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ABSTRACT: A global health concern, neurodegenerative disorders like Parkinson’s and Alzheimer’s impact both
mental and physical functioning. The complex interplay among immunological response, protein accumulation, and
brain health necessitates sophisticated mathematical modeling. This study introduces a fractional-order mathematical
model using the Mittag-Leffler derivative to describe the dynamics of neurodegeneration, incorporating key biological
factors such as functioning and infected neurons, extracellular alpha-synuclein, microglia, and T-cells. A fundamental
assumption of the model is that neuronal deterioration is influenced by memory effects, where past states impact
current disease progression, making fractional-order calculus more suitable than traditional integer-order models. The
model accounts for the secretion and clearance of alpha-synuclein, the activation of immune responses, and the role
of microglia in mitigating or exacerbating neuronal damage. Sensitivity analysis emphasizes the crucial role of factors
like neuronal cells production ITy, infection prevalence y, and stimulation of microglial cells ®. Numerical simulations
support the long-run neuroinflammatory feedback mechanism, revealing that smaller values of fractional order # < 1
reduce disease progression. This is based on the premise that increased memory (# values less than one) leads to
slower transmission of pathological protein aggregation. The study demonstrates that building a surrogate machine
learning model of the NARX-BRBNN type, calibrated using numerical solver output, not only decreases computing
complexity but also accurately replicates the dynamics of the fractional equation. This comparison underscores
the necessity of employing fractional-order numerical schemes for accurately modeling complex neurobiological
systems. The study proposes focused treatment approaches and provides insightful information on the course of
neurodegenerative diseases.
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1 Introduction

The complex mechanisms behind neurodegenerative disorders such as Parkinson’s disease, Alzheimer’s
disease, and multiple sclerosis make them major global health concerns. These conditions entail complex
interactions between brain networks, immune cells, and abnormal protein aggregation. Conventional
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mathematical methods provide useful information, but they cannot capture all aspects of neurodegenera-
tive progression, particularly memory-dependent processes. Recent mathematical modeling attempts have
revealed insights into how neurodegenerative diseases progress. Zehra et al. [1] examined the physiological
and chaotic effects on neurological disorders using fractional operators. Although the precise cause of
neurodegenerative diseases remains incompletely understood, evidence supports the role of protein aggre-
gation and neuroinflammatory responses [2-6]. Mathematical models have been developed to elucidate the
concentric organization of demyelinating lesions and highlight the significance of macrophage activation
and mobilization [7-11]. However, these models either rely on integer-order derivatives or do not fully
incorporate the coupled dynamics of neurons, microglia, and T-cells under a fractional framework.

Fractional-order derivatives overcome the challenge of capturing time-based linkages in neurodegen-
erative investigations, such as protein clumping events and synapse loss by replacing classical calculus with
operators that incorporate past state conditions [12,13]. Fractional-order models have repeatedly shown
favorable outcomes in neurobiology research. Recent fractional-order concepts have been applied to the
Schrodinger equation [14], biophysics [15], nonlinear equations [16], fractional-order wave equations [17],
time-fractional equations [18], and fluid dynamics [19]. An extensive literature survey indicates that com-
putationally intelligent-based solutions have become a key focus in the current phase of technological
advancements. These recommendations highlight the critical role of computational solvers and urge the
authors to create a reliable, accurate, and consistent approach for addressing the model. Fractional cal-
culus has many applications across various fields, most commonly in engineering and physics. Among
modeling options, fraction order systems are more factual and empirical as they capture the difference
between genetic and memory features of mathematical frameworks which is different from classical integer
order models [20]. Fractional-order models improve mathematical modeling for complicated problems
by successfully addressing dynamical processes under uncertainty (See, [21-23]). Fractional-order models
for infections and diseases have more stages of freedom than regular derivatives, according to recent
studies like [24,25], suggesting that fractional-order derivations may offer a more accurate representation of
physiological processes than classical order models. A hybrid strategy that combines machine learning (ML)
and fractional-order dynamical modeling was developed in a recent study [26] to predict Parkinson’s disease
(PD) using vocal biomarkers. The interpretability and predictive accuracy of early, non-invasive Parkinson’s
disease detection are enhanced by this integration. The framework advances computational neurology by
offering chances for improved diagnostic tools and customized monitoring.

This work offers a novel approach to comprehending neurodegeneration by capturing the influence of
memory on neuroinflammation using a new fractional differential equation with Mittag-Leffler Kernel. The
stability of the endemic and disease-free equilibria, as well as the use of machine learning (NARX-BRBNN) to
increase numerical simulation efficiency, are also provided by the analysis. The goal of this study is to use the
idea of the fractal-fractional derivative to apply complex non-linear differential equations in order to create a
new model for brain pathology. Because fractional order and fractional fractal Mittag-Leffler derivatives can
more correctly represent memory strength than earlier models (e.g., [27-30]), they are used to investigate
the behavior of brain diseases.

The study uses a methodical approach to present the research findings, starting with an introduction
to its suggested format. In Section 2, it develops a revolutionary system for brain pathology, describing
specific parameters and basic ideas of the fractal fractional operator. Section 3 qualitatively examines
the biological viability of the system of equations that serves as the foundation for fractional calculus.
Main analysis includes equilibrium points, well-posedness of the framework, basic reproductive number,
sensitivity analysis, the positively invariant set (Q) of the system, and existence and uniqueness of the model.
We discuss theorems for the local stability of equilibria and the corresponding proofs in Section 4. We also
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utilize the correct Lyapunov function to establish global asymptotic stability. Section 5 has the numerical
solution of the fractal fractional brain disease model with a Mittag-Leftler kernel and conclusions in the
final Section 6.

2 Formulation of Fractional-Order Brain Model

Over time ¢, the model divides the whole community N(t) into five different groups. To treat severe
cases of brain damage, a fractal fractional order system has been developed by finding the most effective
individuals. Each of the five compartments that make up the brain disease model represents unique cellular
and extracellular components that are essential.

e F(t): The functioning neurons’ density;

o I(t): The infected neurons;

o S4(t): Extracellular a-synuclein function;

o M(t): The number of triggered microglia; and
o T(t): Active T-cells.

Therefore, the entire population N(¢) is built by
N(t) = F(t) +I(t) + Sa(t) + M(t) + T(t). 1
Important parameters, used in model formulation, are summarized in Table 1.

Table 1: Parameters explainations.

Parameters Definitions Values
Iy Brain neuron generation rate 1day™!
y S« function-induced infection rate of neurons 0.01 day™!
UN Natural death rate of brain neurons 0.01 daly’1
a Death rate of infected neurons 0.02 day‘1
B Microglia’s rate of killing infected neurons 0.03 day ™!
o S, secretion rate via infected neurons 0.05 day ™
dy Su’s degradation rate 0.04 day™
A Microglia’s clearance rate of S, 0.02 day™
C) Initial microglia activation rate 0.5 day™
4 Rate at which microglia are activated by S, 0.1 day™
dm Microglia deactivation rate 0.05 day™
Iy Initial T-cells activation rate 0.3 day™
2% T-cells activation rate determined by Microglia 0.3 day™!
Ur Natural deactivation rate of T-cells 0.3 day™!

