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ABSTRACT: The theory of thermomechanical-electromagnetic coupling was constructed. The finite element analysis
of thermo-visco-elastic-plastic-electromagnetic continuum was formulated. Then the problem of wave propagation in
this continuum was solved in two stages. In Stage I, a nearly static thermomechanical solution of a hollow cylinder,
subject to twist and temperature gradient, was obtained. Then, in Stage II, the problem of wave propagation of scalar
and vector potentials, due to deformation and temperature gradient, was solved. In the second approach, in Stage I, the
static electric field and static magnetic field are obtained through static scalar and vector potentials, then in Stage I, the
dynamic solutions of temperature, plastic strains, von Mises stress, and current were solved.

KEYWORDS: Electromagnetics of continuum,; finite element formulation; constitutive theory; thermo-visco-elastic-
plastic-electromagnetic material; geometrically nonlinear; scalar and vector potentials

1 Introduction

Electromagnetics of Continuum is defined as a branch of the physical sciences concerned with the
interaction of electromagnetic fields with a deformable body. The ultimate goal of this work is to formulate
the finite element equations for an electromagnetic continuum. To begin with, notice that the balance laws of
electromagnetics continuum consist of two parts: the thermomechanical (TM) part and the electromagnetic
(EM) part. The work can be applied to more complex substances, so it can be utilized to treat electrodynamic-
related composite materials. Incorporating the coupling between thermomechanics and electromagnetics
into a unified theory can further enhance understanding and prediction of large classes of physical phe-
nomena and provide many technological applications. Phenomenologically important cross effects, such
as Peltier, Seebeck, Hall, Ettingshausen, Righi-Leduc, and Nernst effects, can now be studied theoretically
and numerically.

The electromagnetic (EM) balance laws, i.e., the famous Maxwell’s equations, are introduced. We also
introduce the Lorentz Transformation of E and B fields in relativistic electromagnetic theory [1], as well as
in its special case, non-relativistic electromagnetic theory.

Then the Eulerian description of the basic laws of continuum theory, i.e., Conservation of Mass, Balance
of Linear Momentum, Balance of Angular Momentum, Conservation of Energy, and Entropy Principle, is
introduced. Also included in these basic laws are the electromagnetic (EM) part of the body force, body
moment, and energy source [2-6]. It is emphasized that this inclusion establishes the link between the
thermomechanical part (TM) and the electromagnetic part (EM) of the electrodynamics of continuum.
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Then we formulated the constitutive theory for thermo-visco-elastic-plastic-electromagnetic (TVEP-
TM) materials. The formulation of constitutive theory, including plasticity, is unique in the sense that one
needs to add a set of internal variables to the list of independent constitutive variables and, of course,
one needs to supply a set of governing equations for the newly added internal variables [7]. Following
that, we specialized the materially linear constitutive equations. It is emphasized that this work is based on
geometrically nonlinear, or say large-strain, approaches. Onsager’s postulate is utilized for the derivation of
viscosity. Return-Mapping-Algorithm is invoked for plasticity.

It is a well-known physical fact that the electric field E and the magnetic flux B are not independent from
each other, nor are the dielectric displacement D and the magnetic field H. To resolve this problem, especially
for the finite element formulation, the scalar potential ¢ and the vector potential A are introduced [1], which
are related to the electric field E and magnetic flux B as

Eventually, the governing equations for ¢ and A, not E and B, are obtained in Section 6.

For the finite element formulation, we link the displacement U, temperature T, scalar potential ¢, and
vector potential A at a generic point in a finite element to the corresponding nodal values associated with
that finite element. Finally, the finite element equations for Ukg, Tg, ¢ 3, and Ayp are obtained. It is proposed
to solve a torsion problem of a cylinder in two approaches, each of which has two stages. The results will
show the coupling between electromagnetics and thermomechanics.

2 Maxwell’s Equations

The balance laws of electromagnetics of continuum consist of two parts: the thermomechanical (TM)
part and the electromagnetic (EM) part. The EM balance laws are the well-known Maxwell’s equations that
can be expressed in the Heaviside-Lorentz system [1,5,6] as

V-D=q or Dir=¢q 1)
10B 1 0B;

E+-—=0 iikEri+—-——=0 2
Vv c ot OF  CijkZhiT 5 @
V-B=0 or By;=0 3)

19D 1 19D; 1
VxH--—=-] or eyHyi———=-]; 4
c dt c] EARR Y c]l )

where D is the dielectric displacement vector, B the magnetic induction vector, E the electric field vector, H
the magnetic field vector, J the total current vector, and g the free charge density.

Define the polarization vector P and the magnetization vector M as

P=D-E or PkZDk—Ek

M=B-H or Mk=Bk—Hk (5)

It is noticed that the quantities ¢, J, D, E, P, B, H, M are all referred to a fixed laboratory frame R¢. On
the other hand, ¢*,J*,D*,E*,P*,B*, H*, M" are referred to a co-moving reference frame Rc.
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In relativistic electromagnetic theory, the Lorentz Transformation of E and B fields can be expressed
as [1]

2

E*=y(E+pxB)- LB (B-E) (6)
y+1
B*=y(B—BxE)—yy+1l3(l3-B) )

where p=¥,8=\/p-B,y = ﬁ, and v is the velocity of the co-moving frame R relative to the fixed

laboratory frame R, and c is the speed of light in vacuum. Jackson also explained that the inverse can be
found by interchanging the star and the no-star quantities and by changing p to -, i.e.,

- o Y .
E=y(E —ﬁXB)—mﬁ(ﬁ‘E) (8)
B=y(B*+BxE*)—yy+21l3(l3-B*) )

Recall that y = (1 - /32)_E , the Taylor series expansion of y about f8 = 0 is obtained as
Lo 30
1+ — = 10
yeleofapls (10

