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ABSTRACT: Lightweight bridges are increasingly used in modern infrastructure due to their structural efficiency;
however, their relatively low stiffness and damping lead to a high sensitivity to vibration excitation induced by moving
loads such as pedestrians and vehicles. Conventional vibration mitigation strategies are often insufficient to suppress
low-frequency responses, which has caused the development of advanced nonlinear isolation mechanisms. This paper
investigates the effectiveness of nonlinear quasi-zero stiffness supports (QZSS) in suppressing vertical vibrations of
lightweight bridges. Such structures are highly susceptible to vibrations induced by moving loads because of low stiffness
and dissipation, with consequent high amplification near the resonances. The bridge excitation is a moving mass, and
its structure is modelled as an Euler-Bernoulli beam. The partial differential equation (PDE) is analyzed through the
Bubnov-Galerkin approach after expanding the displacement field using a multimode eigenfunction series, the resulting
ordinary differential equations are numerically solved using the Gauss-Kronrod algorithm. The optimal parameters of
the QZSS are identified based on the criterion of maximum footbridge deflection. Comparative analyses demonstrate
the superior performance of optimized nonlinear QZSS over conventional linear elastic supports. The results indicate
that an optimally designed QZSS incorporated with a dashpot can reduce the maximum vibration amplitude by up
to 67% under moving loads, demonstrating its effectiveness as a vibration mitigation strategy for lightweight bridges.
Moreover, reductions of up to 90% can be achieved across the remaining frequency range.

KEYWORDS: Quasi-zero stiffness support; viscous damper; large span bridge vibrations; numerical optimization;
moving load; vibration reduction

1 Introduction
The durability and safety of civil structures such as bridges strongly depend on environmental con-

ditions and on vibrations, which can cause severe fatigue damage over medium- to long-term service or
sudden catastrophic failures due to resonance. Several approaches can be adopted to mitigate structural
vibrations, for example, by using suitable materials, employing dynamic vibration absorbers [1], or improving
and controlling the strengthening of bridge supports [2–6]. Using Isolations is a way of passive vibration
control [7]. To address the inherent limitations of traditional isolation systems, a wide range of nonlinear
vibration isolation strategies has been proposed. Examples include isolators based on extreme geometric
nonlinearity [8], systems governed by fractional order damping [9], systems incorporating nonlinear
damping in semi-active configurations [10], isolators employing nonlinear metal rubber [11], and two-stage
isolators with geometrically nonlinear stiffness characteristics [12].
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Recently, in Ref. [13], nonlinear vibration isolators were experimentally and theoretically studied;
the experiments on High-Static-Low-Dynamic Stiffness (HSLDS) isolators have demonstrated their effec-
tiveness in mitigating vibrations under harmonic and seismic excitations, outperforming conventional
linear isolators [14]. Among the various isolation concepts, quasi-zero-stiffness (QZS) isolators have gained
significant attention due to their remarkable ability to suppress low-frequency and even ultra-low-frequency
vibrations [15,16]. Recently, Liu et al. conducted a comprehensive literature review, in which they highlighted
that linear vibration isolation systems are often ineffective for low-frequency excitations, where stiffness
becomes the dominant factor [17]. QZS isolators, by decoupling static and dynamic stiffness, provide an
effective solution to this challenge and have been extensively studied using different concepts: mechanisms
that generate nonlinearities, magnetic nonlinearities, as well as deformable components. A recent review
paper [17] highlighted the progress in QZS design, improvement strategies, and applications. Liu et al. [18]
carried out both theoretical and experimental investigations on an anti-resonance floating isolation system.

Nevertheless, most studies focused on isolation systems consider simple payloads, which are often
assumed to be simple rigid bodies, thereby neglecting the dynamics of the payload itself; for example,
in the case of bridges, one must consider the multimodal vibrations inherent in continuous structures.
It is worthwhile to underline that one cannot efficiently optimize an isolation system, such as a QZS
support of a bridge, if the dynamics of the supported structure are neglected. Refs. [19,20] were focused
on elastic structures with nonlinear boundaries. Mao et al. [21] analyzed the nonlinear response of flexible
structures under generally supported boundary conditions, where traditional perturbation methods fail
due to the complexity of nonlinear constraints. By combining an analytical procedure with modal revision
and validating the results through the differential quadrature element method, it was demonstrated that
boundary nonlinearities significantly influence the dynamic behavior of flexible structures. Bouna et al. [22]
addressed vibration control in a multi-span continuous bridge subjected to pier base excitation by employing
multiple QZS isolators, each strategically installed between the piers and the bridge deck to collaboratively
mitigate structural vibrations. Bouna and Nana Nbendjo [23] investigated the performance of a multi-span
continuous bridge supported by multiple QZS isolators under the action of a moving mass, representing
a vehicle traveling across the bridge. Their findings demonstrated that the isolators remained effective in
suppressing vibrations even in the presence of moving loads. Attary et al. [24] proposed a QZS seismic
response control device for highway bridges, consisting of a negative stiffness structure in parallel with a
positive stiffness structure, and validated its performance through shake table tests; the results showed that
such a device can substantially reduce the peak base shear in seismically isolated bridges [25].

Several recent studies have explored diverse applications of QZS supports beyond traditional structural
systems. Wang et al. [26] implemented QZS isolation technology in neonatal transport incubators, where
four QZS isolators supported the infant housing unit to reduce vibration transmission from the ambulance
floor. Each isolator combined a pair of permanent ring-shaped magnets with a coil spring, leading to a
32.3% reduction in the RMS acceleration response of the infant model under random excitation in the
2–15 Hz frequency range. Extending this work, Zhou et al. [27] developed a coupled lumped parameter
model incorporating the ambulance floor, wheels, auxiliary equipment, QZS isolators, infant compartment,
mattress, and infant. Their findings emphasized that relatively high damping is required to suppress
resonance, eliminate jump phenomena, and achieve ultra-low onset frequencies of isolation. Jing et al. [28]
applied a scissor-like QZS structure to a hand-held jackhammer, effectively reducing the reaction force
transmitted to the operator’s palms during demolition and thereby improving both occupational safety and
demolition efficiency. Liu et al. [29] employed a three-spring QZS model to design a vertical anti-seismic
system for structures exposed to near-fault vertical earthquakes, demonstrating that proper adjustment
of static equilibrium position, stiffness, and damping ratio can significantly mitigate seismic responses.
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Le and Ahn [30] designed a spring-linkage-type QZS vehicle seat that achieved a 67.2% reduction in RMS
displacement under random excitation in the band 0.1–10 Hz, whereas a conventional linear isolator led
to a 268.54% increase. This result highlights the superior low-frequency isolation capability of QZS-based
designs. Moreover, Danh and Ahn [31] enhanced this concept by incorporating a controllable pneumatic
cylinder into the QZS vehicle seat, enabling active vibration control for improved adaptability. In Ref. [32], the
effect of transversal springs on the nonlinear modal interactions of a simply supported beam was investigated
through a semi-analytical approach.

From a practical point of view, QZS mechanisms can also be realized through combinations of positive
and negative stiffness elements, as has already been proven in several studies. For instance, in a recent study,
Samani et al. [33] introduced a vehicle suspension system incorporating QZS characteristics instead of a
conventional linear suspension. Their results showed an improvement of about 19% in vibration attenuation
compared to traditional designs, highlighting the effectiveness and feasibility of such configurations. These
findings support the potential applicability of QZS concepts in structural systems, including bridge supports.