These parameter values (Table 1) have been assumed using scientific literature [31-33] and biological
reasoning because several of these neuroinflammation processes have not been empirically explored. Key
biological parameter values, such as neuron generative rate, natural death rate, and infection process, have
been established using existing neurodegenerative disease models. The infection and release rates of proteins,
such as a-synuclein, were designed to replicate the aggregation rate seen in Parkinson’s and Alzheimer’s
disease. Furthermore, immune response characteristics such as the activation of microglia cells and T-cells
have been chosen to respond at optimal periods in relation to neural infections.
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A more accurate way to represent complicated systems with memory effects and non-integer dimensions
is to use fractal fractional derivatives. They are becoming more and more significant in engineering and
scientific fields. In this work, a unique framework for comprehending the intricate interactions between
immunological response mechanisms and neuronal health in neurodegenerative illnesses is presented. The
model represents biological processes such as infection rates, immunological activity, and neural degradation
using nonlinear fractional differential equations. Delays in reactions and the influence of prior conditions
on the progression of disease are also taken into account. Using the Mittag-Leffler definition, the model
below, which is based on the generalized hypothesis mentioned above and the flow chart in Fig. 1, presents
the impact as follows

iiZDggtzF(t) =TIy — FySy — unF,
Dy I(t) = F(t)ySe — aul = I(t) BiM,
FEMPDPESa(t) = 611 = daSa — SaAM, )
FEMDIEM (1) = © + ySa — duM,
FFMDg:;X T(t) =yrM+1lr - [JTT,

where the initial conditions are as follows:

F(0)>0, I(0)>0, S(0)>0, M(0)>0, T(0)=>0. (3)

All of them are biologically feasible.

Functioning
Neurons
F(1)

Infected o-synuclein Active
Neurons Function Microglia
1(t) Sa(?) M(1)

ﬂl da ﬂ. dM

Figure 1: Flow diagram showing the various phases of the brain diseases model.

Some Basic Concepts
We provide some fundamental ideas from the Mittag-Leffler fractional calculus to serve as a basis for

the findings in this work.

Definition 1 (Mittag-Leffler Derivative [34]): Suppose that f(t) is a function that may or may not be differ-
entiable. Let 0 < 11, « < 1, where « is a fractal dimension and an is a fractional order of . A fractal-fractional
derivative of f(t) in context of a Mittag-Leffler kernel can be described as
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. AB(n) d [t
gz - A0 [ p@n |- o) as @
Definition 2 (Mittag-Leffler Integral [34]): The corresponding integral can be described as
FFM 1, - g, n ! _ n\n-lgl-a
R0 = g O ooy, FO-orEag ©

3 Qualitative Evaluation of the System’s Biological Viability

By examining the nonlinear differential equations, this part qualitatively examines the system. This
analysis focuses on identifying key features of the model and examining its most influential parameters.

3.1 Equilibrium Points

We begin with an analysis of the equilibrium points. To obtain these points, we set the left-hand side of
system (2) to zero.

3.11 Disease-Free Equilibrium (DFE)

At the disease-free equilibrium, there is no infection (I = 0) and no extracellular a-synuclein (S, = 0).
Solving the steady-state equations:

IT
0=Iy-uyF = F=-—", (6)
UN
0= —(Xll - /311M = I" = 0, (7)
0=01-dySe -AS;M = S,;=0, (8)
e
0=0+ySy —dyM = M"'=—, )
dm
IIrd 0
O:HT-FI[/TM—{,ITT = T*ZTM—W. (10)
dupr

Thus, the disease-free equilibrium (DFE) is

HN Q] HTdM"'V/T@)' (11)

E%=(F°1°8° Mm%, 1°) = (— 0, 0, —,
( “ ) UN dm dmpr

3.1.2 Endemic Equilibrium

The endemic equilibrium E* = (F*,I*, S}, M*, T*) with I* > 0 and S}, > 0 exists when R, > 1. Due to
the nonlinear coupling between compartments, the endemic equilibrium is obtained by solving the steady-
state equations numerically. The explicit closed-form expression is algebraically complex and is therefore
omitted here; numerical values are provided in the simulation section.

3.2 Well Posedness of the Framework

In this part, we analyze the boundedness of solutions. Summing all equations in system (2):

FEMDPYN(t) = Ty — yFSq — unF + yFSe — aql — BiIM + 8,1 1)
—dySa ~ASaM + O +yS, —dyM + It +yrM — urT.
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FEMDPEN(t) =y — unF — aql = BUIM + 811 = doSo — ASuM
+®+l[/Sa—dMM+HT+1//TM—[JTT.

Since all variables are nonnegative, we obtain

FFMDg:fN(t)SHN+®+HT—ymin{F+I+Sa+M+T},

where pmin = min{uy, a1, dy, dy, g7} Hence, N(t) is bounded and the biologically feasible region is

(13)

Q= {(F(t),l(t),sa(t),M(t), T(t))eR:F+I+Sy+M+T< M}.

‘“min

The region () is positively invariant, i.e., any solution starting in ) remains in Q for all ¢ > 0.

3.3 The Fundamental Reproductive Number

The basic reproduction number Ry is calculated using the next-generation matrix approach [35]. We
focus on infected compartments I and S, (because F, M, and T are not directly implicated in new infections).
In the DFE, the Jacobian matrices for new infections (F) and transfer terms (V) are:

0 yIn o + ﬁdl_® 0
F= [rlN > V= M A@ . (14)

0 o0 = do + —

dy

Then, we have

V_l _ 1 dM(dadM-i-/\@) 0
(ardpy + 1©)(dody + AO) didym ady + 1O ]’
The next-generation matrix is K = FV ™!, and Ry is its spectral radius calculates as:
&1y yTl

Ry 1EMYN (15)

" i (ardy + prO)(dady + 10)

Surfaces representing sensitivity with respect to different parameter pairs are shown in Fig. 2. In general,
R, is observed to be increased by infection rate (y), secretion rate (;), and neuron production rate (ITy) and
decreased by the following clearance or deactivation rates or parameters: microglia clearance parameter (1),
secretion parameter (f3;), degradation parameter (d,), and deactivation rate (d)). The surfaces of the pairs
(y,A) and (y, dp) represent crucial trade-off relations that imply that the proportionally high clearance or
deactivation rate is needed to prevent Ry > 1. However, the pair (y, §;) displays the highest joint impact on
the increase of disease severity. Therefore, it would be reasonable to combine the treatment of the infection
and secretion in order to obtain the best results.
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Figure 2: Examination of the reproductive number based on specific criteria.

3.4 Sensitivity of Ry’s Parameters

Sensitivity analysis assesses how changes in parameters affect Ry, helping prioritize therapeutic targets.
The normalized forward sensitivity index of R, with respect to a parameter p is defined as

aRO p
R = .2 16
" =3 R (16)
We have
2
I1
Ry STy (17)

) pn(ody + B1©®)(dody + A0)

aRo dlz\,IyHN
— = >0,
881 ‘blN(OCIdM-l-ﬁ]@)(d“dM-i-A@)
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IRy _ 81dy Iy
dy  un(ady +109)(dy dM+/1®)

aR() (Sld]z\/[)/
BHN [/IN((deM-Fﬂl@)(d dM+/1®)

8R0 B 251dMyHN B 61d12v[yHN[(X1(dadM + A@) + da(ocldM + ﬂ1®)] S
adM [/‘N((xldM +ﬂ1®)(dadM+/\®) [/IN((deMﬁ-ﬁl@)z(d(deﬁ-A@)z ’
dR, B 51dM)/HN

a‘L{N [/lN(OéldM+/31®)(d dM-l‘A@)

JdRg 61dMyHN

a1 pn(andy + FrO)2(dudy + 10)
aRO ®8ldMyHN

8_/31__[1N(oc1dM+[31 ) (d dM-l‘/\@)

IRy _ _51d12\4)’HN{(0‘1dM +P1O)A + Bi(dydy + AO) } <o
00 pn(ondy + 19)%(dydy + 10)? ’

aRO 61dMyHN

a_doc - MN(“ldM+ﬁ1®)(d dM+A®)2

>

% _ ®8ldMyHN <0
or MN((deM +B10O)(dudy +A0)2

Normalized sensitivity indices are computed in Table 2, evaluated at baseline parameter values.

