in
modulus, but still greater than zero. In contrast, the stress vs. strain shows a more linear response within the
examined region in compression. This difference is consistent with experimental observations reported in
the literature and reflects the inherent tension and compression asymmetry of Ti-6Al-4V [15], which is often
attributed to microstructural mechanisms. To be specific, Ti-6Al-4V is a two-phase (« and f3) alloy, which
makes it deform not in the same way [43-46]. At the crystal level, different deformation mechanisms are
activated under tension and compression, leading to different macroscopic stress—strain responses [43-45].
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It should be noted that the present study was conducted using the available quasi-static experimental
data under constant loading conditions at room temperature. Therefore, the effects of different strain rates
and testing temperatures were not investigated in the current model calibration. Since Ti-6Al-4V can show
strain-rate and temperature-dependent plastic deformation behavior, additional experimental data under
different loading rates and thermal conditions are required to further evaluate the generalizability of the
proposed model. In addition, the current framework was applied to uniaxial tension and compression tests
along the rolled material direction. More complex stress states and direction-dependent material behaviors
associated with different specimen orientations were not considered in the present work. These limitations
indicate that the current model should not be regarded as a complete constitutive description for all possible
deformation modes of Ti-6Al-4V.

As for the fitting deviation in the yield region of the compression curve, this is not only attributed to
initial guess limitations. It can also be caused by the optimization algorithm. Bayesian optimization is trying
to find a global solution for the full stress—strain response. Therefore, the final fit represents a compromise
for the entire curve rather than the points in every local region. In addition, the relatively sharp transition in
the compression yield region may be difficult to fully capture using the adopted polynomial-based model.

The optimization histories demonstrate that the optimization scheme provides an efficient global
search to identify the strain hardening parameters. The rapid reduction of the residual values by Bayesian
optimization indicates that this Gaussian process surrogate model can guide the search direction successfully.
Compared with conventional methods such as grid search, gradient-based optimization, and genetic [21]
algorithms, our Bayesian optimization enhanced by online hyperparameter tuning, as recorded in Figs. 10
and 11, shows its efficient capacity to reduce the residual. It is important to recognize that genetic algorithm,
as an evolutionary approach, typically require a large number of sampling points during the iterative search
process [47]. Thus, it is often feasible for analytical or computationally inexpensive problems. However, it
may become impractical for inverse finite element analysis involving realistic three-dimensional geometries
and complex boundary conditions. The benefit of the online hyperparameter scheme is also demonstrated
and discussed in the literature [23]. In addition, the subsequent local refinement by the Nelder-Mead
method effectively improves the solution. This demonstrates the benefit of combining global and local
optimization strategies.

Thus, they are often feasible for analytical or computationally inexpensive problems, but may become
impractical for inverse finite element analysis involving realistic three-dimensional geometries and complex
boundary conditions.

The hyperparameters fluctuated more significantly in the early iterations. As additional sample points
were collected during later iterations, the uncertainty was gradually reduced and then the hyperparameters
became more stable. This trend can be considered as a qualitative indicator that the optimization process
is entering a more stable stage. However, hyperparameter stabilization alone should not be interpreted as a
strict proof of convergence to the global optimum.

5 Conclusion

This work proposes a computational framework for identifying the strain-hardening plasticity model of
titanium alloy Ti-6Al-4V under both tensile and compressive loading. A rational polynomial-based strain
hardening model is adopted and calibrated using force-displacement responses from experiment. It offers a
flexible representation of the nonlinear strain hardening plastic behavior. In addition, this work represents
the first application of Bayesian optimization with online hyperparameter tuning to identify strain hardening
parameters of Ti-6Al-4V under tension and compression.
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Future work should include additional experiments to better quantify the variability and uncertainty
associated with Bayesian calibration. Further simulation studies are also needed to assess the applicability
and limitations of the proposed material model for force-displacement responses up to failure points. In
addition, the effect of the hyperparameter tuning interval should be systematically investigated to further
improve the optimization framework. The element formulation sensitivity and hourglass control are also
worth testing. Finally, further investigations under various loading conditions, such as different strain rates,
temperatures, bending, and torsion, together with direction-dependent material behaviors, are needed to
tully develop, evaluate, and validate the proposed material model.
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