
Computer Modeling in

Engineering & Sciences
echT PressScience

https://doi.org/10.32604/cmes.2026.077726

ARTICLE

Gradient Descent with Time-Decaying Regularization for Training Linear

Neural Networks

Sergio Isai Palomino-Resendiz1,2, César Ulises Solís-Cervantes1,*, Luis Alberto Cantera-Cantera1,3,

Jorge de Jesús Morales-Mercado1 and Diego Alonso Flores-Hernández4

1Departamento de Ingeniería en Control y Automatización, Escuela Superior de Ingeniería Mecánica y Eléctrica (ESIME), Unidad

Zacatenco, Instituto Politécnico Nacional, Unidad Profesional Adolfo LópezMateos. Av. Luis Enrique Erro S/N, Gustavo A.Madero,

Zacatenco, Ciudad de México, México
2Departamento de Control Automático, Centro de Investigación y de Estudios Avanzados (CINVESTAV) del Instituto Politécnico

Nacional, Unidad Zacatenco, Av. Instituto Politécnico Nacional No. 2508, Col. San Pedro Zacatenco, Ciudad de México, México
3Facultad de Ingeniería, Universidad Anáhuac México, Campus Norte, Huixquilucan, Estado de México, México
4Sección de Estudios de Posgrado e Investigación, Unidad Profesional Interdisciplinaria en Ingeniería y Tecnologías Avanzadas

(UPIITA), Instituto Politécnico Nacional, Av IPN 2580, La Laguna Ticoman, G. A. M., Ciudad de México, México

*Corresponding Author: César Ulises Solís-Cervantes. Email: csolisc@ipn.mx

Received: 16 December 2025; Accepted: 25 February 2026; Published: 27 April 2026

ABSTRACT: Many linear-in-parameters models arising in identi�cation and control can be expressed as single-

layer arti�cial neural networks (ANNs) with linear activation, enabling online learning via �rst-order optimization. In

practice, however, standard gradient descent o�en exhibits slow convergence, large intermediateweights, and stagnation

when the regressor data are ill-conditioned or computations are performed under �nite precision.�is paper proposes

Gradient Descent with Time-Decaying Regularization (GD-TDR), a training algorithm that augments the quadratic loss

with a regularization term whose weight decays exponentially in time.�e proposed schedule enforces uniform strong

convexity during early iterations, e�ectively mitigating neural-paralysis-like behavior associated with �at directions,

while asymptotically vanishing so that the unregularized least-squares solution is recovered. A convergence theorem for

GD-TDR is established and a concise pseudocode implementation is provided. Numerical and embedded experiments

on an online identi�cation problem of a Chua-type chaotic oscillator demonstrate that GD-TDR converges faster and

avoids stagnation compared to standard gradient descent, without introducing the steady-state bias characteristic of

�xed quadratic regularization.

KEYWORDS: Time-decaying regularization; gradient descent; single-layer linear neural network; online system

identi�cation; chaotic oscillator; embedded implementation

1 Introduction

1.1 State of the Art

Arti�cial neural networks (ANNs) have been extensively studied as �exible function approximators and

parametric models across a wide range of scienti�c and engineering tasks. General surveys and application-

driven reviews document the breadth of ANN deployments and motivate their use in identi�cation and

control, particularly when explicit �rst-principles modeling is di�cult or when data-driven adaptation

is required [1–3]. Foundational treatments established the core modeling paradigms and training prin-

ciples, including linear and nonlinear network structures and their algorithmic implementations [4–6].
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In this classical view, many practical learning rules can be interpreted as iterative optimization procedures

acting on a quadratic or near-quadratic objective, a perspective that remains central to modern online

learning formulations.

