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ABSTRACT: Constitutive modeling for geomaterials remains challenging because of limited data availability, strong
nonlinearity, pressure sensitivity, and the non-smooth characteristics of commonly used yield surfaces. This study
presents a deep-learning-based constitutive method for geomaterials that incorporates a neural stress-integration
procedure based on the cutting plane algorithm (CPA). Two compact fully connected networks are trained to learn
the yield function and its stress gradient from an augmented stress-state dataset. The trained networks are then
incorporated into a cutting plane return-mapping procedure, in which only first-order information is required for the
plastic stress return. This avoids explicit analytical yield expressions and second-derivative evaluations and is therefore
more naturally compatible with non-smooth Mohr–Coulomb-type yield-surface representations in a first-order return-
mapping sense. Numerical results show that the proposed method reproduces the reference Mohr–Coulomb response
along the examined monotonic triaxial compression paths. Compared with the finite-difference closest-point projection
method (CPPM) implementation considered in this study, the CPA-based neural stress-update procedure requires fewer
network calls per update, indicating a more economical implementation for the present learned constitutive framework.
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1 Introduction
Constitutive modeling of geomaterials remains challenging because soils and other geotechnical mate-

rials often exhibit strong nonlinearity, path dependence, anisotropy, pressure sensitivity, and strain softening,
while available laboratory data usually provide only limited coverage of relevant stress states and loading
paths. Accurately representing stress–strain responses across different initial conditions and environmental
factors has therefore long relied on restrictive analytical assumptions and carefully designed numerical
integration procedures [1–3].

Data-driven approaches provide an alternative by learning constitutive responses directly from curated
experiments or numerical datasets. Early studies explored material informatics and neural approximators
for constitutive representation [4–6], motivated in part by the universal approximation capability of neural
networks [7]. More recent developments have incorporated physical structure to improve robustness and
interpretability, including constitutive artificial neural networks with frame indifference, thermodynamic
consistency, and polyconvexity for hyperelasticity [8], iCANN for inelastic behavior with pseudo-potential
and thermodynamic constraints [9], and frameworks that jointly learn free energies, flow rules, and yield
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conditions [10]. These thermodynamics- or architecture-based approaches, such as TANN and iCANN-type
models, aim to embed physical admissibility into the network formulation through free-energy functions,
pseudo-potentials, internal variables, and evolution equations [11]. Another closely related line is level-set
plasticity, where yield surfaces are represented as implicit neural functions and augmented signed-distance
fields are used to provide off-surface training information [12,13]. In geotechnical applications, multi-
fidelity learning and level-set-based deep learning frameworks have further demonstrated the potential
of data-driven methods for representing complex soil behavior and constructing reproducible modeling
pipelines [14,15]. Graph-network and learnable-physics-engine approaches have also recently been explored
for geomaterials and solid-mechanics problems, but these methods usually operate closer to the solver or
field scale [16].

Despite these advances, two practical challenges still limit the use of neural constitutive models in
geomechanics. First, many existing models originate from metal plasticity and adopt pressure-insensitive
yield criteria such as von Mises, which are not well suited to geomaterials whose mechanical response is
strongly affected by confining pressure [17]. Second, many deep-learning-based constitutive frameworks
embed the learned yield function in a closest-point projection method and rely on second-order derivative
information. This becomes inconvenient for non-smooth or cornered yield surfaces typical of Mohr–
Coulomb-type behavior and may reduce the robustness of stress integration [18,19].

To address these issues, this study develops a deep-learning-based constitutive method that sepa-
rately learns the yield function and its stress gradient from a level-set-augmented stress-state dataset and
incorporates them into classical return-mapping procedures. In this context, the main contribution of this
work is the construction and assessment of a neural stress-integration framework for Mohr–Coulomb-type
geomaterials. The framework learns the yield function and its stress-gradient information and uses them in
a CPA-based first-order stress-update procedure. The focus is therefore on the use of learned yield-surface
geometry in local plastic stress integration, rather than on discovering a complete thermodynamics-by-
design constitutive architecture or replacing an analytical Mohr–Coulomb return mapping. The proposed
method is assessed through triaxial compression simulations under different confining pressures, and its
algorithmic characteristics are compared with those of the classical closest-point projection method. The
results show that the proposed method reproduces the reference response along the examined monotonic
triaxial compression paths and requires fewer network calls per update than the finite-difference CPPM
implementation considered in this study.

The remainder of this paper is organized as follows. Section 2 presents the proposed methodology,
including dataset preparation, neural network training, and the CPPM- and CPA-based stress-integration
procedures. Section 3 describes the preparation of the Mohr–Coulomb benchmark dataset, the training
settings of the two neural networks, and the triaxial-compression validation results. Section 4 discusses
the computational characteristics of the proposed method and examines the effects of dataset range and
network architecture on model performance. Finally, Section 5 summarizes the main conclusions, while the
Supplementary Appendices provide additional derivations, pseudocode, and data-preparation details.

2 Methods

2.1 Overview
The method starts from raw stress data obtained either from experiments or from established yield

criteria, followed by level-set augmentation to generate stress states located on and off the yield surface [12].
Two compact fully connected networks are then trained in PyTorch [20] to predict the yield function
and its stress gradient. Consistent normalization is maintained throughout data preparation, network
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training, and inference. The trained networks are subsequently embedded into return-mapping algorithms
for stress integration, including the cutting plane algorithm (CPA) and the closest-point projection method
(CPPM). Fig. 1 summarizes the overall procedure, in which data collection and level-set augmentation
constitute the data-preparation stage.

