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ABSTRACT: Parkinson’s disease (PD) is a complex neurodegenerative disease associated with the accumulation
of a-synuclein, which is linked to the dysfunctional ubiquitin-proteasome system. Fractional calculus has emerged
as a powerful tool for modeling complex disease dynamics due to its promising features that inherently capture
memory and hereditary effects. This paper presents a fractional-order Proteasome-Fibril interaction model (F-PFIM)
for the dynamics of PD, represented by three fractional differential classes, showing concentrations of fibrils (F),
proteasomes (P), and proteasome fibril complex (C). The three classes of the F-PFIM collectively make a controlling
system that works for the clearance of unnecessary protein from the cell to maintain cell hemostasis. When the P
levels are very low, and F accumulation is high, the cell degradation machinery becomes overburdened. The prolonged
instability of accumulated proteins leads to slow and progressive neurodegeneration associated with the onset of PD.
Machine learning knowledge-driven nonlinear autoregressive exogenous networks backpropagated with Levenberg-
Marquardt optimization (NAREN-LM) are presented to analyze the temporal evolution dynamics of F, C, and P in
F-PFIM for different fractional orders varying from (0.89, 0.90, .. ., 1). The reference dataset is generated through the
fractional Adams method (FAM) and is given to NAREN-LM in the form of training, testing, and validation sets. The
performance of NAREN-LM is verified by analyzing the solution dynamics of F-PFIM in terms of mean square error-
based convergence curves for training and testing, histogram plots, regression, and correlation results. Furthermore, the
comparison of the NAREN-LM solution dynamics and corresponding absolute errors with those of the FAM endorses
the accuracy of machine learning knowledge-driven predictive networks for F-PFIM.

KEYWORDS: Parkinson’s disease; fractional calculus; proteasome model; machine learning; mathematical model;
NARX networks; Levenberg-Marquardt

1 Introduction

In this section, the studys background is presented first, followed by its contributions and the
paper’s organization.

1.1 Background

Parkinson’s disease (PD) is a complex neurological disorder common among elderly people and is
characterized by loss of neurons that leads to a number of motor and non-motor symptoms, such as
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tremors, stiffness, slow movement, constipation, depression, and irregular sleep patterns [1]. PD duration
spans decades, resulting in a huge personal effect and great consequences for caregivers [2]. Thus, PD has
a great socioeconomic burden, according to a comprehensive study regarding the global burden of the
disease [3]. As reported in [4], the prevalence of PD has risen in the past two decades. The exact causes
of PD are not yet fully understood; however, researchers have proposed various mathematical models to
gain a better understanding of PD dynamics and, consequently, more effective treatment plans [5]. PD
is associated with the accumulation of a-synuclein (aS), which is linked to the dysfunctional ubiquitin—
proteasome system [6]. The hereditary and memory-driven features of FC may help better to capture the
dynamics of Proteasome-Fibril interactions in PD. Therefore, this study aims to first develop a fractional-
order Proteasome-Fibril interaction model (F-PFIM) and then present a machine learning knowledge-driven

methodology for solution dynamics of the proposed F-PFIM under various fractional order variations.

1.2 Our Contributions
The salient features of the current investigation are:

»  Anovel fractional-order Proteasome-Fibril interaction model is presented for the onset and progression
dynamics of PD, represented by three fractional differential classes, showing concentrations of fibrils,
proteasomes, and proteasome fibril complex.

«  Machine learning knowledge-driven NAREN-LM, i.e., nonlinear autoregressive exogenous networks
backpropagated with Levenberg-Marquardt optimization, are presented to analyze the proposed
F-PFIM for different fractional orders.

o The accuracy of the NAREN-LM is verified by comparing the outcomes of the F-PFIM solution
dynamics with the fractional Adams method.

»  The convergence, stability, and reliability of the NAREN-LM are endorsed by the learning curves for
training and testing, histogram plots, regression, and correlation analyses.

1.3 Paper Organization

The remaining article is structured as follows: Section 2 presents the related work, providing the
critical literature review. Section 3 presents the design of the fractional order Proteasome model. Section 4
provides details on the fractional Adam method and the machine-learning knowledge-driven NAREN-
LM architecture. Section 5 discusses the results of the NAREN-LM for F-PFIM across different evaluation
metrics. Section 6 provides concluding remarks and possible future directions for interested readers.