A large portion of the ANN training literature is rooted in incremental (�rst-order) updates. Recent

theoretical analyses of learning dynamics in deep linear networks provide explicit characterizations of

transient behavior and the interaction between initialization, regularization, and optimization geometry

under gradient-based training [7,8]. Within the quadratic-loss setting, basic gradient-descent rules and

their stochastic variants remain canonical examples of �rst-order adaptationmechanisms and highlight how

data statistics, conditioning, and step-size choices shape stability and speed of learning [9,10]. In parallel,

modern energy-based learning continues to emphasize the role of objective shaping and conditioning in

learnability [11]. �ese works collectively support the view that optimization geometry—not only model

expressiveness—plays a decisive role in whether training proceeds smoothly or becomes trapped in slow

transient regimes.

Beyond standard multilayer architectures, several specialized ANN families have been developed

for robustness, interpretability, and control-oriented deployment. Radial basis function networks and

their robust variants provide a well-established pathway to stable approximation under uncertainty and

noise [12,13]. In adaptive and self-learning control, ANN-based schemes have been reported for real-time

compensation and online tuning, where training must remain stable under streaming data and limited

numerical precision [14]. Related approaches in intelligent control also include fuzzy and cerebellar-model

architectures that stress adaptation under nonlinearities and disturbances [15,16]. Complementary lines

of research continue to re�ne computationally e�cient �rst-order training, including recent advances in

stochastic gradient descent variants [17].

A particularly demanding class of identi�cation problems arises in nonlinear and chaotic dynamics,

where sensitivity to initial conditions andmeasurement noise can degrade learning reliability. Recent studies

illustrate both the feasibility of parameter identi�cation in chaotic systems and the numerical challenges

of learning from chaotic trajectories [18–20]. �ese challenges are ampli�ed in embedded or resource-

constrained implementations, where �nite-precision arithmetic and strict real-time requirements can

exacerbate ill-conditioning and lead to slow or stagnant learning. Recent reviews on hardware realizations of

neural methods, including FPGA-oriented implementations and embedded control applications, highlight

the practical importance of training rules that remain stable and well-conditioned under limited precision.

Consistent with these trends, widely used embedded platforms and rapid-prototyping toolchains have

enabled end-to-end experimental validation of online learning strategies on microcontrollers [21,22].

Despite the breadth of architectures and applications, an enduring challenge in �rst-order online

training is the susceptibility to slow plateaus andweight growthwhen the regressor is ill-conditioned orwhen

optimization directions become nearly �at. Classical quadratic (L2/Tikhonov) regularization is a standard

remedy to improve conditioning, yet �xed regularization may introduce steady-state bias when the target

objective is the unregularized least-squares criterion. �is motivates strategies that improve early-stage

conditioning while preserving asymptotic �delity to the original objective, which is the central perspective

adopted in this work.

1.2 Description and Main Contributions

Single-layer ANNs with a linear activation function are equivalent to linear regression models and

are widely used to represent linear-in-parameters structures in system identi�cation, adaptive �ltering, and

control. In these applications, the model output can be written as a linear combination of known regressors

and unknown parameters, so that training reduces to minimizing a least-squares functional. Although a



Comput Model Eng Sci. 2026;147(1):26 3

closed-form solution exists for batch least squares, embedded and real-time settings o�en require iterative,

lightweight, and online algorithms. For this reason, �rst-order methods based on gradient descent remain

attractive due to their low computational complexity and ease of implementation [2,4,17].

In practice, however, standard gradient descent may perform poorly when the regressor data are ill-

conditioned or nearly rank-de�cient. �ese situations are frequent in online identi�cation problems with

delayed signals, correlated regressors, or limited excitation. �e resulting cost surface can contain nearly

�at directions, which leads to slow progress, long plateaus, and very large intermediate weights. On �nite-

precision hardware, such dynamics can manifest as training stagnation and numerical instabilities that are

commonly described as neural-paralysis-like plateau behavior in the neural-network literature [23]. In the

linear setting considered here, the e�ect is not caused by saturation of nonlinear activation functions, but

rather by loss of curvature and poor conditioning of the quadratic objective.

