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ABSTRACT: The key points of micromorphic theory, including the balance laws and entropy principle, are briefly
introduced. Maxwell’s equations and the Lorentz Transformation of E and B fields in both relativistic and non-
relativistic electromagnetic theory are discussed. The link between the thermomechanical part and the electromagnetic
part of the micromorphic electromagnetic theory is established through the body force, body moment, and energy
source. The constitutive theory for thermo-visco-elastic-plastic-electromagnetic (TVEP-EM) materials is formulated.
Then the constitutive relations are reduced to the materially linear constitutive equations. Onsagers postulate is utilized
for the derivation of viscosity. Return-Mapping-Algorithm is invoked for plasticity. It is a well-known physical fact that
the electric field E and the magnetic flux B are not independent of each other. To resolve this problem, the scalar
potential ¢ and the vector potential A are introduced and derived, which are related to the electric field and magnetic
fluxasB=V xAand E=-V¢ - %%—‘?. Finite element formulations are rigorously derived. On each node, there are
displacements, micromotions, temperature, scalar, and vector potentials. It is numerically impossible and physically
meaningless to solve the five sets of finite element equations simultaneously. We propose to solve the problem of a
hollow cylinder subjected to twist in two stages. In the first stage, the static or nearly static solutions for displacements,
micromotions, plastic strains, and temperatures are obtained. In the second stage, the propagation of scalar and vector
potentials under the influence of deformations and temperature gradients is investigated. The material of micromorphic
theory can contain more complex substances, so it can be utilized to treat blood, bubbly fluids, liquid crystals, etc.
Incorporating the coupling between thermomechanics and electromagnetics in micromorphic theory can further
enhance the understanding and prediction of large classes of physical phenomena and provide many technological
applications. Phenomenologically important cross-effects, such as Peltier, Seebeck, Hall, Ettingshausen, Righi-Leduc,
and Nernst effects, can now be studied theoretically and numerically.

KEYWORDS: Micromorphic theory; thermomechanical-electromagnetic coupling; plasticity; finite element
formulation; Maxwell equations

1 Introduction

Micromorphic theory envisions a material body as a continuous collection of deformable particles;
each possesses finite size and inner structure. On the other hand, classical continuum mechanics envisions
a material body as a continuous collection of material points, each with infinitesimal size and no inner
structure. The purpose of going beyond the classical continuum mechanics is to take into account the
microstructure of the material body in question while still keeping the advantages of continuum theory
intact. Because micromorphic theory can incorporate more complex substances, it can be utilized to treat
blood, bubbly fluids, liquid crystals [1-5], etc. Incorporating the coupling between thermomechanics and
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electromagnetics into micromorphic theory can further enhance the understanding and the prediction of
large classes of physical phenomena and provide innumerable technological applications. To cite a few,
piezoelectric crystals, magnetic memory devices, energy generation by means of controlled plasma, and
the study of many natural phenomena, such as earth magnetism and stellar dynamics. Phenomenologically
important cross effects such as electostriction, magnetostriction, Peltier, Seebeck, Hall, Ettingshausen,
Righi-Leduc, and Nernst effects can now be studied theoretically and numerically [6-8].

Microcontinuum field theories constitute extensions of the classical field theories concerned with
deformations, motions, and electromagnetic interactions of material media as continua. It is emphasized
that in the classical continuum theory, a point is represented by a geometrical point, infinitesimal in size and
without inner structure. Then the question becomes How can one represent the intrinsic deformation of a point
particle in a microcontinuum? Eringen settled this question by replacing the deformable point particle with a
geometric point P and some vectors attached to P, which denote the orientations and intrinsic deformations
of the material points in the deformable point particle [5,7,9]. Geometrically, a particle P is identified with
its position vector X in a Lagrangian coordinate system and vectors 2% (a = 1,2,3,...., N) attached to P,
representing the inner structure of P. Here N is the number of discrete material points in the particle. Now
the motions may be expressed as

x=x(X,1) (1)
g =" (X,B% 1), ae(1,2,3..,N) (2)

where t is the time, §” is the Eulerian coordinates of a-th material point in the particle. A medium with
such general motions was named by Eringen as the microcontinuum of grade N. Obviously, this is too
complicated. Therefore, in a so-called two-level continuum model, first let the position vector of a material
point be decomposed as the sum of the position vector of the centroid of the particle and the position vector
of a material point relative to the centroid:

X =x+§ X =X+E ©)
Then let the motions be reduced to

x=x(X,1), E=§(X,E,t) (4)
If the micromotions § = § (X, E, t) is further reduced to an affine motion, i.e.,

§=xx (X, 1) Ex or & =y (X, 1) Bk (5)

Then we arrive at the doorstep of the micromorphic theory.

The ultimate goal of this work is to formulate the finite element equations for a micromorphic
electromagnetic continuum. To begin with, notice that the balance laws of micromorphic electromagnetic
continuum consist of two parts: the thermomechanical (TM) part and the electromagnetic (EM) part.
In Section 2, the electromagnetic (EM) balance laws, i.e., the famous Maxwell’s equations, are introduced.
We also introduce the Lorentz Transformation of E and B fields in relativistic electromagnetic theory [10], as
well as in its special case, non-relativistic electromagnetic theory. In Section 3, the Eulerian description of the
basic laws of micromorphic theory, including Conservation of Mass, Conservation of Microinertia, Balance
of Linear Momentum, Balance of Moments of Momentum, Conservation of Energy, and Entropy Principle, is
introduced. Also included in the basic laws of micromorphic theory are the electromagnetic (EM) part of
the body force, body moment, and energy source [6,7,11-13]. It is emphasized that this inclusion establishes
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the link between the thermomechanical part (TM) and the electromagnetic part (EM) of the micromorphic
electromagnetic theory. The constitutive theory for thermo-visco-elastic-plastic-electromagnetic (TVEP-
EM) materials is formulated in Section 4. The formulation of constitutive theory, including plasticity, is
unique in the sense that one needs to add a set of internal variables to the list of the independent constitutive
variables and, of course, one needs to supply a set of governing equations for the newly added internal
variables [5,14]. The materially linear constitutive equations are formulated in Section 5. It is emphasized that
this work is based on geometrically nonlinear, or say large-strain, approaches. Onsager’s postulate is utilized
for the derivation of viscosity. Return-Mapping-Algorithm is invoked for plasticity.

It is a well-known physical fact that the electric field E and the magnetic flux B are not independent
from each other, nor are the dielectric displacement D and the magnetic field H. To resolve this problem,
scalar potential ¢ and vector potential A are introduced in Section 6. The scalar potential ¢ and the vector
potential A are related to the electric field E and magnetic flux B [10] as

B=VxA (6)

E=-V¢--— (7)

Eventually, the governing equations for ¢ and A, not E and B, are obtained in Section 6. In Section 7,
for finite element formulation, we link the displacement U, micromotion y, temperature T, scalar potential
¢, and vector potential A at a generic point in a finite element to the corresponding nodal values associated
with that finite element. Finally, the finite element equations for Ukp> Xkkp> Ip> Pp> and A kp are obtained.
It is noticed that the governing equations for displacements uand micromotions X are mainly acoustic
wave equations; the governing equations for temperature T are mainly diffusion equations; The governing
equations for scalar potential ¢ and vector potential A are mainly wave equations with wave speed in the
order of the speed of light. The speed of acoustic waves and the speed of light are not in the same order of
magnitude. To solve the five sets of differential equations, Eqs. (172)-(176), simultaneously is numerically
impossible and physically meaningless. In Section 8, we propose to solve the problem in two stages. To
the electromagnetic waves in terms of the scalar and vector potentials, everything else seems to stand still.
Therefore, in Stage I, we solve Eqs. (172)-(174) dynamically and seek the static or nearly static solutions.
In StageII, based on the static or nearly static solutions obtained in Stage I, namely u, T, and x, we
calculate the forcing terms for the differential equations for ¢ and A. Discussions and conclusions are given
in Section 9.

2 Maxwell’s Equations

The balance laws of micromorphic electromagnetic continuum consist of two parts: the thermome-
chanical (TM) part and the electromagnetic (EM) part. The EM balance laws are the well-known Maxwell’s
equations that can be expressed in the Heaviside-Lorentz system [7,10,12] as

V-D=g or Dyr=¢q (8)
10B 1 0B;

VxE+-—=0 or ¢&Ei+-——=0 9
c ot HRERIT ot ®)

V-B=0 or Bpi=0 (10)
10D 1 19D; 1

VxH--—=-] or ¢&yHyj———=-] (11)
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where D is the dielectric displacement vector, B the magnetic induction vector, E the electric field vector,
H the magnetic field vector, J the total current vector, and g the free charge density. Define the polarization
vector P and the magnetization vector M as

P=D-E or Pk:Dk—Ek
M=B-H or MkZBk—Hk (12)

It is noticed that the quantities g, J, D, E, P, B, H, M are all referred to a fixed laboratory frame Rg. On
the other hand, ¢*,J*,D*,E*,P*,B*, H*, M" are referred to a co-moving reference frame Rc.

In relativistic electromagnetic theory, the Lorentz Transformation of E and B fields can be expressed
as [10]

2
* Y

E'=y(E B)-— -E 1

y(E+BxB)- L B(B-E) 1)
y?

B*=y(B- E)-—— ‘B 14
y(B-pxE)- L (B -B) (4)

where ﬁzz,ﬁ:\/ﬁ-ﬁ,yzﬁ, and v is the velocity of co-moving frame R relative to the fixed

c =

laboratory frame R, and c is the speed of light in vacuum. Jackson [10] also explained that the inverse can
be found by interchanging the star and the no-star quantities and by changing p to -, i.e.,

By (8- poB) - L op(p ) s
By (B +pxE) - L p(p-B) 6)
y+1

The proof of Jackson’s formula, Eqs. (13)-(16), and further discussion of the Lorentz Transformation are
included in Appendix A.