Let’s keep the Taylor series at most to 2. Then, for non-relativistic electromagnetic theory, we have

E*=E+pxB, E=E'-fxB* 1)
*=B-BxE, B=B*+pxE" (12)
D'=D+pxH, D=D*-pxH (13)
H'=H-$xD, H=H"+pxD" (14)
P*=P-BpxM, P=P*+BxM" (15)
M =M+BxP, M=M"-pxP* (16)

Also, it is noticed that Eringen [3] gave a detailed discussion and derivation, and showed that
=9 J=]-qv (17)

3 Balance Laws of Continuum Theory
The Eulerian description of the basic laws of continuum theory can be expressed as [4]:

Conservation of Mass
p + PVik = 0 (18)
Balance of Linear Momentum

tjz-,j+p(f,-—1'/,-)+Fi:0 (19)
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Balance of Angular Momentum

ekijtij+ Cc =0 (20)
Conservation of Energy

pé—tiVik+qrk—ph—-W=0 (21)

Entropy Principle (Second Law of Thermodynamics)

pfy+(%))i—%20 (22)

where p, ty; # tik, €, qk> 1, 0, Vi, fi, Fi, Cx, h, and W are the mass density, Cauchy stress, internal energy
density, heat flux, entropy density, absolute temperature, velocity, body force (TM), body force (EM), body
moment (EM), energy source (TM), and energy source (EM), respectively.

The EM part of the body force, body moment, and energy source are given as [2-6]:

Fk = qu + El,kpl + Bl,le

1 0 (23)
+—€kim {]le +(VaPiBw) , + = (Ple)}
c ot
Ck = &ijx {P;E] + M B;} (24)
WZE;: (Pk"'Ple,l)_M;Bk"']ZEZ (25)
Notice that, if A is a function of the Eulerian coordinate x; and time ¢, then A = %—’:‘ + A v
Let the Helmholtz free energy density in this work be defined as
v=e-0n-p 'E{P; (26)

Notice that this expression of Helmholtz free energy density is different from that in classical continuum
mechanics, i.e., the inclusion of —p~'E} P. However, the expression of Helmholtz free energy density is the
same as that in micromorphic theory [8]. In other words, the expression of the Helmholtz free energy density
is hinged on whether the work has thermomechanical and electromagnetic coupling. Classical continuum
mechanics and microcontinuum theory [4] (including micromorphic theory) are two completely different
theories, and yet they have many essentials and fundamental principles in common. Therefore, in order to
reduce overlap, interested readers are recommended to read [8].

Then one obtains the Lagrangian description of the law of conservation of energy and the Clausius-
Duhem (CD) inequality as [7]

poé = T[?LEKL_QK,K_PKE]*(_M;BK"'][*(E;(_PO}I (27)
. . . 1 - . P

_po (I,U+ 1’]9) + T[?LEKL - EQKH’K - PKEK - MKBK + ]KEK >0 (28)

where the mechanical part of the Cauchy stress, ¢} is defined as

ta =t -t Txp = T Xk X (29)
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And the electromagnetic part of the Cauchy stress, ¢;}" is defined as
ti’lﬂ = —PkE? - MZB[ (30)
Now one may verify that

ik tlrcnl =€ {tkl - tz?«
=&, {tkl + PkEf + M;:Bl}

(31)
=¢, {ta +Ci} < Eq.(30)
=0 < Eq.(20)
which implies the symmetry of the mechanical part of the Cauchy stress tensor, i.e.,
t =t Txr = Tik (32)

Notice that ti; # tjx, t;" # t{;". If there is no coupling with electromagnetics, i.e., P=E* =0, and
M* = B = 0, then one has

ta =t ty =0 (33)

4 Constitutive Equations

In this section, we are going to formulate the constitutive theory for thermo-visco-elastic-plastic-
electromagnetic (TVEP-TM) materials. The formulation of constitutive theory, including plasticity, is unique
in the sense that one needs to add a set of internal variables to the list of independent constitutive variables
and, of course, one needs to supply a set of governing equations for the newly added internal variables [9].
For the electrodynamics of a continuum, a set of internal variables is introduced as [7]

W = {E*,R} (34)
where E? is the plastic strain corresponding to the Lagrangian strain E defined as

1
Exi =3 (K, k%K, = Ok1) (35)

And R, named as the hardening parameters, is a generalized vector of internal variables.

Now, let the formulation of the constitutive theory for the TVEP-EM materials begin with

Z=7(Y) (36)
where

Z = {Tm’Q) l//, ﬂ;P)M*’]*} = {T]?L) QK’ 1//) W)PK’M;’];} (37)
Y={EE 0,V6,E*,B,E*,R} (38)

The definitions of T¢}, Txr, Qk, Eg» Bk, Px, Mg, and J are given as
Ter =Tt Xk Xe,,  Tre = Tt Xk kX, Qk = JqrXk k

Px = JP Xk, My =IM;Xkk, Jx =T Xk (39)
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Ex = Efxk x> Bk = Bixkk
Following the same procedures in [8], a scalar-valued yield function is defined as

f=r() (40)
For a set of fixed values of W, a hyper surface, named the yield surface, is determined by

f(¥)=0 (1)

Define the loading rate A as the scalar product between the outward normal to the yield surface and the
tangent vector to the trajectory of E, E, 0, V6, E*, B, i.e.,

of of ,  df . af of of
= E 8 —F 0 EX B 42
A OExs Xt 307 3Bt 90k KT 9EL K 9B X (42)

Three distinct cases, unloading, neutral loading, and loading, are defined as: (a) f <0, (b) f=1=0,
and (c) f =0, A > 0, respectively. The internal variables of plasticity W will remain unchanged in the cases
of unloading and neutral loading. The governing equations for the internal variables of plasticity W are
proposed to be