A standard remedy is to augment the least-squares loss with a quadratic (Tikhonov) regularizer, which

enforces strong convexity and penalizes large weights. Fixed regularization, however, introduces a bias: the

minimizer of the regularized problem does not generally coincide with the minimizer of the original least-

squares cost. �is trade-o� is particularly undesirable in identi�cation tasks, where asymptotic accuracy

is essential.

�is work proposes GD-TDR (Gradient Descent Algorithm with Regularizer—Time Decay), a �rst-

order scheme that interpolates between these two extremes. �e algorithm employs a quadratic regularizer

whose coe�cient decays exponentially over time. As a result, the early iterations bene�t from improved

curvature and bounded weights, while the regularization vanishes asymptotically and the algorithm recovers

the minimizer of the unregularized least-squares functional.

�e main contributions of this work are summarized as follows:

• a uni�ed analytical framework that explicitly connects classical gradient descent, gradient descent with

�xed quadratic (L2) regularization, and the proposed Gradient Descent with Time-Decaying Regular-

ization (GD-TDR) through a single decay parameter, thereby clarifying their structural similarities and

fundamental di�erences;

• a rigorous convergence theorem establishing that the time-decaying regularization enforces uniform

strong convexity during the transient phase while asymptotically recovering the minimizer of the

unregularized least-squares problem;

• a concise and self-contained pseudocode implementation of GD-TDR that directly re�ects the theoret-

ical development and facilitates reproducible implementation;

• a comprehensive numerical and embedded validation, including online parameter identi�cation of a

Chua-type chaotic oscillator and a real-time implementation on an R© STM32F4-Nucleo microcon-

troller, demonstrating accelerated convergence and mitigation of stagnation without steady-state bias.

�e paper is organized as follows. Section 2 introduces the linear ANN model and the least-squares

training objective. Section 3 compares gradient-descent training schemes and presents GD-TDR. Section 4

states and proves the convergence theorem and provides the GD-TDR pseudocode. Section 5 shows how

common identi�cation models can be written in linear ANN form. Sections 6 and 7 report the numerical

and embedded validation, respectively. Section 8 concludes the paper and outlines future work.
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2 Single-Layer Linear ANN and Least-Squares Training

2.1 Model Representation

Consider a single-layer ANN with linear activation (purelin) and no bias. Its output is

ŷ ∶= w⊺x, (1)

where the input vector is x ∶= [x1 x2 ⋅ ⋅ ⋅ xn]⊺ and the weight vector isw ∶= [w1 w2 ⋅ ⋅ ⋅ wn]⊺. Fig. 1 illustrates
the architecture.

Figure 1: Single-layer ANN with linear activation.

2.2 Batch Least-Squares Objective

Given a �nite data set {(xk , yt ,k)}Nk=1, de�ne the prediction errors ek ∶= ŷk − yt ,k and the quadratic cost

J(w) ∶= 1

N

N

∑
k=1

e2k . (2)

Let X ∈Mn×N(R) be the regressor matrix and yt ∈ R
N the target vector,

X ∶= [x1 x2 ⋅ ⋅ ⋅ xN] , yt ∶= [yt ,1 yt ,2 ⋅ ⋅ ⋅ yt ,N]⊺ . (3)

�en

J(w) = 1

N
∥X⊺w − yt∥22 . (4)

�e gradient and Hessian of J with respect to w are

∇J(w) = 2

N
X(X⊺w − yt), ∇2 J(w) = 2

N
XX⊺. (5)

�e Hessian is positive semide�nite. It is positive de�nite (and hence J is strongly convex) if and only if

XX⊺ is nonsingular.

3 Training Schemes and Algorithmic Comparisons

�is section summarizes three closely related �rst-order schemes: classical gradient descent (GD),

gradient descent with a �xed quadratic regularizer (GD-QR), and the proposed time-decaying regularized

scheme (GD-TDR). Only GD-TDR is presented in pseudocode form (Section 4).
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3.1 Classical Gradient Descent (GD)

Using (2), the GD update with step size η > 0 is

w( j + 1) = w( j) − η∇J(w( j)) = w( j) − 2η

N
Xe( j), (6)

where e( j) ∶= X⊺w( j) − yt . When J is strongly convex and η is chosen appropriately, GD converges linearly

to the unique minimizer. If XX⊺ is singular or ill-conditioned, J is not strongly convex and GD may exhibit

slow progress and large intermediate weights.