In this study, we extend the work of Ref. [14] on reducing vibrations transmitted to a structure through
the use of QZS isolators. A numerical framework is developed to investigate the transverse vibration
response of a bridge supported by QZS isolators at its ends and subjected to a moving load. Unlike
conventional vibration mitigation approaches based on linear supports, the present study demonstrates
that QZS-based supports can achieve significantly improved displacement reduction under moving mass
excitation while requiring substantially lower stiffness and damping values, highlighting their efficiency and
practical potential. Moreover, attaching a vertical dashpot at both ends of the bridge results in approximately
a 67% reduction in vibration amplitude compared to a bridge equipped only with vertical stiffness at
both ends. In addition, the system can achieve up to 90% reduction over the remaining frequencies. The
isolation performance of the proposed supports is analyzed considering the bridge dynamics by means of
the Euler-Bernoulli beam theory. The Bubnov-Galerkin method is applied to reduce the governing partial
differential equations to a set of ordinary differential equations, which are then solved using the Gauss-
Kronrod integration method. Emphasis is placed on examining the influence of key QZS parameters, such
as the initial inclination angle of the bar connecting the horizontal spring to the bridge, the stiffness of
horizontal and vertical springs, and the damping coefficient of the dashpot, on the dynamic response and
vibration isolation efficiency. Results highlight that these parameters strongly affect system performance,
underscoring the need for careful optimization in design.

2 Moving Load Bridge Interaction Model
The governing equation of an Euler–Bernoulli beam with QZSS supports subjected to a moving load is

formulated. In this derivation, the dynamic contributions of both the beam and the supporting elements are
explicitly considered. To account for the energy dissipation, a QZSS mechanism with an additional linear
damping element is attached at the ends of the bridge, serving to mitigate vibration amplitudes and enhance
dynamic stability, as illustrated in Fig. 1.

The partial differential equation governing the dynamic response of the bridge, together with the
corresponding boundary conditions, can be expressed as follows:

EIw,x x x x (x , t) + ρAw,t t (x , t) + α ρA w,t (x , t) + η EIw,x x x x t (x , t) + [ f (u) + g (u,t)] δ (x)
+ [ f (u) + g (u,t)] δ (x − L) = F (x , t) x ∈ (0, L) , t > 0 (1)

KeqvLw (0, t) + EIw,x x x (0, t) = 0, w,x x (0, t) = 0, (2)
KeqvRw (L, t) + EIw,x x x (L, t) = 0, w,x x (L, t) = 0 (1)
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w,t =
∂w
∂t

, w,t t =
∂2w
∂t2 , w,x x x =

∂3w
∂x3 , w,x x x x =

∂4w
∂x4 (3)

u =
⎧⎪⎪⎨⎪⎪⎩

w (0, t) ∶ vertical displacement of the beam, left support (x = 0)
w (L, t) ∶ vertical displacement of the beam, right support (x = L)

(4)

where the moment of inertia of the beam’s cross-sectional area is denoted by I, ρ represents the mate-
rial density, and A represents the beam’s cross-section area. α ρAw,t (x , t) + η EIw,x x x x t (x , t) is linear
combination of mass-proportional and stiffness-proportional damping; where α is mass-proportional
coefficient and η is stiffness-proportional coefficient. The functions g (u,t), and f (u) represent the
restoring forces of the dashpot, and QZS of the supports, respectively. The terms [ f (u) + g (u,t)] δ (x)
denotes the force applied by the left support of the beam and [ f (u) + g (u,t)] δ (x − L) presents the
force applied by the right support to the bridge. Specifically, u(t) governs the deformation of the QZSS
mechanism. The equivalent stiffnesses of the left and right ends of the bridge are named as keqvL and
keqvR , Fig. 1 illustrates the proposed QZSS of the bridge, which consists of a vertical spring of stiffness kv ;
three oscillating rods of length Lbar , connected to the push-rods. Each push-rod compresses a horizontal
spring of stiffness kh . The rods are angularly spaced at 120 degrees from each other. Note that, in the
bridge model, the suspensions are considered as linearized linear springs at the boundary; such support is
intrinsically nonlinear and is considered linear in the bridge model to study moderately high amplitudes of
vibration around the equilibrium; in the next section, a detailed analysis of the QZS suspension clarifies how
such linearization is obtained.

Figure 1: Schematic of a bridge with Quasi Zero Stiffness Support (QZSS), subjected to a moving pedestrian.

Note that the bridge deck is modeled using the Euler–Bernoulli beam theory, which neglects shear
deformation and rotary inertia effects. This assumption is appropriate for the bridge considered in this study
due to its high slenderness. The bridge span length is 50 m and the deck thickness is 0.535 m, resulting in
a slenderness ratio L

h = 93.4. For beams with L
h ≥ 20, shear deformation effects are negligible and the Euler–

Bernoulli model provides sufficiently accurate predictions of the global bending response.
Fig. 2 presents a flowchart outlining the steps of the computer algorithm used to solve the equa-

tions of the human-structure interaction system, it represents the bridge equipped with various end
suspensions/devices, including, QZSS, and dashpot.
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Figure 2: Flowchart of the human-structure interaction algorithm.

2.1 Theoretical Model of the QZSS
To derive the analytical linearized stiffness of the QZSS suspension, we consider the bridge weight

applied vertically at the supports, as illustrated in Fig. 3. For the sake of clarity, the figure is simplified: the
three springs, which are angularly arranged at 120○ intervals, are represented as a single equivalent spring
with stiffness 3kh ,Q ZSS . This simplification highlights the overall horizontal restoring effect without altering
the physical interpretation. It is also important to note that the axial contributions of the three individual
springs, due to their symmetric arrangement at 120○, cancel each other out. Consequently, the net axial effect
of the spring system on the bridge is zero, leaving only the transverse stiffness component to be considered
in the analytical model.

Figure 3: Schematic of the QZSS support: (a) unloaded position; (b) static equilibrium position. 3kh ,Q ZSS , equivalent
horizontal stiffness, kv , vertical spring stiffness (Fig. 1).
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The origin of the vertical x-axis coincides with the position of point A on the arm when no load is
applied; moreover, in such a position all springs (horizontal and vertical) are not stretched (Fig. 3a). The
initial value for θ is θ0; and b0 is the initial value of initial right end position b of the bar, b = b0 when θ = θ0.
The reactions of the bars, the horizontal and the vertical springs are Ri , Rh , and Rv , respectively. Fig. 3b
illustrates the static equilibrium position of the QZSS under the bridge’s weight; each QZSS supports half of
the total bridge weight. The vertical equilibrium of point A gives the following equation:

R = 3Ri sin θ + Rv (5)

b = Lbar cos θ =
√

Lbar
2 − (Lbar sin θ0 + x)2 (6)

And the force in each of the inclined bars is:

Ri =
Rh

cos θ
(7)

So, the equation of force as a function of displacement can be written as follows:

R = 3kh (Lbar cos θ0 −
√

Lbar
2 − (Lbar sin θ0 + x)2) × (Lbar sin θ0 + x)√

Lbar
2 − (Lbar sin θ0 + x)2

+ kv x (8)

So, the derivative of the force with respect to x, gives the equivalent vertical stiffness of the QZSS at
each end:

keqvL = keqvR = 3kh
⎛
⎝

cos θ0

(1 − (sin θ0 + ( x
Lbar
))2) 3

2
− 1
⎞
⎠
+ kv (9)

By considering the inclined bars to be horizontal at the equilibrium state of θ = 0
○

, and considering
the R = −mL g

2 , which is the half weight of the bridge, the vertical and horizontal stiffnesses are achieved as
follows:

kv =

mLg
2

Lbar sin θ0
(10)

In this formulation, m denotes the bridge mass per unit length, while L refers to the total length of the
bridge. Note that the equivalent vertical stiffness of the QZSS is equal to zero. So keqvL = keqvR = 0, and the
stiffness of the horizontal springs for the QZSS is achieved as follows:

kh ,Q ZSS =

mLg
2

3Lbar sin θ0(1 − cos θ0)
(11)

The ratio of the horizontal spring stiffness to the vertical stiffness, γ = kh ,Q ZSS
kv

, depends solely on the
initial angle θ0:

γ = 1
3(1 − cos θ0)

(12)



Comput Model Eng Sci. 2026;147(2):18 7

This ratio represents a key parameter in the optimization process, as it directly influences the dis-
tribution of forces in the supports and plays a critical role in minimizing the maximum deflection of
the bridge.