W=1®(Y) (43)
where

« O if f<0O or A<O

A _{A iff=0 and 130 (44)

Now we substitute Eqs. (36) and (42) into the Clausius-Duhem inequality, Eq. (28). It leads to

_po{ al// EKL al// EKL all/e al// 9 al,V E + al// BK+

dExs OEx. 96" 905 KT OB KT 9By
4 0 * m r 1 D% * T * %
7’]04—%/\ (I)}+TKLEKL_EQKG,K_PKEK_MKBK+]KEKZO (45)

Since this inequality is linear in Exi, E}‘(, Bx, 9, 0 & it leads to

v = v (Ex1, 0, Ex, Bk, E%, . R) (46)
oy
= 47
=== (47)
m [ a m me m
KL =P —E)EIZL’ Ty = Txp + TKLd (Y) (48)
oy
Py = —p° 49
K P BEI*( (49)
. 0o OV
M: = - 50
K p’ 9B (50)

* % 0 a *
TI?LdEKL_EQKe,K"']KEK—P %-A ®>0 (51)
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where the superscript d refers to the dissipative part and superscript e refers to the elastic part, or say, the
reversible part. Since the inequality, Eq. (51), must be satisfied for any value of the loading rate A, it implies

9y
L D<0 52
W (52)
1 * *
TP By, — EQKG,K +JrEE >0 (53)

Also, it should be emphasized that, in the case of loading, a TVEP-EM state leads to another TVEP-EM
state. In other words, the consistency condition of plasticity requires that f = 0 and 1 > 0 lead to another
state with f = 0 [10]. Therefore, in the case of loading, we have f = 0, i.e,,

h * af A * *af >(-( af )
AT+t —=— W= A"+ A" — - =11+ — - D| =0 54
F=2 5w T ow Tow 54)

This gives another constitutive constraint to the plasticity

of

®=-1 55
W (55)

5 Linear Constitutive Equations

For TVEP-EM solid, define the potential energy density function X as
> = p°y = 3 (E, 6,E*, B,E’,R) (56)

Following the idea of Green and Naghdi [11], and assuming the hardening parameters R do not appear
’;

in the potential energy density function, Eq. (56) can now be written as

>=3(E-E/ T, E* B) = ¥ (E, T.E',B)
T?
=>%- pol’]oT —p yTo AKLEKLT-FQKTE* +bKTBK

* %AKLMNEKLEMN + FieomEx Exs + FonEir B 7)
> DkyBiE; - 5Dk, BBy - Dy BBy

where T is the reference temperature and T is the temperature variation, and

T=0-T° T°>0, |T|<<T° (58)

From now on, we assume that the material is isotropic. Therefore, all the odd-order material property
tensors are vanishing. Then it is straightforward to obtain

dy oy
T 00 T
_ 0 T AKLE;(L (59)
=AYt
To Po
oy 0X —
T™me _ 50 = =—Apr;T+A E¢ 60
KL =P 9Ex.  9Exy KLl + AKLMNE MmN (60)
_ 0 a‘/’ _ Nl * 3
Py B Dy, E; + Dy By (61)
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0 .
=—p° v = Dy, By + D} E} (62)
0Bk
Moreover, the 2nd order and 4th order material property tensors are made of a few material constants,
i.e.,
Ak = Abkr, D, = D'0x1, D%, =D*8x1, Dy, =D’6x1 (63)
AKLMN = /\laKL(SMN + #1151<M5LN + #125KN5LM
Onsager’s Postulate
Now we follow Onsager’s Postulate and construct a potential of dissipation quadratic as [12,13]
> > 1 1 2 * 1 3 * ok
D= EdKLMNEKLEMN + EgMNH,MO)N + gMNQ,MEN + EgMNEMEN (64)

where E,V0, and E* are the thermodynamic forces. Correspondingly, the thermodynamic fluxes
Tmd, Q, and J* can be obtained as

oD

T;?Ld = 8_ = dKLMNEMN - dlEMM5KL + 2d2EKL (65)
Ext
oD
- _QM 30 = gunOn + gunEN > §0.m + & Ey (66)
oD
T = 8E* = gxumON + gunEN = &0+ £Ey (67)

One may verify that the CD inequality T"%: E - Q- VO +J*-E* > 0 is now reduced to D > 0, which
is precisely what the Onsager’s Postulate means.

Return Mapping Algorithm for Plasticity

Notice that E = E° + E”. Now, let the hardening parameters R be decomposed into two parts: the vector
part G, which has the same dimension as E, and a scalar part g. We propose a yield function as [7]

f=|E-EP - G| - (Ey + kHg) = |E° - G| - (Ey + xHg) (68)

where Ey, H, and « are material constants. Following the same procedures in [8], let the evolution equations
for the plastic strain tensor and the hardening parameters be

§

EP:QM, G=0QC (1- K)H”€H §=0Q0GC, (69)
where

1
E=E-E'-G=E°-G, |¢&={& &2 (70)

The trial value of the yield function at ¢ = ¢,,., based on elastic prediction, is calculated as

far1 = |Bns1 —Eb - G, | - (Ey + kHg,) = [ &,.] - (Ev + xHgy) (71)
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If fn+1 <0, which means the elastic prediction is correct, then the plastic strain and hardening
parameters at ¢ = t,,; maintain their values at t = t,,, i.e.,

fas1 = |Ens1 —Ef -G, | - (Ey + xHg,) (72)

It is worthwhile to mention that, in this case, i.e., f,ﬁl <0,t = t,41, one has Eﬁﬂ = E},;, G, =G, and
gn+1 = En-

If fn+1 > 0, which means the elastic prediction is incorrect, then the values of plastic strain and hardening
parameters at t = t,,.1 should be updated as follows:

E5+1 =E) + AQérﬁl/ H%n+1H (73)
GTH'I = Gn+AQC1 (1 - K) H2n+1/ H én+1H (74)
n+1 = 8n t+ AQCZ (75)
where

fn+1 (76)