3.2 Gradient Descent with Fixed Quadratic Regularization (GD-QR)

A standard approach to improve conditioning is to add a quadratic regularizer

Jγ(w) ∶= J(w) + γ

2
w⊺Pw, (7)

where γ > 0 and P ∈Mn×n(R) is symmetric positive de�nite. �e Hessian becomes

∇2 Jγ(w) = 2

N
XX⊺ + γP ≻ 0, (8)

so Jγ is strongly convex for any γ > 0. �e GD-QR update reads

w( j + 1) = w( j) − η ( 2
N

Xe( j) + γPw( j)) . (9)

Fixed regularization controls weight growth and improves curvature, but the minimizer of Jγ generally

di�ers from the minimizer of J. In identi�cation problems, this bias can be detrimental.

3.3 Proposed GD-TDR (Time-Decaying Quadratic Regularization)

GD-TDR replaces the constant regularization weight γ in (9) by a time-decaying sequence

γ( j) ∶= γ0λ j , γ0 > 0, 0 < λ < 1. (10)

�e weight update becomes

w( j + 1) = w( j) − η ( 2
N

Xe( j) + γ( j)Pw( j)) . (11)

Two limiting cases highlight the relationship among the three schemes:

• Classical GD: setting γ0 = 0 yields (6).

• Fixed regularization: setting λ = 1 yields GD-QR in (9).

�erefore, GD-TDR provides a continuous mechanism to improve conditioning early in training while

asymptotically removing the regularization bias. �e theoretical properties of this scheme are stated in

�eorem 1.

4 �eoretical Properties and GD-TDR Pseudocode

We restate the objective in compact form. De�ne

J(w) ∶= 1

N
∥X⊺w − yt∥22 , e(w) ∶= X⊺w − yt , (12)
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and let P ≻ 0 be symmetric. For each iteration j consider the regularized functional

J j(w) ∶= J(w) + γ( j)
2

w⊺Pw, (13)

with γ( j) de�ned by (10).

�eorem 1 (Online GD-TDR): Let X ∈Mn×N(R) and yt ∈ R
N be given and assume that XX⊺ is positive

semide�nite. Let P ∈Mn×n(R) be symmetric and positive de�nite and de�ne

H ∶=
2

N
XX⊺. (14)

For γ0 > 0 and 0 < λ < 1 de�ne

γ( j) ∶= γ0λ j , j = 0, 1, 2, . . . (15)

and

J j(w) ∶= J(w) + γ( j)
2

w⊺Pw. (16)

(a) For every j ≥ 0 the functional J j is strongly convex. More precisely, its Hessian

∇2
w J j(w) = H + γ( j)P (17)

satis�es

λmin(∇2
w J j(w)) ≥ γ( j) λmin(P) > 0 (18)

for all w ∈ Rn . Consequently, each J j has a unique global minimizer w⋆j .

(b) Suppose that XX⊺ is positive de�nite, so that J has a unique minimizer w⋆. Let µ ∶= λmin(H) and

L ∶= λmax(H), and denote by λmin(P) and λmax(P) the extremal eigenvalues of P. Choose η > 0 such that

0 < η <
2

L + γ0λmax(P) . (19)

Consider the GD-TDR iteration

e( j) = X⊺w( j) − yt , (20)

w( j + 1) = w( j) − η ( 2
N

Xe( j) + γ( j)Pw( j)) , j = 0, 1, 2, . . . (21)

�en {w( j)} j≥0 is bounded and converges to w⋆.
(c) For each j and every w ∈ Rn ,

∥∇J j(w)∥2 ≥ γ( j) λmin(P) ∥w −w⋆j ∥2 . (22)