Following the same pattern of Eqs. (13)-(16), one may write and prove the validity of

2 2

D =y(D+pxH) - Top(p-D), D=y(D’-pxH)- T p(p-D) 17)
2 2

H' =y (H-pxD)- Tp(B-H), H=y(H +pxD")- T p(p-H") (18)

M*=y(M+BxP)-L—B(B-M), M=y(M -pxP)-L—p(p-M") (19)
y+1 y+1

P'=y(P-BxM)- L —B(p-P), P=y(P"+pxM")-——p(p-P*) (20)
y+1 y+1

[SIE

Recall that y = (1 = [32)_ , the Taylor series expansion of y about = 0 is obtained as
1o 304
1+ P+ P+ 21
yrlr byl (a1
Let’s keep the Taylor series at most to 2. Then, for non-relativistic electromagnetic theory, we have

E*=E+pxB, E=E -pxB* (22)
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B*=B-fxE B=B*+pxE (23)
D'-D+pxH, D=D"-pxH* (24)
H'=H-fxD, H=H"+pxD" (25)
P*=P-fxM, P=P*+pxM (26)
M*=M+pxP, M=M —pxP* (27)

Also, it is noticed that Eringen [6] gave a detailed discussion and derivation and showed that
q =q J =J-qv (28)

3 Balance Laws of Micromorphic Theory

To begin with, let’s briefly derive the balance laws of micromorphic theory [7]. There are three parts:

(I)  The concepts of mass and inertia require a finite volume of the material body. Before taking a limiting
process of volume densities, consider a particle P having volume element AV in the reference state
and its image p in the spatial frame at time ¢. The total mass of these particles is the sum of the masses
of microelements, i.e.,

pDAV=fpf,dV', pAv=/p'dV' (29)
AV Av

where the primed quantities refer to microelements of P and p. The relative position vector E and §
of the microelements are taken with respect to the centroids of AV and Av, so that

[ plEAV' =0, [ p'&dv =0 (30)
AV Av
However, the second moments of p,d V' and p’dv’ do not vanish and they are given by

poliidV = [ piExE1dV', pindv= [ plE&idy (31)
AV Av

We assume the mass of the microelement is conserved during the motion
prdV'=p'dv (32)
This implies that, in the limit as AV — 0 and Av — 0,

podV = pdv (33)
ik = Ikexex Xies  Ixe = kXX (34)

These two balance laws can be re-written as

d
T fpclv =0 (35)
d

= fPikl)_(KJ(deV =0 (36)

v
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(II) In classical continuum mechanics the energy associated with stresses can be written as [ fx;v,day.

Aa
Now in micromorphic theory, follow Eqs. (4) and (5), we write
/ ti (vi+ fl) day = (trvi + Mg Vi) Aag (37)
Aa
where the microgyration tensor vy;, moment stress tensor m;,,, and body moment plj; are defined
through
& = v (38)
MrimAag = f t;c,fmda;( (39)
Aa
plimAv = fp'fl'fmdv' (40)
Av
The kinetic energy per unit mass can now be expressed as
1 .
K= 3 {vivi + ik Vmivmi } (41)
Therefore, for micromorphic theory, the conservation of energy can be expressed as
f p(e+K)dv= ff (tkivi + MiimVim — qi) day
f P (fkvk + lklvkl + ]’l) dv (42)
Consider a time-dependent rigid motion of the reference frame
X = Qui (1) x1 + by (t) (43)

where Qy; is an orthogonal tensor, i.e.,
QQ'=Q'Q=1, det(Q)=1 (44)

Then the velocity, angular velocity, microinertia tensor, and its material time rate can be expressed as

Uk = Quvi + Quxg + by (45)
Qi1 = Qum Qm (46)
ik = kaimelp (47)
di

kl = ka le +2Qkmimi (48)

Suppose that at time ¢, the body is brought back to the original orientation (i.e., Q = I, having only
translational and angular velocities, i.e., Q2 and b are constants). Then we have

17k =V + lexl + l:Jk (49)
Qi = Qi (50)
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ik1 = ik (51)
diy  dig

B K O mim 52
7 7 kmml (52)

and also, it is noticed that

U1 = Qg1 + Vg (53)
Qg = =Qu (54)

Under these transformations, the mass density p, the internal energy density e, Cauchy stress f;,
moment stress my;,,, and heat flux g, are not affected since the motion is rigid. However, the body force

fx and body moment I;; must be accommodated by corresponding linear and micro-accelerations (spin
inertia), i.e.,

fi— = fi—vio L= 6x1 = It — 0k (55)
Also, notice that

o

K= 2 {Pkk + T Dmi O (56)

Then subtracting the energy balance law in the x — frame from that in the X — frame gives

d - . .
afP(K—K)dVZ§£{fkl (71 =v1) + Mg (D1 — Vim } day

N

+fp{fk17k—fkvk+fk,ﬁkl _lklvkl}dV (57)

v

After lengthy but straightforward derivation one obtains

f {[lexm + 1.71]71 + leilm}dv

14

- - 1
_/{[S(K—K)Jrikl(vkaml+Ekale)}:0 (58)
where
Ffr=tax+p (i =) lim = Mgimk + twt + p (lim = 01 (59)

For arbitrary and independent variations of b; and Qy; = —Qy, the coefficients these quantities must
vanish. Hence

fr=0=tig+p(fi-v)=0 (60)
Tim = Lot = Witk + tt = Sim + P (lim = 01m) = 0 (61)

where the introduction of a symmetric s,,; =s;,, is due to the antisymmetric Qj; = —-Qp, and it is
named microstress.
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The law of conservation of energy can simply be derived from

d
Efp(e+l<)dv=yg(tklvl+mklmvlm—qk)dak
+fp(fkvk+lklvkl+h)dv (62)

where e is the internal energy density, gy is the heat flux and & is the energy source density. The conservation
of energy in local form can be obtained as

Pé = MilmVimk + til (Vik — Vik) + SkiVik — ik + ph (63)

(IIT) The second law of thermodynamics can be derived as

d 1 h
E/pqdvk—ﬁqudawr[%dv (64)

v

where 7 is the entropy density per unit mass, 6 is the absolute temperature. The local form can now be written
as

pf]+(%))i—%20 (65)

Now the Eulerian description of the basic laws of micromorphic thermomechanical (TM)-
electromagnetic (EM) theory can be expressed as [7]:

Conservation of Mass
[5 + PV k = 0 (66)

Conservation of Microinertia

diy . .
7 = UmVUim + UmVkm (67)

Balance of Linear Momentum

tii+p(fi-vi)+Fi=0 (68)
Balance of Moments of Momentum

Miimk + tmt = Smi + P (lim — O1m) + L1y =0 (69)
Conservation of Energy

Pé = MitmVimk + ki (Vik = Vik) + SkiVk1 = Grk + ph+ W (70)

Entropy Principle (Second Law of Thermodynamics)

p;‘7+(%)‘—%zo (71)
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where p, ix; = i1k, tki # tiks Ski = Stk> Mkim> € Gk> §> 05 Vi, Vims fi> Fis lim> Lim» B, and W are the mass density,
microinertia, Cauchy stress, microstress, moment stress, internal energy density, hear flux, entropy density,
absolute temperature, velocity, microgyration, body force (TM), body force (EM), body moment (TM), body
moment (EM), energy source (TM), and energy source (EM), respectively; the spin inertia ¢ is defined as

Okl = imi (vkm + vknvnm) (72)
The EM part of the body force, body moment, and energy source are given as [6,7,11-13]

F=gE+(VE)-P+(VB)-M

+1{1xB+v.(vpr)+%(pr)} (73)
Cc

L=E'®P+BeM" (74)
W=E"-(P+PV-v)-M*"-B+J"-E (75)

Or they can be expressed as

Fk = qu + El,kPl + Bl,le

1 d
+E£klm {]le+(VnPle),n+$(Ple)} (76)
Ly = E{ P, + By M} (77)
W = Ej (P + Pyvy,y) — M By + J{Ef (78)
Notice that, if A is a function of Eulerian coordinate x; and time t, then A= ‘fi—‘? = %—’: +A v

Define the Helmholtz free energy density as
v=e-0y-p 'EiP; (79)

Notice that the Helmholtz free energy density defined this way is quite different from its usual way. Then
one obtains the Lagrangian description of the law of conservation of energy and the Clausius-Duhem (CD)
inequality as (for detailed derivation, see Appendix B)

p’é = Mygimyxim + TRpokr + S?LBKL - Qk.x
~ PxE} — MiBg + JREf + p°h (80)
-p° (V/ + 179) + Mgrmyxim + TRp 6L + S?LBKL
1 S % * 1) * %
_EQKG,K_PKEK_MKBK+]KEKZO (81)
where the mechanical part of the Cauchy stress and the microstress are defined as
l’;cnl =t + PkEf + M;:Bl, TIQHL = ]tlrcanK)leL (82)

m 1 * * * * m m-— -
Spp = Sg + > (PE[ + PLE; + M B; + M[Bi), Sgi = =JspiXxekLi (83)

1
2
In other words, the electromagnetic parts are defined as

£ = _P.E* — M:B,
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1
syl = —5(pkE;* + PiE; + M{B; + M| By) (84)
If there is no coupling with electromagnetics, i.e., P = E* = M* = B = 0, then one has
ty =t £ =0
Sgp = Ski»  Sp; =0 (85)

4 Constitutive Equations

In this section we are going to formulate the micromorphic constitutive theory for thermo-visco-elastic-
plastic-electromagnetic (TVEP-TM) materials. The formulation of constitutive theory including plasticity is
unique in the sense that one needs to add a set of internal variables to the list of independent constitutive
variables and, of course, one needs to supply a set of governing equations for the newly added internal
variables [14]. For micromorphic thermo-visco-elastic-plastic continuum, a set of internal variables is
introduced as [5]

w={a", 8", y". R} (86)

where a”, Bf, y? are respectively the plastic strains corresponding to the generalized Lagrangian strains
a, B,y defined as

QKL = Xk,K)_(Lk -8k
Brr = xkxXkL — Ok = Prk
YKLM = Xgp XkL,M (87)

and R, named as the hardening parameters, is a generalized vector of internal variables.

Remark I:

In this work, the set of internal variables W includes the Lagrangian strains in micromorphic theory
and generalized vector of hardening parameters R. So far, it might be considered as the most general form
for internal variables.