Table 2: Normalized sensitivity indices of Ry with respect to parameters.

Symbol Sensitivity Index Interpretation
Iy +0.9981 Strong positive
y +0.9981 Strong positive
01 +0.9981 Strong positive
dm +0.1578 Weak positive
UN —-0.9981 Strong negative
o -0.4178 Moderate negative
B -0.3956 Moderate negative
de -0.3652 Moderate negative
A -0.3457 Moderate negative
C) -0.1262 Weak negative

These normalized sensitivity indices are fuhrer displayed in Fig. 3.
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Figure 3: Sensitivity analysis of model parameters (normalized indices).

The sensitivity analysis indicates that the three parameters having a major influence on Ry are Iy, y,
and §; with index values of +0.9981 each, implying that a 1% increment in their values causes a corresponding
increase in the value of Ry by roughly 1%. Similarly, an insignificant positive influence is indicated on
Ry by dy with an index of +0.1578. In contrast to the above parameters, the influence on Ry due to the
parameter yy is highly significant but in the reverse direction, having an index value of —0.9981. The other
parameters having moderate influence on R, include &; (index value —0.4178), 8; (-0.3956), d, (—0.3652),
and A (-0.3457). The first parameter for the activation rate of microglia, ®, exhibits the least influence
(—0.1262). Based on this information, the therapy will focus on 6y, y, or u.

3.5 Positively Invariant Q Set of the System

Theorem 1: A characteristic of the domain ) is that it is +ve invariant concerning the brain disease system (2).

Proof: The solutions to the brain disease framework (2) remain physiologically viable (that is, non-negative)
under suitable starting conditions, remaining inside the positive orthant of R? for all ¢ > 0. We get

FEMD (1) ‘F(t):O =IIy >0,
FEMDUTI(E) [10y-0 = YF(£)Sa(t) 20,
zﬁDgzgsa(t) |Sa(t)=0 =6,I(t) >0, (18)
FFMDg’,fo(t) (=0 = @ + yS4(t) >0,
Dy, T(t) |T(t):0 =My +yrM(t)>0.

The solution to the aforementioned systems will be obtained by using the fractional integral. The result
will be nonnegative since there are no negative terms in the system. O
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3.6 Existence and Distinctiveness of the Model

The existence and uniqueness of solutions to the fractional-order system (2) follow from standard results
in fractional calculus. First, we note that all solutions are bounded due to the following argument:

FFMDg:;xN(l‘) <INy +O + 117 — .UminN(t)’

where pimin = min{py, a1, do, dyr, g1} By the fractional comparison principle [36], this inequality implies
N(t) <max{N(0),(IIy + ® + II1)/tmin} for all t > 0. Hence, each state variable is bounded, and the
sup norms | F|leo, [I]oo> [|Saloo> |[Mlloo> |T||eo are finite. With boundedness established, the right-hand
side functions U; are Lipschitz continuous on the compact domain (), and the existence and uniqueness
of solutions follow from standard results for fractional differential equations [37]. For the existence and
uniqueness of solutions to the system (2), we prove the following theorem.

Theorem 2: Assume that y, and y; are positive constants for the purpose of

Al |Ui(ui)t)_Ui(u;)t)|SXi|ui_u;|a Vi€1,2, <+, 0. (19)
A, Ui (i, )] < x; {1+ i} V(u,t) e R> x [0, T]. (20)

Proof: We have
FEMpDPEE(t) = Hy — yFSq — unF = Ui(t, F),

N

FEMDEI(t) = yFSo — aql = BiIM = Uy (8, 1),

N3

FEMDPES o (t) = 611 — doSo — ASaM = Us(t, Sa), (21)

N
FEMDIEM (1) = © + ySa — dyM(t) = Us(t, M),
FEMPOET(t) = g +yrM — urT = Us(t, T).

We start with the function U;(t, F). Next, we will demonstrate that
(UL(F',t) - Uy (F2, )] % < |[F! - F2J % (22)
Then, we write
|Ui(F', t) = Ui(F%,1)|? = |-p(F' = F*)Sq — un(F' - F?)|%.
[UL(F', t) = Uy (F2, )| % = |{~ySa — un} (F' = F?)|2.
[UL(F', t) = Un(F2, 1)] % < {29%(Sal? + 2u5 } |(F! - F?)?)
|Ui(F', 1) - Uy (F%,1)| % < {2)/2 sup [Sq|* + 2y§,} |(F' - F*)?|2.
0

<t<T

|UL(F', 1) = Ui (F%, 1)|? < {2y°(Sal% + 20k }|(F' - F?)?| .

[UL(F', £) = Uy (F2, )] % < |F' - P2, (23)
where y; = {2y%|S.|% +2u% }.
(U (I t) = Ua (P, 1) ] = |- (I' = 1) = By (I' = P ) M|, (24)

(U (I t) = Ua (P, 1)] % = |{—on = BiM} (I' - IP)| %
(U (I, ) = Up (%, 1)|* < {20 + BEIMPP} |(I' - 1))
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|U2(I', ) - Ua (I, 1)| % < {20c12 + B? sup |M|2} ((I' - )%
0<t<T

U (I, t) = Un (12, 1) | * < {207 + BEIMIZ }|(I' - I7)?) %

U (I, £) = Ua (P, 1)]* < o | I = 122, (25)
where x, = {2af + BI[M[% }.
|U3(Sh> ) = Us(Sar )| % = |-da(Sh — S2) = A(Sh, - S2)M| . (26)
|Us(Se 1) = Us(Sar 1)|* = [{~du = AM} (Si, - S2)|*.
|U3(Sh, t) = Us(Sar )| > < {242 + A2 MPP}|(S) - S2)|*
|Us(S4> 1) = Us(Sar )| * < {2(1; + A% sup \Myz} (Sh - S2)|*

0<t<T
|Us (S t) = Us(Sa 1)|? < {2dG + 22| MI%, } |(Sz = S2)[
|Us(Sg> ) = Us(Sas 1)|* < 13 [(Sq = S2)| (27)
where y; = {2d2 + A2 |[M|%, }.
|Us(M", ) = Us(M, 1)|* = |-du(M" - M?)| 2. (28)
|Us(M", ) = Us(M, t)|* < iy |(M" = M?)| 2.
|Us(M', t) = Us(M, )| < ya |(M' = MP)|?, (29)
where y, = d3,.
\Us(T,t) = Us(T,t)|* = |-pur(T" - T%)|*. (30)
Us(T,t) - Us(T, 1)|* < 7 |(T" = T%)| %
|Us(T', t) - Us(T, t)|* < x5 |(T" - T)|%, @31

where y, = p?.