Figure 1: Overview of the proposed method.

2.2 Neural Network Training
2.2.1 Network Architecture

To balance predictive capability and numerical robustness, the network architecture is kept compact.
The proposed models consist of stacked Dense layers with optional element-wise Multiply blocks, and the
layer width is treated as a tunable hyperparameter. The Rectified Linear Unit (ReLU) activation is adopted
because of its simple form and computational efficiency in repeated stress-update evaluations [21]. For a
hidden layer, the mapping is written as

h(l+1) = ReLU (W(l)h(l) + b(l)) (1)
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where W(l) is the weight matrix of layer l , b(l) is the bias vector.
Under the Sobolev training strategy introduced in Section 2.2.3, the network is required to approximate

both the target function and its gradient. To improve representational flexibility, an element-wise Multiply
layer is introduced,

h(l+1) = Multiply (h(l)) = h(l) ○ h(l) (2)

where ○ denotes the Hadamard product.
Both the yield-function network and the stress-gradient network adopt the same fully connected

architecture, as illustrated in Fig. 2. Here, WIDTH denotes the number of neurons in each hidden layer. The
influence of network architecture is examined in Section 4.3. Other hyperparameters, such as the learning
rate and optimizer, are not the main focus of this study. Standard settings are therefore adopted, while these
parameters can be further tuned using common optimization tools such as Ray Tune [22].

Figure 2: Architectures of the yield-function network and the stress-gradient network.

2.2.2 Dataset Preparation and Augmentation
Consider a convex yield function f . Under loading, the yield surface may evolve with internal

variables ξ. For a given internal variable, the elastic domain is defined by [23]:

E = {(σ , ξ) ∣ f (σ , ξ) ≤ 0} (3)

where σ is the Cauchy stress. In this study, the internal variable ξ is simplified as the accumulated plastic
strain λ. More generally, the formulation is written as f = f (p, ρ, θ , λ). Therefore, the framework is not
limited to a fixed yield surface and can, in principle, be extended to evolving yield surfaces associated with
hardening or softening. For the non-softening Mohr–Coulomb benchmark used in Section 3, however, λ is
a passive input and the yield function is independent of it.
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To improve data efficiency, material symmetry is exploited. For isotropic plasticity, the stress state is
represented in the cylindrical coordinate system of the π-plane as x̂ = x̂(p, ρ, θ), where p is the mean-
stress coordinate under the tension-positive convention, and ρ and θ are the Lode radius and Lode angle,
respectively [13]. The transformation between cylindrical coordinates and principal stresses follows the
standard relations in [23], and the details are provided in Appendix S1 in the Supplementary Material. The
original dataset therefore consists of stress states and accumulated plastic strain expressed in cylindrical
coordinates,

x̂ λ (p, ρ, θ , λ) = x λ (σ1 , σ2, σ3, λ) (4)

Since yielded samples lie on the surface f = 0, training only on boundary data provides limited infor-
mation for nearby interior and exterior states. To improve generalization and stress-integration robustness, a
level-set-based augmentation strategy is adopted [12]. The yield function is represented by a signed distance
function ψ,

ψ (x̂ , λ) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

d (x̂) f (x̂ , λ) > 0
0 f (x̂ , λ) = 0
−d (x̂) f (x̂ , λ) < 0

(5)

where x̂ denotes an arbitrary stress point in cylindrical coordinates, and d(x̂) is the minimum Euclidean
distance from x̂ to the yield surface f (x̂ , λ) = 0 at a given λ, defined as

d (x̂) = min (∥ x̂ − x̂ λ ∥) (6)

where ∥ ⋅ ∥ denotes the L2 norm.
The signed-distance representation satisfies the Eikonal equation [24],

∥∇x̂ψ∥ = 1 (7)

which states the unit-gradient property near the interface. In cylindrical coordinates, Eq. (7) becomes:

(∂ψ
∂ρ

)
2

+ 1
ρ2 (

∂ψ
∂θ

)
2
= 1 (8)

In the actual data augmentation, no global Eikonal solver is used. Auxiliary samples are generated
directly from each original on-surface point by scaling the ρ coordinate while keeping p, θ, and λ unchanged.
In this study, Nψ = 10 auxiliary levels are used in the interval [0, 2]; the level closest to 1 is set to 1 to retain
the original yield-surface samples, and the first level is set to δ = 10−5 to avoid generating samples exactly at
ρ = 0.

For more general hardening/softening cases, the level-set representation may be viewed as evolving with
the internal variable λ. In that setting, a corresponding Hamilton–Jacobi form may be written as:

∂ψ
∂λ

+ v ⋅ ∇x̂ψ = 0, v = Fn, n = ∇x̂ψ
∥ ∇x̂ψ ∥ (9)

where ψ is the level-set function, x̂ denotes the stress coordinates, v is the pseudo-velocity field, F is a scalar
magnitude, and n is the normal direction of the level set. This relation is introduced here only to clarify
the extensibility of the framework, while the benchmark studied in Section 3 remains the non-softening
Mohr–Coulomb case.
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Let Nd ata denotes the number of original on-surface samples. Based on the signed distance function,
Nψ auxiliary layers are generated along the normal direction on both sides of the yield surface. The final
training set contains Ntrain = Nψ × Nd ata samples, written as {(σ , λ)}Ntrain . The augmentation procedure is
illustrated in Fig. 3, where the red points denote the original yield-surface data and the blue points denote
the augmented samples.