Now let the formulation of the micromorphic constitutive theory for the TVEP-EM materials begin
with

Z=7(Y) (88)
where

Z={T",S" M,Qvy,n,P,M",J"}

= { T Skv> Mk, Qi ¥, 1, P, Mg, Jic (89)
Y={aB vy By 6, V6,E,B,W}

= {a,$, 7,4 B,y,0,VO,E*, B,a’, p”, y*,R}

= {axr, Brr» kLM &kL> BxL> VkLats 05 0 k> Exs B of B YR o RY (90)

The definitions of Ef, Bk, Px, Mg, and J are given in Appendix B.
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To separate the material behavior into two distinct parts: thermo-visco-elastic-electromagnetic (TVE-
EM) part and thermo-visco-elastic-plastic-electromagnetic (TVEP-EM) part, a scalar-valued yield function
is introduced as

f=5() (91)
For a set of fixed values of W, a hyper surface, named yield surface, is determined by
f(Y)=0 (92)

Define the loading rate A as the scalar product between the outward normal to the yield surface and the
tangent vector to the trajectory of a, B,y,0,a,p,y, VO, E*, B, ie.,

of . of of . of .
9
a“KL gy + aﬁm [3KL + a)/KLM YKLM + =5 50
.. of of .
: +—2-0
e Gk + s BxL T VrLm + 30 ¢ K
L Of g, Of 4
—B
aE* Eic+ 0B ¢ ©3)

Three distinct cases, unloading, neutral loading, and loading, are defined as: (a) f <0, (b) f=1=0,
and (c) f = 0,1 > 0, respectively. The internal variables of plasticity W will remain unchanged in the cases
of unloading and neutral loading. Following the axiom of equipresence, the governing equations for the
internal variables of plasticity W are proposed to be

W= 1" (Y) (94)
where

« JO iff<0 or A<0

A _{/1 iff=0and 120 (95)

Now we substitute Eqgs. (88) and (94) into the Clausius-Duhem inequality, Eq. (81). It leads to

o | v . oy oy . oy . oy - oy ..

P {anKL agL + T Brr + Iyxim YKLM + doxs agL + aBKL Brr + Ixim YKLM
dy, Y dy
Lo+ 0

o0 T o0 KT BEL

oy v o,
EK aBKBKJr176+aW LD }

. . > 1 Sk * 1) * Tk
+ MKLM)/KLM + T]?L“KL + SI’?LBKL - EQKQ’K - PKEK - MKBK + ]KEK >0 (96)

Since this inequality is linear in &k, BKL» VKLM> EI*(, Bx, 9, Q,K, it leads to

v=yvy (‘XKL) BKL; YKLM> 6; E;-{) BK) (Xil,’ BiL’ )}QLM’ R) (97)
9y

= 98

(NPT (98)

Tme = 0 l// N A de Y 99

KL =P k= Tgr + Txy (Y) (99)

dakr’
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R = P o St = SE S (V) (100)
Mgy = PO%’ Myrym = Mgy + M1d<LM (Y) (101)
Px=—-p° aaElig (102)
My = —poaa‘% (103)

M vvxim + TR dxr + SEE Bre
1 oy
Qb+ TEEE - Y @ >0 104
6QK K ]K K P oW ( )

where the superscript d refers to the dissipative part and superscript e refers to the elastic part, or say, the
reversible part.

Since the inequality, Eq. (104), must be satisfied for any value of the loading rate A, it implies

dy

T .d<0 105

oW (105)
. md - md (3 1 * Tk

ME, yyxim + T gy + ST Byy - 5QK0,K +JLEE >0 (106)

Also, it should be emphasized that, in the case of loading, a TVEP-EM state leads to another TVEP-EM
state. In other words, the consistency condition of plasticity requires that f = 0 and A > 0 lead to another
state with f = 0 [15]. Therefore, in the case of loading, we have f = 0, i.e.,

h * af A * *af *( af )
AT+ —=— W= A"+ V" — - O=A"(1+—=-D| =0 107
F=A 5w AW T ow (107)

This gives another constitutive constraint to the plasticity

of _
W-(D_ 1 (108)

5 Linear Constitutive Equations

For micromorphic TVEP-EM solid, define the potential energy density function X as
2=p%y=3(a,B,y,6,E*,B,a’,p",y",R) (109)

Following the idea of Green and Naghdi [16], and assuming the hardening parameters R do not appear
in the potential energy density function, Eq. (109) can now be written as

2=%(a-a’,p-p’,y-y",T,E*,B)
=% (a’, B, y", T,E*,B)
2
To
~ CximYiiyT + ax TEf + b TBy

o 0,0 1, A e B ¢
=2"-p'n T—Ep Y7 — Ak T = BriPy, T

1 1 1
+ {EAKLMN‘xIe(L ayn + 5 Brrun Bir BN + ECKLMNPQV;(LMV;IPQ
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e e e e e e
+Drrmn & Py + Ekmnp @k Yaunp + FxosneBrr Ve
1 e * 2 e 1 e * 2 e
+ Frpmokr Eyv + Fromoxr Bm + GxpmPriEv + GrkrmPrr By
1 e * 2 e
- HypunYkimEN — HromnVkom BN

1—1 * Tk 1= = *
where T is the reference temperature and T is the temperature variation, and
T=0-T°, T°>0, |T|<<T° (111)

Remark 2:

Green and Naghdi’s idea is to replace «, B, y, af, ¥, y* by a®, p¢, and y¢, which are defined as a® =
a—af, B¢ =B - PP, y° =y — y?. This simplifies a lot. Also, it shows the physical meaning clearly.

From now on we assume that the material is isotropic. Therefore, all the odd order material property
tensors are vanishing. Therefore, Eq. (110) can be re-written as

>=32(a-a’,p-p,y-y/,T,.E*,B) =2 (a’,B°,y", T.E*, B)
2

F —ZKLa;LT - EKLE’?{LT

1
=2 - p"n"T = 5p%y
+ ]'A e e 1B e e D e e ]' C e e
SAKLMNOKLOMN + 5 kLMNPxrBumn + Dxrmnaky Bun + 2 CKLMNPQYKLMYNPQ

% 11— ., ., 1= -3,
- H}<LMNY§LMEN - H?(LMNy%LMBN - EDKLEKEL - EDKLBKBL - Dy ExBr (112)

Then it is straightforward to obtain

__ 9y _ oy
00 9T
T _
=1+ Ve * {Akrag, +BxiPir ) /p° (113)

Tme _ 50 al// _ )Y
KL = =

dag, Odag,
=—-Axr T+ AxLmnayn + DximnPin (114)

me o OV )Y

=p e e
K Byr  9PBxs

= —Bir T + BrrunPBéyn + DMnkr &5y (115)
0
Mkim = p° 5 ;//
YkLMm
= CkLMNPQYNPQ ~ Hy o munEN = Hiun By (116)

an 1

-1, =3
Px=-p SEE HjynkVimn + DxrEf + Dy BL
K

= P" + Dy, Ef + Dy, By, (117)
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* aV/ 2 -2 -3 *
My = ‘Po_aBK = Hi ynkVimn + DxrBL + DigEf
*m -2 -3 *
=M™ + Dy, By, + D, (E} (118)

Moreover, the 2nd order, 4th order, and 6th order material property tensors are made of a few material
constants, for example,

Akr = ASx1, Bxr, = Bk,
AgLMN = )1151<L Smn + [1115KM5LN + M125KN5LM
Bxrmn = /\25KL5MN + Hz (5KM5LN + 5KN5LM)
Dkryn = AS&KL(SMN + [«l3 (51<M5LN + 5KN5LM)
Cxrmnrq = C'8x1Omndpq + C251<L5MP5NQ + C? 81 0mqOnp
+ C45KN8LM8pQ + C58KM5NL8PQ + C68KM8LP8NQ
+ C76KN8LP8MQ + C88Kp6LQ6MN + C98KN8LQ6MP
+ C8kpOn1Omq + C'8kOLpdumn + CP Ok LmONp
+ CB(SKMé‘LQé‘Np + C148KP6LM5NQ + C156KQ6NL5MP (119)

Onsager’s Postulate

Now we follow Onsager’s Postulate [17,18] and construct a potential of dissipation quadratic as
o o 1 L
D= EdkLMN“KL“MN + dip Gk Bay + Ed?QMNﬁKL Bmn
1 1 . . 2 . 3 .
+ EfI]KLMNYUKYLMN + fixm¥rx0m + fI]KMyUKEX/I
1 1 9.0 2 9 * 1 3 * Tk
+58uNIMYUN + Eun MEN + ngNEMEN (120)

where @, p,y, V6, and E* are the thermodynamic forces. Correspondingly, the thermodynamic fluxes
T4, §"4 M4, Q, and J* can be obtained as

aD ‘ .
IgnLd = Saer = d}<LMN“MN + d12<LMNBMN (121)
XKL
oD ) )
S;?f = —— = dynkr0mn + dipunBun (122)
oPkr
oD
d . *
Mjg = 8)}7 = flleLMNYLMN + fIZJKMe,M + fI3]KMEM (123)
1 D , .
--Qu==—-= flz]KMyUK + g}\/INe,N + gﬁ/[NEN (124)
0 00
., oD . %
Jm = SEE f13]KMVUK + gumO.N + gunEx (125)
M

One may verify that the CD inequality M1y + T": & + §™: § - $Q- V60 +J*-E* > 0isnowreduced to

D>0 (126)
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which is precisely what the Onsager’s Postulate means.

Because the material is assumed to be isotropic, similar to Eq. (119), one could have

k1 = 8 Ok1> k1 = 8 Ok1» 8k = 8 OkL
—1 _ -

d}<LMN =1 0krdmn + #115KM5LN + M125KN5LM
) .

diivn = A Oxrdun + 1 (SxmOin + Sxndim)

Ay = X38KL5MN + 1 (SxmOLy + OxnOrm)
fI%LMN =170k Omn + T SxmOLN + T2 OknOLm
féLMN = K35KL5MN + T315KM5LN + T3251<N5LM
fxrmnpq = f1OkrOundpq + f28k10mpONnG + f7Ok1OMqONp
+f45KN5LM5PQ +f55KM5NL5PQ +f65KM8LP5NQ
+f75KN5LP5MQ +f85KP5LQ5MN +f95KN5LQ5MP
+ f106KP5NL5MQ +fn51<Q5LP5MN +f125KQ5LM5NP
+ fP8kmOronp + fH8kpOLmdng + [0k ONLOMp (127)

Return Mapping Algorithm for Micromorphic Plasticity

Define the generalized total strain tensor, elastic strain tensor, and plastic strain tensor as

a a’ of

E=|B|,E° = |B°|,E = |BF (128)
Y Y° Y’
Notice that

a=a-a, ﬁezﬁ—[}p, Y=y-vy/ (129)
Therefore

E=E°+E’ (130)

Now, let the hardening parameters R be decomposed into two parts: the vector part G, which has the
same dimension as E, and a scalar part g. We propose a yield function as [5,19]

f=|E-Ef -G| - (Ey +kHg) = |E° - G| - (Ey + kHg) (131)

where Ey, H, and x are material constants.
Remark 3:
This is a special form. One may want to improve it or to generalize it.