Every function’s starting condition is carefully investigated twice, and our model’s second condition is
now been confirmed.

|U\(F, t)|? = [TIy — yFS, — unF| % (32)
|Ui(F, t)|* = Ty + {-ySa — un} F| *.
|UL(F, )| % < 2I0%, + {2y*|Sa|* + 2% } |F|%.

|U\(F, t)|* < 2103 + {2)/2 sup |Sq|* + 2#12\,} |F| 2.
0<t<T

[UL(F, )| * < 2103, +{29%|Sal2, + 2u3 } |F| .
{29784l +2u?v}|F|2]
2113, '
|U(F, 1)|* <, [1+|F?], (33)

|UL(F, t)|* < 2115 [1+
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{2y1Sal% + 203}
<1.
el

where ¥, = ZH%\, under the condition

|U, (1, t)|? = |yFSy — anl — BLIM]|>. (34)
|Uy (1, t)|? = |yFSq + {—a; — BiM} I| %
[U2(L, )] * < 29 |F?|Saf* + {2af + 2B |M*} 1|2
|U, (1, t)|2 32)/2 sup |F|2 sup |SO¢|2+{20¢12+2/312 sup |M|2}|I|2.
0<t<T

0<t<T 0<t<T
[Ua(L, )| < 29°[F|% [Sacol® + {208 + 2BF M2} 1112
{20 + 287 IMIZ } 111
2y?|F(1)[%[Sace ()2 ]
U (L t)|* <x, [1+1117], (35)

U2(1, )] % < 2y*|FI5[Sacol? [1+

{208 +2B8 M2, }

<1
2y*|F|%,[Saco|?

where ¥, = 2y*|F(£)|%|S«c|* under the condition

|Us(Se> t)| 2 = [81] — dySo — ASo M| 2. (36)
|Us(Sa, £)|> = |81 + {~dg — AM} S .

|Us(Sar t)|* < 28|11 + {24 + 20% | M[*} |Sa] .

|U3(Sq, t)|* < 287 sup |I)* + {Zdi +2A% sup |M|2} Sq 2.

0<t<T 0<t<T
[Us(Sa» 1)]? < 287|112, + {2}, + 222 M|, } |Sa| .
{2d2 + 22| M[%, } |S4] 2]
287|112,
Us(Sas )12 <3 [1+1Sal?] (37)

|Us (S t)|* < 287|112, [1 +

{2d2 + 202 M%,}
2687112,

where ¥, = 267 |I|2, under the condition

|Us(M, t)|? = |® + ¢S, — dy M| . (38)
|Us(M, t)|? < 20% + 207°|S, |* + 2d3, |M]|>.
|UL(M, £)|> < 20% +2y* sup [Sq|> + 242, |M]>.

0<t<T
UL(M, £)|? < 20 + 2¢2[Sa % + 242, |M]2.
dy |M|?
202 +2u2[S, 2 |
|Us(M, 1)]* <x, [1+|M]?], (39)

|Us(M, t)|* < {207 + 297|Sa[2, } |1+

dj, M (1)[*

—— <L
202 + 2y2(S. |2,

where ¥, = {20 + 2y?|S,|%, } under the condition

|Us(T, t)|* = [TIr + yrM — urT|>. (40)
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|Us(T, t)|* < 2IT% + 2y | M|* + 2u3 | T| 2.

2 T|2
U(T, 1)|? < {2112 + 202 | M) |1+ d .

\Us(T, t)|* <% [1+1T]%], (41)

2T2
ur|T| <10

where ¥. = {2112 + 2y2|M|?*} under the condition .

4 Stability Analysis

4.1 Stability of Disease-Free Equilibrium

Theorem 3 ([38]): The disease-free equilibrium E° given in (11) is locally asymptotically stable if Ry < 1 and
unstable if Ry > L.

Proof: The Jacobian matrix of system (2) evaluated at E® is block-diagonal. The eigenvalues are:

o A = —uy (from the F equation),

o A, = —dy (from the M equation),

o A3 =—ur (from the T equation),

o and the remaining two eigenvalues come from the subsystem:

Jis, = KN : (42)
5, _ (da N )‘—®)

The trace and determinant of J; 5, are:

tr(]I,sa):—(a1+§—§)—(da+2—i)<0, (43)
det(Jrs,) = ((xl + /f;—f[)) (da + Z—i) - SIZSN. (44)

Since det(J1s,) >0 if and only if Ry <1, the Routh-Hurwitz criteria are satisfied, proving local
asymptotic stability for Ry < 1.0

Before presenting the global stability result, we recall a key inequality for the fractional derivative of a
Lyapunov function.

Lemma 1 ([39]): Let X(t) € R, be a positive, differentiable function and let X* > 0 be a constant. Then for all
n€(0,1) and a € (0,1],

FFM
p N ey X(t X* P
FEMpis {X(t) -X"-X"In %} < (1— X(t)) Dy X(t). (45)

Theorem 4: When Ry < 1, the equilibrium E° is globally asymptotically stable in Q.
Proof: Consider the Lyapunov function candidate:

L(I,Sy) = al + bS,, (46)
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where a and b are positive constants to be determined. With the help of the properties of the fractional
derivatives and Lemma 1, one can prove the inequality "D’ 'L < (Ry — 1) - ¢(I + S, ) provided the param-
eters a, b, c are correctly selected. If Ry <1, the derivative is non-positive, and LaSalle’s invariance principle

yields global convergence to E°. O

4.2 Endemic Equilibrium and Its Stability

When R, > 1, the disease-free equilibrium becomes unstable, and a unique endemic equilibrium E*
(with I* > 0, S}, > 0) emerges.

Theorem 5: When R, > 1, the endemic equilibrium E* is locally asymptotically stable under biologically relevant
parameter values, as verified by numerical simulation.

Proof: If we linearize system (2) about E*, the eigenvalues of the resulting characteristic equation are negative
when R( > 1. While a full Lyapunov analysis for the fractional order system is out of the scope of this paper,
it can be considered as a potential area for further work. O

Theorem 6: When R >1, the endemic equilibrium E* = (F*,I*,S;, M*,T*) of system (2) is globally

asymptotically stable in the interior of Q, provided that the sufficient negativity condition established in the
proof holds.

Proof: Let us construct the following Lyapunov function:

L={F—F*—F*ln£}+{1—l*—1*lni}
F* I*

+ Sa—S;—S;lnS—“ +{M—M*—M*lnM} (47)
Sz M

+{T—T*—T*lnl}.
T>(—

This function is positive definite for all F,I,S,, M, T > 0 and equals zero only at E*. Now, applying
Lemma 1 to each term and summing, we obtain:

+\ FFM +\ FFM
FEMDIYL < (1 - ?) D F + (1 - T) DT
S* FFM M* FFM
+(1_S_vf) Dg:f‘S,x+(1— M) DIeM (48)
24
+\ FFM

T
+ (1_7) DIeT.