2 Related Work

Fractional calculus (FC) is the generalization of traditional calculus to real order by allowing derivatives
and integrals of non-integer (fractional) order [7,8]. Over recent years, FC has emerged as a powerful
tool for modeling various processes in diversified fields [9-11] including physics [12], engineering [13,14],
control systems [15], neuroscience [16,17], and biology [18] due to its promising features that inherently
capture memory and hereditary effects. FC has been exploited to effectively model the biological processes
and disease dynamics, such as monkeypox virus [19], hepatitis B transmission dynamics [20], measles
infection [21], diabetes mellitus [22], and PD with therapeutic involvement [23].

Different mathematical models of the PD have been proposed. For instance, Qi et al. modeled dopamine
metabolism [24], Braatz and Coleman developed an insulin resistance model [25], Baston et al. modeled
the levodopa medication effect [26], Al-Tuwairqi and Badrah modeled the innate and adaptive immune
responses to PD [27], Parakkal Unni et al. developed a gait freezing model in PD [28], Elfouly presented an
improved PD model with Hopf bifurcation analysis [29], Yang et al. modeled the degradation dynamics aS
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in PD [30], and Kuznetsov and Kuznetsov modeled the aS transportation dynamics in PD [31]. PD is linked
with aS aggregation, which is related to the dysfunctional ubiquitin—proteasome system. Sneppen et al.
modeled the proteasome dynamics [6] and discovered that when aS accumulates in the form of oligomers
and becomes a burden for the protein degradation machinery, which is responsible for the clearance of
misfolded proteins. As per the authors’ exhaustive literature survey, most existing models describing the
interaction between the proteasome degradation pathway and aS fibril formation have been developed
through integer order systems. These classical models provide useful insights into protein aggregation
and clearance dynamics, but they often fail to capture the memory effects and hereditary dynamics. The
hereditary and memory-driven features of FC may help better to capture the dynamics of Proteasome-Fibril
interactions in PD.

Generally, the machine learning-based neural architectures have demonstrated promising performance
in disease dynamics [32,33], including PD diagnosis [34]. However, the nonlinear autoregressive exogenous
networks (NAREN) have shown superior results over traditional machine learning algorithms and famous
neural architectures. The superior performance of the NAREN over its counterparts motivated the authors
to investigate the solution dynamics of F-PFIM using NAREN. The summary of the related work is provided
in Table 1.

Table 1: Summary of the related work.

. Fractional Order Intelligent
Reference Model Description Modeling Computing
Qi et al. (2012) [24] Modeling of dopamine metabolism in PD No No
Braatz and Coleman (2015) [25] Insulin resistance model in PD No No
Boston et al. (2016) [26] Modeling the effect of levodgpa medication on No No
basal ganglia
Al-Tuwairqi and Badrah Modeling the dynamics of innate and adaptive N No
(2023) [27] immune response in PD ©
Parakkal Unni et al. (2020) [28] Modeling the freezing of gait dynamics in PD No No
Elfouly (2024) [29] Hopf bifurcation e.malysw of the PD No No
mathematical model
Modeling the aggregated aS degradation
%
Yang et al. (2023) [30] dynamics in PD No No
Kuznetsov and Kuznetsov . . .
(2016) [31] Modeling the aS transportation dynamics No No
Sneppen et al. (2009) [6] Modeling the proteasome dynamics in PD No No
Our paper Fractional order modeling of the Yes Yes

proteasome-fibril interaction model in PD

3 Fractional Proteasome-Fibril Interaction Model

In this section, the design of the F-PFIM for the onset and progression of PD is presented.