Q:
1+C1H—(C1—C2)KH

Now, one can prove that the yield function is based on the updated Eﬁ +1> Gna1> gns returns to zero [7]
ie.,
fus1=|E-EL, =G| - (Ey + kHgyi1) =0 (77)

From Eqs. (60)-(62), it is noticed that the elastic parts of the stresses, T%}’, and Pk, and My depend on
the elastic strains, not the total strains. Using the Return Mapping Algorithm, one may find the plastic strains
exactly, and once the total strains are found, usually through finite element analysis (to be discussed later),
then immediately elastic strains and elastic parts of the stresses as well are obtained. Also, it is seen that the
Return Mapping Algorithm is strain-based, not stress-based. Because in this formulation the stresses have
two parts: elastic parts and dissipative parts, which depend on strain rates. A strain-based Return Mapping
Algorithm works independently of strain rates.

6 Scalar and Vector Potentials

It is a well-known physical fact that the electric field E and the magnetic flux B are not independent from
each other, nor are the dielectric displacement D and the magnetic field H. Mathematically, this is noticed
from Maxwell’s equations, especially, Eqs. (2) and (4). To resolve this problem, especially in the finite element
formulation presented in the next section, let’s introduce the scalar potential ¢ and the vector potential A,
which are related to the electric field E and magnetic flux B as

B=VxA or B;=e;iA; (78)

10A 10A;
E=-V¢--— or E;=-¢;

) 79
c ot Y oc ot 79)
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Now we follow the same pattern as Eqs. (61) and (62), and write the polarization Py, magnetization My,
and current Ji as
P = D'E; + DBy
My = D*By + D’E} (80)
Jk =80k + £E;

Now the dielectric displacement vector D and the magnetic field vector H can be expressed as

Dk = Ek + Pk
= Ex + D'E} + D’By
= (1+ D") Ex + D*By + D' (E} - Ex) (81)
= eEy + D’By + D' (Ef - Ey)
~ eE; + DBy
Hy = By — M,
= B — (D*By + D’E;)
= (1- D?) By - D°Ey + D* (Ef - Ex) (82)

= u™'By - D’Ey + D (E} - Ex)
~ U 'By - D’°Ey
Admittedly, the introduction of Eqs. (80)-(82) involve approximations. Without making these approx-

imations, it is difficult, if not impossible, to derive the governing equations for the scalar potential ¢ and
vector potential A.

Substituting Eqs. (78) and (79) into Maxwell’s equations leads to

Dy = €Ex k. + D’By

= —e{Pux + 2Ari} (83)
=4q
10B 1. 1 .
VxE+——:Vx{—v¢——A}+—{VxA}:O (84)
c ot c c
10D _ 1, . .
VXH—ZE:Vx[y lB—D3E]—E{sE+D3B}
. 1.
:y‘lvxB—EEz‘u_IVXVXA+E|:V¢+—A:| (86)
c c c

1
=-J
C

It is seen that two of the four Maxwell’s equations, Eqs. (84) and (85), are identically satisfied; the other
two equations, Eqs. (83) and (86) can be rewritten as

1.
¢,kk + ZAk’k = —q/£ (87)

_ €. e . 1
u I[Aj,ij_Ai,jj]"'z(/),i"';Ai :Z]i (88)
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Following the same procedures in [8], the Lorentz condition is obtained as
1.
e~¢p+u'V-A=0 (89)
c

Substituting the Lorentz condition into Eqs. (83) and (86) results

1 . 1.
—S{V2¢+EV-A}=—£{V2¢—syc—2¢}=q (90)
_ I . ]
—uIWVA + —eA = 2 91
pv 2t . (91)
In other words, Maxwell’s equations are reduced to
1 ..
ey—z(p—vz(/):azﬂ (92)
c €
1 .
eu— Ay - V24, = G = %]k (93)

This means the Maxwell’s equations become two wave equations with forcing terms, and the speed of
wave propagation is equal to

v=c/\/eu (94)

Since both the material constants € and # are positive and greater than one, therefore Eq. (94) says the
speed of EM wave propagation in a material is lower than that in vacuum or in air.

7 Finite Element Formulation

Since the mechanical parts of the Lagrangian stress tensor and the Eulerian stress tensor are related as
Tir = Tt Xk Xet  trr =7 TR Xk kX1 (95)
One may verify that the balance law of linear momentum, Eq. (19), can be rewritten as
(Txrxi) x +p° (fr=v1) +JE =0 (96)
The law of conservation of energy can be written as [7]
p°é = T¢ Ex1 — Qx.x — PkEx — MgBk + J¢Ex — p°h (97)

Based on the constitutive equations, Eqs. (59)-(62), (65)-(67) and (97) can be further derived to be [7]

T+T°. -
0 T+(T+T°)AkLE;
Py To ( ) AkLEgp (98)
= TIr<nLeE§L + T;(lLEKL - QK,K - PKE]*( - M};BK + ]IX-(EI)Z' + Poh
Recall the governing equations of the scalar potential ¢ and the vector potential A as
U -
Lo-vie-d=a 99)

c2 £
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1 . .
£y§Ak—V2Ak:C;{E%{g20,k +g3Ek} (100)

We now link the displacement, temperature, scalar potential, and vector potential at a generic point in
an element to the corresponding nodal values associated with this element as follows:

UK = NocUKoc
T=N,T,

(/5 = Na(pa
Ak = NgAgq

(101)

where N, [a = 1,2,3,....,8] are the 8 shape functions for a standard 8-node 3D element. The finite element
equations are obtained as (for detailed derivation, see Appendix A)

MagUnig = fara + fita + fita (102)
YMapTp = Go + 4o + 4o + 9o + Ga + 45 + 44 (103)
Mapdp + kappp = §a + da (104)
maﬂAkﬂ +ka[j’Ak[)’ :Akoc+ékoc (105)
where
Mg = f PN NgdV = My, (106)
\%4
YMop = f P YN NdV = yMg, (107)
1%
1
Map = f — NoNpdv (108)
g C
ko = f Ny iNg,idv (109)
14

and fL 2, 2 . qh a2 42, 430 45, gL, €y das Ak, and Cy, are defined in Appendix A.