Substituting the system dynamics (2) and using the endemic equilibrium conditions, after algebraic
simplification we obtain:

FEMpPEL < L' - 17, (49)
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where L' and L? are collections of positive and negative terms, respectively, given explicitly by:

F)(- * F>(-
L' =TIy + ySoF* + ySiF + unyF* + YFSu— + ?yS;F* + N

* *

I I
+YESq + ySyF* + oI + BiI"M + BLIM”* + TyF*S,x + TySZF

I I* I
+ 7“1[4‘ TﬁlIM + TﬁII*M* + 611+ daS; + AMS; + ASOCM* (50)

Sk S¥ S¥ S¥
+ 20T + Fdy Sy + FASAM + —EAS,MT + @ + ySy + dyM*
Sa Stx Szx SlX
* . M* . T* . T>(—
S, + i duM + Tl +yrM + urT +TWTM +?yTT,

+

M

and
F>(- * F>(- F>(-
L? = yFS, + S F* + uyF + IIy— + — S F* + —yS*F + — unF*
YEOSa T )0y UN N Fy“ F)’a F#N
I* I
+YF*Sq + ySoF + oul + fiIM + B I M™ + TyFSa + TySZF*

* *

I 1 I*
+ T(XlI* + TﬂlI*M + TﬁlIM* + 611>€ + daS“ + ASQM + AS;M* (51)

Sy S Sy Sy
+ S—"‘611+ S—"‘d(xSZ + S—“AMSi + S—"‘/\S(XM* +yS, +dyM +

o

*

M
]
M

* * * * *

M * * T T *
+ V/Sa"'ﬁdMM +yrM +;4TT+THT+?1//TM+?;4TT.

M

For F*MDP'L to be negative definite, it is sufficient that L' < L* holds pointwise for all ¢ > 0 and for all
(F,1,S4, M, T) % (F*,T*,S%, M*, T*). A sufficient condition for L' < L? is that the following inequalities
hold simultaneously in a neighborhood of E*:

YFSy > ySiF*, unF > unE", (52)
ool > I*, BiIIM > BI*M*, (53)
I >8T%, dySy>d,Sk, (54)
ASeM 2 ASIM*,  yS,>yS:, (55)
dyM >dyM*, yrM>yrM*. (56)

For Ry > 1, at the endemic equilibrium point E*, we have F* >0, I* >0, S; >0, M* >0, and T > 0.
The above inequality is true on account of the monotone property of the functions used within a certain
region around E* and for all Q) due to boundedness of solutions. Hence, it follows that L' — L? <0, with the
equality holding ifand only if F = F*, I =I*,S, =S, M = M*,and T = T*. Thus, we have

FEMDPYL <0 forall (F,1,8., M, T) € Q, (57)

with equality if and only if
(F,1,S4, M, T) = (F*,I*, S*, M*, T*). (58)

The generalized form of LaSalle’s invariance theorem [40] suggests that any trajectory initiated within

Q will tend towards the largest invariant set lying inside the set {(F, L,Sa, M, T) e Q"M DL = 0}. As
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FEM Dg:f L =0 is possible only at E*, thus, the largest invariant set will be precisely { E*}. Therefore, E* is

globally asymptotically stable in Q when Ry > 1. O

4.3 Lyapunov’s Second Derivative

The first derivative analysis can teach us alot, and the second derivative analysis can expand on it without
becoming less generic. For example, the first derivative of these Lyapunov functions shows the progression
of the sickness, whereas the second derivative shows the curvature and its sign depends on it. We believe that
the second derivative will provide more information.

FFM y/1-% 17\ 2 FEM & 7\ 2 FEM 11> 2
D, F D1 D. .S
FFMDg:;X [FFMDg:;xL] g( 0t ) F*+( IO,t ) I*+( 0, a) gt

F Sa *
FEM >4 2 FFM 1% ey 2
Dy M DT F*
N 0t M+ 0t T 4 (1 + _) FFMDg,;x [FFMDg,ftF]
M T F ’ ’ (59)

I o « Sy N Nt
+ (1 + 7) FFMDg:t [FFMDg:t I] + (1 + S—"‘) FFMDg)t [FFMDg)t S,x]

o

M* T*
o (1 S0 ) g D] + (1 =) VDR [ T

Now plitting the second derivative values of ““™ D"/ F(t), ™M D' 1(1), "M D So (1), "M DY M (1)
and FFMDg:t T(t), we have

. F*
<TI(F, 1,84, M, T) + (1 + ?) [ —yF()"™MDUTSo () - ySa(t) MDY F(t)

N

*

. I a a
B ‘uNFFMDg:t F(t)] + (1 + T) [yF(t)FFMDg:t Sa(t) + ySa(t)FFMDg)’t F(1)

S>(—
- o "TMDPTI(E) - BI(8) MDY M() - ﬁlM(t)FFMDg:f‘I(t)] + (1 e )
o

[8:FFMDITI(t) — doFM DY Sa (1) = ASa(£) MDD M (1) = AM ()™ DS, ()]

M>(-
N (1 « 2 DY S (6) - du DY M (1)

(60)

T*
(1 o) Lo ™D M) - DT ().
By replacing "M DJ ' F(1), F*MDPI(1), FFM DL So (1), FFM Dy M(t), and FFMD{F T (t) with the
proper formulas. After integrating both positive and negative elements, we have
PN DS [N DY) < 1 - L) (&
Subsequently, we have
If L*>L* then FFMDPT[FFMDITL] >0,
If L*<L* then FFMDYY[FEMDPTL] <o, (62)
If L’=L" then FFMDPF[FFMDIYL]=0.

Next, the significance of the second-order sign is examined.
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5 Numerical Simulations and Discussion

This research uses a fractional order differential equations (FODE) model to investigate the brain disease
(BD) spread dynamics. The FODE-BD model is formulated using the system (2) consisting of five nonlinear
fractional-order differential equations, which are solved numerically using fdel2, a fractional solver in
Matlab based on the method of ABM (Adams-Bashforth-Moulton) for fractional differential equations and
approximated using a data-driven machine learning approach. The fdel2 solver implements the Caputo
fractional derivative, not the Mittag-Lefller operator used in our theoretical formulation. For consistency
with our theoretical framework, we have verified that numerical results are qualitatively similar under
both formulations for the parameter ranges considered in this study. The primary computational technique
employed is the Nonlinear Autoregressive with External Input Bayesian Regularized Backpropagated Neural
Network (NARX-BRBNN), which enhances prediction accuracy through Bayesian regularization and histor-
ical dependency modeling. The NARX-BRBNN is trained on numerical solver outputs (reference solutions)
and serves as a surrogate approximator of the solver, not as a first-principles solver of the fractional system.
This approach is justified when rapid predictions are needed after an initial offline training phase, as the
surrogate can evaluate new scenarios much faster than the full numerical solver. The model is analyzed for
seven different fractional orders # = 0.90, 0.92,0.94, 0.96, 0.98, 0.99, 1.0 to understand its impact on disease
spread. The numerical results for FODE-BD are presented by varying the fractional-order parameter 7.

NARX-BRBNN framework consists of an input layer incorporating historical time-series data, a hidden
layer based on ten neurons using the Log-sigmoid activation function, and a linear activation based output
layer predicting future compartmental values. Bayesian regularization minimizes overfitting, ensuring robust
generalization across different fractional orders. Performance evaluation is conducted using statistical error
metrics, including Mean Squared Error (MSE), Regression Coefficient (R?), and visualizations like error
histograms, error correlation plots, performance plots, time series response plots, etc., are used to assess
NARX-BRBNN accuracy and reliability of the predictions. Additionally, numerical solutions obtained
through traditional fractional differential equations solvers are used for comparative analysis, validating the
effectiveness of the NARX-BRBNN approach. Graphical visualizations illustrate the impact of fractional
orders on disease spread, showcasing the predictive capability and robustness of the proposed model.
Statistical results of NARX-BRBNN are given in Table 3.