As explained in Ref. [13], Eqs. (10) and (11) provide analytical expressions for the vertical and horizontal
stiffness of a QZSS. In the present study, our objective is to determine the most accurate numerical estimates
of these stiffness values for the QZSS. Furthermore, we aim to identify the optimal numerical parameters
for the damper attached to the ends of the bridge. The combined optimization of the QZSS stiffness and the
damper properties is intended to minimize the maximum deflection of the bridge over the entire frequency
range associated with pedestrian walking. This approach ensures a more reliable prediction of the system’s
dynamic response and contributes to improving the vibration serviceability of lightweight footbridges. The
results of the numerical optimization indicate that the bridge supports behave as high-static-stiffness yet
low-dynamic-stiffness elements [13].

Let us introduce a stability parameter as follows:

βs =
kh

kh ,Q ZSS
(13)

To ensure the system stability, the ratio between the numerically obtained horizontal spring stiffness and
the corresponding analytical value, βs , must lie within the range 0 < βs < 1. If this ratio exceeds unity βs > 1,
the system becomes dynamically unstable. Note that, for βs > 1, the negative stiffness effect of the horizontal
spring in the vertical direction overpowers the vertical spring kv ; this over-cancellation destabilizes the
equilibrium point, rendering the system dynamically unstable and prone to a buckling-like bifurcation. More
specifically:

• For βs → 1, the positive and negative stiffness components nearly cancel each other, leading to very low
dynamic stiffness.

• For βs > 1, the negative stiffness dominates, causing loss of equilibrium and instability.
• For βs ≪ 1, the system behaves like a conventional linear support with limited isolation capability.

In Eq. (13), kh represents the horizontal stiffness, the object of optimization in this study, while kh ,Q ZSS
denotes the analytical stiffness value provided by [13]. This stability criterion highlights the importance of
carefully selecting the numerical parameters for the QZSS to guarantee effective vibration control without
compromising the structural integrity of the bridge, which will be discussed in the upcoming sections.

2.2 Pedestrian Moving Force
The amplitude of the total force exerted by the moving force is denoted as G(t). The equation of the

moving pedestrian mass can be written in the following form:

F (x , t) = [G (t) −mpw,t t]δ (x − vt) [H (L
v
− t)] (14)

in which δ is the Dirac delta function, H(t) is the Heaviside step function, and G (t) is the total force
amplitude exerted by the footfall of a moving pedestrian, which can be written in the following form [34]:

G (t) =W +
h
∑
k=1

Wηk cos(2πk fpt + φk) (15)

where W = mp g is the standing pedestrian’s weight, and fp is the pedestrian pacing frequency [35]; ηk , and
φk are the dynamic load factor (Fourier coefficient) and the harmonic phase angle, respectively. Notably,
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mpw,t t gives the inertial effect of the pedestrian’s weight on the bridge. The mean values of the first four
dynamic load factors are as follows [36]:

η1 = 0.37 ( fp − 0.95) ≤ 0.5
η2 = 0.054 + 0.0044 fp

η3 = 0.026 + 0.0050 fp

η4 = 0.010 + 0.0051 fp (16)

Unlike the moving force model, the aforementioned formulation considers a moving mass, in which the
applied force depends on the interaction between the moving body and the structural response. In particular,
the contact force is influenced by the oscillation of the beam at the instantaneous position of the moving mass,
leading to a coupled dynamic system. This interaction introduces coupling terms in the governing equations,
as the force depends on the beam acceleration evaluated at the time-dependent position x = vt, where v is the
velocity of the moving mass. As a result, the system becomes time-dependent, and the structural response is
directly coupled with the motion of the moving mass. The resulting system of equations is solved using an
implicit differential-algebraic equation (DAE) solver with adaptive time-stepping, which ensures numerical
stability and convergence. The adopted numerical scheme was verified to provide stable and consistent results
for the range of parameters considered in this study. Further details regarding the optimization procedure
and parameter selection are provided in the upcoming sections.

2.3 Modal Analysis
By neglecting the excitation and the damping, we apply the Bubnov–Galerkin method. The first step is

to expand the displacement field of the footbridge as a truncated series of eigenfunctions:

w (x , t) =
N
∑
r=1

qr (t)φr (x) (17)

where qr (t) = e iωr t denotes the modal coordinates and φr(x) represents the normalized eigenfunctions.
The parameter ωr corresponds to the natural vibration frequencies of the system, while N indicates the

total number of modes considered in the truncated series of Eq. (16). By substituting Eq. (17) in Eq. (1) and
enforcing the prescribed boundary conditions, the following governing relations are obtained:

− ωr
2ρAφr (x) + EIφr

(4) (x) = 0 (18)
KeqvLφr (0) + EIφr ,x x x (0) = 0, φr ,x x (0) = 0,
KeqvR φr (L) + EIφr ,x x x (L) = 0, φr ,x x (L) = 0 (19)

The solution of Eq. (17) has the following form:

φr (x) = C1 cos βx + C2 sin βx + C3 cosh βx + C4 sinh βx ,
γ4 − β4 = 0; γ2 = ±β2

ωr = (βr L)2
√

EI
mL4 , r = 1, 2, 3, . . . (20)

m = ρA is the mass of the footbridge per unit length, and ωr is the natural frequency of the rth mode.
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The general solution of Eq. (20) must satisfy the boundary conditions, Eq. (18), and one obtains the
eigenvalue problem:

− C1 + C3 = 0
KeqvL (C1 + C3) + EI (β3C2 + β3C4) = 0
− C1 cos βL − C2 sin βL + C3 cosh βL + C4 sinh βL = 0
KeqvR (C1 cos βL + C2 sin βL + C3 cosh βL + C4 sinh βL)
− EIβ3 (C1 sin βL − C2 cos βL + C3 sinh βL + C4 cosh βL) = 0 (21)

Non-trivial solutions for Ci , require the determinant of the coefficients of the system (21) to be zero;
such a condition gives rise to a transcendental equation in terms of β. Once the eigenvalues βi are obtained,
the coefficients Ci can be easily calculated, and the eigenfunctions can be approximated.

2.4 The Bridge Displacement Function Using the Bubnov-Galerkin Method
The second derivative of the displacement function of Eq. (17) is as follows:

w,t t =
N
∑
r=1

q̈r (t)φr (x) (22)

By substituting Eqs. (17) and (22) into Eqs. (1) to (3), and applying Eq. (14) on the right-hand of Eq. (1),
using the orthogonality conditions, see Ref. [37], and assuming constant velocity, the jth modal equation can
be derived as follows:

q̈r + 2ξr ωr q̇r + ω2
r qr + (

1
Mr
){ f (u) + g (u,t)}φr (0) + (

1
Mr
){ f (u) + g (u,t)}φr (L)

= ( 1
Mr
)φ j (vt){G (t) −mp [

N
∑
r=1

q̈r (t)φr (vt)]} (23)

The modal equations of motion are derived under the assumption of unit modal mass normalization,
where the mode shapes φr (x) are scaled such that ∫

L
0 mφr

2 (x) = 1; where m is the mass per unit length
of the beam. Consequently, the modal mass becomes equal to unity, and the term 1

Mr
in Eq. (23) is equal to

one and has been omitted from subsequent formulations. This common normalization simplifies the modal
equations, resulting in the standard form shown for the homogeneous terms. f (u) and g (u,t) are formulated
as Eqs. (24) and (25):

f (u (t)) = 3kh

⎛
⎜⎜
⎝

Lbar cos θ0 −

 
!!!"Lbar

2 − (Lbar sin θ0 +
N
∑
r=1

qr (t)φr (x))
2⎞
⎟⎟
⎠

× Lbar sin θ0 +∑N
r=1 qr (t)φr (x)√

Lbar
2 − (Lbar sin θ0 +∑N

r=1 qr (t)φr (x))
2
+ kv

N
∑
r=1

qr (t)φr (x) (24)

and

g (u,t(t)) = λ [
N
∑
r=1

q̇r (t)φr (x)] (25)
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where k and λ, are the stiffness and damping of the dynamic vibration absorber (DVA), respectively, these
values will be calculated using both numerical and analytical methods in the upcoming sections; the symbol
ξr represents the damping ratio of the bridge.

3 Validation
To evaluate the accuracy of the present results, the case of a bridge is investigated, and results are

compared with Ref. [7]; in which a slightly curved aluminum beam with the parameters presented in Table 1
was considered. Note that, in the present work, the small initial curvature of the beam, Ref. [7], is considered
negligible; therefore, the geometric stiffness contribution of the arch is not considered.