8 Torsion Problem

Itis noticed that (a) Eq. (96) is mainly a governing equation for displacement u and it is a wave equation,
(b) Eq. (98) is mainly a governing equation for temperature T and it is a diffusion equation, (c) Eq. (99) isa
wave equation for scalar potential ¢, (d) Eq. (100) is a wave equation for the vector potential A. Of course,
all those differential equations have forcing terms that make u, T, ¢, and A coupled together—that is why it
is coined with the name thermomechanical-electromagnetic coupling.

However, we also noticed that the wave speed for the scalar potential ¢ and the vector potential A
is equal to c/,/ep which, for most materials, is at the same order as the speed of light; and yet the wave
speed for the displacement is just the speed for an acoustic wave in the material; the speed involved in the
diffusion equation is related to the thermal conductivity. Therefore, we consider solving the four differential
equations, Eqs. (96) and (98)-(100), simultaneously, is numerically difficult (if not impossible) and physically
meaningless. We propose to solve this problem in two stages.
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In this work, we are using the MKS system, i.e., meter, kilogram, and second are the units for length,
mass, and time, respectively. Also, let the units of temperature and electric charge be °K and g, respectively.
In the Heavisine-Lorentz system, the dimensions of the electric field and the magnetic field are [E] =
[B] = KM/s*/q. The numerical values of the material constants are specified as

A=0.002K/M/s*|°K

M=6K/M/s*, u"'=45K/M/s*, u"?=15K/M/s*

T =0.03K/M/s, #"=0.0225K/M/s, @ =0.0075K/M]/s

Ey =10000, x=1, H=5 (=06 C,=04 (110)
y = 400000 M?/s*/°K, T°=300°K

g'=2000KM/s’/°K, g*=10M/s/°K, g =10/s

p°® =1000K/M>, e=2, u=2

Numerical Results of the Torsion Problem

Let the specimen be a hollow cylinder occupying

V={R,0,Z]1.0<R<20, 0<0<2m, 0<Z<30} (111)

The finite element mesh has 2520 nodes and 1920 8-node solid elements. In Stage I, each node has 4
unknowns (three for U and one for T'), this sample problem has 10,080 degrees of freedom. Here, Heun’s
method is employed to solve Eqs. (96) and (98), which are one wave equation and one diffusion equation.
This work consists of two approaches, each of which has two stages.

First Approach

To ensure numerical stability, the time step At cannot be too large. For this sample problem, in Stage I,
we use At = 0.004 s and have verified that such At not only provides stability but also accuracy.

The boundary conditions are specified as:

(I) At the top surface, Z = 30

Uc=rcos(0+A0)-X, U,=rsin(0+A60)-Y, U,=3.0
(112)

T=5.0

where A6 = 0.257 and

r=VX*+Y2, f=tan' (Y/X) (113)

This means all the nodes on the top surface are rotated by 45° counterclockwise, and the temperature
variation is specified at 5 °K.

(IT) At the bottom surface, Z = 0
Uc=U,=U,=T=0 (114)

The corresponding system of equations, Eqs. (96) and (98), statically can be expressed as

fata * fota+ fara =0 or £(U,T)=0 (115)
Qo+ da+dy+ds+qy+qe+qy=0 or q(UT)=0 (116)
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Usually, we would solve Egs. (117) and (118) by using the Newton-Raphson method. Since, in the finite
element analysis of this simple model, there are 10,080 degrees of freedom. In this case, the Newton-Raphson
method involves a stiffness matrix of size 10,020 x 10,020. This means it is practically impossible to solve it by
the Newton-Raphson method. Another way is to solve Eqs. (96) and (98) dynamically with proper damping
coefficients so that, with a reasonable number of time steps, one may obtain nearly static solutions.

Since the Cauchy stress tensor and the corresponding 2nd order Piola-Kirchhoff stress are symmetric,
the L2-norm of the 2nd order Piola-Kirchhoft stress is defined as

1
VON = {Ti; Ty }2 =/ T) + T2, + Th + 2T} +2T3 + 2T} (117)

Similarly, the L2—norm of the plastic strain E? is defined as

_fpp pp V2 _ PP , pP pp P P P P P P p P
Payg = {EKLEKL} = \/E11E11 + Ey By + ExyEqy + 2E B 5 + 2E5 By + 2B By, (118)

The finite element results, i.e., TEM = Temperature Variation, Payg, and VON, of Stage I are plotted
on the deformed shape in Fig. 1. It is observed that TEM, Puygs and VON are indeed axis-symmetric.
Actually, one may utilize Tecplot to show each component of plastic strain and each component of Piola-
Kirchhoft stress.

VON

130000
= 127500
i 125000
] 122500

120000

@ (b)

Figure 1: (a) Temperature Variation, (b) L2-norm of the plastic strain, (c) L2-norm of the 2nd order Piola-Kirchhoft
stress. The color bars show the magnitudes of those variables. From the mesh, one can observe the deformed shape and
also the axis symmetry. In Stage II, we investigate four cases. The boundary conditions at the bottom surface and the
top surface are specified as follows.

CaselA,=A,=¢=0

Bottom Surface

Vsin{ i } if t<400At
(119)

0 if t>400At
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Top Surface

A, =0 (120)

It means all nodes on the bottom surface are excited with a sine wave having a finite period of time (400
At) is propagating toward the top surface and then bounces back.