The integer-order proteasome model for the onset and progression dynamics of PD is described by
three differential classes, which show concentrations of fibrils (F), proteasomes (P), and the proteasome fibril
complex (C). F is characterized by the accumulation of misfolded and aggregated proteins in the cell, like
the aS protein in the PD. When aS accumulates in the form of oligomers and F, it becomes a burden for
the protein degradation machinery (PDM) in the cell. PDM is responsible for the clearance of misfolded
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proteins, and P is part of the PDM. When aS fibril binds with P of the PDM, immediately C is formed,
which facilitates the exclusion of F from the cell. The governing mathematical relations of the model are
presented in Eqs. (1)-(3), where t represents the changes in the concentration levels of F, P, and C [6]. The
graphical description of the proteasome fibril workflow in terms of the normal pathway and PD pathway is
given in Fig. 1.

dF o

ar _ o« 1
dt 1+P M
%:s—P—ﬂFPerC (2)
dC

£ _BEpP- 3
ar ~PEP-yC 3)

where the variables involved in the proteasome model are defined as: « denotes the protofilaments influx, f3
is the constant linked with the proteasome-fibril complex formation, y represents fibril degradation time in
the complex, and ¢ is the proteasome production rate.
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Figure 1: Proteasome workflow description in terms of the normal pathway and PD pathway.

This study aims to develop the fractional order Proteasome model by incorporating the concept of
fractional derivatives into the integer model presented in (1)-(3). Fractional calculus allows us to compute the
derivatives of real order (fractional order). Fractional derivatives are the generalization of the conventional
integer derivatives and can be defined in different ways. Although in recent times, new definitions of
fractional derivatives have been introduced [35-37], the commonly used definitions, including Grunwald-
Letnikov (GL), Riemann-Liouville (RL), and Caputo (Ca), for the fractional order o are provided here
in Eqs. (4)-(6), respectively [38].
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Now, describe the fractional-order proteasome model, F-PFIM, by three fractional differential classes,
as shown in Egs. (7)-(9).

[04
D°F = —— — BFP 7
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4 Solution Methodology

This section first presents the details of the fractional Adams method (FAM) used to generate synthetic
data for the machine learning knowledge-driven NAREN-LM scheme to analyze the solution dynamics of
the F-PFIM presented in Section 3. A fractional order differential equation (FDE) is generally defined as
in Eq. (10).

caD?y (1) =g (t, ¥ (1)), y (to) = yo (10)

The implementation of FAM to solve a general FDE given in Eq. (10) required three steps: sum-
mation, prediction, and correction. These three stages are mathematically expressed in Eqs. (11)-(13),
respectively [39,40].

m—1
Qo = by o8 (to, y0) + Y am-18 (t1, y1) (11)
I=1
)’Pmr =)o+ h° [Qm —apgg (tm—Z) ym—Z) + 2610g (tm—b ym—l)] (12)
Yir = yo+h° [Qm +a0f(tm,yfnr)] (13)

The NAREN-LM is developed in Matlab using ‘ntstool’ by considering the following specifications:
layer size 10, log sigmoid activation function, input and feedback delay of 1:4, and Levenberg-Marquardt
optimization algorithm for backpropagation of weights to optimize the NAREN. The dataset consists of
the time-series solutions generated from the proposed fractional-order model, where the input features
correspond to the delayed time-series states, and the target outputs represent the system variables at
subsequent time steps. The dataset generated through FAM is given to NAREN-LM by arbitrarily splitting
into train, test, and validation sets with a proportion of 80%, 10%, and 10%, respectively. The selection of the
NAREN hyperparameters is based on preliminary experimentation and validation performance to achieve a
balance between model accuracy and overfitting prevention. The block diagram of the NAREN is presented
in Fig. 2.
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Figure 2: NAREN architecture diagram.

5 Results and Discussion

This section presents the results of the NAREN-LM for the solution dynamics of F-PFIM in terms of
various graphical illustrations for different fractional orders, i.e., 0 = {0.89, 0.90, 0.99, 1}. For numerical
experimentation, the values of the parameters involved in the F-PFIM presented in (7)-(9) are selected as:
a=25p=y=e=1[28].

To investigate the convergence of the NAREN-LM scheme for the solution dynamics of the F-PFIM,
learning curves are plotted in terms of training, testing, and validation, and the results are presented
in Figs. 3-5a for 0 =1, 0.95, and 0.90, respectively. It is witnessed from the convergence plots that NAREN-
LM achieves the best validation performance in the range of 107® to 107® for all considered ¢ variations,
endorsing the convergent performance of the NAREN-LM neural architecture for F-PFIM.

