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ABSTRACT: Imperfections can significantly reduce the load-carrying capacity of structures, especially in thin shells.
Such imperfections can stem from inaccurate fabrication and erection and they should be taken into account in the
analysis and design. For the first time, post-buckling behavior of functionally graded triply periodic minimal surface
(FG-TPMS) shells under axial compression is investigated in this paper. The proposed formulation considers both
geometric imperfection and porosity which can be considered as material imperfection. The two types of porosity
in this study are the even and uneven porosity distributions. The nonlinear responses of FG-TPMS shells with six
density distribution patterns along the thickness are investigated. The mechanical properties of the FG-TPMS materials
were calculated using a fitting technique. The present formulation is based on isogeometric analysis (IGA) and first-
order shear deformation shell theory (FSDT). Non-uniform rational B-Spline (NURBS) basis functions are utilized to
model exact geometries and to approximate displacements. The non-linearity of shells is formulated based on the von
Karman assumption and the total Lagrangian approach. A modified Riks method is employed to solve the discrete
nonlinear equation system iteratively. The high reliability of the present formulation is confirmed by solving several
problems. Effects of the density distribution pattern, geometrical imperfection, curvature, porosity volume fraction,
and porosity distribution on post-buckling strength of FG-TPMS panel are thoroughly studied. Moreover, numerous
new load-deflection paths of FG-TPMS shells subjected to compression and considering both geometric imperfection
and porosity are proposed.

KEYWORDS: FG-TPMS; shells; NURBS; axial compression; geometric imperfection; porosity; post-buckling

1 Introduction

Light-weight structures, such as shells, play a crucial role in various fields including civil, mechanical,
aerospace, and marine engineering. Real-world applications of shells include roofs of football stadiums,
factories, railway stations, airports, and submarines, ships, spaceships, and airplanes. In civil engineering,
using such shell structures can save materials and costs because of their advantages, such as light-weight
and long-span. Recently, bio-inspired structures, such as porous, lattice, and honeycomb structures, have
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been widely utilized because of their remarkable mechanical properties [1,2]. FG-TPMS structures, which are
bio-inspired structures and contain internal pores, have attracted considerable attention from scientists and
researchers. There are four types of FG-TPMS architectures: sheet-based, thickened-based, skeletal-based,
and network-based structures [3]. The sheet-based FG-TPMS structures investigated in this work possess
some remarkable mechanical properties compared with the other types of structures [4,5]. Mathematical
formulas can be utilized to express the geometries of FG-TPMS architectures, which possess remarkable
advantages including many internal pores, high inter-connectivity, smooth surfaces, and mathematically
controllable geometries. FG-TPMS structures can be fabricated numerously and rapidly by using 3D printing
technology [6]. FGTPMS-based structures are therefore used in many applications, such as bone implants,
batteries, microwave absorption, semipermeable membranes, energy absorbers, and engine brackets [7].
Thus, investigations on the responses of FG-TPMS structures are very necessary and practical. Modeling FG-
TPMS structures is challenging and time-consuming because of the complicated geometries and responses.
To overcome this difficulty, an effective approach for modeling FG-TPMS structures using equivalent single-
layer (ESL) theories was proposed in [8]. The numerical implementation of the approach is accurate, efficient,
and simple. Therefore, the approach was extended and investigated for analyses of FG-TPMS plates [9],
FG-TPMS plates with graphene platelet reinforcements [10], and FG-TPMS shells [11]. In addition, the
free vibration analysis of functionally graded TPMS porous quadrilateral plates reinforced with graphene
nanoplatelets was performed in [12], and the wave propagation behaviors of triply periodic minimal surface
sandwich shells were investigated using numerical and analytical approaches were performed in [13,14].
In structural engineering, geometric and material imperfections can significantly reduce the load-carrying
capacity of structures and lead to unpredictable failures. These imperfections can stem from inaccurate
fabrication and erection, and should be taken into account in the analysis and design. For the first time in
this paper, a post-buckling analysis of FG-TPMS shells with geometric imperfection and porosity under axial
compression is performed using the ESL theory-based approach. The formulation was established by using
IGA and FSDT.