Let the evolution equations for the plastic strain tensor and the hardening parameters be

EP=Q”%, G:ch(l—x)Hi §=0C, (132)

&
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where
1
E=E-F -G-E'-G, [¢|={§-£)2 (133)

The trial value of the yield function at = t,,,;, based on elastic prediction, is calculated as
fas1 = |Ens1 —Eb = G, | - (Ey + kHg,) = |€,.1] - (Ev + kHg,) (134)

If fn+1 <0, which means the elastic prediction is correct, then the plastic strain and hardening
parameters at ¢ = t,,,; maintain their values at t = ¢,,, i.e.,

fae1 = |Bu1 —Eb = G, | - (Ey + kHgy) (135)

It is worthwhile to mention that in this case (f~;1+] <0,t=tp), E'.. =E, G,41 = G, and En+1 = Ln-

. n+l
If f,+1 > 0, which means the elastic prediction is incorrect, then the values of plastic strain and hardening

parameters at t = t,,,; should be updated as follows:

EZH = Eﬁ + AQénH/ HgnﬂH (136)
G”+1 = Gn+AQC1 (1 - K) H£n+l/ HETI‘FIH (137)
n+1=&n t AQC, (138)
where

AQO fn+1 (139)

"1+ CH - (C, - Cy) kH

Now one can prove that yield function, based on the updated Eﬁ +1» Gns1> and g4, returns to
zero [5] i.e.,
for1 = [E=E},; = Guur| = (Ey + kHgus1) = 0 (140)
Remark 4:

The yield function based on the updated values returning to zero means the return mapping algorithm
works. No need to worry theoretically.

From Eqs. (114)-(118), it is noticed that the elastic parts of the stresses, T}, S¥[» My 5> and P, Mg
depend on the elastic strains, not the total strains. Using the Return Mapping Algorithm, one may find the
plastic strains exactly, and once the total strains are found, usually through finite element analysis (to be
discussed later), then immediately elastic strains and elastic parts of the stresses as well are obtained. Also,
it is seen that the Return Mapping Algorithm is strain-based, not stress-based. Because in this formulation
the stresses have two parts: elastic parts and dissipative parts, which depend on strain rates. A strain-based
Return Mapping Algorithm works independently of strain-rates.

6 Scalar and Vector Potentials

It is well-known that the electric field E and the magnetic flux B are not independent of each other, nor
are the dielectric displacement D and the magnetic field H. Mathematically, this is noticed from Maxwell’s
equations, especially, Eqs. (9) and (11). To resolve this problem, especially in the finite element formulation
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presented in the next section, introduce the scalar potential ¢ and the vector potential A, which are related
to the electric field E and magnetic flux B as

B=VxA or B,’ = eijkAk,j (141)
10A 10A;

E=-V¢--— or Ej=—¢;—-—1t 142
c ot P9 c ot (142)

Now we follow the same pattern as Eqs. (117) and (118) and write the polarization Py and magnetization
M; as
P, = P/" + D'E; + D’By
My = M + D*By + D’E; (143)

where P;" and M}" are the polarization and magnetization induced by strains, i.e.,

— 17l
PI:n = Hlmnk)/lemn
M =H; .y (144)

Imnk

Admittedly the introduction of Eqs. (143) and (144) involves approximations. Without making these
approximations, it is difficult, if not impossible, to derive the governing equations for scalar potential ¢ and
vector potential A.

Now the dielectric displacement vector D and the magnetic field vector H can be expressed as

Dy = Ex + Py

= E; +P/" + D'E, + D’By

=(1+D")Ex+ D’By + P}

= eE, + D’By + P} (145)
Hj = B - M["

= By — (M}' + D*By + D’Ey)

=(1-D*)Bx - D’Ex - M}

=y 'By - D’E; - M}’ (146)

Substituting Eqs. (141) and (142) into the Maxwell’s equations leads to
Dk,k = SEk,k + D3Bk’k + Pl?fk

1.
= _£{¢,kk + ZAk’k} + P]Zlk

=q (147)
10B 1.] 1 .
v><E+—a—:V><{—V¢——A}+—{V><A}:O (148)
c ot c c
V:-B=V-(VxA)=0 (149)
va_li)_?:vx[,le—D3E—M*’”]—1{sE+D3B+P’”}
(o Cc

. 1.
=y 'VxB-VxM" - SE - Zp”
Cc [
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A 1.
:!flv><V><A+£|:V(/5+—A:|——Pm—Vme
c c c
1
=z] (150)

It is seen that two of the four Maxwell’s equations, Eqs. (148) and (149), are identically satisfied; the other
two equations, Eqs. (147) and (150) can be re-written as

1.
b+ —Arx = {Plk—q} /e (151)
- €. € . 1 .
u ! [A]’l] _Ai,jj] + Z¢’i + ZAZ = E [], +le] + eijkM]zrfj (152)

Gauge Transformation

The famous gauge transformation is represented by

A'=A+Vy (153)
Substituting Eq. (153) into Eqgs. (151) and (152) results

1 L/ 1. 1 . .
V2¢/+;V'A =(/>,ii—zl//,ii+;{V'A+V21//}

1 .
=¢ii+ -V A (154)
—u AL v uTTA £l</'5" + isA"~
ijj joji TELP T

_ 7. 1. 1. .
=0 {~Au — g Aji i 8{- [‘P,i - —1//,,] 3 [A; + v/,i]}

c C

. 1. 1.y 1. .. y
= _‘u I{Ai,jj_Aj,ji} +8{Z¢’i + C_ZAI} = Z []l +Pi ]+£ijkMk,j (155)

In other words, the function y is arbitrary. We utilize this freedom to arrive at the Lorentz Condition.

Lorentz Condition

1.
e-p+u'V-A=0 (156)
Cc

Substituting the Lorentz condition into Eqs. (147) and (150) results

1 . |
—s{V2¢>+—V-A}:—s{V2¢—ey—2¢}:q—V-P’" (157)
C Cc
_ 1 . ] 10P"
12
—U VAi+C_28Ai:?I+£ijkMij+za_; (158)

In other words, the Maxwell’s equations are reduced to
1.
eH—9-V'g=a (159)

1 .
S[JC—ZA,' - VzAi = C,’ (160)
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where

1
a=- (q-P) (161)
C, = ]_k M lpm 162
k=4 C+sk1] j,i+Ck (6)

This means the Maxwell’s equations become two wave equations with forcing terms and the speed of
wave propagation is equal to

. (163)
VEH

Since both the material constants ¢ and 7 are positive and greater than one, therefore Eq. (163) says the
speed of EM wave propagation in material is smaller than that in vacuum or in air.

7 Finite Element Formulation

Since the Lagrangian stresses and the Eulerian stresses are related as

Txr = Jta Xk kXiL> tir = I Tko Xk k Xy
Sk = 3JSki Xk Xir sk1 = 2] SkLXkk XL (164)
Miim = JMupi Xot,m Xkk Xy Mmkt = T MKLMXm M X gr XL

One may verify that the balance law of linear momentum and balance law of moment of momentum,
can be written as

(TKJ(u),KW” (fi—=vi)+JF; =0 (165)
(MLMK)_(LleM))K + TrarXmm Xy = 2Sem X1 Xmm + P° (Lim = 01m) + L1y = 0 (166)

Recall that the conservation of energy can be expressed as

p’é = Mgrmyxim + Tgpdxr + EZLBKL
- Qk,x — PxEg — MgBy + JgEx + p°h (167)

Based on the constitutive equations, Eqs. (113)-(118) and (120)-(134), Eq. (167) can be further derived
to be [5]
0 T+T° . oN (A ~e T Qe
Py To T+(T+T )(AKL“KL+BKLBKL)
= I?LedﬁL + S;?If ‘IZL + MI%LM))‘IZLM
+ TRy, + S B + Mic yPxim
- Qi — PxEf — MiBg + JREf + p°h (168)

Recall the governing equations of the scalar potential ¢ and the vector potential A as

eu 0°

C—‘;a—t‘f —pu=a (169)
cu %A

HE Sk Ag11 = Cy (170)
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We now link the displacement, micromotion, temperature, scalar potential, and vector potential at a
generic point in an element to the corresponding nodal values associated with this element as follows:

Uk = NoUka

Xkk = NaXkka

T=N,T,

¢ = Noda

Ak = NoAga (171)

where N, [a =1,2,3,...., 8] are the 8 shape functions for a standard 8-noe 3D element. The finite element
equations are obtained as (for detailed derivation, see Appendix C)

MapUnip = fora + fita * fita (172)

IMapXrkp = Prka + Phka + Prka * Pika + Prka + ke (173)

YMap Ty = o + qa + 4o + qa + 4o + 45 + 90 (174)

Mapp + kapdp = Eo + da (175)

MapArp + kapArp = Ara + Cra (176)

where

Mg = f p’NoNpgdV = Mgq (177)
\4

Mo = [ P INLNpdV = IMg, (178)
\%4

yMep = f p’yN«NgdV = yMg, 179)
\4

M = f ElzNaN‘gdv (180)

kap = f Ny iNg ;v (181)

fﬁaffﬁz(?zMNadSEfﬁMNadS
Sk Sk
f]%/IaE_‘/-TKLXLZ(SlMNa,KdV
\%4
ffvmff(p"fz +JF;) 81 NodV (182)
14
Shce = [ Mo
Sm
(piKoc = _/MLMPXLkaMXKm’PNadV
1%