Figure 3: Auxiliary samples generated by the level-set method.

2.2.3 Learning the Yield Function and Stress Gradient
After data augmentation, the original yield-surface samples are transformed into a signed-distance

representation, giving the training dataset {(p, ρ, θ , λ, f )}Ntrain . Here, the level-set form of the yield function
is defined as f (p, ρ, θ , λ) = ψ(x̂ , λ), and f̃ = f̃ (p, ρ, θ , λ) denotes the neural-network prediction. It should
be noted that the signed-distance representation is used here as a geometric learning target and does not
imply that the Mohr–Coulomb yield surface becomes globally smooth. At smooth portions of the yield
surface, the gradient gives a unique outward normal; at corners or apexes, the classical normal is not single-
valued and should be understood in a generalized sense. Thus, the learned level-set field is interpreted
as a regularized first-order geometric direction for stress integration rather than as an exact pointwise
reconstruction of the physical edge.

Standard mean squared error (MSE) regression matches only function values and does not explicitly
constrain derivatives [25]. To improve both function approximation and gradient consistency, Sobolev
training is adopted [26]. A similar derivative-aware learning idea has also been used in graph-network-based
learnable physics engines for crack propagation and coalescence, where Sobolev-type training improves the
physical consistency and predictive stability of learned solid-mechanics models [27]. The loss function is
written as

L∗f =
1
N

N
∑
i=1

[( f − f̃ )2 + η ∥∇x̂ f −∇x̂ f̃ ∥2] (10)

where N = Ntrain = Nψ × Nd ata is the total number of training samples, and η balances the function-value
and gradient errors. In this study, η = 1 was used after input-output normalization, giving equal weight to the
function-value and gradient terms in the Sobolev loss. According to Eq. (7), the signed-distance function
satisfies ∣ ∇x̂ f ∣= 1. The target gradients can therefore be obtained from the level-set construction or by
automatic differentiation in Python [28].
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Sobolev training is introduced here to improve the local consistency between the learned level-set
function and its gradient. However, it does not by itself provide a rigorous guarantee of global convexity or full
thermodynamic admissibility. In the present framework, convexity is inherited from the convex benchmark
used for supervised data generation, while stricter convexity-preserving and thermodynamic constraints
remain a topic for future work.

Plastic return mapping requires the first derivative of the yield function. Under an associated flow rule,
the plastic flow direction is given by [29]:

ε̇p = λ̇a, a = ∂ f
∂σ

(11)

where λ̇ is the plastic multiplier. To provide this quantity directly during stress integration, a second neural
network is trained to predict the stress gradient, using the supervised dataset {(p, ρ, θ , λ, f , ∂ f

∂σ )}Ntrain . This
network is a supervised approximation to the analytical reference gradient and is not constrained to be the
exact autograd derivative of the trained yield-function network. This design enables forward-only evaluation
of the return direction during stress integration.

This stress-gradient network minimizes the discrepancy between the target stress gradient ∂ f
∂σi

and the

network prediction ∂ f̃
∂σi

= ∂ f̃
∂σi

(p, ρ, θ , λ). Its loss function is taken as the MSE,

L∂ f =
1
N

N
∑
j=1

⎛
⎝

3
∑
i=1

∥ ∂ f
∂σi

− ∂ f̃
∂σi

∥
2⎞
⎠

(12)

2.3 Neural Network Inference and Stress Integration
2.3.1 Neural Network Inference in Python

After training, the network parameters are exported from PyTorch and loaded into the stress-update
procedure implemented in Python. The layer topology, weights, and biases are read once before the loading-
path simulation and remain fixed during the analysis. At each stress-update step, the input variables are
normalized using the same procedure as in training, and forward inference is performed to evaluate the yield
function and the stress gradient required by the return-mapping algorithm.

Bias vectors are stored in BArr, and weight matrices are stored in WArr. For each stress-update step,
the normalized input forms xiLayr for the first layer. The forward propagation of a dense layer consists of
matrix-vector multiplication, bias addition, and application of the activation function σ(⋅), producing the
activated output reLayr. For a dense layer i with ni−1 inputs and ni outputs, the forward update is

xoLayr ( j) =
ni−1

∑
k=1

WArr ( j, k, i) xiLayr (k) + BArr ( j, i) , j = 1, . . . , ni ,

reLayr ( j) = σ (xoLayr ( j)) , j = 1, . . . , ni (13)

This procedure is repeated layer by layer until the final network output is obtained. The predicted
quantities are then passed to the subsequent stress-update algorithm. Appendix S2 in the Supplementary
Material provides pseudocode for neural network inference within the stress-update procedure implemented
in Python.
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2.3.2 CPPM-Based Stress Update
For stress integration in the plastic regime, a deep-learning-based CPPM return-mapping scheme is

adopted. Once the material enters plastic loading, the incremental constitutive update at step n + 1 is written
as [18]:

εn+1 = εn + Δε
εp

n+1 = εp
n + Δλn+1an+1

σ n+1 = De (εn+1 − εp
n+1)

fn+1 = f (σ n+1) = 0 (14)

Under the associated flow rule, the plastic flow direction is given by a = ∂ f /∂σ . In the present
framework, this quantity is provided by the stress-gradient neural network, denoted by fgrad(σ , λ), while the
yield-function network is denoted by fN N(σ , λ). The stress update starts from the elastic predictor. Assuming
a purely elastic response during the current increment, the trial stress σ tr i a l

n+1 is first computed as:

σ trial
n+1 = σ n + De Δε (15)

If the trial state violates the yield condition, a plastic correction is required. In the CPPM framework,
the trial stress is projected back toward the yield surface along the direction determined by the associated
flow rule, which can be written as

Δεp
n+1 = Δλn+1an+1

Δσ n+1 = −De Δεp
n+1 = −Δλn+1De an+1

σ n+1 = σ trial
n+1 + Δσ n+1 = σ trial

n+1 − Δλn+1De an+1 (16)

In order to satisfy the consistency condition, it is necessary to solve the nonlinear equation for Δλ. At
loading step n + 1, Newton iteration is used, where n denotes the loading step and k the local iteration. Taking
the increment δλk of Δλ in the k-th iteration, the nonlinear equation is approximated by first-order Taylor
expansion:

g k + ( d g
dΔλ

)
k

δλk = 0

Δλk+1 = Δλk + δλk (17)

From Eq. (14), the residual form r is obtained. At this time, the nonlinear equations to be solved are:

{r = −εp + εp
n + Δλa = 0

f = f (σ) = 0 (18)

At the k-th iteration, the above equation is first-order linearized as:

⎧⎪⎪⎨⎪⎪⎩

rk + [De]−1 Δσ k + Δλk Δak + δλk ak = 0
f k + (ak)T Δσ k = 0

(19)

where δλk is the correction of Δλ in this iteration. We denote the yield-function network prediction at the
k-th iteration by f k = fNN(σ k , λk). Substituting Δak = ∂ak

∂σ Δσ k into Eq. (19), the solution of the equation
set is:
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δλk =
f k − (ak)T Rk rk

(ak)T Rk ak

Δσ k = −Rk rk − δλk Rk ak (20)

where

Rk = (I + Δλk De ∂ak

∂σ
)
−1

De

where ∂ak

∂σ = ∂2 f k

∂σ 2 . Because the gradient network returns only first-order derivatives, CPPM still requires
second-order information. We approximate this term by finite differences; the forward-difference scheme is
detailed in Appendix S3 in the Supplementary Materials. The k-th iteration stress increment, updated stress,
and plastic strain are then obtained by Eq. (20):

(εp)k+1 = (εp)k + Δ (εp)k = (εp)k − (De)−1 Δσ k

Δλk+1 = Δλk + δλk

σ k+1 = σ k + Δσ k (21)

After each local iteration, the updated stress σ k+1 is substituted into Eq. (18) to evaluate the yield-
function value and the residual norm. If both satisfy the prescribed tolerance, the local iteration is terminated.
The converged stress σ k+1 and plastic strain (εp)k+1 are then recorded as the constitutive state at loading step
n + 1. The complete algorithmic procedure of the deep-learning-based CPPM stress update is summarized
in Appendix S4 in the Supplementary Materials.

2.3.3 CPA-Based Stress Update
Both CPPM and CPA are iterative return-mapping schemes. In CPPM, the trial stress is corrected using

the final gradient, whereas CPA updates the stress incrementally with the current gradient at each local
iteration [30].

For non-smooth yield criteria such as Mohr–Coulomb, CPPM becomes more involved because second-
order derivatives are difficult to define or evaluate robustly near corners or apex regions. By contrast, CPA
only requires the current yield-function value and a first-order return direction, which makes it more
compatible with a regularized level-set representation of cornered yield surfaces [31]. For perfectly plastic
materials with piecewise linear yield surfaces, CPA and CPPM are equivalent in the returned stress and
consistent tangent, indicating that CPA can recover the same local constitutive solution [18]. Analogously
to Eq. (16), the stress update at the k-th local iteration is written as

Δσ k = σ k+1 − σ k = −De Δ (εp)k (22)

where k denotes the local iteration counter. The associated flow rule is imposed at the beginning of each local
iteration,

Δ (εp)k = Δλk ak (23)

and substituting Eq. (23) into Eq. (22) gives

Δσ k = −Δλk De ak (24)
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For the scalar yield function f (σ) = 0, the value at the updated stress state f (σ k+1) is obtained by a
first-order Taylor expansion about σ k , neglecting higher-order terms,

f k+1 = f k + (ak)T (σ k+1 − σ k) (25)

Combining Eq. (24) with the consistency condition f k+1 = 0 yields:

Δλk = f k

(ak)T De ak
(26)

In CPA, the stress gradient a and the yield-function value f are predicted by the trained networks
fgrad(σ , λ) and fN N(σ , λ), respectively. The complete iterative procedure is summarized in Appendix S5
in the Supplementary Materials. Since only first-order information is required, CPA is simpler than CPPM
and is more naturally compatible with non-smooth or cornered yield-surface representations in a first-order
return-mapping sense.