There are some theoretical approaches for modeling shells such as unified formulations, ESL theories,
and 3D elastic theory [15]. The formulations using ESL theories achieved a balance between the accuracy of
solutions and the computational cost, most shells are consequently analyzed using these formulations. We
classify thin, thick, or moderately thick shells using their thicknesses, and shell analyses should be performed
using the appropriate theories to obtain accurate results. The classical shell theory (CST), which eliminates
transverse shear deformations, is appropriate for the analysis of thin shells. For analyses of thicker shells, we
can use the FSDT to obtain accurate solutions. Then, higher-order shear deformation shell theories (HSDTs)
were proposed to analyze thin, moderately thick, and thick shells and overcome the disadvantages of the
CST and FSDT. Several HSDTs can be mentioned, such as the third-order shear deformation theory [16,17],
quasi-3D theory [18], the generalized theories [19,20]. In this paper, the formulation is established by using
the FSDT and IGA, which is considered a powerful and accurate method. The IGA was proposed by using
the core idea of the finite element method (FEM) and NURBS basis functions, which possess higher order
derivatives [21]. The NURBS basis functions are utilized in the IGA to approximate solutions and to express
exact geometries. One of the benefits of using the IGA is that the geometrical data of structures, which
are extracted from computer-aided design (CAD), can be directly used for simulations. As an advantage,
the solution error caused by inaccurate mesh generation is completely eliminated in the IGA. Therefore,
we can save time on mesh generation, obtain highly accurate solutions, and solve problems with complex
geometries quickly by using the IGA. The IGA can be considered a bridge connecting the FEM and CAD.
Accordingly, the IGA has great potential for simulations in many engineering fields. A comprehensive review
of the IGA can be found in [22]. The IGA was investigated for the analyses of curved structures, such as
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membrane structures [23], thin shells [24-26], thin and thick shells [27,28], shell optimization [29], and
nonlinear analysis of shells [30-33]. Notably, the application of IGA to analyses of FG-TPMS shells is very
limited in the literature, except for the linear analyses of FG-TPMS shells in [11]. For the first time, post-
buckling behavior of FG-TPMS panels subjected to compression utilizing IGA and FSDT is investigated
in this paper. This is the first work which studies on effects of geometric and material imperfections on
the nonlinear behavior of FG-TPMS shells. In this paper, the non-linearity of shells is modeled using the
von Karman assumption and the modified Riks method is used to iteratively solve the discrete nonlinear
equation system.

2 Post-Buckling Analysis of FG-TPMS Shells with Geometric Imperfection and Porosity under Axial
Compression

2.1 Mathematical Model of FG-TPMS Materials Considering Porosity

In this work, FG-TPMS shells with the cell geometry I-graph and wrapped package-graph (IWP) are
investigated. The shells consider both geometric and material imperfections as shown in Fig. 1. The geometry
of sheet-based TPMS can be mathematically expressed as follows [8]:

v(x, y,z) = 2(cos(y1x) cos(x2y) + cos(x2y) cos(x3z) + cos(y3z) cos(x1x))—
—(cos(2y1x) + cos(2x2y) + cos(2x32))

where oy

h —= = ==
\ perfect  imperfect
(a) Geometric imperfection
h

even porosity distribution

uneven porosity distribution

(b) Material imperfection

Figure 1: The geometric and material imperfections.
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In which, [; is the length of a unit cell in the three directions x, y, and z. In addition, n; is the number
of unit cells. The popular level-set equation utilized to produce minimal surface lattices is y(x, y,z) = ¢. In
which, ¢ is known as the level-set constant and c is equal to zero for TPMS-like surfaces. In this instance, the
obtained minimal surfaces separate the space into some sub-domains with equal volumes [3]. Fig. 2 describes
a FG-TPMS panel under axial compression as an illustration. A fitting method [8] was employed to calculate
the mechanical properties of the FG-TPMS materials. Thus, the relative density at an arbitrary material point
inside the structure is computed as p = % [8]. In this formula, V and V; are respectively known as volumes
of a TPMS cell and its surrounding cube. Density distribution patterns can be classified into two groups as
the following:

z 1\"
P = Pmin + (Pmax = Pmin) X (E + 5) Pattern A o
2
P = Pmin + (Pmax — Pmin) X (1 — cos (%Z))" Pattern B

(a) A FG-TPMS panel

(b) Detail I-The wunit cell I
wrapped package-graph (IWP)

Figure 2: A FG-TPMS panel under axial compression.

Based on the values of ppyin, Pmax> and 7, the two aforementioned groups (A and B) can be separated into
six density distribution patterns, namely, Al, A2, A3, B1, B2, and B3 as given in Table 1. Fig. 3 illustrates a FG-
TPMS plate in the case the average relative density p = 0.35. Besides, illustrations for six density distributions
across the thickness are shown in Fig. 4. The mechanical properties of FG-TPMS materials, such as Poisson’s
ratio v, shear modulus G, and elastic modulus E at a material point, can be determined by the relative density
p at that point as follows [8]:
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E =0.597E,p"*%; p<0.35
E =(0.987p"7%2 + 0.013)E;; p > 0.35

G =0.529G,p"**’; p<0.35

3
G = (0.960p*'% +0.040)G;; p > 0.35 3)

v=2.597¢ 017 —2.244; p<0.13
v =0.201p> - 0.227p + 0.326; p>0.13

in which, E; and G; are the mechanical properties of the parent or base material.