‘Pim = _fMLKM)_(LkNa,MdV
v



Comput Model Eng Sci. 2026;147(2):9 21

Prxa = f TrrXm MX 1 XgmNadV
v
ke = f =281k Xkt NadV
v
¢i1<or = f (P lkm + TLkm) XgmNadV 159
v
q}x = f -(T+T° [ZKL‘X;L +§KLB§<L] NodVv
v
0= [T oy + SEE By + My} NedV
v
qi = / {TI?L‘XKL + SI%L[;KL + MI%LM).’KLM} NodV

\4

ai= [ {-PxEi - MiBrc+ JiEx} NodV
\4

qa:—/QNadS
Sq
4= [ QeNoxdv
Vv
a.= [ p'hNaav (184)
174
éa=[¢,in,-Nadsz[§Nads
S¢ S¢
dazfaNadv (185)

v
Aka=fAk,in,-NadSEfAkN(xds
S¢ S¢
Cra = f CiNodv (186)
v

In this work, for simplicity, we assume that the microinertia is isotropic, i.e.,
Ixr = I6k1 (187)
which implies
ix; = Ik xex xin = ISk xex Xio = I Xk Xix (188)

Also, it is worthwhile to note that on the boundary the surface force, the surface moment and the heat
flow are specified respectively as

Fy = T X mi Mk = M X nus Q = Qg (189)

where nkis the unit outward normal to the boundary surface.
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8 Two-Stage Solutions

It is noticed that Eqs. (165)-(170) are governing equations for u, x, T, ¢, and A, which are cou-
pled together—that is why it is coined with the name micromorphic thermomechanical-electromagnetic
coupling. To solve the five sets of differential equations, Eqs. (165)-(170), simultaneously, is numerically
impossible and physically meaningless. Also, relative to the EM wave, everything else is standing still. The
strategy of a two-stage solution, in general, can be described as follows.

Consider that there are two sets of variables, Set A and Set B. Based upon their general governing
equations, the variables in Set A move faster and the variables in Set B move slower. Then, in Stage I, we
seek the static solutions of the variables in Set B. Once the solutions in Set B are obtained, one may find the
forcing terms for those variables in Set A. Then, for Stage II, we solve for the dynamic solutions for variables
in Set A.

In this work, in Stage I, we are seeking the static solutions of a hollow cylinder subjected to twisting.
The finite element results (T, Yayg» Pavg> Tavg) of Stage I are plotted on the deformed shape (cf. Fig. 1). Since
in micromorphic theory the Cauchy stress tensor and the corresponding 2nd order Piola-Kirchhoff stress
are not symmetric, the L2 norm of the 2nd order Piola-Kirchhoff stress is defined as

Tope = |T| = \/ T2 4+ T2+ T3 + T2 + Th + T3 + T4 + TS + T2 (190)

The L2 — norm of the plastic strain a” is defined as

1/2
e = {aluy )" o1
Similarly, one may define the L2 — norms of p” and y” as
1/2 1/2
Pjvg = {GII)(LBiL} > Psvg = {YQLMVIIZLM} (192)
The L2 — norm of micromotion is defined as
Xavg =[x — 0] = \/(Xu =)+ (X2 = 022)" + (33— 033) " + s + Ko + X + X5 + X + X (193)

This means if there is no micromotion, then yxx = 0xx and d is the shifter. Therefore in Eq. (193) we
have three terms like y1; — 811, Y22 — 622, and x33 — 833 and the other six terms like y23, x32> X315 X13> X125 X21-

In this work, we are using the MKS system, i.e., meter, kilogram, second are the units for length, mass,
and time, respectively. Also, let the units of an electric charge, electric field, and temperature be g, e, and °K,
respectively. Some typical numerical values of the material constants common to both stages are specified as

A=0.002K/M/s*/°K, B=0.002K/M/s*/°K

A =300K/M/[s*, u"=225K/M/s*, u*=75K/M]/s>
A =3K/M/s*, u*=3K/M/s®

A =0.75K/M/s*>, u’=0.75K/M/s

C'=10KM/s*, ie[1,15]

—1
A =0.06KM/s, u'=0045KM/s, u'>=0.015KM]/s
=2

A =0.0006 KM/s, u*=0.0004KM]/s
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1 =0.00015KM/s, % =0.0001KM]/s

¢' =2000KM/s*/ (°K)*

g =10K/(°K) [s’[e

g =10K/M/s’ /e

Ey=1, k=02, H=5 =06 C,=04

y = 200000 M*/s*/°K, T° =300°K

p° =1000K/M>, I=0.002M*

£=2, =2 (194)

These numerical values are our trial values, to the most are our educated guessing. Because, to the best
of our knowledge, we don't know whether there exits a testing machine which can measure microstresses,
moment stresses, and micromotions.

VON

1030
1016
1002
988
974
960

PAVG

32.6
32.55
325
32.45
324

(a) (b) © (d)

Figure1: (a) Temperature variation, (b) L2—norm of the micromotion, (c) L2—norm of the plastic strain, (d) L2-norm
of the 2nd order Piola-Kirchhoff stress. The color bars indicate the magnitudes of those variables.

In Stage I, we solve Eqs. (165), (166) and (168) dynamically and seek the static or nearly static solutions
with E* = B =P = M* = 0. The assumption E* =B =P = M* = 0 implies that F=L =W =0 (cf. Eqgs. (36)-
(38)) and also t" =t,8" =5, T" =T,S" =S (cf. Eqgs. (42)-(44)). In Stage I, based on the static or nearly
static solutions obtained in Stage I, namely U, T, and y, we calculate the forcing terms, a and C, and solve
the differential equations, Eqs. (169) and (170), for ¢ and A. Of course, one may generalize the procedure a
little bit: assume E, B, P, M are constants, not necessarily vanishing. This mean F, L, and W are not vanishing
either. They should be calculated according to Eqs. (36)-(38), respectively.
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In a simpler case with the assumption that there are no free charge and no current, the forcing terms
are reduced to

1
a= __P]:nk (195)
e K
1.
Ck =u {eki]‘M;’ji + Epl:n} (196)

Also, because P;" and M, are the polarization and magnetization induced by strains (cf. Fq. (144)) and
from Stage I the strains are static or nearly static solutions, Eq. (196) is further reduced to

Ck = MskijMfi (197)

What if we would like to interchange the order of treatment for Set A and Set B. Of course, the variables
in Set A move fast, but if we seek static solutions for those variables in Set A and seek dynamic solutions for
those variables in Set B, then the order is reversed. For example, now in Stage I, we seek static solutions of
scalar potential and vector potentials—they are mutually independent of each other. Then, in Stage II, we
seek the dynamic solutions of temperature, displacements, and micromotions. Of course, they are moving
faster than the static scalar and vector potential—their velocities are zero now.

Numerical Results of the Torsion Problem

Let the specimen be a hollow cylinder occupying

V={R6,Z] 1L.0<R<20, 0<6<27m 0<Z<30} (198)

The finite element mesh has 2520 nodes and 1920 8-node solid element. In Stage I, each node has 13
unknowns (three for U, nine for y, and one for T), therefore this sample problem has 32,760 degrees of
freedom. Here central difference method is employed to solve Eqs. (165)-(168) which are two wave equations
and one diffusion equation. To ensure the numerical stability, the time step At cannot be too large. For this
sample problem, in Stage I, we use At = 0.001 sec and have verified that such At not only provides stability
but also accuracy.

The boundary conditions are specified as: the surface force, surface moment, and heat flow are vanishing
(cf. Eq. (189)), i.e., Fyr = Mg = Q = 0, except

(I) At the bottom surface, Z = 0, the displacements and temperature are specified as
Ux=Uy=Uz=T=0 (199)
(II) At the top surface, Z = 30, a torsion and an elongation are applied, and temperature is specified as
Uy=rcos(0+A0)-X,U, =rsin(0+A0)-Y,U,=3.0,T =5.0 (200)

where A = 0.25m and
r=VX2+Y20=tan" (Y/X) (201)
The corresponding system of equations, Eqs. (165)-(168), statically can be expressed as

fata + fita * fora =0 or £(U,x,T) =0 (202)
¢}<K0¢ + ‘/’im + ¢?<Ka + (ﬁm + (/)?CK(X + ¢2Ka =0 or ¢(UxT)=0 (203)
Qo+ qa+dy+da+qy+qe+9d,=0 or q(U,x,T)=0 (204)
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Usually we would solve Eqs. (202)-(204) by using Newton-Raphson method. Since, in the finite element
analysis of micromorphic theory each node has 13 degrees of freedom, this simple model has 32,760 degrees
of freedom. In this case, Newton-Raphson method involves a stiffness matrix of size 32,760 x 32,760.
This means it is practically impossible to solve it by Newton-Raphson method. Another way is to solve
Egs. (165)-(168) dynamically with proper damping coeflicients so that, with reasonable number of time steps,
one may obtain nearly static solutions.

The solutions for Stage I are presented in Fig. 1.

Fig. 1 are the nearly static solutions of temperature variation, L2-norms of micromotion, plastic strain,
and 2nd order Piola-Kirchhoff stress. One may observe the axis symmetry, the twist of the hallow cylinder
through the finite element mesh, and the magnitude through the color bars.

In Stage II, we investigate four cases. In general, we have

p=A,=A,=A,=0 (205)
Except for the following four cases:

Casel: "2 4, - V24, = C, (206)
C

Initial Conditions: A; = A; = 0
—sin (wt) if0< wt<4m

Boundary Conditions: at Z =0 A, = {0 ifot > 4n

AtZ=30,A;=0
Case2: £ A, -v?A,=C, (207)
c
Initial Conditions: A, = A, =0

—-sin (wt) if0 < wt<4nm

Boundary Conditions: at Z =0 A, = {0 ifot > 4n

AtZ=30,A,=0
Case 3: %A3 - v2A3 = C3 (208)
c
Initial Conditions: A3 = A; = 0

—sin(wt) if0 < wt<4n

Boundary Conditions: at Z = 0 A3 = {0 ifwt > 4n

AtZ=30,A5=0
G o2y -
Case 4: ?gb -Vi¢p=a (209)
Initial Conditions: ¢ = ¢ = 0

—sin (wt) if0 < wt<4n

Boundary Conditions: at Z = 0 ¢ = {O ifwt > 4m

AtZ=30,¢=0
Notice that, in Eqgs. (206)-(209), w = 47/ (400At).
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It is worthwhile to mention that the time step in Stage IT is At = 0.25 x 10 s, comparing with At =
0.001s,in Stage I. This huge difference justifies the treatment of the coupling problem by a two-stage solution
procedure. Also, the boundary conditions, associated with Eqs. (206)-(209), show that there is a half sine
wave started at the bottom surface (Z = 0) and then bounced back and forth between the top and bottom
surfaces (cf. Figs. 2-5)—this is indicated through boundary conditions at Z = 0 after wt > 47 and at Z = 30.