Case2A,=A,=¢=0

Bottom Surface

it
V sin if t<400At
A=y {mom ! (121)
0 if t>400At
Top Surface
A, =0 (122)
Case3 A, =A,=¢=0
Bottom Surface
mt
V sin if t <400At
A, = {100At} (123)
0 if t > 400At
Top Surface
A, =0 (124)
Case4 A, =A,=A,=0
Bottom Surface
it
V si if t<400At
¢ = Sln{wom} ' (125)
0 if t>400At
Top Surface
¢ =0 (126)

In Eqs. (119), (121), (123) and (125), the numerical value of V equals one, and the dimension is KM?/s?/q.
It is worthwhile to mention that the time step in Stage II is At = 0.25 x 10~ s, comparing with At = 0.004 s
in Stage I. This huge difference justifies the treatment of the thermomechanical electromagnetic coupling
problem by a two-stage solution procedure. It should be emphasized that since Ay, A, A;, ¢ are mutually
independent of each other, the four cases are mutually independent of each other. Recall Eqs. (127) and (128)

B=VxA (127)

10A
E=—v¢—25? (128)
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and one may find that {A,,B,,B..,E.},{A,,B.,B,,E,},{A.,By,B,,E.},{¢,B.,B,,B.} are the
unknown variables in the four cases, respectively. The numerical results of ¢, A, E, B as functions of time of
the four cases are shown in Figs. 2-5, respectively.

From the color bars of the four figures, one may observe the wave propagation of the scalar potential ¢
and vector potential Ay, as well as the induced electric field vector E; and magnetic induction vector By. It
is noticed that the waves started at the bottom surface and reflected back from the top surface.

- z
ﬁ\ y
X
L 1
06
= o2
0.2
= o
A
B)’
025
= 015
0.05
B 005
= 015
-0.25
B,
0.005
= 0.003
0.001
1-0.001
0.003
0.005
EX
0.15
0.09
0.03
-0.03
-0.09
0.15
500 At 1000 At 1500 At 2000 At

Figure 2: The first row is Ay, the second row is By, the third row is B;, the fourth row is E,. The first, second, third,
fourth column is the data at 500 At,1000 At,1500 At, 2000 At, respectively. The color bars show the magnitudes of the
variables. As time processes one may observe the wave propagation, including the bouncing back of the wave.
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B,
0.25
0.15
0.05
-0.05
-0.15
-0.25
BZ
[ 0.005
0.003
! 0001
-0.001
-0.003
-0.005
EY
] 015
0.09
— 003
-0.03
-0.09
-0.15
S
500 At 1000 At 1500 At 2000 A

Figure 3: The first row is A, the second row is By, the third row is B;, the fourth row is E,. The first, second, third,
and fourth columns are the data at 500 Af,1000 At,1500 At, 2000 At, respectively. The color bars show the magnitudes
of the variables. As time progresses, one may observe the wave propagation, including the bouncing back of the wave.

Figure 4: (Continued)
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0.005
0.003
0.001
-0.001
-0.003
-0.005

0.15
0.09
0.03
-0.03
-0.09
-0.15

500 At 1000 At 1500 At

Figure 4: The first row is A, the second row is By, the third row is B,, the fourth row is E.. The first, second, third,
and fourth columns are the data at 500 A¢,1000 At,1500 At, 2000 At, respectively. The color bars show the magnitudes
of the variables. As time progresses, one may observe the wave propagation, including the bouncing back of the wave.

0.005
0.003
0.001
-0.001
-0.003
-0.005

Figure 5: (Continued)



Comput Model Eng Sci. 2026;147(3):5 19

0.005
0.003
0.001
-0.001
-0.003
-0.005

0.15
0.09
0.03
-0.03
-0.09
-0.15

Figure 5: The first row is ¢, the second row is Ey, the third row is E,, the fourth row is E. The first, second, third, and
fourth columns are the data at 500 At,1000 At, 1500 At, 2000 At, respectively. The color bars show the magnitudes of
the variables. As time progresses, one may observe the wave propagation, including the bouncing back of the wave.

500 At 1000 At 1500 At 2000 At

Second Approach

In the second approach, the first stage solutions are obtained for static scalar and vector potentials.
Then Eqs. (102) and (103) are solved for dynamic solutions of displacements and temperatures with forcing
terms obtained from the first stage solutions. There are four independent cases:

CaselA,=A,=¢=0

A=Ay (x,9,2) (129)
Case2 A, =A,=¢=0

Ay=A,(x,9,2) (130)
Case3A,=A,=¢=0

A=Az (x,),2) (131)
Cased A, =A,=A,=0

¢=¢(x,52) (132)

First, it is noticed that these four cases are static cases. Following the static cases of Eqgs. (78) and (79),
we have

B=VxA, E=-V¢ (133)

Then, for the four cases we have
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Case 1

By:a(,i", B"':_aaA; (134)
Case 2

By = —aa%y, z= % (135)
Case 3

B, = aaf;z, B, = _85?; (136)
Case 4

E, = % E——a—¢ E:—a—¢ (137)

Cox” Y 9y T oz

One may also verify that Eqs. (134)-(137) satisfy V-B =0and V x E = 0, which are the two static
homogeneous equations of Maxwell’s equations. In Eqs. (129)-(132), the dimension of (A, A,,A;, $) is
KM?/s?/q. It should be emphasized that A,, A, A,, ¢ are mutually independent of each other. Also, it is
seen that the static electric field E and the static magnetic field B are mutually independent of each other.
The generality of the Stage I solution is seen in Eqs. (129)-(132). On the other hand, one could simplify those
equations so that analytical solutions are obtained.