3 Results

3.1 Training Dataset Preparation
The Mohr–Coulomb model [32] is adopted as the reference constitutive model in this study. Owing

to its simple form and clear physical interpretation through cohesion and friction angle, it remains widely
used in geotechnical analysis, especially for identifying failure modes, deformation trends, and stability
characteristics. A well-known difficulty of the Mohr–Coulomb criterion is that its yield surface contains
corners, which leads to non-smooth stress gradients. Unless otherwise stated, stresses are expressed using
the tension-positive convention in this study; therefore, compressive stresses are negative. In principal stress
space, assuming the algebraic ordering σ1 ≥ σ2 ≥ σ3, the Mohr–Coulomb yield criterion is written as [33]:

f = (σ1 − σ3) + (σ1 + σ3) sin ϕ − 2c cos ϕ = 0 (27)

where c and ϕ represent the cohesion and friction angle of the material.
To avoid repeated direct manipulation of principal stresses, the yield criterion is further expressed in

invariant form using the standard formulation for isotropic yield functions [34]. Nayak and Zienkiewicz
proposed a convenient set of stress-invariant definitions [35]:

σm = 1
3
(σx + σy + σz)

σ =
√

1
2
(s2

x + s2
y + s2

z) + τ2
x y + τ2

yz + τ2
zx

θ = 1
3

sin−1 (−3
√

3
2

J3

σ 3 ) ,−30○ ≤ θ ≤ 30○ (28)

where

J3 = sx sysz + 2τx y τyz τzx − sx τ2
yz − sy τ2

zx − sz τ2
x y

sx = σx − σm , sy = σy − σm , sz = σz − σm
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By using the above stress invariants, the principal stress can be re-expressed as:

σ1 =
2√
3

σ sin (θ + 120○) + σm

σ2 =
2√
3

σ sin (θ) + σm

σ3 =
2√
3

σ sin (θ − 120○) + σm (29)

Substituting the expressions of σ1 and σ3 into Eq. (27), we get:

f = σm sin ϕ + σK (θ) − c cos ϕ = 0

K (θ) = cos θ − 1√
3

sin ϕ sin θ (30)

In this benchmark, c and ϕ are taken as constants, so Eq. (30) does not include hardening or softening
evolution with λ. Based on Eq. (30), the discrete sampling parameters Nσm , Nθ , and Nλ are introduced to
generate stress states by prescribing the ranges of λ, σm , and θ. The ordering and permutation of the three
principal stresses are then used to construct the six symmetry sectors of the Mohr–Coulomb yield surface.
Thus, Eq. (27) is written for one ordered principal-stress sector, whereas the dataset and Fig. 4 include the
sectors generated by principal-stress permutations. As a result, the initial dataset contains Nd ata = Nλ × 6 ×
(Nσm × Nθ) samples.

Figure 4: (Continued)
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Figure 4: Data preparation and augmentation for neural network training: (a) original dataset, (b) augmented dataset,
and (c) representative gradients of augmented samples. All stress components are plotted using the tension-positive
convention; negative values correspond to compressive stress states.

In this study, the target stress gradient is obtained analytically from the Mohr–Coulomb model rather
than by numerical differentiation of the discrete signed-distance labels, which is more efficient and avoids
additional differentiation noise, especially for a large dataset of approximately 106 samples. In invariant
form, Eq. (30) can be written as:

f = σm sin ϕ +
√

J2K (θ) − c cos ϕ = 0 (31)

where

K (θ) = cos θ − 1√
3

sin ϕ sin θ

θ = 1
3

arcsin
⎛
⎝
−3

√
3

2
J3

J3/2
2

⎞
⎠

σm = σ1 + σ2 + σ3

3

J2 =
1
6
[(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2]

J3 = (σ1 − σm) (σ2 − σm) (σ3 − σm)

here, f is regarded as a function of σm , J2, and θ, and these three quantities are themselves functions of σ1,
σ2, and σ3. By the chain rule, for each principal stress component σi (i = 1, 2, 3),

∂ f
∂σi

= ∂ f
∂σm

∂σm

∂σi
+ ∂ f

∂J2

∂J2

∂σi
+ ∂ f

∂θ
∂θ
∂σi

(32)

the full derivation is provided in Appendix S6 in the Supplementary Materials.
The level-set method introduced in Section 2.2.2 is then used to augment the original dataset, lead-

ing to the complete training set {(p, ρ, θ , λ, f , ∂ f
∂σ )}Ntrain . After normalization, the dataset is used for

neural network training. The overall data-preparation procedure is summarized in Appendix S7 in the
Supplementary Materials.
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3.2 Model Training
Using the classical Mohr–Coulomb model without strain softening as the reference, the proposed neural

networks are trained to learn the yield function and its stress gradient. Accordingly, the sampled λ range
is retained only to keep a unified input format for possible evolving-yield-surface extensions; no hardening
or softening law is activated in this benchmark. The material parameters are taken as cohesion c = 20 MPa,
friction angle ϕ = 18○, Young’s modulus E = 20,000 MPa, and Poisson’s ratio ν = 0.2.

During data generation, 100 sampling points (Nσm = 100) are taken along the mean-stress axis,
with the minimum mean stress specified as σm ,min = −400 MPa. Twenty points (Nθ = 20) are sampled
along the Lode-angle axis over the range from −π/6 to π/6, and twenty points (Nλ = 20) are sampled
along the accumulated plastic strain axis over the range from 0 to 0.1. Accordingly, the number of samples
in the original dataset is Nd ata = Nλ × 6 × (Nσm × Nθ) = 240,000. These samples are then augmented using
the signed distance function introduced in Section 2.2.2. With the number of augmentation layers set to
Nψ = 10, the final training dataset used for supervised learning contains Ntrain = 2,400,000 samples. Fig. 4
illustrates the original dataset, the augmented dataset, and representative stress gradients.