In this work, we establish formulas for FG-TPMS materials considering porosity based on that for
functionally graded materials considering porosity. Firstly, the effective properties of functionally graded
materials with evenly distributed porosity are expressed as follows [34]:

Pe(z):(PC—Pm)(%+%)n+Pm—%(PC+Pm) (4)

Table 1: Parameters for six porosity distribution patterns with the average relative densities 0.35.

Porosity Distribution Pmin Pmax n
Patterns
Al 0.20 0.5 1.0
A2 0.20 0.8 3.0
A3 0.25 1.0 6.5
B1 0.20 0.5 0.561
B2 0.20 0.8 1.757
B3 0.25 1.0 3.943

Figure 3: A FG-TPMS plate using the unit cell I wrapped package-graph (IWP).
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Figure 4: Six density (p) distributions cross the shell thickness.

The effective properties of functionally graded materials with unevenly distributed porosity are
expressed as follows [34]:

1 z\" o 22|
P =(P.-Pu)lz++| +Pp—=(P.+P 1-— 5
(@)= (B34 ) +Ba - SR m)( h ©
where P, and P,, are the material properties (E, G, v) of ceramic and metal, respectively, while 7 is the
power index. « (0 < a < 1) is the porosity volume fraction. The parameter « is equal to zero in the case of
no porosity, which is called perfect functionally graded materials. In this work, the present structures use
one phase of material, i.e., the parent or base material. Thus, formulas for FG-TPMS materials considering
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porosity are obtained by simplifying the formulas for functionally graded materials considering porosity
(P. = Py, = P) as follows: The effective properties of FG-TPMS materials with evenly distributed porosity are
as follows:

P.(z)=P(1-«a) (6)

The effective properties of FG-TPMS materials with unevenly distributed porosity are obtained as
follows:

P.(z) :P[l—cx(l—#)] (7)

Notably, P and P,(z) are, respectively, the mechanical and effective properties of FG-TPMS materials
considering porosity, such as Poisson’s ratio v, shear modulus G, and elastic modulus E at a material point.

2.2 Post-Buckling Behavior of FG-TPMS Shells Subjected to Compression

Firstly, a shell shown in Fig. 2a is studied. An orthogonal curvilinear coordinate system is introduced
as follows: The x-axis and y-axis match the lines of the principal curvatures of the mid-surface, while the
z-axis is perpendicular to the mid-surface. Then, physical quantities, such as displacements, stresses, and
strains, are expressed based on this orthogonal curvilinear coordinate system. The FSDT displacement field
is written as follows [35]:

u(x,y,z) = uo(x,y) +2zPx(x,y)
v(x,y,2) =v0(x,y)+zﬁy(x,y) or u=ug+zu (8)

w(x,y,2)  =wo(x.y)

where
u Up ﬁx

a=4v; w={vo; w=1p, 9)
w wo 0

U, vo, and wy respectively are the tangential and radial displacements of a point on the mid-surface. 8, and
B, respectively denote the rotations in the y-axis and the x-axis. Note that a singly curved shell is obtained if
Ry = Rand R, = oo. We mainly study singly curved shallow shells subjected to compression in this work, the
following assumptions can be accepted as: constant radii of curvatures a,,, = a,,x = 0and (1+z/R) ~ 1. The
detailed formulas for nonlinear engineering strain components based on the von Karman assumption in the
orthogonal curvilinear coordinate system can be found in [36]. The Sanders’ nonlinear strains are written
as [16]

T
s={exx Eyy yxy} = g + zKy, (10)

y= {yxz sz}T =&

the membrane strain g, taking into account the initial deformation wy is expressed as follows:
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Wo 2
Uo,x + R Wo x
2
=€ tent+Ep £ = Vo,y ; 8N=E Wo,y" 5
Hoy + Vo o a
Wo,xWI,x ﬁx,x Uo
‘ ‘ —— +wox + Bx
& = Wo,yWi,y o Kp = /))y,y ;o &= R
+
Wo,xWIy + Wo,yWI,x /jx,y + ﬂy,x Wo,y ﬁy
the nonlinear and initial strains are re-expressed as follows:
Wo 0
1 X Wo x
£N:—A90; Ag = 0 Woy |5 0= ?
2 W W Wo)y
0, 0,x
’ (12)
1 2WI,x 0
&1 = —AIO; A] = 0 ZWI,J,
2
ZWI,yZW[’x
The virtual work equation based on the total Lagrangian approach is expressed as
[ #"seaa- [ sa'tdo (13)
Q Q

Q is the initial configuration of the shell, while f, = {f,  f, f.}T denotes the external load vector. For
the post-buckling analysis, the virtual work equation of the shell subjected to axial compression AN, shown
in Fig. 2 is written as follows:

[ #7seda =1 [ ovN,d0 (14)
) Q
A denotes the load factor, and 6 represents the resultant stress vector as follows:
T

which contains the following components in plane,

h/2
06p={N:x N, ny}T:{f(ox 0, Tyy)dz}" (16)
—h/2
bending,
h/2
o, ={M, M, Mx},}Tz{f(ax oy Txy)ZdZ}T (17)
“h/2
shear,
h/2
05 ={Qx Qy}T={f(sz Tyz)dZ}T (18)

—h/2
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The stress resultant vector ¢ is expressed in terms of the generalized strain vector € and takes into
account the initial deformation as follows:

A B 0 £l EN T &
6=D& D=|B D' 0]|; é={x,0+{ O (19)
0 0 Df & 0
where
h/2
(A,],BIJ,le]) = [ (I,Z, Zz)Qide; l,] = 1,2,6
~h/2
h/2 (20)
Dj; =« f Qijdz  i,j=4,5
~h/2
and
E vE
Qu=0Qx= m; Qi2=Qy = m; Q44 =Q55=Qs6 =G (21)

the shear correction factor is ¥ = 5/6 [16].

3 Post-Buckling Analysis of FG-TPMS Shells Using NURBS Basis Functions and FSDT
3.1 NURBS Basis Functions

The NURBS basis functions are briefly presented in this section. Details and corresponding source codes
were presented in [22]. A knot vector E = {51, &y fn+p+1}, §ieRandi=1,..,n+ p+1isfirst considered.
In the case the first and last knots are repeated p + 1 times, the vector is considered open. In addition, a
B-spline basis function has continuity C* inside a knot span and C?™! at each knot. The B-spline basis
functions in one-dimensional parametric space N; , (§) can be expressed as follows [37]:

§- & §ivpr1—§
Nip(§) = 72 Nipa (§) +
o € ivp— & w1 () ivpr1 = &in
1ifg; < &< &ip
= O) Ni = .
b 0 (8) {0 otherwise

Nis,p-1 ()
(22)

The two knot vectors E = {‘fl, &, . §n+p+1} and H = {111, N2 ees ;7W,+q+1} are now considered. B-spline
basis functions in the two-dimensional parametric space can be achieved through a tensor product of the
basis functions in the dimensions & and # as

NS (& 1) = Nip (§) My (1) (23)

Taking into account weights w for control points, the non-uniform rational B-spline basic functions
(NURBS) are utilized to accurately express complex geometries such as ellipsis, spheres, and circles, etc.
Therefore, the NURBS functions are written as follows [21]:

NzWA

NA (E’ ’7) = mxn

SN (6w (24)
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in the case all weights of control points are equal, the NURBS and B-spline functions are equivalent.

3.2 Formulation Utilizing the NURBS Basis Functions and FSDT

In this paper, NURBS basis functions are utilized to interpolate the geometries and displacement fields
u of shells as follows:

mxn mxn

X" (x,y)= ) Na(&m)Ps and u" (&)= > Na(&n)q, (25)
A=1 A=1

Ny (&, 1) represents the NURBS basis function. Py is the control point coordinate. The vector q, =

T
{ Uoa voa Wwoa Pxa PBya } contains the degrees of freedom. x" (x,y) includes the coordinates of
physical points, while u” denotes the interpolated displacement vector.

By substituting Eqs. (25) into (11), the linear, bending, and shear strains can be expressed as follows:

n n n
&L = Z Bﬁ‘lA; Kp = Z BZQA; & = Z B,q, (26)
A=l A=l A=l
where
i 1
Nie 0 2Na 00 000 Ny O
L _ . b _
Nay Nax 0 0 0 0 0 0 Nay Nax 27)
1
Bo| g4 0 Nax Nao 0
0 0 Nay 0 Ny
By substituting Eqs. (25) into (12), the nonlinear and initial strains can be re-written as follows:
" 0 0 Nyuxy O O] 1
_ g g _ A,x . _ N_ . pN _ g
G_AZ::IBAqA’ By [ 0 0 Nay, 0 0 "£N+81—£AZ=:1BAqA’ B, = (Ag+A1)Bj
0 2 0 (28)
BY = W((;)X w + M(/)I)x 2w 0 0 Nax 00
A 0y Ly 0 0 Nyy 0 0
Wo y Wo x ZW],J, 2W[ x

The interpolated strains in Eqs. (26) and (28) can be substituted into Eq. (19). Then, the variation of the
generalized strain & can be expressed as follows:

" Bi) (BA
8¢=)"Badq,; Ba={Bi}+{0 (29)
A=l B, 0

All the terms in Eqgs. (25) and (29) are substituted into Eq. (14). By removing the virtual displacement,
the nonlinear equations can be achieved.