In Stage II, each node has 4 unknowns (three for U and one for T), this sample problem has 10,080
degrees of freedom. Here, Heun’s method is employed to solve Eqs. (96) and (98), which are one wave
equation and one diffusion equation. To ensure numerical stability, the time step At cannot be too large. For
this sample problem, in Stage II, we use At = 0.000005s and have verified that such At not only provides
stability but also accuracy.

The boundary conditions are specified as:

(I) At the top surface, Z =30

Ug=rcos(0+A0)-X, U,=rsin(0+A0)-Y, U,=AL

T =50 (138)
where r = VX2 + Y2, 0 =tan"! (Y/X),
LI t
——— < tma 3.0——, £<toa
AB = { 4 Imax , AL= fmax ma (139)
T t> fmax 3.0, t> toa

This means all the nodes on the top surface are rotated by 45° counterclockwise and elongated by 3.0
linearly up to t,x and stay there. The temperature variation is specified at 5 °K. In this work t,,,,x = 7000 * At.

(II) At the bottom surface, Z = 0

Uy=Uy=U,=T=0 (140)
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The governing equations for the displacement fields U and the temperature fields T, Fqs. (96)
and (98), can be rewritten as (A9) and (A19), where f,,, {i =1,2,3} and g}, {j =1,2,3,4,5,6,7} are defined

in Appendix A. Itis understood that the details of f,,, and qJ should be consistent with the Stage I solutions,
i.e., the static electric solution E, Eq. (137), or the static magnetic solution B, Eqs. (134) or (135) or (136).

In this work, we only look for solutions of Case 3 and Case 4—the typical representative cases with axis
symmetry. The finite element results, wave propagation of the displacement field, and diffusion process of
the temperature field, are plotted on the deformed shape in Figs. 6 and 7. It is noticed that the temperature,
plastic strains, von Mises stresses, and current vectors are independent of the static magnetic field because
f;m {i=1,2,3} and ¢}, {j =1,2,3,4,5,6,7} in Egs. (A9) and (A19) are independent of the static magnetic
field. Notice that TEM =Temperature Variation, VON and Pgyq are defined in Eqgs. (117) and (118). In Fig. 6,
the TEM, L2-norms of P,,; and VON are plotted as functions of time. The current in the z-direction due
to the input of the static electric field are plotted as functions of time in Fig. 7.

z

1000 At 3000 At 5000 At 7000 At
\ X

TEM 126
10.8
9
7.2
5.4
3.6
15000

N | |

12900

10800

8700

6600
Figure 6: The first row is the temperature, the second row is the L2-norm of the plastic strain, and the third
row is the L2-norm of the von Mises stress. The first, second, third, and fourth columns are the data at
1000 At, 3000 At,5000 At, 7000 At, respectively. The color bars show the magnitudes of the variables. The time
processes show the diffusion process of the temperature, the propagation of the plastic strain, and the von Mises stress.

4500

800000
720000
640000
560000
480000
400000
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1000 At 3000 At 5000 At 7000 At ﬁ\ Y

Case4=10

-90
-96
-102
-108
-114
-120

-80
-90
-100
-110
-120
-130

-75
-94
-113
-132
-151
-170

Case4=20

-180
-190
-200
-210
-220
-230

-190
-195
-200
-205
-210
-215

-195
-196
-197
-198
-199
-200

-165
-186
-207
-228
-249
-270

Figure 7: The first row is the current in the z-direction due to the electric field with Case 4 = 10. The second row is
the current in the z-direction due to the electric field with Case 4 = 20. The first, second, third, fourth column is the
1000 At,3000 At, 5000 At, 7000 At, respectively. The color bars show the magnitudes of the variables. The mesh enables
one to observe the axis-symmetry.

9 Discussion

After the finite element formulation, we end up with the governing equations (Eqs. (102)-(105)) for
temperature, displacements, scalar and vector potentials. The governing equations for displacements are
wave equations for acoustic waves, and the equations for scalar and vector potentials are wave equations for
optic wave. The wave speeds for acoustic waves and optical waves are so huge that to solve those equations
simultaneously is numerically difficult (if not impossible) and physically meaningless. Therefore, we propose
a two-stage solution method that can be performed in two approaches.

In Approach 1, we solve the static (or nearly static) thermomechanical problem in Stage I. The solution
of the problem in Stage I will serve as forcing terms for scalar and vector potentials in Stage II. Both sets of
solutions are presented.

In Approach 2, we solve the static scalar or vector potential problem in Stage I. In a static problem,
the speed is zero. Then the scalar or vector potential serves as the forcing terms for temperature and
displacements in Stage II. Both sets of solutions are presented.

The finite element program has been developed in-house. Many subroutines have been developed more
than a decade ago. We have also built in many checkpoints. A mistake will stop the running of the computer
code. For example, if a mistake is encountered in the return mapping algorithm, the entire code will be
stopped. Therefore, no mistake is associated with the plasticity in this work. Finally, it is worthwhile to name
a few references for future work [14-18].
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10 Conclusion

First, we introduce Maxwell’s equations and the balance laws of classical continuum mechanics. These
two sets of equations are linked together through the electromagnetic part of the body force, body moment,
and energy source (cf. Eqs. (23)-(25)). Then we derive the constitutive equations for a geometrically
nonlinear thermo-visco-elastic-plastic-electromagnetic continuum. We realize that the electric field E and
magnetic flux B are not independent of each other; one must rely on the introduction of the scalar potential
¢ and vector potential A with the relation between {¢, A} and {E,B} (cf. Eqgs. (78) and (79)). Then we
formulate the coupled finite element equations for the temperature, displacement, scalar potential, and vector
potential fields. The finite element equations for the displacement field are acoustic wave equations, and the
finite element equations for the scalar and vector potentials are optic wave equations. The wave speeds of
the two sets of finite element equations have a huge difference. To solve these equations simultaneously is
numerically difficult (if not impossible) and physically meaningless. This is considered the greatest limitation
of this work. Therefore, we propose to solve this problem in two approaches, each of which has two stages.
The details are described in Section 8.
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Appendix A