The sampling density, the minimum mean stress, and the range of accumulated plastic strain all
influence the performance of the trained model in subsequent stress-integration simulations. In particular, if
the absolute value of σm ,min is too small, the model may become less accurate under high compressive stress
states, whereas insufficient sampling density may reduce the quality of the learned yield surface. These effects
are discussed further in Section 4.2.

Training is carried out using the NAdam optimizer [36] together with a ReduceLROnPlateau scheduler.
The yield-function network is trained for 3000 epochs with a batch size of 128 and an initial learning rate
of 0.0001, whereas the stress-gradient network is trained for 5000 epochs with a batch size of 256 and an
initial learning rate of 0.001. Thus, the learning rate is adjusted during training rather than kept as a large
fixed value. Both networks use 100 hidden neurons per layer. Fig. 5a–c reports the loss histories of the yield
function network trained with Sobolev: (a) shows the value loss, (b) the gradient loss, and (c) their sum as the
total loss. Fig. 5d shows the loss history of the stress-gradient network. The red curves in Fig. 5 denote raw,
unsmoothed validation losses recorded during training rather than final test losses. No exponential moving
average or moving-average smoothing is applied. Their stronger fluctuations mainly result from raw epoch-
wise evaluation, the sensitivity of derivative-related Sobolev loss terms to local validation samples, and the
logarithmic scale at very small loss levels.

3.3 Validation
To evaluate the predictive performance of the trained neural networks, triaxial compression simulations

were carried out at the material-point level under different confining pressures. Axial strain increments were
prescribed step by step, while the lateral stresses were maintained at the target confining pressure through
iterative adjustment of the lateral strain increments. Based on the network predictions, the stress state was
updated incrementally along the prescribed loading path until the current step satisfied the required loading
condition. Repeating this procedure over all loading increments yielded the complete triaxial stress–strain
response under a given confining pressure.

Fig. 6 compares the analytical solution and the neural-network prediction of triaxial compression
responses under confining pressures of 0, 5, and 10 MPa. The vertical axis represents the deviatoric stress
σ1 − σ3, while the left and right branches correspond to the lateral and axial strain responses, respectively.
For all confining pressures, the neural-network results agree closely with the analytical curves, including
both the initial loading stage and the post-yield response. This agreement indicates that the trained networks
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reproduce the pressure-dependent yield characteristics and the associated constitutive evolution along the
examined monotonic triaxial compression paths. The present validation should therefore be regarded as a
benchmark assessment of the neural stress-integration procedure, rather than an exhaustive validation under
arbitrary loading histories.

Figure 5: Training histories of the two neural networks: (a–c) yield-function network and (d) stress-gradient network.

Figure 6: Triaxial compression response: reference MC vs. NN at different confining pressures.



Comput Model Eng Sci. 2026;147(3):8 15

4 Discussion
This section compares the computational characteristics of CPA and CPPM, and investigates the

effects of dataset range and network architecture, including depth, width, and Multiply layers, on method
performance. Recent graph-network-based learnable physics engines have shown accurate and efficient
forward prediction for OSB-PD Drucker–Prager elastoplastic boundary-value problems. Those studies
mainly assess solver-level field prediction, whereas the present work focuses on material-point stress inte-
gration for a learned Mohr–Coulomb-type yield function. Therefore, the accuracy, computational efficiency,
and convergence discussed below should be interpreted at the local stress-update level [16]. Robustness
is evaluated using a material-point uniaxial compression path implemented in Python with axial strain
increasing incrementally from 0.1% to 40%. The performance index is the maximum sustainable axial strain,
defined as the first increment at which the constitutive update fails to converge or the predicted response
becomes nonphysical. This metric provides a simple and consistent measure of numerical robustness.

4.1 Comparison of Deep Learning-Based CPA and CPPM
To compare the computational cost of a single stress update in the neural-network-based CPA and

CPPM, the number of floating-point operations (FLOPs) is used as a complexity metric [37]. The CPPM
considered here is the finite-difference implementation used in the present two-network framework. It
should therefore be distinguished from an autograd-based CPPM implementation in which Hessian-related
terms are computed directly from the yield-function network. For the yield-function network, one forward
evaluation can be approximated as C f ≈ 2∑L

k=1 nk−1nk FLOPs. The gradient network has the same order of
complexity, denoted by C∇ f . Since the remaining vector and matrix operations are minor compared with
network inference, the per-step cost is estimated mainly from the number of network calls.

In CPA, the yield-function network is first evaluated at the trial state. If ftr i a l > 0, a cutting-plane
correction is performed. Each local correction iteration requires one call to the stress-gradient network
and, if necessary, one additional call to the yield-function network to check the updated state. The per-step
complexity is therefore

CCPA ≈ C f + Ncorrect (C∇ f + C f ) (33)

when only one local correction iteration is needed Ncorrec t = 1, this reduces to CCPA ≈ 2C f + C∇ f .
By contrast, CPPM requires additional evaluations to approximate the second-order term. After the

trial-state check, a local Newton iteration is performed to enforce the consistency condition. In each iteration,
the yield-function network is evaluated for the residual, and the stress-gradient network is called for the
return direction. To obtain the second-order term ∂a/∂σ = ∂2 f /∂σ 2, the forward-difference scheme is used
to perturb the first-order stress gradient in several independent directions. The per-step complexity is thus
written as

CCPPM ≈ C f + Niter (C f + 4C∇ f ) (34)

with a single Newton iteration, this reduces to CCPPM ≈ 2C f + 4C∇ f . The higher cost mainly arises from the
approximation of the second-order term.

