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ABSTRACT: An efficient data-driven numerical framework is developed for transient heat conduction analysis in thin-
walled structures. The proposed approach integrates spectral time discretization with neural network approximation,
forming a spectral-integrated neural network (SINN) scheme tailored for problems characterized by long-time
evolution. Temporal derivatives are treated through a spectral integration strategy based on orthogonal polynomial
expansions, which significantly alleviates stability constraints associated with conventional time-marching schemes. A
tully connected neural network is employed to approximate the temperature-related variables, while governing equa-
tions and boundary conditions are enforced through a physics-informed loss formulation. Numerical investigations
demonstrate that the proposed method maintains high accuracy even when large time steps are adopted, where standard
numerical solvers often suffer from instability or excessive computational cost. Moreover, the framework exhibits strong
robustness for ultrathin configurations with extreme aspect ratios, achieving relative errors on the order of 10> or
lower. These results indicate that the SINN framework provides a reliable and efficient alternative for transient thermal
analysis of thin-walled structures under challenging computational conditions.

KEYWORDS: Physics-informed neural networks; spectral time integration; transient heat conduction; thin-walled
structures

1 Introduction

Thin-walled structures are widely used in modern engineering systems due to their advantages in
material efficiency, lightweight design, and functional integration. Typical applications include thin films and
coatings in electronic devices, protective layers in mechanical components, and embedded sensing elements
in smart materials. Despite their practical importance, numerical simulation of thin-walled structures
remains challenging because of the severe geometric slenderness and the strong coupling between spatial
resolution and numerical stability.

Conventional numerical methods, such as the finite element method (FEM), are frequently employed
for heat conduction analysis owing to their generality and mature theoretical foundation [1-5]. However,
when applied to thin-walled configurations, FEM often requires extremely refined meshes across the
thickness direction to maintain accuracy and stability [5-8]. This leads to ill-conditioned system matrices
[9-12], high computational cost, and, in some cases, convergence difficulties. The boundary element method
(BEM) offers an alternative by reducing the problem dimensionality and efficiently handling unbounded
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domains [13-16]. Nevertheless, BEM formulations rely on the availability of fundamental solutions, which
limits their applicability to a restricted class of governing equations and material models. Consequently, there
is a growing need for alternative numerical approaches capable of efficiently and accurately handling such
challenging problems with thin-shapes [17,18].

To overcome these limitations, meshless and data-driven approaches have attracted increasing atten-
tion in recent years [19-22]. Among them, physics-informed neural networks (PINNs) provide a flexible
framework by embedding governing partial differential equations directly into the training process of neural
networks [23-26]. By enforcing physical constraints through loss functions, PINNs are capable of approx-
imating solutions to forward and inverse problems without relying on structured meshes. This paradigm
has been successfully explored in a wide range of applications, including solid mechanics, fluid dynamics,
heat transfer, and multiphysics systems [27-31]. Complementing these physics-informed approaches, recent
studies have also highlighted the effectiveness of ensemble learning techniques. For example, bagging
regression has been successfully applied to conduct a comparative analysis of magnetohydrodynamic mixed
convective flow of hybrid nanofluids, incorporating radiative heat transfer [32]. Several variants of PINNs
have been developed to broaden their applicability, such as conservative PINNs, fractional PINNs, Bayesian
PINNS, and variational PINNs [33-36]. Furthermore, the potential of PINNs in thermal analysis has been
exemplified by recent studies, such as the prediction of steady-state temperature distributions in convective
wavy fins using novel training strategies [37]. For transient problems, PINNs typically rely on automatic
differentiation to compute time derivatives, which can lead to high computational cost and deteriorating
accuracy, especially for long-time simulations or stiff systems [38].

To address the above challenges, spectral-integrated neural networks (SINNs) were recently introduced
as an extension of the PINN framework [39,40]. The key idea of SINNS is to replace direct time differentiation
with a spectral integration strategy based on orthogonal polynomial expansions [41]. Spectral integration
techniques are well known for their excellent stability and high-order accuracy in temporal discretization,
particularly when large time steps are employed. By combining spectral integration with neural network
approximation, SINNs enable efficient dynamic analysis without the need for dense temporal sampling [42].
Motivated by these advantages, the present study extends the SINN framework to transient heat conduction
problems in thin-walled structures. Such problems are especially challenging due to extreme aspect ratios,
where conventional numerical solvers often experience stability issues or prohibitive computational cost.