In particular, when γ( j) is large (early iterations), the curvature of J j is uniformly bounded away from zero

and the gradient cannot vanish far from the minimizer. �is reduces extended �at regions of the cost surface

and mitigates neural-paralysis-like stagnation associated with weight growth.
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Proof: (a) Since H is symmetric and positive semide�nite and P ≻ 0, the matrix H + γ( j)P is symmetric

positive de�nite for every γ( j) > 0. Moreover,

λmin(H + γ( j)P) ≥ λmin(H) + γ( j)λmin(P) ≥ γ( j)λmin(P) > 0. (23)

Hence J j is strongly convex and has a unique minimizer w⋆j .

(b) When H is positive de�nite, J is µ-strongly convex and L-smooth. For each j, J j is µ j-strongly convex

and L j-smooth with

µ j = λmin(H + γ( j)P) ≥ µ, L j = λmax(H + γ( j)P) ≤ L + γ0λmax(P). (24)

�us 0 < η < 2/L j holds uniformly for all j. �e update can be written as

w( j + 1) = w( j) − η∇J j(w( j)). (25)

Gradient descent on a strongly convex, smooth function with a step size in (0, 2/L j) is a contraction
mapping, hence {w( j)} is bounded. Since γ( j)→ 0, ∇J j(w)→ ∇J(w) uniformly on bounded sets. Taking

limits in the iteration yields ∇J(w̄) = 0 for the limit point w̄, which must equal the unique minimizer w⋆.

(c) By strong convexity of J j with modulus at least γ( j)λmin(P) and the standard gradient characterization

of strong convexity,

∥∇J j(w)∥2 ≥ γ( j)λmin(P) ∥w −w⋆j ∥2 . (26)

◻

Remark 1:�e decay rule γ( j + 1) = λγ( j) implements an exponentially vanishing regularization weight. Early

in training, γ(0) can be chosen su�ciently large so that the quadratic term dominates the curvature and

penalizes large weights. As γ( j) decreases, the regularization bias disappears asymptotically and the algorithm

recovers the geometry of the original least-squares cost. An alternative and simpli�ed way to visualize all of the

above is through the pseudocode of the algorithm contained in Algorithm 1.

Algorithm 1: GD-TDR update (time-decaying regularization), cf. �eorem 1

Require: X ∈ Rn×N , yt ∈ R
N , step size η > 0, matrix P ≻ 0, γ0 > 0, decay factor 0 < λ < 1

Require: stopping tolerance ε > 0, maximum iterations Jmax

1: Initialize w(0) (e.g., zeros or small random values)

2: Set γ(0)← γ0
3: for j = 0, 1, . . . , Jmax − 1 do
4: e( j)← X⊺w( j) − yt
5: g( j)← 2

N
Xe( j) + γ( j)Pw( j) ⊳ gradient of Jj

6: w( j + 1)← w( j) − η g( j)
7: γ( j + 1)← λ γ( j)
8: if ∥w( j + 1) −w( j)∥2 ≤ ε then
9: break

10: end if

11: end for

12: return w( j + 1)
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To make the above easier to visualize, Table 1 presents a comparison of key aspects.

Table 1: Comparison of GD, GD–QR, and GD–TDR for quadratic objectives.

Aspect GD GD–QR (�xed) GD–TDR (time-decaying)

Objective optimized J(w) = 1

N
∥X⊺w − y∥22 Jλ(w) = J(w) + λ∥w∥22 Jλ(k)(w) = J(w) + λ(k)∥w∥22

Update rule wk+1 = wk − η∇J(wk) wk+1 = wk −
η(∇J(wk) + 2λwk)

wk+1 =

wk − η(∇J(wk) + 2λ(k)wk)
Early strong convexity

Not guaranteed (data

dependent)
Guaranteed for λ > 0

Guaranteed if λ(0) is
su�ciently large

Hessian conditioning
∇2 J = 2

N
XX⊺ (may be

ill-conditioned)
∇2 Jλ =

2
N
XX⊺ + 2λI ∇2 Jλ(k) =

2
N
XX⊺ + 2λ(k)I

Asymptotic objective

recovered
Yes (minimizes J) No (minimizes Jλ) Yes, if λ(k)→ 0

Steady-state bias

(w.r.t. LS)
No Yes (increases with λ)