Table 1: Bridge characteristics [7].

Bridge Item Parameter Value
Length L 0.5 m
Density ρ 2800 kg

m3

Young’s modulus E 68.9 GPa
Depth h 0.005 m
Width b 0.02 m

Fig. 4 compares the bending mode shapes of the beam reported in Ref. [7] (blue markers) with the
corresponding modes obtained in the present study (solid red lines).

Figure 4: Mode shapes of the beam: ‘•’ data from Ref. [34], ‘──’ present paper. (a): 1st mode. (b): 2nd mode. (c): 3rd
mode. (d): 4th mode.

Table 2 shows the first four natural frequencies of the beam; the present model is compared with Ref. [7]
and with standard finite element method (FEM) analysis (ANSYS R©). Although the natural frequencies
obtained in this study are consistent with those reported in Ref. [7], a discrepancy is observed in the third
mode shape, where the two results do not match very well. To verify the accuracy of the formulations, an
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additional analysis was carried out using a commercial Finite Element software, ANSYS R©. The numerical
results achieved by using ANSYS are in excellent agreement with the present model, thereby confirming the
reliability of our approach. Moreover, the nodal points of the third mode were examined in ANSYS, which
indicated minima at positions 0.135 and 0.375 m; these values are in close agreement with the corresponding
results obtained in the present study.

Table 2: The natural frequencies of the beam in Ref. [7], compared with those obtained in this study.

Frequency In Ref. [5] [Hz] This Study [Hz] Ansys Results
1st 36 36.87 36.87
2nd 94 93.92 93.92
3rd 161 161.38 161.34
4th 307 308.05 307.83

4 Numerical Optimization Framework for Deflection Mitigation
The primary objective of this study is to mitigate the maximum dynamic deflection of the bridge

under moving loads. To achieve a robust design, the optimization is formulated to minimize the worst-case
deflection occurring across the entire frequency range of interest (1.5–3 Hz), which is considered for moving
load movements and will be discussed more in the next section. This ensures the bridge’s performance is
satisfactory for the broad-spectrum frequencies.

The optimization problem is formally defined as:

minkv ,O pt , kh ,O pt ,θ0 and λO pt(max f pε[1.5,3]D(kv ,O pt , kh ,O pt , λO pt , θ0, fp))

where, kh ,O pt , kv ,O pt are the horizontal and vertical stiffnesses of the QZS support of the bridge, respectively.
θ0 is the initial angle of the bar element (Lbar), in the QZS support, in the unloaded configuration. λO pt is a
damping coefficient related to the attached dashpot at both ends of the bridge; D is the maximum mid-span
deflection. The moving load excitation frequency range is [1.5 − 3]Hz and fp is the excitation frequency.

4.1 Analytical Stiffness Constraint
A key feature of the optimization is the implementation of a fundamental mechanical relationship that

couples the horizontal (kh) and vertical stiffnesses (kv). This relationship, derived from the system’s geometry
and static equilibrium in the unloaded state, is given by Eq. (12). The critical importance of θ0 cannot be
overstated, as it serves as a fundamental design parameter established under the unloaded condition. This
angle directly governs the redistribution of forces within the support system and strongly influences its
overall structural efficiency. An optimal selection of θ0 ensures that the QZS supports and delivers the
intended mechanical advantage even before any live load is applied. The relationship between the stiffnesses
is defined by the system’s geometry to achieve the quasi-zero-stiffness condition. Eqs. (10) and (11) show that
the vertical stiffness kv and the ideal horizontal stiffness kh ,O pt are both functions of the bridge weight, the
bar length Lbar , and the initial angle θ0. The ratio γ = 1

3(1−cos θ0)
, given by Eq. (11), is a key design parameter;

it depends on θ0, which is treated as an optimization parameter, as its value directly determines this stiffness
ratio and thereby the efficiency of the force cancellation mechanism in minimizing dynamic deflection. For
this reason, θ0 is treated as an optimization parameter in this study, with its value carefully adjusted to
minimize the maximum deflection of the bridge under pedestrian excitation.

The optimization searches for the best combination of three primary variables within practical
bounds:
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• Horizontal Stiffness (kh): 100, 000 ≤ kh ≤ 2, 000, 000 N
m

• Stiffness Ratio Scale (α): 5
○ ≤ θ0 ≤ 60

○

• External Damping (λ): 0 ≤ λ ≤ 50, 000 Ns
m

An additional bound, 0.7 ≤ kh
kh ,Q ZS
≤ 1, is imposed to ensure the results remain within a practical design

range relative to a reference stiffness. The damping coefficient is varied within the range 0 ≤ λ ≤ 50, 000 Ns
m ,

which is selected to cover a broad and practically relevant domain. This range was progressively refined
through preliminary parametric analyses to ensure that the optimal region was adequately captured.

This constraint on the stability parameter βs = kh
kh ,Q ZSS

is crucial for maintaining a functional and
stable QZS system. As established in Eq. (13), a ratio βs > 1 leads to an unstable system where the negative
stiffness overwhelms the positive stiffness mechanism, causing a buckling-like bifurcation. Conversely, a
ratio significantly below 0.7 indicates a condition in which the negative stiffness contribution becomes too
small compared with the positive vertical stiffness. In this situation, the support behaves increasingly like a
conventional linear spring, and the quasi-zero-stiffness effect is no longer effectively achieved. As a result, the
dynamic stiffness of the support increases and the vibration mitigation capability of the system is reduced.
For this reason, the admissible design range was selected as 0.7 ≤ βs ≤ 1. This interval ensures that the system
operates in a regime where the negative stiffness mechanism remains sufficiently strong to produce the
desired quasi-zero-stiffness behavior while maintaining overall structural stability.

4.2 Optimization Variables and Algorithm
The Differential Evolution (DE) global optimization algorithm was employed to solve this non-linear

and potentially non-convex optimization problem [38,39]. DE is particularly effective for such problems
due to its population-based stochastic approach, which provides a high probability of locating the global
optimum without being trapped in local minima. This population-based stochastic algorithm is particularly
suited for this problem as it does not require gradient information and can effectively explore the entire
design space. The algorithm works by maintaining a population of candidate solutions and generating new
ones through mutation and crossover operations, ensuring a thorough search. It was specifically chosen
for its capability to handle the non-convex nature of the objective function, which arises from the complex
interaction between the bridge modes and the nonlinear support forces. The algorithm was configured with
a population size equal to 50 (search points) and was run for a maximum of 50 generations, followed by
an “Interior Point” post-processing step to refine the solution. This configuration was chosen as a balance
between computational expense and solution quality, allowing for a sufficiently broad exploration of the
design space. Following the DE search, the best solution found was used as the initial guess for a local “Interior
Point” optimization step [40]. This hybrid approach leverages DE’s global exploration capability to identify
a promising region of the design space, while the Interior Point method efficiently refines the solution to a
high-precision local optimum.

4.3 Evaluation of the Objective Function
The core of the methodology is the evaluation of the objective function, which represents the worst-case

deflection. For any given candidate design (kh , θ0, λ), the following process is executed:

• Frequency Domain Sampling: The pacing frequency, fp range is discretized into a set of points
[1.5 − 3]Hz with increments of 0.03. This means the frequency range from 1.5 to 3.0 Hz is sampled at a
resolution of 0.03 Hz, resulting in the frequencies [1.5, 1.53, 1.56, . . ., 3.0] Hz.
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• Dynamic Simulation: At each frequency, a full transient dynamic analysis is performed. This simulation
solves the coupled system of modal equations derived from a detailed moving load-structure interaction
model, which includes:
○ The bridge’s modal properties (frequencies ωr and mode shapes φr (x)).
○ A moving model.

The non-linear geometric restoring forces from the support system; it is important to clarify that the
dynamic model of the bridge itself is linear. The term “non-linear geometric restoring forces” refers to the
forces generated by the QZS support mechanism, as defined by the exact geometric relationship in Eq. (24).
These forces are integrated into the linear modal framework of the bridge, meaning the system’s nonlinearity
is concentrated at the boundaries.