\y(q,x):fBﬁ&AdQ—AfNyNAdQ:o; Ni={0 N, 0 0 0}7 (30)
Q Q
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The equation system in (30) is nonlinear with respect to unknown variables q and A. Therefore, the
modified Riks method, which includes a series of linear solutions, can be utilized to solve the system. If there
is a small change in the external load from A,, N, to (1, + AA,,) N, a new equilibrium configuration around
the old one is achieved as

Y(q,, +Aq, Am +ALy) =0 (31)

Utilizing the Taylor series expansion for Eq. (31) and only taking into account the first term, the
following system of linear incremental equilibrium equations can be achieved:

Kr(q,,)Aq,, = (An + Ady) f N,N,dQ - f B 64dQ (32)
Q Q

Kr is known as the tangent stiffness matrix estimated at q,,, as:

) 4
Kr(q,,) = aq | (33)

Employing the modified Riks method for post-buckling and nonlinear analyses, an iterative process is
carried out for all load levels [38]. Accordingly, Eqs. (32) and (33) are re-written in a generalized form with
the m*" load step and the i*” iteration as follows:

Kr(q,,)A'q,, = Fextum — ' Fintym (34)
where
B,) (BYY]'[AB o][(BL) (BY
Ky = Bit+4 0 BD’ 0 ||<B5F+1 0 +[dQ+
a [(B 0 0 0 D°|| (B, 0 (35)
(89 NNy | B2 a
Q NxJ’N}’)’

the external load vector

Foxem :(i)tm+Ai/\m)fNy{ 0 Ny 0 0 01} da=(A, +AA,)F (36)
Q

where F, denotes the reference load. The internal load is determined as follows:

i i T in
Fuun = [ (By) (‘6,)d0 @)
Q
Replacing Eqs. (19), (26), (28), and (29) into Eq. (37), we obtain
iFint,m = iKmiqm (38)
where
BL) (BY)]'[AB o][(B BY
Ky = Bit+{0 BDY 0 [[{B}}+05{ 0 }[dQ (39)

a | (B 0 00D || B 0
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The iterative process at each load level is conducted till the convergence criterion for the residual load
is matched as follows:

Hi/‘mFO - iFint,mH
[ (A + AT )|

<1078 (40)

Notably, incremental solutions can be obtained by solving Eq. (34). Thereafter, the load factor and
displacement vector are determined as follows [38]:

i+1)Lm — iAm +Ai/\m
i+1qm — iqm + Aiqm (41)
A'q,, = A'qp,, + A'Anqg,

A'qy,, and q; , are the displacement vectors caused by the residual and reference load vectors,
respectively.

AiqR,m = [KT(qm)]_l(iAmFO - iFint,m)

42
Qs = [Kr(a,)] 'Fo 4

4 Results and Discussions

Steel-SUS304 was used as the parent (or base) material of FG-TPMS structures for all the problems in
this work. Its mechanical characteristics are as follows [8]: E; = 200 GPa and v, = 0.3. For all the following
FG-TPMS structures, the average relative density p = 0.35 was fixed [8]. The present formulation was verified
through several benchmark problems of an isotropic plate considering geometric imperfection, and a perfect
panel under axial compression, and perfect FG-TPMS panels under uniform pressure. This is the first study
on FG-TPMS panels considering material porosity, so the results of these structures are not available in the
literature for reference. Thus, we verified the proposed formulation for FG-TPMS panels without material
porosity. Notably, in the present formulation, FG-TPMS panels without material porosity are special cases
of that considering material porosity when the porosity volume fraction & = 0. All the problems in this work
were solved utilizing 14 x 14 cubic NURBS elements. For numerical integration, we used 4 x 4 Gauss points
per element. The boundaries of a plate and a shell described in Figs. 2 and 5 are mathematically expressed
as follows

o  The fully simply supported boundary for the plate [39]

ug =wo =Py =0 attheloaded edges

wo=,=0 at the unloaded edges 43)
o The simply supported (S) boundary for the panel [39]

wo=B,=0 at x=0,aR (44)
o  The clamped (C) boundary for the panel [39]

ug=vo=wo=By=,=0 at y=0; uy=wo=px=p,=0 at y=1L (45)

In this paper, the normalized parameters and geometrical imperfections for plates and panels are
mathematically expressed as follows:
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o Normalized central deflection [39]
w=w/h: plates, panels (46)

o Load parameters [40,41]