The remainder of this paper is organized as follows. Section 2 introduces the governing equations
of transient heat conduction and presents the spectral-integrated neural network formulation. Section 3
provides a series of numerical examples, including both regular and irregular thin-walled geometries, to
assess the accuracy, efficiency, and stability of the proposed method. Finally, Section 4 summarizes the main
findings and discusses potential extensions of the present work.

2 Methodology

This section presents the theoretical formulation of the proposed spectral-integrated neural network
framework for transient heat conduction analysis. To illustrate the framework, the following 2D transient
heat conduction problem is considered [43,44]:

peuy (x,t) =V [kVu(x,t)] = f(x,t), x€Q, t€[0,T]. (1)

Assuming Q) is a 2D domain bounded by a surface Q) = I', where I = I'p U I'y. The system is subject to
a prescribed initial condition, together with Dirichlet and Neumann boundary conditions:

u(x,0)=uy(x),xeQ, (2)
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u(x,t) =u(x,t),xelp,t€[0,T], 3)

2% 1) __k()au(x, t)

=q(x,t),xely,te[0,T], (4)

where p, c and k denote the mass density, the specific heat and the thermal conductivity, respectively, Ref. [45]
is the unknown temperature field, and f (x, t) represents the heat source term.

2.1 Spectral Integration Method

To enhance numerical stability in the temporal domain, this study introduces a new variable U (x, t) =
u; (x,t) in Eq. (1), through which the transient heat conduction equation is reformulated as:

pcU (x,t) -V [kVu(x,t)] = f(x,t),xeQ, te[0,T], (5)
where
u(x,t):u0+f0tU(x,T)dT. (6)

Within the temporal discretization, this study divides the time interval into multiple subintervals,
denoted as [0, T]=[To =0, T1]U [T}, T]U...U [Ty, T, = T], with the step size defined as AT; = T; —
T;_;. This study describes the procedure for solvmg Eq. (5) within the subinterval [Ty = 0, T; ], which can
be mapped onto the standard interval [-1,1] by means of a linear transformation. This study employs p
Gaussian-type nodes t = {tj| j=12,--, p} within each subinterval and denotes the corresponding values
of the new variable at these nodes by U (x) = [U (x, ;) , U (x,12),...,U(x,t,)]. The value of U (x) can be
stably and accurately approximated by constructing a Legendre polynom1al expansion L? (U (x), t), whose
coefficients are determined through Gaussian quadrature rules [46]. Through the integration of L? (U (x) , t)
over the time span [T = 0, T1], a linear mapping AT;S is established that links U (x) with its temporal
integral, expressed as

ATSU (x) = [[‘LP (U(x),T)dT,[tzLP (U(x),T)dT,...,fttmLp (U(x),T)dT]T, %

where in S is a spectral integration matrix independent of time step AT;. A detailed discussion of this matrix
is provided in Refs. [46,47]. Using the spectral integral matrix, Eq. (6) can be discretized as:

u (x) = uy (x) + ATSU (x), (8)

whereu (x) = [u (x, t),u(x t2), - u(x )] ,ug (%) = [uo (%), uo (X)), -+, ug (x)]T.When Eq. (8)
is substituted into the governing equatlon Eq. (5), the resulting formulation can be explicitly expressed as
follows:

pcU (x) = VKV [ug (x) + ATSU (x)] = f(x), x€ Q, )
and the corresponding boundary conditions given in Eqs. (3) and (4) can be expressed as follows:

u(x) =uy (x) + ATSU (x) ,x € I'p, (10)

q(x) = —k () d (u0 (X) ;:TSU (X)),X

€ FN, (11)
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where f (x) represents [ f (x, t1), f (x, 2), -+, f(x, tp)]T. The system originally governed by Eqs. (1)-(4)
in terms of the variable u can equivalently be restated as the new set of Eqs. (9)-(11), expressed in terms of
the first-order derivatives U of temperature.