First, we link the displacement, temperature, scalar potential, and vector potential at a generic point in
an element to the corresponding nodal values associated with this element as follows:

Uk = Ny Uguq, T =N,T,
(/) = Noc(/)oca Ak = NocAkoc (Al)

The weak form of Eq. (96) can be written as

[ AT i+ 07 (= 90) + T YoV =0 (A2)
J
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Term by term, we may obtain the followings:

[(TIQ”Lxl,K)’K(SuldV:56TIQ”Lxl,LnK(?uldS—fTI’?Lxl,Léul,KdV
v S v
_ SUMa{ 95 T %1 11O NadS - f T,?Lxl,L(SlMNa,KdV}
S v

= 80U f FyN,dS - f TP %1181 NoxdV (A3)
\%4

where on the boundary, S, the surface force is specified as

Fy = TRLx1, L0k O 1M (A4)
Also, we define

£ fs FuNodS, firo = fv T2 %1 1 81mNaxdV (A5)

The other two terms are derived to be

f (p°fi + JF;) u;dV = 8Up, [ (p° far + JEu) NodV = 8Una fora (A6)
14 14

[ ponoudV = UngoUsi [ p"NaNgdV = UnigdUsta Mg (A7)
\4 14

Now Eq. (A2) can be re-written as
O0Uma {f1{4oc+f§/1a+f1\3/[a_M¢XﬁUMﬁ}:o (A8)

Because Eq. (A8) has to be valid for arbitrary virtual displacement § Uy, the finite element equation
for the balance of linear momentum becomes

MopUnig = fara + fita + fita (A9)

Based on the energy equation, the weak form of the conservation law of energy can be written as
(cf. Eq. (97)) [7]

o I'+T°
f{P)’
v

—TI?LeEﬁL - T]?LEKL + QK,K + PKE]*( + M;(—(BK - ];EI*( - pol’l} 0TdV =0 (AlO)

T + (T + TO)ZKLE?(L

The first term in the weak form becomes

T+T° (NeTe + T .
f (;—)T(STdV TgdT, /p yL)NaNﬁde T30 ToGap (AlD)
14
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The second term yields
[ (T4 1) A B 8TaV
14
- 8T, f (T + T°) AxrBS NadV = 0Tiq,
v

The third term results

[ rgpiz,otav = o1, [ TEEL NGV = 6T}
4 v

The fourth term is identified and derived as

f Td, B 6TdV = 8T, f Td, B NodV = 8Tag?
14 14

The fifth term is identified and derived as

f {~PxEx - MyBx + JXEx} 8TV
\%4

= 8T, f (=PxB} - MiBy + JLEL Y NodV = 6T, q"
14

The sixth term can be derived as

f—QK,KcSTdV - ‘§’§ QundTdS + f Q0T xdV
\%4 S \%4

= 0T{- [ QNudS+ [ QuNaxdV = 0T {q + 45}
S, 4

25

(A12)

(A13)

(Al4)

(A15)

(Al6)

where on the boundary surface, S, Qx 7k is specified as the heat flow Q, and n is the unit outward normal

to the boundary surface.

The last term becomes

[ p°hSTdV = 8T, f p°hNdV = 8Toq’
14 \%4

Now Eq. (A10) can be re-written as
0Ta{GupTp — [du + 9o + Qo+ G+ o + o + 2]} = 0
which implies the finite element equation for conservation law of energy becomes
GupTp = Qo + Qo + o + G + 4o + 4o + e

For scalar potential, the weak form of Eq. (99) is expressed as

[ {Elz‘/’— (¢i) ;- a} dpdv =0

14

(A17)

(A18)

(A19)

(A20)
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Term by term one obtains

f L bogdv = 64.d5 f L NaNadv = 8¢umapds (A21)
C g C

v

[ =@ 08dv = [ {-(9:06),+ .09} dv
=5¢aj§ ~¢.imiN, ds+6¢a¢ﬁmeN,3 dv
—6%[ —$.imNyds + 06, ¢ﬂfNa,Nﬁ dv

= _8¢txftx + 8¢(x aﬁ¢ﬁ (A22)

f —ad¢dv = 8¢s f _aNadv = ~8¢ i (A23)

v v

Therefore, one obtains

ma/}(l;[)’ + kaﬁ¢ﬁ = éot + da (A24)

where s is part of the enclosing surface of the volume v on which ¢ ;n; is specified as &; n; is the unit outward
normal to the enclosing surface; and

1
map= [ SNNpdv
¢
ka/}E\/Na’iNﬁ,idV

éaEfENad55/¢,iniNads

¢ ¢

o= [ aNudv (A25)

14

For vector potential, the weak form of Eq. (100) is expressed as

f{%Ak_vak_ék}6Ade:0 (A26)
c

v

Term by term one obtains

2
/ E12 aafik 8Akdv = Ak Axg / — NaNgdv = 8AramapAip "

14

f—Ak,ii8Ade=[{_[Ak,i(SAk]’,-+Ak,i6Ak,i}dV
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:5Aka%—Ak)in,-Nadsﬁ-(‘)\AkaAkﬁ'/Na,,'N,g),'dV
s v

:8Akaf—AkNads+5AkaAk/3fNa,iNIB,idV
s v

G

= 5Ako¢ {_Ak(x + ktx[j’Akﬁ} (AZS)

f —Cké\Ade = —(SAka f CkNadV = —(SAkaék“ (A29)

Therefore, one obtains

maﬁAkﬁ + k,x[;Ak/g = Ak(x + éka (A30)

where s, is part of the enclosing surface of the volume v on which Ay ;n; is specified as A;; and

Apo = [ ApiniNods = [ AgN,ds

5 ¢ (A31)

CAk(x EkaN,de
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