No (vanishing

regularization)

Stagnation/NP

mitigation
May exhibit plateaus

Plateaus reduced, but

biased optimum

Plateaus reduced without

biasing the optimum

Recommended use

case

Well-conditioned

regressors

Permanent

conditioning /

shrinkage

Early conditioning with

unbiased asymptote

5 Application to Online Parameter Identi�cation

�is section shows how common linear identi�cationmodels can bewritten as single-layer linearANNs,

which allows applying GD-TDR directly.

5.1 Discrete Transfer Functions

Consider a discrete transfer function

Y(z)
U(z) ∶=

anz
−s + an−1z−s+1 + ⋅ ⋅ ⋅ + a1z−1 + a0

bmz−m + bm−1z−m+1 + ⋅ ⋅ ⋅ + b1z−1 + 1
, (27)

with s ≤ m. A�er inverse z-transform (zero initial conditions), one obtains an ARX-like representation

y[n] = s

∑
k=0

ak u[n − k] −
m

∑
r=1

br y[n − r]. (28)

De�ning

w ∶= [ a0 a1 ⋅ ⋅ ⋅ as b1 ⋅ ⋅ ⋅ bm ]⊺ , (29)

x[n] ∶= [ u[n] u[n − 1] ⋅ ⋅ ⋅ u[n − s] −y[n − 1] ⋅ ⋅ ⋅ −y[n −m] ]⊺ .
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�e model becomes y[n] = w⊺x[n], which is exactly the output of a single-layer linear ANN. Fig. 2

sketches this identi�cation setup.

Figure 2: Single-layer ANN representation for parameter identi�cation.

5.2 Discrete State-Space Models

For a discrete state-space (DSS) system

x[n + 1] = Ax[n] + Bu[n], (30)

with appropriate dimensions, the right-hand side is linear in the unknown entries of A and B. By stacking

the parameters into a single vector (or matrix) and de�ning a regressor vector that contains state and input

components, the DSS update can also be written in the form x[n + 1] =Wϕ[n], where W collects the

unknown parameters. �is is compatible with GD-TDR, which can be applied entrywise.

A practical issue is causality: to update parameters at time n, the target x[n + 1] is needed. A simple

remedy is to insert a one-step delay in the learning loop, which preserves the identi�cation objective while

keeping the update implementable in real time. Fig. 3 illustrates the ANN view of theDSSmodel, while Fig. 4

shows a delay-based identi�cation for DSS parameter identi�cation.

Figure 3: DSS model viewed as a linear ANNmapping.

Remark 2: Although the focus is on linear-in-parameters models, the same idea can be used to identify local

linearizations of nonlinear systems around operating points, provided the regressors are constructed accordingly.

6 Numerical Validation

6.1 Experimental Setup

�enumerical validation considers online parameter identi�cation of a chaotic systemwhose dynamics

are equivalent to those of a Chua-type oscillator. Chaotic trajectories provide a demanding excitation pattern
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for adaptive algorithms and are known to expose slow transients and stagnation e�ects in gradient-based

learning [19,20].

Figure 4: Delay-based scheme for DSS parameter identi�cation.

�e Chua oscillator is described by

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ẋ = α(y − x − φ(x)),
ẏ = x − y + z,

ż = −βy,

(31)

where

φ(x) ∶= m1x +
1

2
(m0 −m1) (∣x + 1∣ − ∣x − 1∣). (32)

For the parameter values α = 15.6, β = 25,m0 = −1.1429, andm1 = −0.7143, the corresponding attractor
is shown in Fig. 5.

Figure 5: Trajectory of Chua dynamics (chaotic attractor).