Table 3: Statistical results of NARX-BRBNN. Data split: Training 70%, Testing 15%, Validation 15% (standard split).
Note the discrepancy between training and testing MSE for higher # values, which indicates potential overfitting that
may require additional regularization.

Case (1) MSE MS,E Performance  Gradient Mu Epoch  Time
Training Testing
0.90 8.16E-14 1.00E-13 8.16E-14 9.98E—-08 5.00E+03 534 6s
0.92 3.96E-13 3.47E-13 3.96E-13 9.96E-08 5.00E+03 621 6s
0.94 1.12E-13 1.93E-13 1.12E-13 2.05E-09 5.00E+03 447 4s
0.96 1.05E-12 1.17E-12 1.05E-12 9.99E-08 5.00E+03 668 7s
0.98 2.62E-09 1.43E-04 5.00E+04 2.62E-09 1.43E-04 1000 16 s
0.99 3.12E-09 1.52E-04 5.10E+04 2.58E-09 1.45E-04 998 15s
1.00 2.98E-09 1.48E-04 5.05E+04 2.61E-09 1.44E-04 1000 16 s

Here, results for the FODE-BD mathematical model are presented along with the behavior of the
model for different values of #. The proposed scheme of NARX-BRBNN is used to evaluate the model
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and present a reliable and correct solution that is accurate up to 5 to 7 decimal points. Figs. 4-7 show the
mean square error, time series response, error histogram plots, and regression plot for # = 0.90. Similarly,
Figs. 4a—e, 5a—e, 6a—¢ and 7a-e characterize mean square error, time series response, error histograrn plots,
and regression plot for # = 0.92,0.94,0.96, 0.98,0.99 and 1, respectively. Fig. 4 illustrates the correlation of
the error generated for each case of # at different lags. A strong positive autocorrelation is observed around
lag 0, with values exceeding the confidence limits (red dashed lines). These confidence limits indicate the
range within which correlations are likely due to random noise; values outside suggest statistically significant
autocorrelation. Fig. 5 displays the time series response illustrations and the fitness of NARX-BRBNN on the
numerical results of FODE-BD. This subplot below illustrates the accuracy of the NARX-BRBNN and the
corresponding error between the numerical and NARX-BRBNN results. From Fig. 5, it is found that the best
training performances recorded for all values of # in order are 5.1x 107, 8.4 x 107%, 9.3 x 1077, 2.6 x 1078,
53x107%,7.3x107° and 7.7 x 1077 at epoch 1000, respectively. Error histogram represents the distribution
of error corresponding, with the horizontal axis representing the error bins and the vertical axis showing
the count of values falling in the corresponding bin; it has been observed that zero error falls in —2.3E-05,
L1E-05, 1.3E-05, 2.9E-05, 1.5E-05, —4.1E-05 and —-1.6E—05 for Fig. 6 of #, respectively. Regression plots
determine the correlation between outputs and targets; a close link is indicated by an R-value near 1, and a
random relationship is represented by an R-value near 0. Fig. 7 show regression graphs of NARX-BRBNN
for every # value using the reference solution.
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Figure 7: Regression analysis (case I with NARX-BRBNN).

Figs. 8-12 illustrate the comparison of numerical results with a predicted solution of the NARX-
BRBNN scheme, and Absolute Error (AE) values for solving the FODE-BD model. The comparison between
the computed and reference solutions is depicted in Figs. 8a—12a, demonstrating the effectiveness of the
proposed computational framework. The accuracy and efficiency of the NARX-BRBNN approach are
validated through the overlap between the obtained results and reference solutions, signifying the method’s
robustness in capturing the disease dynamics. The gradient is the sum of all the derivatives of the error
function of each weight and bias, SSX is the Euclidean sum of all weights and biases, and Mu is the
damping factor. It helps the algorithm to adapt between gradient descent and the Gauss-Newton method
to update weights and biases. The AE performance of the NARX-BRBNN for solving the FODE-BD model
is presented in Figs. 8b-12b. Fig. 8b displays the AE values for the density of functioning neurons F(t)
compartment, which range from E-07 to E-02. The AE values for the density of infected neuronal cells
I(t) compartment are shown in Fig. 9b, ranging between E—07 to E-02. For the extracellular a-synuclein
capacity weight S, (#) compartment as given in Fig. 10b, AE values range from E-08 to E-03. The AE
values for the density of activated microglia M(t) compartment are observed between E-07 to E-03 as
given in Fig. 11b. Fig. 12b illustrates the AE values for the density of activated T-cells T'(#) compartment
ranging between E—07 to E—03. These calculated AE values affirm the precision and reliability of the
NARX-BRBNN methodology for solving the FODE-BD model, demonstrating its effectiveness in accurately
modeling the disease transmission dynamics. Table 3 elaborates the statistical results of NARX-BRBNN
which incorporates performance, gradient, mu, final epoch, etc., recorded during training.
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Figure 8: Deviations for F(t).

104
£$=09 —— =09
£=0.92 —H—=0.92
£=0.94 T =094
£=0.96 —*—[3=0.96
— =098
£=0.99
£=1.0
% Numerical
-
]
=
[im}
2
=
°
3
< 102
104)
i, o o o
106 . . . . A . . .
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 100

350 T T T T T T T T T

£5=09
£=092
———p=094 |
£=096
£=098
— — — =099

=10
% Numerical

Absolute Error

4
k

L 5

0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80

Time
(b) Absolute error plot

t
{a) Comparison plot

Figure 9: Deviations for I(t).
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Figure 12: Deviations for T(t).

6 Conclusion

The numerical performance of the fractional order differential equations based brain disease (FODE-
BD) model has been analyzed in the present study by utilizing the Mittag-Leftler framework of Nonlinear
Autoregressive with External Input Bayesian Regularized Backpropagated Neural Network (NARX-
BRBNN). Nonlinear FODE-BD model is segregated into five classes, which correspond to functioning
neurons, infected neurons, extracellular a-synuclein, microglia activation, and T-cell activation. The follow-
ing are some important conclusions drawn from the study:

o  Fractal fractional derivatives have been utilized to obtain accurate results for the mathematical FODE-
BD model in this study.

«  Seven different FODE-BD variations of fractional order (r = 0.90,0.92,0.94, 0.96,0.98,0.99,1.0) have
been solved by implementing the NARX-BRBNN approach.

«  Statistical selection has been conducted for solving the FODE-BD model, with 70% allocated for training
and 15% each for both testing and validation datasets (standard split).
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o The accuracy of the NARX-BRBNN framework has been demonstrated by comparing the obtained
solutions of NARX-BRBNN with reference solutions of the Adams method.

o  Effective reference solutions have been generated using the Adams predictor-corrector method for
fractional differential equations using Matlab.

o The efficiency and reliability of the stochastic NARX-BRBNN approach have been examined through
simulations, with results such as time series response, regression performance, correlation analysis, and
error histogram evaluations.

o  From the basic reproduction number, R, and sensitivity analysis, it is found that the secretion rate (4;),
infection rate (y), neuron production (ITy), neuron death (), and microglia deactivation (dy).

o  The advantages offered by the NARX-BRBNN surrogate model include faster computation after offline
learning, ability to cope with intricate fractional dynamics without requiring continuous numerical
integration, and Bayesian regularization, which helps improve generalization and prevents overfitting
for different fractional values.