To complement the theoretical complexity analysis, the computational efficiency of CPA and the
finite-difference CPPM implementation was further evaluated in the triaxial-compression benchmark
implemented in Python, while keeping the material parameters, loading path, number of loading steps,
trained networks, and stopping tolerances unchanged and varying only the stress-update scheme. The timing
test was conducted on a laptop computer equipped with an AMD Ryzen 9 6900HX CPU and 32 GB RAM,
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using Python 3.8 in CPU-only mode. Although GPU acceleration was used during neural-network training,
the GPU was disabled during this stress-integration benchmark.

Fig. 7 shows that CPA requires about 2.0 s of wall-clock time and 0.8 s of CPU user time, whereas the
finite-difference CPPM implementation requires about 4.0 and 3.2 s, respectively. These results agree with the
call-count analysis for the present implementation. However, an autograd-based CPPM implementation may
reduce the cost of the second-order terms; therefore, the reported speed difference should not be interpreted
as a general advantage of CPA over all CPPM variants. A related issue is the consistency between the predicted
yield function and the return direction. A single yield-function network with autograd gradients would
provide exact consistency with the predicted yield function, whereas the present two-network design treats
the stress-gradient network as a forward-inference approximation to the analytical reference gradient; a
quantitative comparison between these two formulations is left for future work.

Figure 7: Runtime comparison of CPA and CPPM in the triaxial-compression benchmark implemented in Python.

It should also be noted that the purpose of this comparison is not to show that the neural implemen-
tation is faster than an analytical Mohr–Coulomb return mapping. For this simple reference model, an
analytical return mapping is expected to be computationally cheaper; the Mohr–Coulomb model is used
here as a transparent benchmark for evaluating the learned yield-function representation and the neural
stress-update procedure.

4.2 Influence of Dataset Range
The approximation domain of the neural network is limited by the range of the training data. During

dataset generation, this range is controlled by the sampling densities Nσm , Nθ , and Nλ , together with the
prescribed bounds of λ, σm , and θ. Although neural networks with sufficient capacity can approximate
continuous functions over a given domain [38], the actual error still depends on both model capacity and
data coverage [39].

For isotropic materials, performance depends more strongly on the coverage of the original dataset than
on the absolute number of samples. The most influential bounds are the upper limit of accumulated plastic
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strain λmax and the lower limit of mean stress σm ,min. Since the effect of θ is less restrictive once the full
Lode-angle period is covered, the following discussion focuses on λmax and σm ,min.

Their influence is evaluated using a material-point uniaxial compression path implemented in Python.
The performance index is the maximum converged axial strain εc ,max. Two groups of parametric tests are
conducted: in the first group, λmax is varied while σm ,min is fixed; in the second group, σm ,min is varied while
λmax is fixed. All other settings are kept unchanged. The corresponding parameter ranges are listed in Table 1,
and the results are summarized in Fig. 8.

Table 1: Parameter ranges of the original dataset and training settings of the neural networks.

λmin λmax N λ σ m ,min (MPa) N σ m Epoch _ f N N Epoch _ d f N N c (MPa) φ (○)
0 0.1 ~ 1 40 −600 50 200 375 12 33
0 1 20 −100 ~ −1000 100 200 375 10 30

Figure 8: Effect of original dataset range on network performance.

Fig. 8 shows that the attainable axial strain depends on how well the loading path remains inside
the original training domain. Increasing λmax enlarges the admissible range of accumulated plastic strain
and generally increases εc ,max until a plateau is reached. Similarly, making σm ,min more negative expands
the training domain toward higher compression, reduces extrapolation in the later stage of loading, and
improves robustness. If either bound is too restrictive, the loading path enters poorly covered regions and the
constitutive response becomes more fragile. This trend should be interpreted as a training-domain coverage
effect rather than as a new constitutive property of the reference model.

In practical applications, the present model should be used only when the training dataset covers the
expected ranges of mean stress and accumulated plastic strain along the target loading path, with a reasonable
safety margin. Moderate extrapolation may still be tolerated, but both convergence and response quality
deteriorate rapidly once the loading path moves too far outside the trained domain. Therefore, the current
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framework should be understood as a data-driven constitutive model with a domain-dependent applicability,
rather than a fully general extrapolative constitutive model. As a first screening tool for boundary-value
simulations, a range-based out-of-distribution (OOD) indicator can be defined for the current input vector
z = (σm , ρ, θ, λ):

IOOD (z) = max
i

[max( zi − zmax
i

zmax
i − zmin

i
,

zmin
i − zi

zmax
i − zmin

i
, 0)] (35)

where zi is the i-th component of z, and zmin
i and zmax

i are the lower and upper bounds of this component in
the training dataset. IOOD = 0 indicates that the current input remains within the coordinate-wise training
bounds, whereas IOOD > 0 indicates that at least one component has moved outside the trained range. This
indicator is only a first screening measure; more refined OOD detection may require density estimation,
nearest-neighbor distance, or uncertainty-based methods.

4.3 Influence of Network Architecture
Network architecture affects constitutive performance. Increasing depth and width improves represen-

tational capacity but may also increase training difficulty. ReLU is suitable for cornered yield surfaces such
as Mohr–Coulomb, while the Multiply block enhances nonlinear coupling with limited added complexity.