The performance evaluation of the NAREN-LM is further conducted through histogram analyses, and
the results are presented in Figs. 3-5b for ¢ =1, 0.95, and 0.90, respectively, where the error is distributed
over 20 bins, and the vertical line in the plots represents zero error, indicating the optimal error value. It is
seen that most of the errors are distributed in a few bins, with the majority in a single bin. From the results,
it is evident that most of the error instances lie in the range of 1073 to 107 for all considered o variations,
endorsing the accurate performance of the NAREN-LM scheme from F-PFIM.

To get deeper insight into the performance of the NAREN-LM for the solution dynamics of F-PFIM,
error correlation and input-error correlation analyses are conducted, defining the proportional trends, and
the results are presented in Figs. 3-5¢ for o =1, 0.95, and 0.90, respectively, in case of autocorrelation. While
input-error cross-correlation results are provided in Figs. 3-5d for ¢ =1, 0.95, and 0.90, respectively. A strong
positive error autocorrelation is observed for all the F-PFIM variations demonstrated in Figs. 3-5¢. The
NAREN-LM exhibits positive cross-correlation between the error and the input of the model for ¢ = 1, and
a negative cross-correlation for o = 0.95 and 0.90, as demonstrated in Figs. 3-5d.

The hyperparameter conditions play a fundamental role in the performance of any machine learning
algorithm. In this regard, the variation in the hyperparameters of the NAREN-LM over the epochs during the
training process is demonstrated in Figs. 3-5¢ for 0 =1, 0.95, and 0.90, respectively. It is observed from Fig. 3¢
that NAREN-LM is trained at epoch 1000 with a gradient of 0.00025641 corresponding to the step size (mu)
of 1IE-07 for F-PFIM with ¢ = 1. Similarly, in the case of o = 0.90, the NAREN-LM is trained at epoch 1000
with a gradient of 0.00025641 corresponding to the mu 1E-06. Further, the results show that no validation
checks are encountered during the training process.
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Figure 3: Analysis of the NAREN-LM for F-PFIM with ¢ = 1. (a) Convergence curves; (b) histogram plot; (c) error
autocorrelation; (d) cross-correlation; (e) state transition outcomes; (f) time response.
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The time response for element 1 of the F-PFIM, i.e., F (Fibrils), is presented in Figs. 3-5f for 0 =1, 0.95,
and 0.90, respectively. The small values of target output errors demonstrate the accuracy of the NAREN-LM
for the temporal dynamics of F-PFIM for all considered o = variations

To further validate the performance of the NAREN-LM, time response graphs along with the
corresponding absolute errors are plotted for all three elements of F-PFIM, i.e., F, C, and P, and are demon-
strated in Fig. 6 for o =1, 0.99, 0.98, and 0.97. Similarly, Figs. 7 and 8 provide the corresponding plots for
o = 0.96, 0.95, 0.94, and 093, and ¢ = 0.92, 0.91, 0.90, and 0.89, respectively. The three components of the
F-PFIM (F, C, and P) are separately plotted to effectively decipher the temporal variations due to a change
in fractional order. Figs. 6-8 clearly demonstrate the effect of fractional order on the temporal dynamics of
the Proteasome Fibril interaction model. It is observed from Figs. 6-8a that the F of the F-PFIM exhibits
high amplitude and sharply peaked oscillations for ¢ = 1, with a monotonic decrease in oscillation amplitude
as 0 = decreases from 1 to 0.89. Further, the largest F peak for o = 1 indicates strong aggregation bursts,
whereas o = 0.89 shows strong attenuation with peaks reduced by more than half. Importantly, it is seen that
the oscillation persists for all fractional order variations. Similarly, it is observed from Figs. 6-8c that the
peak concentration of C consistently decreases as o decreases from 1 to 0.89, with the highest peak for o =1
showing strong C formation (binding of F with P). Figs. 6-8e show the temporal dynamics of P with respect
to fractional order variations. It is seen that the maximum P concentration drops significantly as the o =
decreases from 1 to 0.89, with peaks becoming progressively smaller. Moreover, the consistent overlapping of
the FAM outcomes with the NAREN-LM results, as well as the corresponding low values of absolute errors,
endorse the accuracy of the machine learning-driven NAREN-LM for modeling the dynamics of F-PFIM.