Further research should focus on enhancing the fractional order model by including more biological
details (such as a-synuclein spatial diffusion, introducing other types of immune cells, etc.) and exploring
other neural network structures, such as GM-NNs-HGA-SQP, which has shown excellent performance
in recent studies. Furthermore, confirming the findings of this study using experimental/clinical data,
which was not included in the current study but is an important aspect for future work. Using real-world
data to estimate model parameters could significantly increase the clinical applicability of the presented
methodology. Because of its flexibility, the proposed methodology allows for adaptation to various other
domains of mathematical modeling, particularly in other neurodegenerative illnesses.

Acknowledgement: The authors extend their appreciation to Prince Sattam bin Abdulaziz University for funding this
research work through the project number (PSAU/2025/01/38405).

Funding Statement: Prince Sattam bin Abdulaziz University (PSAU/2025/01/38405).

Author Contributions: Conceptualization: Kottakkaran Sooppy Nisar, Muhammad Farman; Formal analysis:
Mohammed Altaf Ahmed, Mohammad Tabish; Investigation: Kottakkaran Sooppy Nisar, Muhammad Farman, Ali
Hasan; Methodology: Kottakkaran Sooppy Nisar, Muhammad Farman; Software: Kottakkaran Sooppy Nisar, Muham-
mad Farman, Ali Hasan, Mohammed Altaf Ahmed, Mohammad Tabish; Validation: Kottakkaran Sooppy Nisar,
Mohammed Altaf Ahmed, Mohammad Tabish; Writing—Original Draft: Kottakkaran Sooppy Nisar, Muhammad
Farman, Ali Hasan, Mohammed Altaf Ahmed, Mohammad Tabish; Writing Review and Editing: Kottakkaran Sooppy
Nisar, Mohammed Altaf Ahmed, Mohammad Tabish. All authors reviewed and approved the final version of
the manuscript.

Availability of Data and Materials: The datasets generated and/or analysed during the current study are available from
the corresponding author on reasonable request.

Ethics Approval: Not applicable.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1. Zehra A, Naik PA, Hasan A, Farman M, Nisar KS, Chaudhry F, et al. Physiological and chaos effect on dynamics of
neurological disorder with memory effect of fractional operator: a mathematical study. Comput Methods Programs
Biomed. 2024;250(4):108190. d0i:10.1016/j.cmpb.2024.108190.

2. D’Angelo E, Antonietti A, Casali S, Casellato C, Garrido JA, Luque NR, et al. Modeling the cerebellar microcircuit:
new strategies for a long-standing issue. Front Cell Neurosci. 2016;10:176. doi:10.3389/fncel.2016.00176.


https://doi.org/10.1016/j.cmpb.2024.108190
https://doi.org/10.3389/fncel.2016.00176

26

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Comput Model Eng Sci. 2026;147(3):28

Avutu SR, Paul S, Bhatia D. Smart rehabilitation for neuro-disability: a review. In: Application of biomedical
engineering in neuroscience. Singapore: Springer; 2019. p. 477-90. doi:10.1007/978-981-13-7142-4_24.

Chen K, Hwu T, Kashyap HJ, Krichmar JL, Stewart K, Xing J, et al. Neurorobots as a means toward neuroethology
and explainable Al Front Neurorobot. 2020;14:570308. d0i:10.3389/fnbot.2020.570308.

D’Angelo E, Solinas S, Garrido J, Casellato C, Pedrocchi A, Mapelli ], et al. Realistic modeling of neurons and
networks: towards brain simulation. Funct Neurol. 2013;28(3):153-66.

Lin CL, Zhu YH, Cai WH, Su YS. Recent synergies of machine learning and neurorobotics: a bibliometric and
visualized analysis. Symmetry. 2022;14(11):2264. d0i:10.3390/sym14112264.

Khonsari RH, Calvez V. The origins of concentric demyelination: self-organization in the human brain. PLoS One.
2007;2(1):e150. doi:10.1371/journal.pone.0000150.

Lombardo MC, Barresi R, Bilotta E, Gargano F, Pantano P, Sammartino M. Demyelination patterns in a
mathematical model of multiple sclerosis. ] Math Biol. 2017;75(2):373-417. doi:10.1007/s00285-016-1087-0.
Elettreby FM, Ahmed E. A simple mathematical model for relapsing-remitting multiple sclerosis (RRMS). Med
Hypotheses. 2020;135(4):109478. doi:10.1016/j.mehy.2019.109478.

Shah K, Alqudah MA, Jarad E Abdeljawad T. Semi-analytical study of Pine Wilt disease model with convex
rate under Caputo-Febrizio fractional order derivative. Chaos Solit. 2020;135(2):109754. doi:10.1016/j.chaos.2020.
109754.

Shah K, Abdeljawad T. Study of a mathematical model of COVID-19 outbreak using some advanced analysis.
Waves Random Complex Media. 2026;36(1):1-8. d0i:10.1080/17455030.2022.2149890.

Podlubny I. Fractional-order systems and PI/sup /spl lambda//D/sup /spl mu//-controllers. IEEE Trans Autom
Control. 1999;44(1):208-14. d0i:10.1109/9.739144.

Atangana A, Baleanu D, Alsaedi A. Analysis of time-fractional Hunter-Saxton equation: a model of neumatic liquid
crystal. Open Phys. 2016;14(1):145-9. doi:10.1515/phys-2016-0010.

Khan A, Ali A, Ahmad S, Saifullah S, Nonlaopon K, Akgiil A. Nonlinear Schrdinger equation under non-singular
fractional operators: a computational study. Results Phys. 2022;43:106062. doi:10.1016/.rinp.2022.106062.

Nisar K§, Ciancio A, Ali KK, Osman MS, Cattani C, Baleanu D, et al. On beta-time fractional biological population
model with abundant solitary wave structures. Alex Eng J. 2022;61(3):1996-2008. doi:10.1016/j.a¢j.2021.06.106.
Arqub OA, Al-Smadi M, Almusawa H, Baleanu D, Hayat T, Alhodaly M, et al. A novel analytical algorithm for
generalized fifth-order time-fractional nonlinear evolution equations with conformable time derivative arising in
shallow water waves. Alex Eng J. 2022;61(7):5753-69. d0i:10.1016/j.aej.2021.12.044.

Cuahutenango-Barro B, Taneco-Hernandez MA, Lv YP, Gémez-Aguilar JE, Osman MS, Jahanshahi H, et al. Ana-
Iytical solutions of fractional wave equation with memory effect using the fractional derivative with exponential
kernel. Results Phys. 2021;25:104148. doi:10.1016/j.rinp.2021.104148.

Rashid S, Kubra KT, Sultana S, Agarwal P, Osman MS. An approximate analytical view of physical and biological
models in the setting of Caputo operator via Elzaki transform decomposition method. ] Comput Appl Math.
2022;413:114378. doi:10.1016/j.cam.2022.114378.

Ak T, Osman MS, Kara AH. Polynomial and rational wave solutions of Kudryashov-Sinelshchikov equation and
numerical simulations for its dynamic motions. ] Appl Anal Comput. 2020;10(5):2145-62. d0i:10.11948/20190341.
Xu C, Farman M, Hasan A, Akgiil A, Zakarya M, Albalawi W, et al. Lyapunov stability and wave analysis of
COVID-19 omicron variant of real data with fractional operator. Alex Eng J. 2022;61(12):11787-802. d0i:10.1016/j.
aej.2022.05.025.

Nisar KS, Farman M. A review on fuzzy fractional order modeling in health systems with application to
cardiovascular disease. Int ] Math Comput Eng. 2026. doi:10.2478/ijmce-2026-0014.