N,a’ : .
Ne = for isotropic plate
m?Eh? (47)
N - L 1
b= Ee or panels
o The initially geometrical imperfection of plate [40]
wr = Wosin(ﬂ)sin(ﬂ) (48)
a a
o The initially geometrical imperfection of panels [42]
Wy = Wosin(%)sin(%) (49)

where Wy denotes the maximum magnitude of the initial deflection due to geometrical imperfection. R
and L respectively are the radius and the length of the panel while a denotes the width of the square plate.
N, denotes the compressive load depicted in Figs. 2 and 5. In this paper, the geometrical imperfections
given in Eqs. (48) and (49) were assumed to be initial sinusoidal deformation. In addition, the material
imperfections given in Eqs. (6) and (7) were assumed to be evenly or unevenly distributed pores. These
assumptions are simplifications of geometrical and material imperfections. As a matter of fact, FG-TPMS
structures are usually manufactured by 3D printing technology. The material and geometrical imperfections
can be caused by the manufacturing process. Thus, uncertainties in material and geometry need to be
considered in future works.

Ny

a
I
I

(S

Figure 5: A simply supported isotropic square plate subjected to the axial compression [39].

4.1 Verification
4.1.1 Plate with Geometric Imperfection

The square plates are particular circumstances of singly curved shells if R = co. We first consider a simply
supported square plate with a/h = 120 and subjected to the compression depicted in Fig. 5. The mechanical
characteristics of material are as follows: Poissons ratio v = 0.3 and Young’s modulus E = 300 GPa. The
initial deflection due to geometrical imperfection is determined by Eq. (48), where the maximum magnitude
is Wy = 0.1h. The normalized central deflection w is determined by Eq. (46) and the load parameter N,
is defined by Eq. (47). The obtained result using the proposed formulation is presented in Fig. 6 in the
comparison with the analytical solution of Yamaki [40]. In [40], post-buckling analysis of functionally graded
material sandwich plates subjected to in-plane mechanical compression was performed using a mesh-free
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method and a higher-order shear deformation plate theory. Then, the formulation was used to analyze an
isotropic plate considering the geometric imperfection, as mentioned above. Note that the formulation in this
paper was established to analyze the post-buckling behavior of FG-TPMS shells with geometric imperfection
and porosity under axial compression using FSDT and IGA. Interestingly, both approaches (in [40] and
in this paper) produced accurate results compared with the analytical solution of Yamaki. The present
formulation for isotropic plates considering geometric imperfections is verified.
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Figure 6: Normalized central deflection and load parameter of the plate.

4.1.2 Isotropic Perfect Panel

The clamped-simply-clamped-simply cylindrical shell (CCSS) subjected to compression described
in Fig. 7 is next considered. The material properties are as follows [41]: Poisson’s ratio v = 0.33 and Young’s
modulus E = 10 Msi. The geometric properties are as follows: length L = 14.75 in., radius R = 60 in., thickness
h =0.13in.,and b = 14.5 in. As a result, the response of the panel is obtained in F'ig. 8, where the compression
Py, = N, b. The present solution is compared with that obtained using the mesh-free kp-Ritz method (MKR)
and FSDT [41]. The limit points are successfully detected on the equilibrium path. The two solutions well
agree when the radial displacement is smaller than 0.3 in. In the case the radial displacement is greater
than 0.3 in., two solutions do not well agree. This discrepancy can be explained as follows: For a relatively
large number of load steps, the accumulated geometrical description error of IGA is eliminated by utilizing
NURBS but that of MKR method becomes significant. Again, the present formulation for isotropic perfect
panels under compression is confirmed.

Figure 7: A clamped-simply-clamped-simply (CCSS) supported panel subjected to the axial compression [39].
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4.1.3 FG-TPMS Perfect Panels

The present formulation for simulating FG-TPMS materials is verified in this section. However, the
results of FG-TPMS shells subjected to compression are not available in the literature. Thus, we verify the
proposed formulation for the linear analysis of FG-TPMS panels under uniform pressure. An FG-TPMS
panel under uniform pressure g = 0.2 MPa is now considered. The panel is fully clamped, and its geometry
is described as following: #/R = 0.002, « = 0.1 rad., R=1m, and L/R = 0.1. Table 2 shows the obtained
results using the present formulation in the comparison with that using linear static analysis based on
FSDT and IGA [11]. An excellent agreement is found. It is concluded that the present formulation possesses
high accuracy in predicting the nonlinear responses of isotropic plates considering geometric imperfection,
isotropic perfect panels under axial compression, and in modeling FG-TPMS materials.

Table 2: The central deflections w/h of FG-TPMS panels under uniform pressure, R = 1m, h/R = 0.002, L/R = 0.1.