The combined effects of intrinsic ξr and external λ damping.
Worst-Case Extraction: The maximum deflection value observed across all time steps and all sampled

frequencies is identified as the objective function value J:

J(kh , θ0, λ) = max f pε[1.5,3] (maxtε[0, end t ime] ∣Y (
L
2

, t)∣)

This min-max formulation ensures the optimization directly targets the most critical loading scenario.
This comprehensive framework ensures that the final design is not only optimal but also robust, providing
minimized dynamic deflections across the entire expected range of excitation.

The objective function adopted in this study is based on minimizing the maximum mid-span deflection
of the bridge. This choice is motivated by the fact that the deflection is directly related to the bending moments
and, consequently, to the dynamic stresses within the structure. Since the induced strain is proportional to
stress, reducing the maximum deflection leads to lower stress and strain levels, which contribute to improving
the fatigue performance and extending the service life of the bridge.

The optimization procedure is based on a parametric exploration of the governing design variables over
predefined ranges. While this approach enables the identification of effective regions of operation, it does not
guarantee a global optimum, and the obtained solutions may correspond to locally optimal configurations.

The optimal parameters are expected to exhibit sensitivity to variations in system properties, such as the
moving mass speed and structural characteristics. Although a detailed sensitivity analysis is beyond the scope
of this study, the observed trends indicate a consistent improvement in performance within the investigated
parameter ranges.

5 Footbridge as a Case Study
Recently, Bouna et al. [22,23] investigated vibration mitigation of a simply supported multi-span bridge

equipped with several QZS systems combined with dashpots, using analytical methods to assess the bridge’s
response to pier-base excitation and vehicular loads. In the present study, we focus on vibration reduction of
a long-span footbridge and optimize both the mechanical parameters and the geometrical values (θ0) of the
newly proposed QZS support, combined with a dashpot which is installed at both ends of the bridge. This
section details the stiffness and damping properties of the supplemental elements attached to the footbridge,
specifically the QZS mechanisms and their integrated dampers. The geometrical parameters of the footbridge
are listed in Table 3; the footbridge is subjected to a walking pedestrian. Note that the numerical results for
a simply supported footbridge under a walking pedestrian excitation have been validated previously by the
same authors in Refs. [41,42].
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The excitation frequency associated with walking typically falls within the range of 1.6 and 2.4 Hz [35],
whereas running and jumping activities generally occur between 2 and 3 Hz [43]. In the present study,
the frequency interval of 1.5–3 Hz is adopted in order to capture all possible pedestrian-induced vibration
scenarios. The performances are evaluated over a wider range of 1.5–12 Hz because, based on Eq. (15), four
harmonics are considered for a walking pedestrian. This means that although the fundamental excitation
frequency is 1.5–3 Hz, the bridge can be excited from 1.5 Hz × 1st harmonic up to 3 Hz × 4th harmonic,
resulting in a total excitation range of 1.5–12 Hz.

Table 3: Footbridge characteristics used in this paper derived from Ref. [34].

Unit Mass 500 kg/m
Length 50 m

Damping ratio 0.004
Fundamental frequency 2 Hz

Elastic modulus 200 GPa
Cross section area 1.07 m2

Area moment of inertia 0.0255 m4

Bridge width 2 m
Bridge thickness 0.535 m

5.1 Effect of Horizontal Springs
Based on the analytical formulation given in Eqs. (10) and (11), the vertical stiffness and the horizontal

stiffness of the QZS supports are obtained as 490.3 kN
m and 1220 × 103 kN

m , respectively. Assuming a pedestrian
weight of 724 N and applying the moving mass model described in Eq. (14), the maximum midspan deflection
of the bridge within the considered frequency range (1.5–3 Hz) is evaluated and plotted in Fig. 5a. Notably,
the solid red line in Fig. 5a represents the maximum deflections within the frequency ranges, with only
the analytically derived simple vertical stiffness (kv = 490.3 kN

m ); whereas the brown dashed line shows the
case where analytically modeled QZS devices are implemented at both ends of the bridge (kv = 490.3 kN

m ,
kh ,Q ZSS = 1220 × 103 kN

m , θ0 = 30○), and the dotted blue line represents the bridge response obtained by
numerically optimizing the system to minimize the maximum deflection. Since the maximum peaks of the
curves around 6 Hz do not occur at the same frequency, a direct comparison is not effective. Therefore, each
curve is normalized with respect to the frequency at which its own maximum peak occurs. As a result, the
curves presented in Fig. 5b are shown in a frequency-normalized form. To assess the importance of using a
QZSS, the frequency-domain response of the bridge with only vertical stiffness at both ends is taken as the
reference. In Fig. 5c,d, the percentage increase or decrease in the bridge’s maximum deflection resulting from
the use of a QZS is examined, both with analytical and numerical parameters. Fig. 5c shows that using the
QZS with the analytical parameters (kv = 490.3 kN

m , kh ,Q ZSS = 1220 × 103 kN
m , θ0 = 30○) at both ends reduces

the maximum deflection of the bridge over 98.5% of the frequency range. The increase observed in this
interval is due to the shift in the bridge’s fundamental frequency. The QZS system exhibits a resonance peak
at the fundamental frequency, consistent with its design. However, its primary benefit lies in substantial
vibration mitigation across a wide frequency range; a characteristic that makes QZS valuable for applications
requiring both broad-frequency isolation and static load support. The exact percentage change of the
maximum deflections of the bridge when using a QZS instead of conventional vertical springs at both ends
over the 1.5–12 Hz range is presented in Table 4, and the results are compared. Based on Fig. 5c, as discussed
above, although the deflection is significantly reduced over 98.5% of the frequency range, the second row
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of Table 4 shows that the maximum deflection increases by about 10% compared with a bridge equipped with
simple vertical springs at both ends. Therefore, we adopted the numerical optimization approach described
in Section 4 to achieve our objective of reducing the maximum bridge deflection at the critical frequencies.
The results of the numerical optimization method are shown as a blue dotted line in Fig. 5a,b, and the
corresponding percentage reduction relative to traditional supports (simple vertical springs) is presented
in Fig. 5d. Moreover, based on the third row of Table 4, we were able to reduce the maximum deflection of
the bridge about 11 percent compare to using traditional simple vertical stiffness at both ends of the bridge.

Figure 5: (a): Maximum deflection in frequency domain, ‘- - -’ analytical QZS (Eqs. (10) and (11)) without dashpot,
‘. . . .’ numerically optimized QZS without dashpot (Section 4), ‘—’ vertical springs; (b): maximum deflection in a
normalized frequency domain; (c): Percent reduction of the system with analytical parameters vs. the case with vertical
springs only; (d): Percent reduction of the numerically optimized system vs. the case with vertical springs only;
(e): Percent reduction, system with analytical parameters vs. numerically optimized.
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In Fig. 5e, the two QZSS configurations, including one using the analytically optimized parameters
described in Section 2 and the other using the numerically optimized parameters presented in Section 4,
are compared. Although the analytically optimized parameters yielded better deflection reduction than the
numerically optimized ones (see Fig. 5d), the numerical parameters still reduce the maximum deflection by
approximately 21% (see Table 4, comparing rows 2 and 3). Therefore, to achieve the goal of minimizing the
maximum deflection for a bridge without dampers at either end and supported only by springs, the QZSS
with numerically optimized parameters provides the best performance.

Table 4: Comparison of the bridge’s maximum deflection for various support configurations at both ends, without a
dashpot.

Case
Attached

Configuration at
Ends

Optimization
Approach

Maximum
Deflection

[mm]

Deflection Changes
Concerning Bridge

with Simple Vertical
Spring %

Optimized
Stiffness
k h[

kN
m
]

k h

k h ,Q ZS S
*

Optimized
Stiffness
kv[

kN
m
]

Optimized
Damping

λ[
Ns
m
]

Optimi
zed

Angle in
QZS [○]

1 Simple vertical
spring Analytical 5.92 – – – 490.3 – –

2 QZSS Analytical 6.56 +10 1220.0 1 490.3 – 30**
3 QZSS Numerical 5.26 −11 1528.0 0.95 535.0 – 27.26

Note: *: β = kh
kh ,Q ZSS

is a ratio considered in this optimization that should be 0 < β < 1, which results in the system being
stable, see Section 4.1. **: The initial angle was chosen as 30○ so that it becomes zero once the bridge is positioned on
the QZSS.