To pose an identi�cation problem that is linear in the unknown parameters, the dynamics are rewritten

as

⎡⎢⎢⎢⎢⎢⎣

ẋ

ẏ

ż

⎤⎥⎥⎥⎥⎥⎦²
yt

=

⎡⎢⎢⎢⎢⎢⎣

w11 w12 w13 w14

w21 w22 w23 w24

w31 w32 w33 w34

⎤⎥⎥⎥⎥⎥⎦´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
W

⎡⎢⎢⎢⎢⎢⎢⎢⎣

x

y

z

d

⎤⎥⎥⎥⎥⎥⎥⎥⎦²
ϕ

, d ∶= ∣x + 1∣ − ∣x − 1∣. (33)
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In this form,W is an unknown parameter matrix to be estimated online from themeasured signals.�e

validation compares GD-TDR against classical GD. In addition, Section 3 provides an explicit comparison

with �xed quadratic regularization (GD-QR), which is obtained as the special case λ = 1.

Fig. 6 shows the main program used in the numerical simulations.

Figure 6: Main program in R© Matlab-Simulink environment.

In the reported tests, the learning factor was set to η = 0.02. For GD-TDR, the regularization parameters

were initialized at γ0 = 0.99 and decayed according to (10) with λ = 0.9998. �e simulations used the ode8
solver with �xed step size and sampling time 0.001 s.

6.2 Results

Fig. 7 shows the convergence of the estimated parameters towards the target values, while Fig. 8 reports

the norm of the estimation error. �e �nal identi�ed parameters for GD-TDR, GD and GD-QR are listed

in (34) to (36), respectively.

WGD-TDR =

⎡⎢⎢⎢⎢⎢⎣

−4.457 15.600 0.000 3.343

1.000 −1.000 1.000 0.000

0.000 −25.000 0.000 0.000

⎤⎥⎥⎥⎥⎥⎦
, NE = 0.0001. (34)

WGD =

⎡⎢⎢⎢⎢⎢⎣

−4.437 15.580 0.001 3.327

0.997 −0.997 1.000 0.002

0.0202 −24.987 0.000 0.0151

⎤⎥⎥⎥⎥⎥⎦
, NE = 0.0013. (35)

WGD-QR =

⎡⎢⎢⎢⎢⎢⎣

−3.3124 14.3232 0.0969 2.5913

0.8175 −0.8712 0.9908 0.1169

−1.0477 −23.4959 −0.3202 0.5065

⎤⎥⎥⎥⎥⎥⎦
, NE = 0.0419. (36)
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Figure 7: Convergence of GD, GD-QR and GD-TDR parameters.

Figure 8: Norm of the parameter-estimation error.

6.3 Discussion

GD and GD-TDR algorithms converge to high-accuracy estimates; however, GD-TDR exhibits

markedly faster convergence and substantially shorter stagnation transients. In the considered experiment,

GD requires approximately 800 s to reach steady convergence, whereas GD-TDR attains comparable accu-

racy in about 200 s. �e error norm (NE) trajectories further indicate that GD spends a signi�cant portion

of the runtime in plateau-like regions before converging, a behavior consistent with ill-conditioning and the

presence of �at directions in the quadratic objective function.
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GD-QR mitigates oscillations during the convergence process but yields the poorest parameter con-

vergence (NE = 0.0419). �is behavior is expected, since the QR-based transformation e�ectively shi�s the

original optimal point to an alternative one in order to increase the convexity of the cost functional, thereby

smoothing the convergence dynamics at the expense of �nal parameter accuracy.

From an algorithmic viewpoint, these improvements can be interpreted through �eorem 1: the

decaying regularization increases the curvature of J j in the early iterations, preventing the gradient from van-

ishing far from the minimizer and discouraging weight growth in nearly-�at directions. As γ( j) decreases,
the method smoothly transitions toward the unregularized least-squares objective, thereby avoiding the

steady-state bias that would occur if a �xed γ were used (GD-QR).