Porosity Distribution Patterns

Al A2 A3 B1 B2 B3

[11] 0.4740 0.4296 0.3638 0.3472 0.2505 0.2475
Present 0.4740 0.4296 0.3638 0.3472 0.2505 0.2475

Boundary Types Methods

CCCC IWP

4.2 Parametric Study

The CCSS FG-TPMS panel depicted in Fig. 7 is continued investigating in this section. The compressive
load is applied with the load step AN, =1 kN/m. The panel geometry is provided as R = 2540 mm,
h = 6.35 mm, and L = B = 508 mm. For panels, the geometrical imperfection is determined by Eq. (49) [42],
and the load parameter N, is determined by Eq. (47) [41].
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4.2.1 FG-TPMS Perfect Panels without Geometric Imperfection and Porosity

FG-TPMS perfect panels without geometric imperfection and porosity under axial compression are
studied in this section. Fig. 9 shows the load-deflection curves of panels with six density distribution patterns.
As seen, the panels using patterns B (including B1, B2, and B3) have higher post-buckling strengths than those
using patterns A (including Al, A2, and A3). We can conclude that the panels with patterns B have higher
bending and membrane stiftness than those using patterns A. Hence, we recommend to utilize FG-TPMS
panels with patterns B, which possess two advantages as depicted in Fig. 4b, as follows: 1) Density is rich at
both top and bottom surfaces; 2) Symmetrical density distributions with respect to the mid-plane. As seen
in Fig. 9, the panel with pattern B3 produces the highest post-buckling strength and the highest bending and
membrane stiffness compared with the panels utilizing the remaining patterns Al, A2, A3, BI, and B2. Fig. 10
shows the load-deflection curves of panels with various curvatures x = L/R. As seen the higher the curvature
of the FG-TPMS panel, the higher the post-buckling strength.
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Figure 9: Load-deflection paths of CCSS FG-TPMS perfect panels subjected to compression, R =2540 mm,
L=508mm,B=L,h=635mm, Wy =0, a=0.
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Figure 10: Load-deflection paths of CCSS FG-TPMS perfect panels subjected to compression, pattern B3, L = 508 mm
(fixed), B=L, h = 6.35 mm, Wy = 0, a = 0, various curvatures x = L/R.
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4.2.2 FG-TPMS Panels with Geometric Imperfection but without Porosity

FG-TPMS panels with geometric imperfection and without porosity (& = 0) under axial compression
are studied in this section. Figs. 11 and 12 show the load-deflection curves of panels with various geometric
imperfections for six density distribution patterns. As seen, the panels with patterns B2 and B3 have the
highest post-buckling strengths. This is because of the advantages of FG-TPMS panels with patterns B, as
explained in Section 4.2.1. All panels have similar critical buckling loads for an arbitrary density distribution
pattern. After the load-deflection curve passes the second limit point, the larger the geometric imperfection,
the lower the post-buckling strength.

4.2.3 FG-TPMS Panels without Geometric Imperfection but with Porosity

FG-TPMS panels without geometric imperfection (W; = 0) and with porosity under axial compression
are studied in this section. Figs. 13 and 14 show the load-deflection curves of panels with various porosity
volume fractions for even porosity distribution. In the meanwhile, Figs. 15 and 16 show the load-deflection
curves of panels with various porosity volume fractions for uneven porosity distribution. Clearly, the porosity
volume fraction significantly affects the post-buckling strength of the FG-TPMS cylindrical shell. The higher
the porosity volume fraction, the lower the post-buckling strength of FG-TPMS panel. We can conclude that
porosity significantly reduces nonlinear strength of FG-TPMS cylindrical shells. Interestingly, the effect of the
porosity volume fraction on post-buckling strength of the FG-TPMS panel with even porosity distribution
is more significant than that of the panel with uneven porosity distribution. Especially in the case of uneven
porosity distribution, the mentioned effect with respect to panels using patterns A is more significant than
panels using patterns B. This is because of the advantages of FG-TPMS panels with patterns B as explained
in Section 4.2.1. These advantages results in the panels with patterns B having higher bending and membrane
stiffness than the panels utilizing patterns A. Hence, the effect of porosity volume fraction on the post-
buckling strength of the FG-TPMS panel with patterns B is smaller than that with patterns A. Fig. 17 shows
the load-deflection curves of panels with various porosity distributions and volume fractions. Clearly, effect
of porosity distribution on post-buckling strength of FG-TPMS panel is significant. In the case of uneven
porosity distribution, pores are concentrated near the neutral axis, where its contribution to bending stiffness
is minimal. As a result for the same porosity volume fraction «, the panel with uneven porosity distribution
has a higher post-buckling strength than the panel with even porosity distribution. It is recommended to use
FG-TPMS panels with uneven porosity distribution in analysis and design.