In order to have a clear understanding of the temporal evolutions of the F, C, and P, and how they relate
to each other, results are demonstrated in Fig. 9 for o =1, 0.95, and 0.90. Since the detailed analyses of the
fractional dynamics of the F, C, and P are already discussed in Figs. 6-8. Fig. 9 only focuses on describing
the F, C, and P interaction. All of these three components collectively make a controlling system that works
for the clearance of excess or unnecessary protein from the cell to maintain cell hemostasis and demonstrate
oscillatory actions determined by a negative feedback loop. A phenomenon of mutual exclusion is observed
in Fig. 9, which shows high levels of free P are linked with low levels of F due to the normal functioning of the
degradation machinery. On the other hand, the high quantity of F is linked with low levels of free P because
most of the P is in the form of C (Fibril-Proteasome Complex). This demonstrates that the concentration
of P looks like sharp and narrow spikes, as shown in Fig. 9, while the concentration of F displays a slow
accumulation. During the oscillatory period, the P levels are very low, which means the cell degradation
machinery is unable to clear the toxic aggregates of protein. The spikes in P for a short period of time have
a significant role in clearance and partial recovery, but it is not enough for all the aggregates. For extended
time periods, this instability of accumulated proteins and partial clearance leads to slow and progressive
degeneration that may cause PD.
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(a) Fibril dynamics; (b) absolute error; (c) complex dynamics; (d) absolute error; (e) proteasome dynamics; (f) absolute
error.
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Figure 8: Comparative analyses of NAREN-LM solution dynamics with FAM for ¢ = 0.92, 0.91, 0.90, and 0.89.
(a) Fibril dynamics; (b) absolute error; (c) complex dynamics; (d) absolute error; (e) proteasome dynamics; (f) absolute

€rror.
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6 Conclusions and Future Works

In this work, a novel fractional-order Proteasome Fibril Interaction model, F-PFIM, is presented
for the onset and progression dynamics of PD, represented by three fractional differential classes,
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showing concentrations of Fibrils, Proteasomes, and Proteasome Fibril Complex (F, P, and C). Machine
learning knowledge-driven nonlinear autoregressive exogenous networks backpropagated with Levenberg-
Marquardt optimization, NAREN-LM, are presented to analyze the dynamics of the proposed F-PFIM for
different fractional orders.

The NAREN-LM accurately modeled the temporal evolution dynamics of the F-PFIM. The three
components (F, P, and C) of the F-PFIM collectively make a controlling system that works for the clearance
of excess or unnecessary protein from the cell to maintain cell hemostasis. When the P levels are very low,
and F accumulation is high, the cell degradation machinery becomes overburdened and is not able to fully
clear the toxic aggregates of protein. For extended time periods, this instability of accumulated proteins and
partial clearance leads to slow and progressive degeneration that may be associated with the onset of PD. As
the process of aggregation is very slow, the PD progression is slow as well. Regarding the fractional dynamics
of the F-PFIM, the peak concentration of F, C, and P consistently decreases as ¢ decreases from 1 to 0.89,
with the highest peak for ¢ = 1 showing strong aggregation bursts in the case of F and strong C formation
(binding of F with P).

The convergence and reliability of the NAREN-LM are verified by the learning curves for training and
testing, histogram, and correlation analyses. Moreover, the comparative analyses of the NAREN-LM with
the FAM outcomes validate the accuracy of the machine learning knowledge framework through consistent
overlapping of the NAREN-LM and FAM outcomes, along with low values of corresponding absolute errors.
The presented machine learning knowledge driven approach is a supervised learning scheme that requires
labeled training data. Therefore, the accuracy of the NAREN-LM is dependent on the reliability of the
numerical baseline algorithm that is used to generate training data.

Future studies would extend the application of a machine learning knowledge-driven framework to
model the dynamics of other, more complex and complicated biological systems. Moreover, fractional
dynamics would be explored in the modeling of other neurodegenerative diseases to get a better
understanding of the complex neurodegenerative disorders.
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