1)

It

=0000=
DIVINEY

Figure 2: Numerical results of A, for Case 1: The first, second, third, fourth, and fifth column are referred to time at
400 At, 800 At,1200 At,1600 At, and 2000 At, respectively. The color bars indicate the magnitudes of the variables.
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Figure 3: Numerical results of A, for Case 2: The first, second, third, fourth, and fifth column are referred to time at
400 At,800 At,1200 At,1600 At, and 2000 At, respectively. The color bars indicate the magnitudes of the variables.
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Ll
ONND

=0000=

Figure 4: Numerical results of A, for Case 3: The first, second, third, fourth, and fifth column are referred to time at
400 At,800 At,1200 At,1600 At and 2000 At, respectively. The color bars indicate the magnitudes of the variables.
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Figure 5: Numerical results of ¢ for Case 4: The first, second, third, fourth, and fifth column are referred to time at
400 At,800 At,1200 At,1600 At, and 2000 At, respectively. The color bars indicate the magnitudes of the variables.

To understand the Stage I1 solutions about electromagnetic wave propagation in deformed micromor-
phic medium, we present the following discussion. For example, in Case 1, additional to the forcing term
(cf. Egs. (161) and (162)), and boundary condition, Eq. (206), one will obtain ¢ = A, = A, = 0 for all the time
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and a wave propagation of A, which will induce a wave propagation of E and B accordingto B = V x A,E =
~V¢ — A/c. In other words, we obtain

i j ok
2 2 o oA oA
“|ox 9y z| ~ oz’ dy
A, 0 0
1dA,
P 210
¢ dt (210)
Similarly, for case 2, Case 3, and Case 4, one obtains the followings, respectively.
0A
— __yi + %
0z ox
1dA,
goo_144y 211
7 c dt (21)
aAzi ~ 0A,.
~ 9y ox )
1dA,
E,=— 212
2= (212)
B=0
E a¢ E ——a¢ E ——a—¢ (213)

x = - — = —_— z =
ox’ 7 a9y’ 0z
The numerical results for the four cases as functions of time are shown in Figs. 2-5.

9 Conclusion

First, we notice that the balance laws of micromorphic electromagnetic continuum consist of two
parts: the thermomechanical (TM) part and the electromagnetic (EM) part. The TM part of the balance
laws are the Conservation of Mass, Conservation of Microinertia, Balance of Linear Momentum, Balance of
Moments of Momentum, Conservation of Energy, and Entropy Principle in Eringen’s micromorphic theory.
The EM part of the balance laws is the Maxwell’s equations. The two parts are linked together by the
electromagnetic body force, body moment, and energy source. We formulated a constitutive theory for
thermo-visco-elastic-plastic-electromagnetic (TVEP-TM) materials. This work is based on geometrically
nonlinear, or say large-strain, approaches. Onsager’s postulate is utilized for the derivation of viscosity. Return-
Mapping-Algorithm is invoked for plasticity. It is well-known that the electric field E and the magnetic flux
B are not independent of each other. To proceed with finite element analysis, one has to utilize the scalar
potential ¢ and the vector potential A from which the electric field E and magnetic flux B can be derived.

Finally, five sets of differential equations are obtained for displacements, micromotions, temperature,
scalar potential, and vector potential (cf. Eqgs. (172)-(176)). The governing equations for displacements
uand micromotions y are mainly acoustic wave equations; the governing equations for temperature T
are mainly diffusion equations; The governing equations for scalar potential ¢ and vector potential A
are mainly wave equations with a wave speed in the order of the speed of light. The huge difference
between the acoustic wave speed and the speed of light dictates that solving these differential equations
simultaneously is numerically impossible and physically meaningless. We solved this problem in two stages.
To the electromagnetic waves in terms of the scalar and vector potentials, everything else seems to stand still.
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Therefore, in Stage I, we solve the differential equations for temperature, displacements, and micromotions
dynamically and seek the static or nearly static solutions. In Stage II, based on the static or nearly static
solutions obtained in Stage I, we calculate the forcing terms for the differential equations of ¢ and A. Once
¢ or A is solved, the induced electric field E and magnetic flux B can be derived and obtained. For future
study, it is worthwhile to recommend some papers related to micromorphic theory [20-24].
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Nomenclature

A A vector Ay, vector potential

Ay In finite element analysis, Ay = NgAp

B A vector By, magnetic flux, B=V x A

C Speed of light

D A vector Dy, dielectric displacement vector

e Internal energy density

E A vector Ey, electric field, E= -V ¢ — %%’?

E,E°,E? Total strains, elastic strains, and plastic strains, E = E® + E?

f(Y) A scalar-valued yield function of independent constitutive variables
f(Y)=0 A hyper surface, named vyield surface which separates the TVE-EM part and the TVEP-EM part of
the material

f A vector f;, body force (Thermomechanical)

F A vector F;, body force (Electromagnetic)

H A vector Hy, magnetic field

h Energy source (Thermomechanical)

ir1 A symmetric microinertia tensor, ix; = ijx

J A vector Ji, total current vector

Lim A 2nd order tensor, body moment (Thermomechanical)

Lim A 2nd order tensor, body moment (Electromagnetic)

M Magnetization vector My, M =B - H

Miim A third order moment stress tensor

P Polarization vector P, P=D — E

q Free charge density

qk A vector, heat flux

Rg Fixed laboratory frame to where g, J, D, E, P, B, H, M are referred

R¢ Co-moving reference frame to where ¢q,J, D, E, P, B, H, M are referred
R A generalized vector of internal variables, named as the hardening parameters i.e., R={G,g}.

G has the same dimension as the strain, gis a scalarfunction.
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A symmetric microstress tensor, sx; = Sik, Sx1 = i + S| 1
The mechanical part of the microstress tensor, s}, = sg; — = (PxE] + PIE] + M} B; + M[ By,
ki > I k k I
em _ _1

The electromagnetic part of the microstress tensor, s;}" = 5 (PkEl* +PE; + M B; + Ml*Bk)

A non-symmetric Cauchy stress tensor, tx; # tx, ti; = tj; + t;]"

The mechanical part of the Cauchy stress tensor, t}} = tx; + PtE] + M B,
The electromagnetic part of the Cauchy stress tensor, t{]" = ~PyE] — M B,
Temperature

In finite element analysis, T = Ny Tp

A vector Uk, displacement

In finite element analysis, Ux = Ng Ukp

Velocity vector v

Energy source (Electromagnetic)

The set of internal variables, W = {ap ,BY. vy, R}

Eulerian coordinate of a particle P

Lagrangian coordinate of a particle P

Set of independent objective constitutive variables

Set if dependent objective constitutive variables

In finite element analysis, § means § — th shape function

First strain tensor, axy = Xk, X;; — OKkL

Second strain tensor (symmetric), Bxr = Xkk XkL — OkL = Prk

Third strain tensor (third order), yxrm = X XkL,m

Total strains
Elastic strains

Plastic strains

The corresponding plastic strains of a, B, y

Mass density

Scalar potential

In finite element analysis, ¢ = Ngdg

Entropy density

Helmholtz free energy density, y = e — 0 — p'E} Py

Absolute temperature

Microgyration tensor

Spin inertia tensor, 0x; = i, (Vkm + VknVnm )

The affine micromotion which links &, and Eg, i.e., & = yxx (X, t) Ex
The inverse of yik, i.., Xkx Xx; = Okl X XkL = OkL

In finite element analysis, xx = Np xkxp

The Eulerian coordinates of « — th material point in the particle
Vector of « — th material point that attached to P, representing the inner structure of P
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Appendix A

It is noticed that the quantities D, E, P, B, H, M are all referred to a fixed laboratory frame R¢. On the
other hand, D*,E*,P*,B*, H*,M" are referred to a co-moving frame Rc¢. In relativistic electromagnetic
theory, Jackson [10] indicated and explained that the Lorentz Transformation of E and B fields can be
expressed as

By (B+pxB) - T B(p-E). E=y(E -pxB)- T p(pE) (AD
B =y(B-BxE)- T B(B-B).B-y(B +pxE) - T p(BB) (42)
where

v 1 1

=p=vB:-By= = (A3)
PR VBB T v

This means the inverse can be found by interchanging the star and the no-star quantities and by changing
B to —P.