4.2.4 FG-TPMS Panels with Geometric Imperfection and Porosity

In the last section, FG-TPMS panels with both geometric imperfection and porosity under axial
compression are examined. Without loss of generality, we consider FG-TPMS panels with pattern B3. Fig. 18
shows the load-deflection curves of panels with various geometric imperfections and porosity volume
fractions. As seen, the greater the geometric and material imperfections, the lower the post-buckling strength
of FG-TPMS panel. If we simultaneously increase the geometric imperfection and porosity volume fraction,
the post-buckling strength of the panel significantly decreases. Again, the simultaneous effect of porosity
volume fraction and geometric imperfection on the post-buckling strength of the FG-TPMS panel with
even porosity distribution is more significant than that of the panel with uneven porosity distribution.
Finally, Fig. 19 shows the load-deflection curves of panels with various porosity distributions. Again, it is
seen that the effect of porosity distribution on the post-buckling strength of FG-TPMS panel is significant.
In addition, Fig. 20 shows the panel deformation during the buckling process.
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Figure 11: Load-deflection paths of CCSS FG-TPMS panels subjected to compression, patterns Al, A2, A3, a =0,

various geometric imperfections.
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Figure 12: Load-deflection paths of CCSS FG-TPMS panels subjected to compression, patterns Bl, B2, B3, a =0,

varjous geometric imperfections.
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Figure 17: Load-deflection paths of CCSS FG-TPMS panels subjected to compression, pattern B3, W, = 0, various
porosity distributions and volume fractions.
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Figure 20: Structural deformation during the buckling process.

5 Conclusions

An investigation into the post-buckling behavior of FG-TPMS shells under axial compression was
conducted for the first time in this paper. The proposed formulation considers geometric imperfections and
porosity inside the panels. Two types of porosity distributions were considered: even and uneven. The post-
buckling behavior of FG-TPMS shells was investigated considering six density distribution patterns along
the thickness. The mechanical properties of the FG-TPMS materials were determined via a fitting technique.
The present formulation was established by using IGA and FSDT. The NURBS basis functions were used to
simulate exact geometries and approximate displacements. The non-linearity of shells was determined using
the von Karman assumption and the total Lagrangian approach. Then, a modified Riks method was used to
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iteratively solve the discrete nonlinear equation system. The present results well agreed with those available
in the literature. From the parametric study, the notable conclusions are drawn as follows:

1) For FG-TPMS perfect panels without geometric imperfection and porosity under axial
compression:

«  The panels using patterns B (including B1, B2, and B3) have higher post-buckling strengths than those
utilizing patterns A (including Al, A2, and A3). We can conclude that the panels with patterns B have
higher bending and membrane stiffness than those utilizing patterns A. The panel with pattern B3
produces the highest post-buckling strength and the highest bending and membrane stiffness compared
with the panels utilizing the remaining patterns Al, A2, A3, B1, and B2.

«  The higher the curvature (x = L/R) of FG-TPMS panel, the higher the post-buckling strength.

2) For FG-TPMS panels with geometric imperfection but without porosity under axial compression:

o  All panels have similar critical buckling loads for an arbitrary density distribution pattern. After the
load-deflection curve passes the second limit point the larger the geometric imperfection, the lower the
post-buckling strength.

3) For FG-TPMS panels without geometric imperfection but with porosity under axial compression:

«  The porosity volume fraction significantly affects the post-buckling strength of FG-TPMS panel. The
higher the porosity volume fraction, the lower the post-buckling strength of the FG-TPMS panel. We
conclude that porosity significantly reduces the nonlinear strength of the FG-TPMS panels.

o The effect of the porosity volume fraction on the post-buckling strength of the FG-TPMS panel with
even porosity distribution is more significant than that of the panel with uneven porosity distribution.
In the case of uneven porosity distribution, the mentioned effect with respect to panels using patterns
A is more significant than panels using patterns B.

4) For FG-TPMS panels with both geometric imperfection and porosity under axial compression:

o  The greater the geometric and material imperfections, the lower the post-buckling strength of the FG-
TPMS panel. If we simultaneously increase the geometric imperfection and porosity volume fraction,
the post-buckling strength of the panel significantly decreases.

« The simultaneous effect of porosity volume fraction and geometric imperfection on the post-buckling
strength of the FG-TPMS panel with even porosity distribution is more significant than that of the panel
with uneven porosity distribution.

5) The effect of porosity distribution on the post-buckling strength of the FG-TPMS panel is significant.
For the same porosity volume fraction «, the panel with uneven porosity distribution has a higher post-
buckling strength than the panel with even porosity distribution. It is recommended to use FG-TPMS panels
with uneven porosity distribution in analysis and design.

Although the proposed approach and structure possess some advantages, there are several limitations
which should be overcome as follows: 1) The proposed approach can be applied to singly or doubly curved
shells and plates. It should be improved for analyses of shells with arbitrary geometries; 2) There is no
experimental validation.
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