2.2 Spectral-Integrated Neural Networks for Heat Conduction Problem

This study takes the transient heat conduction problem as an example to describe the process and frame-
work of the SINNG. Fig. 1 provides a schematic of the fully connected neural network used to approximate the
first-order temporal derivatives U (x, t) of temperature. The network takes (x, t), as input and produces the
trial solution U (x, t) at the output layer. Comprising m hidden layers with Ny, (k =1,2,3...,m) neurons
in each layer, the network represents the trial solutions as:

Ut W) =y (1 (mar (- (11 (%)) (12)
where y corresponds to the linear mapping, which is defined as

y(y) =wy+b, (13)
and 7, (k =1,2,...,m) corresponds to the nonlinear mapping, given by

ﬂk(Y)ZU(WkY+bk), k=12,...,m. (14)
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Figure 1: Schematic diagram of the spectral integrated neural networks (SINNs).

In Egs. (12)-(14), o denotes the activation function, wy, W € R"” represent the weights, b, be R are
biases, and W are vectors of all network parameters, defined as:

W= ({wiT, w {b}7. b). (15)
This study defines the residuals of the PDE as:

lppe (W) =p()c(-)U(xx W) =Vk () V[u (x)+ATSU (x; W)] - f(x). (16)
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In this approach, the governing PDE and the associated boundary conditions are used to constrain
the trial solution during the training processes. A corresponding loss function is then introduced, which is
minimized to optimize the parameters, as expressed below:

p p p
Loss (W) = ZLosspDE (W) + ZLossDBc (W) + ZLOSSNBC (W), 17)
j=1 j=1 j=1

in which Lossppg, Losspgc and Lossypc are the losses of governing PDE, Dirichlet and Neumann boundary
conditions, respectively. Nppg, Nygc and Nppe represent the number of nodes associated with the respective
terms. The individual loss components are detailed as follows:

1 PNppE
Lppg (W) = > |lepr (xppEs W) |7, (18)
PNrpe 5
1 PNpsc B 5
Lppc (W) = > |u(xpsc,ts W) = (xppes t) [ (19)
pNppc o
1 pNbsc ou (XNBC t; W)
L W) = k()——222"2 44 ) 2 20
nBc (W) PNoac 1;1 k() n q (xnpc, 1) | (20)

Gradient descent is employed to train the parameters W in the fully connected network, using
backpropagation to propagate gradients from the loss function. The training process is terminated when the
loss falls below a predefined threshold or when the maximum number of iterations is reached.

3 Numerical Experiments

To evaluate the performance of the SINNs in thin-walled structural problems, a series of numerical
experiments are conducted on transient heat conduction cases encompassing both non-thin and thin
geometries. These experiments are designed to assess the accuracy and effectiveness of the proposed method
across a variety of geometric configurations. The numerical accuracy is quantified using the relative error
and max absolute error, defined as follows:

Ju(x, 1) — @ (x1, 1) |

lu (x1, 1)l
L°°:mlax|u(xl,tl)—f4(xl,t1)|, (22)

Relative error = , (21)

where (x;,t;) denotes the [-th test node, while u (x;, f;) and i (x;, t;) respectively stand for the exact (or
fabricated) and numerical solutions.

This paper presents four numerical examples for testing. All computational tasks were performed in
MATLAB R2023a under the Windows 11 (64-bit) operating system. The computing device is equipped with
an Intel Core Ultra 7 155H CPU with a base frequency of 1.40 GHz and 32 GB of memory. In this study,
the “tmincon” function provided by MATLAB was used to train the network, which is designed to find the
minimum of constrained nonlinear multivariable functions. The main training process was set to a maximum
of 5000 iterations.
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3.1 Structure without Thin-Shapes

The initial investigation is conducted to assess the capability of SINNs in solving transient heat
conduction problem, as illustrated in Fig. 2. For clarity, the governing equation is expressed as follows:

ur(x,t) = vu(x,t) = f(x,t),x € Q,te[0s, Ts]. (23)
The analytical solution corresponding to this numerical example is:

u(x,t)=cos(t)sin(x+y). (24)

L

o X

(a) (b)
Figure 2: (a) Geometry of gear structure; (b) The distribution of collocation points.