To prove Jackson’s formula, Eqgs. (A1) and (A2), first notice that

V2 (1—ﬁ2):1,—2#+)}2+ﬁf§2:0 (A4)
Bx (BxE)=0

Bx (BxB)=0

Bx(BxE)=p(p-E)-p’E

Bx(pxB)=p(p-B)-p’B (A5)

Then substitute E into E* of Eq. (A1) and it results
B-y(E - x5%) - L p(p-E)
- y{[y(m BxB)- yyjlms-E)]
B [ ﬁxE)—yy—flms-B)]}

)’(B—
ﬁ{ﬁ-!y(E+ﬁxB)— r ﬁ(ﬁ-E)]}

X
y2
y+1 y+1

- y{yE— BB E) (BB - ﬁzE]}

—yy—fl {ﬁ-[y(E—yy—flﬁw-m)]}
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2
+y2l3xB—yﬁX[yB—#B(B-B)]

_ 7 y?
= —mﬁ{ﬁ' [— mﬁ(B'E)]}

=E(y2—y2[32)+l3(l3'E){—#wz—y— ! [32}

yrl (pe1)?
-E (A6)

Now substitute B into B* of Eq. (A2) and it results

B y(B*+pxE) - T p(B-BY)

w{[y(B—ﬁxE)—#ﬁ(ﬁ-B)]wx [Y(E+ﬁxB)—#B(ﬁ-E)]}

y? y?
—mﬁ{ﬁ‘ [y(B-BxE) - mﬁ(ﬁ : B)]}

- y{ ~yBxE+p x [y(E) - #ﬁ(B-E)]} ¥ ﬁﬁ{ﬁ'[y(ﬁ x E)J}

+y{[yB— ﬁﬁ(ﬁ-B)J + B x [y(Bx B)]}

(A7)
y? y?
b D - e m)
_ Ay 'B) - B2
DB - L) 106 B) - 8]
y? y?
—mﬁ{ﬁ'[V(B)—mﬁ(ﬁ'B)]}
_ : Y S AR S 4
_B{yz—yzﬁ }+B(ﬂ B){_y+1+y y+1+(y+1)2}
-B
This proves that Eqs. (Al) and (A2) are valid formula in Lorentz Transformation.
Following the same pattern of Eqs. (Al) and (A2), we write
2
D*=y(D+pxH)- - —p(p D) (A8)
y+1
2
H'=y(H-pxD)-L—p(p-H) (A9)
y+1
.l <P - g o
M=y (M pxP) o (BM) (410)

2
PU=y(P-pxM) - LB (B-P) (A1)
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Similar to the derivation of Eqs. (A6) and (A7), one may prove that
2
D=y (D - pxH) - T p(p-D")
2
H=y(H +pxD) - T p(p-H")

2
M=y (M- BxP) - B (B M)

Py (P pxM) - LB (pPY)

Since polarization and magnetization are defined as
P-D-E P'=D"-E*
M:B_Ha M*:B*_H*
One may verify that
P=D-E
Y’ Y’
=y(D*-pxH)-L—B(B-D*)-y(E -pxB*)+—-—B(B-E*
P(D" =B H) = g (BDY) —y (B pxB) + LB (poE)

2

=y (P* +BxM*) - LB (B-P)

y+1
=P
M=B-H
(B pxE) - LB (BB -y (1 pxD) + L p(pHY)
y+1 y+1

* * yz *
=y(M"-BxP )—mﬁ(ﬁ'M)

=M
Recall that y = (1 - [52)_3, the Taylor series expansion of y about B = 0 is obtained as
1o 304
rl+ =P+ =P+
yal+opi+ P
For the time being, let’s keep the Taylor series only to 2. Then we have

N

p+1 2+ 3p2

2 1+p% 1
y [3 z_+§ﬁ2
2 8

Therefore, for non-relativistic electromagnetic theory we have
* —

E*=E+pxB, E=E"-pxB*
B*-B-pxE B=B*+pxE*

33

(A12)

(A13)

(Al4)

(A15)

(Al16)

(A17)

(A18)

(A19)

(A20)

(A21)
(A22)
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D*-=D+pxH, D=D*-pxH (A23)
H*-H-$xD, H=H'+pxD" (A24)
P"=P-fxM, P=P" +BfxM" (A25)
M*=M+pfxP, M=M"-BxP” (A26)

For illustrative purpose, let’s substitute E into E* and substitute B* into B of Eqs. (A21) and (A22) and it
results

E-E - xB

=E+BfxB-Bx{B-BxE}

~E+Bx(BxE)

=E+B(p-E)-p’E

~E (A27)
B=B +BxE

=B-BxE+Bx(E+pxB)

=B+pBx(pxB)

=B+ (B-B)-p°B

~B (A28)

Notice that the approximations in Eqs. (A27) and (A28) are made due to the assumption that non-
relativistic electromagnetic theory is valid up to small p = ¥ ~ 0, p* is not included because it is even smaller.

Appendix B

Recall the following equations

PEé = MigmVUimk + tir (Vik — Vi) + SkiVki — ik + ph+ W (70)
pi+V-(q/0) - ph/6 >0 (71)
W=E-(P+PV-v)-M"-B+J"-E (75)
v=e—-0n-p 'Ei P (79)

One may verify that Eq. (33) can be re-written as
p’é = Mygrmyxim + Tkrdxr + SKLBKL -Qrx+p’h+JW (A29)

where the description of the Lagrangian stresses and heat flux, Mg, Txr, Sk, Qk, and the description of
the Eulerian stresses and heat flux, m;,,, tx;, k1> k- are related as [5]

Txr = Jti Xk kXiL» tir = T TkL Xk k Xy

Sk = 3 ISk Xk Xi sk1 = 2] 'Sk xkK XIL

Mgy = I Xsa,mXkk Xy s Mmki =] MKLMXm M X g XIL
Qk = Jqx Xk k> gk = J 7' Qrxkx

(A30)
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and the corresponding strain rates are defined as

AKL = AkIXk,K X1 = (Vik = Vik) X,k X1
Brr = 2bi xkx xie = (Vki + Vik) Xkk XL
YKLM = Ckim Xg XILXm,M = Vkl,m X gx XILXm,M

One may readily verify that Fqs. (34) and (39) can be re-written as
o1 0

p°917 - EQK’G,K + QK,K - p h >0

p°y =p° (e—06n) - JE Py

Define E, Bk, Pk, M, and Ji as

E}; = EZXk‘K
BK = kak,K
Py = JP Xk k

My = TM; Xk
Tk = i Xk k

One may readily verify that

E,’: = E;’(XK,k

By = Bk Xk k

Py = ] ' Pxp

Mj = J '\ MExi

Ti =T Tiexwx

Ex = (Ef + Efvik) xex
Bk = (Bi + Bivik) xkx

ExPx = JE; Py

Theorem 1: The entropy principle can be expressed as

. . 1 . . . . .
-p° (1// + 779) - 5QK0,K — ExPx — ExPx + Mirmyrim + Tkroxr + SkrPxr +JW >0

Proof:

Rewrite Eq. (A33) as
p°y = p°é— p°On - p°6i - Ex P — ExPx

Following Fq. (A33), Eq. (81) can be re-written as
p’On - %QKG,K + Qg —p°h

H . 0 - * 7 sk 1 0
==p” (¥ +n0) + p°é - ExPx — ExPc — 2 Qb + Quc = p°h

35

(A31)

(A32)
(A33)

(A34)

(A35)

(A36)

(A37)

(A38)

(A39)
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Substituting Fq. (A29) into Eq. (A39) results
- po (l// + }79) - E}(—(PK - E;&PK
. . . 1
+ Mgrmyxim + Tkrokr + SkiPxr — éQKG,K +JW2>0

Thus, Theorem 1 is proved. O

Theorem 2: The entropy principle can also be expressed as

o (.: : . . ; 1
—-p (1// + 179) + MgrmYrim + Trréxr + SKLﬁKL - EQKQ,K
- PxEg — MgBk + JxEx + Jvi,x (PcE] + M;B;) > 0

Proof:

Now we rewrite Eq. (38) as

JW = J{E; (B + PV -v) - M By + JiEf }

=a'+a’+a’

and derive the followings

1 * * d -1
a z]{Ekka-wEka[] Pka,K]}

= J{E{PcV v+ B [-]7'V - VPrxix + T Pk + T Peviixi k| }

= J{E{ [J 7 Prxix + T ' Pviaxik |}
= ExPx + JE[ Pyvi i
o’ = —JM; By
=—J (J"' Mgxi.x) % [BL X1 k]
= —Myxix [Br Xk — BovieXrp, ]
= —~MgBg + Jv; x M{ B,
a’ = JJTE;
= J (BxXx) (T T xk,1)
= JxEx

Therefore, we arrive at
JW = Ej;Px — Mj;Bx + JxE§ + Jvi.x (PkE} + M{B;)

Since Skr = Stk and sg; = s;x, one may readily verify that

. . 1
Txrakr = Jt (Vi —vik)»>  SkiPkr = E]Skl (vkr + v1k)

Comput Model Eng Sci. 2026;147(2):9

(A40)

(A41)

(A42)

(A43)

(A44)

(A45)

(A46)

(A47)
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Now one may further derive Txydk; + SKLBKL + vk (PkEl* + M,’:Bl) as

Txrékr + SkrBxr + Vi (PkE? + MZBI)
= J {txs (vi.k = vik) + svik + vik (PEf + MiBy) } (A48)
= J{vik (tes + PeEf + MgBy) + (s — ti) vik )

Define the mechanical part of the Cauchy stresses and microstresses, t]; and s}, and the electromag-
netic part of the Cauchy stresses and microstresses, ¢;]" and s;}", as

tx) = t;(nl + f]e(’lﬂ, Skl = S]an + S]e(;n (A49)
ti?n E—PkEl*—MZBl, t;:ll = tkl-i-PkEf-i-MZBl
Si;ﬂ = _PkEl* - MzBla S;(nl =Sk t+ PkE? + M;:Bl (ASO)

Now one may verify that Eq. (A48) as

Traxr + SkrPrr + vk (PEf + MiBy) = J{t] (vix — vix) + stvik} (A51)
Define

Ski = %]SITI)_(Kk)_(Ll (A52)
Then verify that

st = 2] Shin XkmXIN (A53)

Notice that S¥'; # S, s]} # 5]}, and BKL = BLK- Now we further derive
SkBxe = SkiBru
= %]TCKW_(LIEZHIXmKXnL (Vimn + Vnim)
= %](Ukl + V1K) Sp

= Jupsy) (A54)

Notice that Sy, is the average of S¥, and 874, ie., SeL = 2(SEL+ S = S7. Now we follow the
pattern of Eqs. (A52) and (A53) and obtain the following

—m - _

SKLBKL = ]Ulkslrcnl (A55)

where 57] is the average of s7} and s]3, i.e., 55; = 1 (5}] +5];) = 5/x. From Eq. (A50), we have

= 1 * * * *

5]21l:3kl+E(PkEl +P1Ek +MkBl+Ml Bk) (A56)
Now Eq. (A51) can be re-written as

Txroxr + SKLBKL + Jvi i (PeE] + M B;)

= J{t5 (Vik —vik) + s vk}
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. =m

= Tgraxr + Sk BkL (A57)

Now the conservation of energy and the Clausius-Duhem inequality can be expressed as
0 - . m s —m
p’é = Mygrimyrkim + Txpoxr + S Brr
- Qx.x — PkEf — Mj;By + JxEy + p°h (A58)
. . . . —m -