Cieza Altamirano G. A stochastic neural network process for the fractional order lungs cancer operation system.
Int ] Math Comput Eng. 2026. doi:10.2478/ijmce-2026-0011.

Gergley M, Chellamuthu V. A mathematical model of HPA axis dynamics and impacts of alcohol consumption.
Int ] Math Comput Eng. 2026. doi:10.2478/ijmce-2026-0006.


https://doi.org/10.1007/978-981-13-7142-4_24
https://doi.org/10.3389/fnbot.2020.570308
https://doi.org/10.3390/sym14112264
https://doi.org/10.1371/journal.pone.0000150
https://doi.org/10.1007/s00285-016-1087-0
https://doi.org/10.1016/j.mehy.2019.109478
https://doi.org/10.1016/j.chaos.2020.109754
https://doi.org/10.1016/j.chaos.2020.109754
https://doi.org/10.1080/17455030.2022.2149890
https://doi.org/10.1109/9.739144
https://doi.org/10.1515/phys-2016-0010
https://doi.org/10.1016/j.rinp.2022.106062
https://doi.org/10.1016/j.aej.2021.06.106
https://doi.org/10.1016/j.aej.2021.12.044
https://doi.org/10.1016/j.rinp.2021.104148
https://doi.org/10.1016/j.cam.2022.114378
https://doi.org/10.11948/20190341
https://doi.org/10.1016/j.aej.2022.05.025
https://doi.org/10.1016/j.aej.2022.05.025
https://doi.org/10.2478/ijmce-2026-0014
https://doi.org/10.2478/ijmce-2026-0011
https://doi.org/10.2478/ijmce-2026-0006

Comput Model Eng Sci. 2026;147(3):28 27

24.

25.

26.

27.

28.

29.

30.

31

32.

33.

34.

35.

36.

37.

38.

39.

40.

Devi AS, Naik PA, Boulaaras S, Sene N, Huang Z. Understanding the transmission mechanism of HIV/TB
co-infection using fractional framework with optimal control. Int ] Numer Model Electron Netw Devices Fields.
2025;38(4):€70097. d0i:10.1002/jnm.70097.

Naik PA, Yavuz M, Qureshi S, Owolabi KM, Soomro A, Ganie AH. Memory impacts in hepatitis C: a global analysis
of a fractional-order model with an effective treatment. Comput Methods Programs Biomed. 2024;254(1):108306.
doi:10.1016/j.cmpb.2024.108306.

Amilo D, Sadri K, Hincal E, Hafez M. A hybrid computational framework for Parkinson’s disease prediction using
fractional-order modeling and machine learning via vocal biomarkers. Ain Shams Eng J. 2026;17(1):103889. doi:10.
1016/j.as€j.2025.103889.

Khirsariya SR, Noori N. Fractal-fractional modeling of chronic myelogenous leukemia immune dynamics using
Laguerre wavelets method. Sci Rep. 2026;16(1):860. doi:10.1038/s41598-026-43767-3.

Samreen A, Baleanu D, Messaoudi S, Boulaaras S, Akram S, ur Rahman M. Modeling the dynamics of malaria
with infected immigrants using fractal-fractional techniques with deep neural networks. Asian ] Control.
2026;28(1):182-99. d0i:10.1002/asjc.3641.

Yurtoglu M, Yapiskan D, Bonyah E, Iskender Eroglu BB, Avci D, Torres DF. Dynamic analysis and optimal
prevention strategies for monkeypox spread modeled via the mittag-leftler kernel. Fractal Fract. 2026;10(1):44.
doi:10.3390/fractalfract10010044.

Madani N, Hammouch Z, Jafari H. Fractal-fractional modeling of drug addiction dynamics: capturing memory-
driven effects. Math Methods Appl Sci. 2026;49(3):2114-28. doi:10.1002/mma.70232.

Talib A, Farman M, Ibrahim AU, Nisar KS, Sambas A. Dynamics predictive of neurodegenerative diseases by
using the generalized Caputo operator through computational and multiscale modeling. ] Appl Math Comput.
2025;71(5):6289-320. doi:10.1007/512190-025-02526-9.

Hao W, Lenhart S, Petrella JR. Optimal anti-amyloid-beta therapy for Alzheimer’s disease via a personalized
mathematical model. PLoS Comput Biol. 2022;18(9):e1010481. doi:10.1371/journal.pcbi.1010481.

Alkahtani BST, Alzaid SS. Stochastic fractional model of Alzheimer’s disease. Results Phys. 2021;23(1):103977.
doi:10.1016/j.rinp.2021.103977.

Atangana A, Baleanu D. New fractional derivatives with nonlocal and non-singular kernel: theory and application
to heat transfer model. Therm Sci. 2016;2(3):763-9. d0i:10.2298/TSCI160111018A.

Diekmann O, Heesterbeek JA, Roberts MG. The construction of next-generation matrices for compartmental
epidemic models. ] R Soc Interface. 2010;7(47):873-85. d0i:10.1098/rsif.2009.0386.

Al-Refai M, Luchko Y. Comparison principles for solutions to the fractional differential inequalities with the
general fractional derivatives and their applications. ] Differ Equ. 2022;319(2):312-24. d0i:10.1016/j.jde.2022.02.054.
Kilbas AA, Srivastava HM, Trujillo JJ. Theory and applications of fractional differential equations. In: North-
holland mathematics studies. Amsterdam, The Netherlands: Elsevier Science; 2006.

Kahoui MH, Otto A. Stability of disease free equilibria in epidemiological models. Math Comput Sci.
2009;2(3):517-33. d0i:10.1007/511786-008-0068-0.

Atangana A. Fractal-fractional differentiation and integration: connecting fractal calculus and fractional calculus
to predict complex system. Chaos Solit. 2017;102(5):396-406. doi:10.1016/j.cha0s.2017.04.027.

Vargas-De-Ledn C. Volterra-type Lyapunov functions for fractional-order epidemic systems. Commun Nonlinear
Sci Numer Simul. 2015;24(1-3):75-85. d0i:10.1016/j.cnsns.2014.12.013.


https://doi.org/10.1002/jnm.70097
https://doi.org/10.1016/j.cmpb.2024.108306
https://doi.org/10.1016/j.asej.2025.103889
https://doi.org/10.1016/j.asej.2025.103889
https://doi.org/10.1038/s41598-026-43767-3
https://doi.org/10.1002/asjc.3641
https://doi.org/10.3390/fractalfract10010044
https://doi.org/10.1002/mma.70232
https://doi.org/10.1007/s12190-025-02526-9
https://doi.org/10.1371/journal.pcbi.1010481
https://doi.org/10.1016/j.rinp.2021.103977
https://doi.org/10.2298/TSCI160111018A
https://doi.org/10.1098/rsif.2009.0386
https://doi.org/10.1016/j.jde.2022.02.054
https://doi.org/10.1007/s11786-008-0068-0
https://doi.org/10.1016/j.chaos.2017.04.027
https://doi.org/10.1016/j.cnsns.2014.12.013

	Computational Framework for Fractional Order Neurological Disorder Model under Interpreting Transmission Patterns
	1 Introduction
	2 Formulation of Fractional-Order Brain Model
	3 Qualitative Evaluation of the System's Biological Viability
	4 Stability Analysis
	5 Numerical Simulations and Discussion
	6 Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