Fig. 6 shows the effect of the horizontal springs on the first four natural frequencies. Note that, in all
diagrams θ0 is considered to be 30○, and hence kv = 490.3 kN

m . By increasing the horizontal spring, the first
two natural frequencies simultaneously reach zero when the horizontal stiffness is kh ,Q ZSS = 1220 × 103 kN

m ;
which may be beneficial for the mitigation of the vibration.

Figure 6: Effect of horizontal spring on the natural frequencies of the bridge, without a dashpot.

5.2 Presence of Dashpot
To achieve the goal of minimizing the bridge’s maximum deflection, a linear dashpot was added at both

ends of the bridge. The parameters of the QZS mechanism and the dashpot were subsequently determined
through numerical optimization, with the objective of achieving the maximum reduction in peak structural
deflection. Three sets of optimal parameters are considered for the optimization, see the first three rows
of Table 5.
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Table 5: Comparison of maximum deflection of the bridge with different support types, all incorporating dashpots at
both ends.

Case
Attached

Configuration at
Ends

Optimization
Approach

Maximum
Deflection

[mm]

Max Deflection
Reduction vs. Simple
Vertical Spring %**

Optimized
Stiffness
k h[ kN

m ]
βs *

Optimized
Stiffness
kv[ kN

m ]

Optimized
Damping

λ[ Ns
m ]

Optimized
θ 0 in

QZS [○]

1 QZSS with linear
dashpot Numerical 1.01 19.1 327.40 0.72 362.78 19,811 42.5

2 QZSS with linear
dashpot Numerical 1.08 19.4 337.97 0.87 344.93 15,530 45

3 QZSS with linear
dashpot Numerical 1.05 12.5 254.29 0.81 324.20 30,000 49

4 QZSS with linear
dashpot Analytical 0.56 55.2 460.10 1 362.78 19,811 42.5

5 QZSS with linear
dashpot Analytical 0.68 49.2 394.56 1 344.93 15,530 45

6 QZSS with linear
dashpot Analytical 0.39 67.5 314.81 1 324.20 30,000 49

7 Simple vertical
springs Analytical 1.25 – – – 362.78 19,811 –

8 Simple vertical
springs Analytical 1.34 – – – 344.93 15,530 –

9 Simple vertical
springs Analytical 1.20 – – – 324.20 30,000 –

Note: *: β = kh
kh ,Q ZSS

, 0 < β < 1, see Section 4.1. **: cases (1, 4) are compared with case 7; cases (2, 5) are compared with
case 8; cases (3, 6) are compared with case 9.

To investigate the effect of horizontal stiffness on the vibration reduction of the bridge, the initial value
θ0, obtained from each set, was applied to both the bridge with vertical springs only and the one with QZS
(Eqs. (10) and (11)); the resulting responses are then compared; Fig. 7a presents the maximum deflection
of the bridge in the frequency range of 1.5–12 Hz: the black dotted line is achieved by using the numerical
parameters mentioned in row 1 of Table 5, the pink continuous line refers to vertical springs only, the dashed-
dot red line refers to analytical parameters. Fig. 7b shows the percent vibration reduction of the numerically
optimized QZSS (black dotted line in Fig. 7a) vs. traditional supports simple vertical springs (pink solid line
in Fig. 7a). Fig. 7c shows the percent vibration reduction achieved by the QZSS with analytical parameters
(red dashed-dot line in Fig. 7a) vs. a traditional supports (simple vertical springs). As shown in Fig. 7c,
although the QZSS with the analytical parameters obtained from Eqs. (10) and (11) provides a high level of
vibration reduction, due to the ideal condition kh

kh ,Q ZSS
= 1, the initial angle θ0 and the parameter λ are still

those determined numerically from the first row of Table 5.
For the sake of brevity, the deflection plots corresponding to the 2nd and 3rd rows of Table 5

(representing the other optimal QZSS parameter sets) have been omitted.
Table 6 shows comparisons with an initial angle θ0 (from Ref. [11]), such table clarifies the importance

of using a QZSS, the bridge deflections corresponding to the 2nd and 3rd rows (θ0 from Ref. [11]) are
compared with the 1st row. It is observed that the optimal damping value converges to λ = 19, 811 in certain
cases, indicating that the optimum lies within the explored parameter range rather than at its boundary.
This suggests that further increases in damping beyond this value do not lead to significant additional
improvements in the response. Moreover, the observed performance enhancement is not solely attributed to
damping, but also to the reduced effective stiffness introduced by the QZS mechanism.
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Figure 7: Maximum deflection and percent vibration reduction with QZSS and dashpot (θ0 = 42.5○ and λ = 19, 811 Ns
m );

(a): ‘ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ’ QZS with dashpot, numerical optimization (see Section 4); ‘-.-.-’ QZS supports with dashpot, analytical
parameters (Eqs. (9) and (10)); ‘——’ vertical springs only. (b) Percent vibration reduction with QZSS numerically
optimized vs. vertical springs only. (c) Percent vibration reduction with QZSS, analytical parameters, vs. vertical springs
only. (d) Percent vibration reduction with QZSS, analytical parameters, vs. QZSS numerically optimized; dashpots are
present.

Table 6: Comparison of the bridge’s maximum deflection for different support systems equipped with dashpots at both
ends.

Case
Attached

Configuration at
Ends

Optimization
Approach

Maximum
Deflection

[mm]

Max Deflection
Reduction

Concerning Simple
Vertical Spring %

Optimized
Stiffness
k h[ kN

m ]
k h ,Q ZS S βs *

Optimized
Stiffness
kv[ kN

m ]

Optimized
Damping

λ[ Ns
m ]

θ 0 in
QZS [○]

1 Simple vertical
spring Analytical 1.09 – – – – 490.00 19,811 –

2 QZSS with linear
dashpot Numerical 1.01 7.00 327.40 454.72 0.72 362.78 19,811 42.5

3 QZSS with linear
dashpot Analytical 0.56 48.6 1220.00 1220.00 1 490.00 19,811 30**

Note: *: βs = kh
kh ,Q ZSS

, 0 < βs < 1, see Section 4.1. **: θ0 = 30○ from [13].

Fig. 8 shows cases of Table 6 analyzed in the range 1.5–12 Hz; notably, the bridge equipped with either
the numerically optimized or analytically derived QZSS achieves significantly better performance than the
bridge supported only by simple vertical springs at both ends. The key advantage of using the numerically
optimized QZSS is that, from an engineering perspective, it yields much lower parameter values while
still providing substantial reductions in bridge deflection across the wide frequency range of 1.5–12 Hz;
see Table 6.
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Figure 8: Maximum deflection and percent vibration reduction with QZSS and dashpot; (a): ‘ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ’: QZS supports
with dashpot, numerical optimization (θ0 = 42.5○ and λ = 19, 811 Ns

m ); ‘ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ’: QZS supports with dashpot, analytical
parameters (θ0 = 30○ and λ = 19, 811 Ns

m and Eqs. (9) and (10)); ‘—-’: Vertical springs only. (b) Percent vibration
reduction, with numerically optimized QZSS and dashpot, vs. vertical springs. (c) Percent vibration reduction with
analytical QZSS and dashpot, vs. vertical springs.

Based upon the above-mentioned results, the optimized stiffnesses (kv ,O pt , kh ,O pt) significantly reduces
the deflection response, and the inclusion of damping (λO pt) further enhances the vibration mitigation
performance of the QZS supports. The comparison clearly demonstrates that QZS supports, with suitable
damping, provide a markedly superior reduction in bridge vibrations compared to conventional simple
vertical spring supports, while simple vertical springs offer only limited vibration mitigation. The use of QZS
supports with analytical values incorporated with linear dashpots at both ends, reduces the maximum mid-
span deflections by approximately 48% across the investigated frequency range. When the QZS parameters
are optimized numerically, the performance is still significant, with reductions of about to 10% in all over the
frequency range of 1.5–12 Hz, compared to the analytical stiffness values; see Fig. 8b.