7 Embedded Implementation on a Microcontroller

To evaluate suitability for low-processing-capacity platforms, GD-TDR was implemented on an R©

STM32F4-Nucleo microcontroller. �e implementation was developed in the R© Matlab-Simulink environ-

ment and deployed using the R© Waijung toolkit. Figs. 9 and 10 show the board-level program con�guration,

which follows the same signal �ow as the numerical setup and adds serial communication blocks for

monitoring. In particular, in Fig. 9, the content of the block called chua can be located in Fig. A1 as well as

its programming, which are contained in the Appendix A.

Figure 9: Program con�guration for the R© STM32F4-Nucleo board.
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Figure 10: CPU monitoring program.

Experimental Results

In this work, neuron-paralysis-like behavior is quantitatively assessed through a combination of

indicators, including prolonged plateaus in the loss evolution, persistent attenuation of the e�ective gradient

norm, and excessive transient growth of the parameter vector prior to convergence.

Fig. 11 reports the convergence behavior observed on the microcontroller. �e results are qualitatively

consistent with the numerical simulations, indicating that the proposed method preserves its robustness

against stagnation even under limited precision and memory.

WSTM32 =

⎡⎢⎢⎢⎢⎢⎣

−4.439 15.585 −0.001 3.333

0.997 −0.987 1.000 0.001

0.014 −24.988 0.001 0.007

⎤⎥⎥⎥⎥⎥⎦
, NE = 0.001. (37)
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Figure 11: Dynamics of convergence of GD-TDR weights on the R© STM32F4-Nucleo board.
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8 Conclusions and Future Work

�is paper introduced GD-TDR, a time-decaying quadratically regularized gradient-descent algorithm

for training single-layer linear ANNs. �e method is motivated by online identi�cation problems in which

the regressor data can be ill-conditioned and standard gradient descent may su�er from long plateaus, large

intermediate weights, and neural-paralysis-like stagnation on �nite-precision hardware. GD-TDR addresses

this issue by enforcing strong convexity early in training through a quadratic penalty and then removing the

penalty asymptotically via an exponential decay schedule.

A convergence theorem was provided that formalizes the key mechanism: for every iteration index the

regularized objective remains strongly convex, so �at directions are eliminated, and under standard step-size

conditions the iterates converge to the minimizer of the original (unregularized) least-squares cost as the

regularization vanishes. �e numerical validation on online identi�cation of a Chua-type chaotic oscillator

and the implementation on an R© STM32F4-Nucleo microcontroller con�rm that the proposed scheme

converges faster than conventional gradient descent and signi�cantly reduces stagnation transients, while

preserving high identi�cation accuracy.

Future work will focus on three directions. First, the decay schedule γ( j) can be adapted online using

measurable indicators of conditioning or excitation, rather than being �xed a priori. Second, systematic

and low-cost design rules for selecting P (e.g., diagonal or structured choices compatible with embedded

computation)will be investigated, including robustness to noise and time-varying parameters.�ird, extend-

ing the approach beyond linear activation to shallow nonlinear networks and to constrained identi�cation

problems is of interest, where time-decaying regularization may provide similar bene�ts without sacri�cing

asymptotic accuracy.
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Abbreviations

�e following abbreviations are used in this manuscript:

ANN Arti�cial Neural Network

GD Gradient Descent

GD-QR Gradient Descent with Quadratic Regularization

GD-TDR Gradient Descent with Time-Decaying Regularization

NP Neural Paralysis

SLM Stagnation in Local Minima

Appendix A Chua Model Block

�e following matlab function block implements (31).

function [xp, yp, zp] = fcn(x,y,z)

alpha = 15.6; beta = 25; m0 = −8/7; m1 = −5/7;

phi = m1*x + 0.5*(m0-m1)*(abs(x + 1)-abs(x − 1));

d1 = y − x − phi; d2 = x − y + z; d3 = −y;

xp = alpha*d1; yp = d2; zp = beta*d3;

end

Figure A1: Contents of the block called Chua of the main program.
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