To examine architectural effects, three designs were compared by varying depth, width, and the use
of the Multiply block. Fig. 9 shows two variants relative to the baseline architecture in Fig. 2: in Fig. 9a,
one Dense layer and one Multiply block are added to both the yield-function and stress-gradient networks,
whereas Fig. 9b shows a Dense-only architecture without Multiply layers. All other hyperparameters were
fixed, and hidden-layer widths of 50, 100, and 150 were tested; the settings are listed in Table 2.

Table 2: Hyperparameter settings for training different neural network architectures.

λmin λmax N λ σ m ,min (MPa) N σ m Epoch _ f N N Epoch _ d f N N c (MPa) φ (○)
0 1 20 −800 80 200 375 10 30

Performance is evaluated by the maximum converged axial strain εc ,max in a material-point uniaxial
compression path implemented in Python. Nine architectures are tested in total, corresponding to three
designs and three widths, and each configuration is repeated three times to account for randomness in weight
initialization. For each configuration j, the three repeated values {ε( j ,1)

c ,max , ε( j ,2)
c ,max , ε( j ,3)

c ,max} are processed
using Eq. (36) to compute the arithmetic mean ε( j)

c ,max and the min–max range R(j)ε . Because only three
repetitions are used, the range is reported as a descriptive measure of run-to-run variability rather than
estimating a coefficient of variation. The results are summarized in Table 3. Here, NoMul denotes the
Dense-only architecture in Fig. 9b, Orig denotes the baseline architecture in Fig. 2, and Add denotes the
enhanced architecture in Fig. 9a. The symbol d represents the hidden-layer width, and the remaining symbols
follow Eq. (36).

ε( j)
c ,max =

1
3

3
∑
k=1

ε( j ,k)
c ,max, R( j)

ε = [ min
k=1,2,3

ε( j ,k)
c ,max, max

k=1,2,3
ε( j ,k)

c ,max] (36)

where j denotes the network configuration, k denotes the repeated run with different random initialization,
ε( j)

c ,max is the mean value of the three runs, and R(j)ε is the corresponding min–max range.
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Figure 9: Comparison of neural network architectures: (a) Dense + Multiply and (b) Dense only.

Table 3: Performance summary of different neural network architectures.

Architecture d εc,max (×10−2) εc ,maxMin–Max Range (×10−2)

NoMul
50 0.69 0.66–0.72
100 2.17 2.07–2.27
150 3.33 3.20–3.46

Orig
50 0.96 0.94–0.98
100 2.27 2.19–2.35
150 9.58 9.20–9.96

Add
50 2.42 2.36–2.48
100 3.3 3.17–3.43
150 6.9 6.77–7.03

Because only three repetitions are available for each configuration, the run-to-run variability is reported
using the min–max range rather than the coefficient of variation. The ranges are used only as a descriptive
measure of run-to-run variability under different random initializations. At the tested widths, the baseline
architecture gives higher mean εc ,max than the Dense-only architecture, suggesting that the Multiply layer
improves stress-update robustness in this benchmark. Based on the mean values in Table 3, the relative
increase is defined as
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Rorig/nomul (d) = εorig,d
max

εnomul,d
max

− 1 (37)

yielding R(50) = 38.0%, R(100) = 4.6%, and R(150) = 187.5%. The improvement is most pronounced at
d = 150, where the baseline architecture reaches 2.88 times the load-bearing capacity of the Dense-
only network.

The enhanced architecture gives higher mean εc ,max than the baseline at d = 50 and d = 100, but not at
d = 150. This non-monotonic behavior indicates that adding a Dense + Multiply block does not guarantee
improved stress-update robustness under fixed training settings. The lower result of the Add architecture
at d = 150 may be related to optimization sensitivity and random initialization, rather than to a clear
representational advantage or disadvantage. Fig. 10 summarizes these trends.

Figure 10: Depth-performance curves of three neural constitutive model architectures.

Overall, increasing width tends to improve the mean performance for the tested architectures, while the
benefit of additional Multiply layers is architecture- and training-setting dependent. For relatively compact
networks, a small Dense + Multiply unit offers an efficient way to improve nonlinear representation without
substantially increasing architectural complexity.

5 Conclusions
This study presents a deep-learning-based constitutive method for geomaterials, in which two compact

neural networks are trained separately to represent the yield function and its stress gradient. Based on these
predictions, a CPA-based neural stress-update procedure is constructed for stress integration. Following
the classical first-order character of CPA, the proposed strategy avoids explicit evaluation of second-order
derivatives and is more naturally compatible with pressure-sensitive and non-smooth yield criteria such as
Mohr–Coulomb in a first-order return-mapping sense.

The results show that the proposed method can reproduce the response of the reference model along
the examined monotonic triaxial compression paths and achieve lower computational cost than the finite-
difference CPPM implementation considered in this study. The study also indicates that robustness depends
strongly on the coverage of the training dataset and the choice of network architecture. Accordingly, the
present method is most suitable for applications in which the relevant stress range and history-variable range
can be estimated in advance and adequately represented in the training dataset. In particular, appropriate
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ranges of mean stress and accumulated plastic strain are important for stable predictions, while the benefit
of Multiply layers is architecture- and training-setting dependent in the tested benchmark.

Future work will further examine unloading–reloading paths, stress paths traversing multiple
deviatoric-plane sectors, true triaxial paths with varying Lode angle, and apex-region paths. Extensions
to anisotropy, cyclic loading, evolving hardening/softening surfaces, and stronger physically informed
constraints, including convexity-preserving and thermodynamic constraints, will also be considered.
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