These findings not only confirm the superior vibration control capability of QZS systems but also
underscore their practical significance. By effectively suppressing pedestrian-induced vibrations, optimized
QZS supports allow for the design of lighter and more slender bridge decks without compromising service-
ability or pedestrian comfort. In this way, QZS-based solutions provide a robust and efficient alternative
to conventional vertical spring supports, offering both enhanced dynamic performance and meaningful
design flexibility.

To provide further clarification, the maximum deflection of the bridge is evaluated in the time domain
under different selected representative excitation frequencies of human walking and the results are compared
across several support configurations, see Fig. 9. In this analysis, the bridge responses obtained using the
numerical optimized QZSS parameters are compared with those obtained from the analytical QZS stiffness
values, as well as with the baseline case of a bridge supported only by simple vertical springs at both ends;
see Table 4. The excitation frequency is chosen to cover the critical pedestrian activity range, namely 2.5 and
5.0 Hz; notably, the frequency of 5 Hz can be reached as the second harmonic cross the excitation frequency
of 2.5 Hz; see Section 4.1 for more details. By considering this set of frequencies, the analysis ensures a
comprehensive evaluation of the bridge’s performance.

The analysis of results highlights that the QZS with analytical parameters consistently yield lower
maximum mid-span deflections than the numerical QZS at both ends of the bridge and the vertical
spring-supported bridge. The bridge with simple vertical springs only shows the highest deflections across
both considered frequencies, indicating its limited effectiveness in controlling vibrations. Figs. 9a and 10a
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present the time response of the bridge under the selected excitation frequencies of 2.5 and 5.0 Hz,
respectively. Complementarily, Figs. 9b and 10b depict the corresponding root-mean-square (RMS) values
of the responses shown in Figs. 9a and 10a, thereby providing a clearer quantitative measure of the vibration
levels across the different support configurations.

Fig. 9c,d shows the acceleration-time response and the corresponding root mean square (RMS) accel-
eration of the footbridge subjected to a moving pedestrian with a pacing frequency of 2.5 Hz; Fig. 10c,d
illustrates the acceleration-time response and the corresponding RMS acceleration for a pacing frequency
of 5 Hz.

Figure 9: (a): Mid-span time response; (b): RMS of the mid-span time response; (c): Mid-span acceleration; (d): Mid-
span acceleration RMS. Moving pedestrian frequency 2.5 Hz. ‘—’ Bridge with vertical springs Eq. (10); ‘—’ Bridge with
QZS supports Eqs. (10) and (11); ‘—’ Bridge with numerically optimized QZS.
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Figure 10: (a): Mid-span time response; (b): RMS of the mid-span time response; (c): Mid-span acceleration; (d): Mid-
span RMS of the acceleration. Moving pedestrian frequency 5 Hz. ‘—’ vertical springs Eq. (10); ‘—’ analytical QZS
supports Eqs. (10) and (11); ‘—’ numerically optimized QZS.

The same procedure is applied to present the mid-span displacement and acceleration-time responses of
the bridge equipped with dashpots at both ends (see Figs. 11 and 12). For these plots, the data corresponding
to cases 1, 4, and 7 in Table 5 are used.
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Figure 11: (a): Mid-span time response; (b): the RMS of the mid-span response; (c): Mid-span acceleration; (d): Mid-
span RMS of the acceleration. Moving pedestrian frequency 2.5 Hz. ‘——’ vertical springs and dashpots Eq. (10); ‘——’
analytical QZS and linear dashpots Eqs. (10) and (11); ‘——’ numerically optimized QZS and dashpots.

6 Discussion
In Section 4, the influence of the pedestrian’s inertial mass on the bridge dynamics is investigated by

modeling the pedestrian either as a moving force or as a moving mass. The results clearly demonstrate
that including pedestrian inertia leads to only negligible differences in the structural response; see Fig. 13.
Despite this minor effect, the inertial contribution was retained in the optimization of the supporting
mechanical elements to ensure a rigorous and comprehensive formulation. Although this choice increased
the computational effort, it confirmed that neglecting pedestrian inertia would not compromise the accuracy
of the optimization results.
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Figure 12: (a): Mid-span time response; (b): the RMS of the mid-span response; (c): mid-span acceleration; (d): mid-
span RMS of the acceleration. Moving pedestrian frequency 5 Hz. ‘——’ vertical springs and dashpots Eq. (10); ‘——’
analytical QZS and linear dashpots Eqs. (10) and (11); ‘——’ numerically optimized QZS and dashpots.

Figure 13: Frequency response of the footbridge mid-span subjected to moving pedestrian mass; θ0 = 42.5○,
λ = 19, 811 Ns

m , kv = 362.78 kN
m and kh = 460.39 kN

m , 5 people on the bridge. ‘. . . . .’ moving force, ‘——’ moving mass.
(a) maximum deflection vs. frequency; (b) percent difference between moving mass and moving force.



24 Comput Model Eng Sci. 2026;147(2):18

In the present study, the optimization strategy was deliberately designed to directly optimize the initial
inclination angle θ0 rather than employing a scaling factor around the analytical stiffness ratio, Eq. (12).
This approach was selected for several compelling reasons that align with both engineering practicality and
mathematical elegance. First, optimizing θ0 is fundamentally more physically meaningful as it represents
an actual geometric parameter that engineers can directly control and implement in the structural design.
Second, this strategy provides immediate design guidance by yielding an optimal geometric configuration
that can be directly translated to design specifications.

The inclusion of QZS devices shifts the peak deflection toward higher frequencies compared to the case
with only simple vertical stiffness at both ends; see Fig. 5a. The use of dashpots results in approximately a
50% to 90% reduction in vibration amplitude relative to the simple vertical stiffness configuration; see Fig. 8.
Furthermore, incorporating dampers leads to a significant reduction in the effective stiffness of the QZSS,
numerically optimized, which is particularly important from both engineering and practical implementation
perspectives; see Table 5.

The optimization of the mechanical parameters of the QZS system is primarily directed toward mini-
mizing the dynamic deformation of the bridge, specifically the vibration amplitude and the corresponding
curvature, both of which directly affect the stress distribution within the structure. Although a reduction in
vertical stiffness may increase the static deflection under dead loads, the proposed system mainly reduces
the effective dynamic stiffness, leading to lower stresses and improved fatigue performance. The static
load-bearing capacity can be maintained through appropriate structural design.

Fig. 14 illustrates how the variation of θ0 affects the frequency at which the maximum deflection
occurs for the bridge equipped with a dashpot and the ideal QZSS using the analytical parameters from
Eqs. (9) and (10).

Figure 14: Maximum deflection of the bridge for different θ0, analytical QZSS (Eqs. (9) and (10)): ‘*****’ θ0 = 5○,
λ = 19, 811 Ns

m , kv = 2812.8 kN
m and kh = 246, 391.4 kN

m ; ‘— — — — — —’ θ0 = 10○, λ = 19, 811, kv = 1411.7 kN
m and kh =

30, 975.5 kN
m ; ‘——.——.—.——’ θ0 = 30○, λ = 19, 811, kv = 490.00 kN

m and kh = 1220.0 kN
m ; ‘. . . . .’ θ0 = 42.5○, λ = 19, 811,

kv = 362.78 kN
m and kh = 460.39 kN

m ; ‘——’ θ0 = 60○, λ = 19, 811, kv = 283.1 kN
m and kh = 188.7 kN

m .

To verify the adequacy of using linear beam eigenfunctions for the nonlinear boundary problem,
a convergence study was performed by progressively increasing the number of modes in the Galerkin
expansion from N = 4 to N = 20. Fig. 15 presents the maximum mid-span deflection across the frequency
range for both modal truncations. Due to the high computational cost of the full range 1.5 − 12 Hz, sweep
with 20 modes, the frequency resolution was reduced with respect to Fig. 8; however, the key resonant peaks
are adequately captured. As shown in Fig. 15, the response obtained with 4 modes (solid red line) is virtually
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indistinguishable from the one obtained with 20 modes (dotted black line), confirming that the modal
solution has converged. This rapid convergence is attributed to two factors: (i) the excitation frequency range
(1.5 − 12 Hz) covers only the first few bending modes of the bridge, and (ii) the nonlinearity is confined to the
boundaries while the beam itself remains linear, so the deformed shape remains within the space spanned by
the linear eigenfunctions. These results validate the use of N = 4 modes for all subsequent analyses presented
in this paper.