- po (1// + 179) + MKLMYKLM + TI?L(XKL + SKLﬁKL

1 . .
- 5QK9,K — PgEg — My By + JxEx 20 (A59)
From now on if there is no ambiguity, we drop the bar on top of S¥’; and s}}. O

Appendix C

First, we link the displacement, micromotion, temperature, scalar potential, and vector potential at a
generic point in an element to the corresponding nodal values associated with this element as follows:
Uk = NqUka

XkK = N(XXkKOt
T=N,T,

(P = N(x¢(x
A =NyAL, (A60)

The weak form of Eq. (165) can be written as

{(TKL;—(U)’Ker" (fl—f/l)+]F,}6uldV:0 (A61)

“—

Term by term, we may obtain the followings:

f(TKL)_(Ll))KsuldvzfTKL%LanauldS_fTKL)_(LZ&/‘LKdV
v S v
= 8Unma {55 TKL)_(L1”K51MNadS—_[ TKL)_(L151MNa,KdV}
S v

= 0Una f FyN,dS - f T X, 01mNa,xdV (A62)
So v
where on the boundary the surface force is specified as
Fy = Txr X, nx01m (A63)

Also, we define

o= f FriNodS
Sk
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fZ\ZAaE_[TKL)_(L](SlMNa,KdV
\4

The other two terms are derived to be

f (p°fi + JF}) 0urdV = 8Una f (p° for + JFrt) NadV = 8Unsa foro
14 4

f p"f/léuldv = UMﬁaUM(x f poNaNﬁdV = UMﬁ(SUMaMaﬁ
\4 \4

Now Eq. (A61) can be re-written as

0Unma {f[b[a +f1\2/[o¢ +f1%/10c _M“BUMﬁ} =0

39

(A64)

(A65)

(A66)

(A67)

Because Fq. (A67) has to be valid for arbitrary virtual displacement §U,,,, the finite element equation

for the balance of linear momentum becomes

M(xﬁUMﬁ = f]{/loc +f1\2/10c +f]?/1a

(A68)

For the finite element formulation of the Balance of Moment of Momentum, first we recall the

microgyration and spin inertia as [7]

Vki = XkK Xk
0kl = imi (Vkm + VknVnm) = imi Crm

From Eq. (A69), one may obtain
XkK = VkIXIK
Now we derive the followings

y dy d
XkK = il(];K = a (UkzXlK)

= Vk1X1K + VkI XIK = VkIXIK + VkIVln XnK

(Vkn + Vk1V1n) Xnk = CrknXnk

Define
0Ak1 = Xk O xkk
Then it is seen that

0xk10Ak1 = i1 CrmOAxrr = It Xmm Xi1 Crem OA k1
Invr XmmX12 Crom X O Xk = Iz Xma Cim O Xk
= Inr Xm0 XL

(A69)
(A70)

(A71)

(A72)

(A73)

(A74)
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Now the weak form of Eq. (166) can be written as

f {(MLMK)_(LIXW:M)’K + T XmmXyy = 2SemXie Xmm + P° (Lim — O1m) + ]le} 0A;,,dV =0
v

The inertia term can be derived as

fpoalm5Alde=/PDIKLXkK5XdeV
v v

= XkrpOXkka f P Ikt NaNgdV = 8 xxa Mkrap XkLp
v

If we assume the material is spin isotropic, i.e., Ix; = I8k, then Eq. (A76) is reduced to

f P°O1mOA1mdV = 8 Xkkal Map Xkkp
v
The first term in the weak form becomes [5]
f (MLMK)_(LleM)’K 0A;,dV = f (MLMK%LkaM)’K SArmdV
v v

Z[(MLMK)_(LkaM)J(‘SAkdeZf(MLMP)_(LkaM))P)_(Km(SXdeV
v v

=5Xk1<a{f (MLMPXLkaM) XxkmNadV — fMLMPXLkaM(XKm ) dV}
v

= 8 XkKa /MkKNadS—fMLMP)_(LkaMXKm,pNadV—fMLKMj(LkNa,MdV
$ v

where on the boundary the surface moment is specified as
Mg = MikmXpm
The second, third, and fourth terms become

fTMLxm,M%LlaAlde:fTMLxm,MXLkaAkde
fTMLmeXLkXKm5XdeV 6XkKa/TMLmeXLkN av

f—ZSLMXlLXmM5Azde— fZSLMXkLXmM5Akde

v

:_6XkK(xfzSLMXkLXmM)_(KmNadV:_6XkKa[28LKXkLNadV
v v
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Define

gb}cKaE‘/‘MkKNads
¢iz<aE—fMLMP)_(LkaM)_(Km,pNadV

v
¢2K0,5—fMLKMXLkNa,MdV

v
¢iKaE‘/TMLxm)M)_(Lk)_(KmN“dV
¢2Ka5/_2SLKXkLNadV

v

$o= [P lon + Tk} Ty NadV (A82)
14

With the assumption of spin isotropy, i.e., Ixy = I8k, Eq. (A75) can now be re-written as
6XkK¢X {‘p}cer + (biKtx + (/)iKoc + (piK(x + gbiKa + ¢2er - IM“ﬁXkKB} =0 (A83)

Because Eq. (A83) has to be valid for arbitrary virtual micromotion, § yxx, the finite element equation
for the balance law of moment of momentum becomes

IM!XBXkKﬁ = (p}cKtx + ¢iKtx + ¢2er + (piKtx + ¢iK0¢ + ¢2Ko¢ (A84)

Based on the energy equation, the weak form of the conservation law of energy can be written as
(cf. Eq. (168)) [5]

- o .

[{ o0, (T+1°) - Vi (T4 19) [Awy, + BBl - TEE&, — SR, — Migarhon

14

~ TR b = SR e — Mitpagdicu + PeEx + MiB = J3Ei + Qe = ph} 8TdV =0 (A85)

The first term in the weak form becomes

0 N Te+T
[ (T;—T)T6Tdv 30T, fp y‘f;—)N NpdV = 130T, Gag (A86)

The second term yields
[ - (T + To) [ZKLOICIe(L +§KLB‘I?<L] OTdV
v
_ 8T, [ (T +T°) [Axds, + Brrfs, | NodV = 0T, (A87)
v

The third term results

f {Tmf‘xﬁL .iL + MI%LM))QLM} 6TdV
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_OT, f (Teal, + SIEBE + M, 9h o) NodV = 0T, g
\%4

The fourth term is identified and derived as

/ {TIgLé‘KL + S]%LBKL + MI(iLM)'/KLM} O0TdV
\%4

= (ST,x / {TI?L‘XKL + S?(LBKL + MI%LM))KLM} NadV = 5Tocqi
\'%

The fifth term is identified and derived as

f {-PxEy - MyBx + JxEx} 8TV
Vv
= 8T, f {=PeE} — MiBy + J5EL Y NodV = 8T,q"
14

The sixth term can be derived as

f—QK,KaTdvz —%QKnK(STdSJr f Q0T xdV
\%4 S \%4

- STa{ - f ON.dS + f QKN“,KdV}
S, v
= 0To{q + 45}
The last term becomes

f p°hSTdV = 8T, f p°hNdV = 8Toq’
\%4 \%4

Now Eq. (A85) can be re-written as

0Tu {GupTp — [dh + qa +qa + s + a5 + 95 + 4]} =0
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(A93)

Therefore, the finite element equation for conservation law of energy becomes

GapTy = qh + 95 + 4y + 4o + a5 + 45 + 4,

where
1 _ o\ [ e o Qe
qa. = /—(T-i— T )[AKL(XKL-l‘BKLﬁKL]N,de
\%4

2 _ . 3 .
ai= [ {Toraly + SEBL, + Mipa iy} NedV
14

qz = f {TI?L(XKL + S?(LBKL + M?{LM)}KLM} NodV
\%4

(A94)

(A95)

(A96)

(A97)
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qizf{—PKE';g—M;BKJr];;E;g}NadV
qiz—fQNadS
Sq
= [ QeNxav
14
qZE/pohNadV
\%4

For scalar potential, the weak form of Eq. (159) is expressed as

f {E—12¢ ~ (i) ;- a} S¢dv =0

v

Term by term one obtains
f = $0¢dv = 04, ¢ﬁf = NpNpdv = 0o masdy
f (90, 6¢dv—[{ (9106),,+4.169.:} dv

:6%95 ;1 Nads + 8¢e ¢ﬁfNa,Nﬁ dv

_6%/ vy nNds+8¢“¢[;/Na,Nﬁ dv

= _(Sﬂba‘fa + 8‘/’0& oc[3¢ﬁ
f —ad¢dv = §¢, f —aNydv = =8¢, d,

v v

Because the weak form has to be valid for any arbitrary §¢,, one obtains

maﬁ(ﬁﬁ + kaﬁ(/)ﬁ = éo, + Ela

where s; is part of the enclosing surface of the volume v on which ¢ ;n; is specified as &; and

1
mszE—/ZNocN[SdV
g Cc
kaﬁEfNa,iNﬁ,idV
v
éaEfENadSE[¢,iniNad$
Sg Sg
da:/aNadv

v
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(A99)
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(A101)
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For vector potential, the weak form of Eq. (159) is expressed as

Comput Model Eng Sci. 2026;147(2):9

1 9*A;
f {_2 EY? Ak i~ Ck (SAde = (A108)
c
v
Term by term one obtains
1 0°Ag
f 2 on — - 0Ardv = §A Axg f = NoNpdv = §AramapAgg (A109)
f Ak”(SAde—f{ Ak,5Ak] +Ak,5Akl}dV
= (§Aka f —Ak,,‘l/l,’N“dS + (SAkaAkﬁ f N‘x’in,,'dV
= (SAka f —AkN“dS + aAkaAkB f N,x,,'Nl;,idV
v
= (SAka {_Akoc + kocBAk[S} (AHO)
f —Ck8Ade = —6Aka f CkN“dV = _8Akaéka (Alll)
Because the weak form has to be valid for any arbitrary § A, one obtains
I’I’laﬁAkﬁ + kaBAk{S = Ak«x + ékzx (A112)
where s, is part of the enclosing surface of the volume v on which Ay ;n; is specified as Ag;and
Apg = f Ay, iniNyds = f ArN,ds
S¢ S¢
Cra= [ CiNodv (A113)
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