Figure 15: Maximum deflection of bridge with QZSS and dashpot (θ0 = 42.5○ and λ = 19, 811 Ns
m ); ‘——’ 4-mode

expansion; ‘. . . . .’: 20-mode expansion.

To assess the robustness of the optimized QZS designs with respect to variations in pedestrian load, a
sensitivity analysis was conducted. The optimized parameters of the QZS systems corresponding to Cases 1
and 4 in Table 5 were re-evaluated for pedestrian weights of 550 N and 900 N, representing typical variations
in human body weight. The resulting maximum mid-span deflections are presented in Fig. 16.

Figure 16: Deflection of the mid span vs. frequency, for different pedestrian mass; (a): QZSS; (b): Simple vertical
stiffness support (no horizontal stiffness). ‘-.-.-’: bridge under a moving mass of 73.85 kg; ‘. . ...’: bridge under a moving
mass of 55 kg; ‘-.-.-’: bridge under a moving mass of 90 kg.

For the configuration corresponding to Case 1, the maximum deflection is approximately 26% lower
for the 550 N load and approximately 22% higher for the 900 N load than in the nominal case, see Table 7.
Similarly, the configuration corresponding to Case 4 exhibits variations of approximately −25% and +21%,
respectively. Importantly, no instability was observed in any of the analyzed cases. These results indicate that
the optimized QZS designs maintain stable behavior and effective vibration mitigation over a realistic range
of pedestrian weights.

In Table 5 of Section 5.2, the performance of the QZS system is compared with that of a bridge equipped
with simple vertical stiffness. In that section, the QZS system is initially taken as the baseline, and the
horizontal stiffness components in cases 7, 8, and 9 are removed to evaluate the role and effect of the
horizontal spring.
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Table 7: Sensitivity analysis vs. moving mass for a bridge with QZSS and dashpot.

Pedestrian Weight [kg] 73.85 55 90

Case 1 of Table 5 at 5.55 Hz Max. deflection [mm] 0.91 0.67 1.11
Deflection changes

[%] – −26 22

Case 4 of Table 5 at 5.85 Hz Max. deflection [mm] 0.56 0.42 0.68
Deflection changes

[%] – −25 21

Furthermore, in Fig. 17, the mechanical parameters of the simple vertical stiffness system are indepen-
dently examined through numerical optimization. The results show that, when the bridge is optimized using
this approach, different optimal parameter values are obtained, leading to a slight additional reduction in the
maximum bridge deflection. Further details are reported in Table 8 related to the numerical optimization
of the parameters for the simple vertical stiffness. The results illustrate that the use of the QZS system shifts
the fundamental frequency of the bridge to higher values. This can be observed in Fig. 17 by comparing the
black dashed line (bridge with numerically optimized simple vertical stiffness) with the red dash-dotted line
(bridge with QZS).

Figure 17: Maximum deflection of the bridge incorporated with dashpot and various types of stiffnesses; ‘-.-.-’ QZS
supports using analytical parameters (Eqs. (9) and (10)); ‘——’ vertical springs (eliminating the horizontal stiffness of
the QZSS); ‘——’ vertical springs at both ends optimized numerically.

Table 8: Comparison of the bridge’s maximum deflection for different support systems equipped with dashpots at both
ends.

Case
Attached

Configuration at
Ends

Optimization
Approach

Maximum
Deflection

[mm]

Max Deflection
Reduction

Concerning
Analytical Approach

%

Optimized
Stiffness
k h[ kN

m ]
k h ,Q ZS S βs

Optimized
Stiffness
kv[ kN

m ]

Optimized
Damping

λ[ Ns
m ]

θ 0 in
QZS [○]

1* Simple vertical
spring Analytical 1.25 – – – – 362.78 19,811 –

(Continued)
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Table 8 (continued)

Case
Attached

Configuration at
Ends

Optimization
Approach

Maximum
Deflection

[mm]

Max Deflection
Reduction

Concerning
Analytical Approach

%

Optimized
Stiffness
k h[ kN

m ]
k h ,Q ZS S βs

Optimized
Stiffness
kv[ kN

m ]

Optimized
Damping

λ[ Ns
m ]

θ 0 in
QZS [○]

2** Simple vertical
spring Numerical 0.95 24 – – – 789.00 265,000 –

3*** QZSS with linear
dashpot Analytical 0.56 48.6 460.10 460.10 1 362.78 19,811 42.5

Note: *: The same as case 7 of Table 5. **: Numerical optimization of the parameters for the simple vertical stiffness.
***: The same as case 4 of Table 5.

The results indicate that, although the application of a numerical optimization approach leads to an
additional 24% reduction in the response of the bridge with simple vertical stiffness, its performance remains
significantly inferior to that achieved with the QZS system, as reported in Table 5. Moreover, the mechanical
characteristics associated with the QZS system are significantly lower than those corresponding to the
configuration with only simple vertical stiffness.

The significant reduction in vibration amplitude observed in the results can be attributed to the
nonlinear QZS behavior of the supports. In particular, the QZS mechanism reduces the effective dynamic
stiffness of the system in the vicinity of the equilibrium position, which leads to a shift of the natural
frequencies away from the dominant excitation range associated with the moving mass. As a result, resonance
effects are mitigated, and the dynamic response is significantly reduced.

Moreover, the nonlinear stiffness profile modifies the energy transfer between the moving mass and
the structure. The reduced stiffness facilitates a more compliant response, while the presence of damping
enhances energy dissipation, leading to an overall attenuation of vibrational energy. This combined effect
results in a substantial decrease in the structural response over a wide range of excitation frequencies.

7 Conclusions
This study investigated the vertical dynamic response of a footbridge subjected to pedestrian-induced

moving loads, focusing on the effectiveness of quasi-zero-stiffness (QZS) end supports. Conventional vertical
spring supports were compared with QZS systems featuring analytically derived parameters, numerically
optimized parameters, and configurations incorporating vertical dashpots.

The results demonstrate that QZS, combined with vertical dashpots provide the most effective vibration
mitigation. Maximum mid-span deflections were reduced by up to approximately 67% compared to conven-
tional supports under a single moving pedestrian. Even in the absence of dashpots, numerically optimized
QZS systems achieved a reduction of about 10% in the maximum deflection, while significantly decreasing
vibration levels over most of the investigated frequency range.

The inclusion of dashpots enables the use of QZS stiffness parameters that are more practical from an
engineering perspective and ensures rapid decay of vibrations after the moving load has exited the bridge.
Frequency-domain analyses confirm that QZS systems act as frequency-dependent isolators, preserving
static load-carrying capacity while providing broadband vibration attenuation rather than eliminating
resonance entirely.

The findings indicate that optimally designed QZS supports, particularly when combined with damping,
represent an effective and robust solution for mitigating pedestrian-induced vibrations in lightweight
footbridges.
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It should be noted that the present optimization framework is based on minimizing the maximum
deflection of the bridge. Additional factors, such as acceleration levels, dynamic amplification factors, and
human comfort criteria, may also play an important role in practical applications. The development of a
multi-objective optimization approach incorporating these aspects is recommended for future research.

Overall, the study focuses on vertical pedestrian-induced vibrations and does not explicitly account for
other excitation sources such as wind impacts, vortex-induced vibrations, or crowd synchronization effects.
Future research will address these aspects and extend the proposed framework to more complex loading
scenarios and experimental validation. While this study provides a robust framework for optimizing QZS
supports, certain limitations should be acknowledged. The analysis focuses on a single pedestrian moving
at a constant speed and a specific bridge geometry. Future work might investigate the system’s performance
under stochastic loading conditions, multiple pedestrians, and varying vehicle speeds.
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