A total of 1150 collocation points are employed, comprising 160 points on the boundary and 990
points within the interior domain. All boundary conditions are prescribed as Dirichlet type. In addition,
a time step of At =1s is adopted to ensure temporal stability, and 5 Gaussian nodes are used within each
time step. Different neural network architectures are often required to effectively handle problems with
varying complexity and geometric characteristics. In this example, the performance of the proposed SINNs
is systematically assessed by varying both the number of hidden layers and the number of neurons per
layer. This architectural tuning aims to identify an optimal network configuration that balances accuracy,
computational efficiency, and training stability for the given problem. The corresponding relative errors are
summarized in Table 1. The results indicate that increasing the number of hidden layers has only a marginal
influence on solution accuracy in transient heat conduction problems. And as demonstrated by the research
findings, the results obtained from the [20, 20] architecture and those from the three-hidden-layer network
are of the same order of magnitude. To enhance the efficiency of the study, this study will adopt the same
[20, 20] network architecture in the subsequent numerical examples.

Table 1: Performance of the SINNs using different network architectures.

Network Architecture Relative Error Max Absolute Error
10 neurons 1.16E-04 1.32E-04
2 hidden layers 20 neurons 4.35E-05 798E-05
30 neurons 1.10E-04 3.12E-04
10 neurons 4.36E-05 8.63E-05
3 hidden layers 20 neurons 4.08E-05 8.13E-05

30 neurons 5.93E-05 6.11E-05
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For a more comprehensive evaluation of the proposed method, the network architecture is configured
with two fully connected hidden layers, each consisting of 20 neurons, while different activation functions
are employed during training. As presented in Table 2, the SINNs consistently achieve high accuracy, with
relative errors ranging from 2 x 107* and 4 x 1072, thereby demonstrating the robustness of the method
with respect to the choice of activation function. Table 3 presents the runtime and the number of iterations
required for PINNs and SINNs to reduce the loss function value to 107°. As we can see, the SINNs achieve
superior computational efficiency compared to the PINNs.

Table 2: Performance of the SINNs using different activation functions.

Activation Functions Sigmoid Tanh Softplus Arctan Sinusoid Tansig

Relative error 1.16E-03 2.29E-04 1.53E-03 3.74E-03 1.53E-03 6.15E-04

Table 3: Runtime comparison between the SINNs and the PINN.

Numerical Methods CPU Time Iteration
PINNSs (2 x 20) 523.09 s 1150
SINNSs (2 x 20) 424140 s 756

As illustrated in Fig. 3, the relative temperature errors at 1 s, 3 s, and 5 s are evaluated using the
Sinusoid function. The results demonstrate that, even with a relatively large time step of 1 s, the proposed
numerical scheme maintains a high level of accuracy throughout the simulation period, underscoring its
robustness and reliability. Moreover, in the comprehensive evaluation involving a complex domain, the
findings further confirm the capability of the SINN to deliver accurate solutions for 2D non-thin-body heat
transfer problems.
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Figure 3: Relative errors of temperature at ¢ = 1, 3,5 s of this model.

3.2 Transient Heat Conduction in a Rectangular Thin-Body Structure

As the second numerical example, this study investigates transient heat conduction in a thin rectangular
structure, as illustrated in Fig. 4. The governing equation can be expressed as follows:

p()c()us(x,t) =V [k(-)Vu(x,t)] = f(x,t),x€Q,te[0s,Ts], (25)
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where the material parameters p (x) ¢ (x) = x + y, k (x) = x* + y*. The analytical temperature solution is
given as follows:

u(x,t) =cos(t)[cos(x)cosh(y) +sin(x)sinh (y)], (26)
where the source term f (x, t) can be derived using Fq. (26).

y

0 x
Figure 4: A thin rectangular domain.

The geometry considered is a rectangular domain (Fig. 4) with a fixed width of a = 0.1 m and a variable
length b, where the parameter b is systematically varied in the analysis. In this model, the left and lower
boundaries are set to Dirichlet boundary conditions, while the right and upper boundaries are set to
Neumann boundary conditions. Five Gaussian nodes are employed in conjunction with a time step of
At = 1s. Within the numerical simulations, a dimensionless parameter ¢ = b/a is adopted to characterize
the thickness-to-length ratio. Notably, the ratio ¢ becomes smaller as the length b decreases. The neural
network is trained by minimizing the loss function, where its architecture consists of 2 fully-connected
hidden layers, each containing 20 neurons. To enhance the network’s capability of capturing oscillatory
behavior, the Sinusoid function is employed. The results at t = 5s are presented in Table 4, with ratios
change from 107! to 107°. This table presents a comparison between the results obtained from SINNs and
FEM (COMSOL software). under various ratios along with the corresponding relative errors. The following
observations can be drawn: The results from SINNs and FEM (COMSOL software). are generally within the
same order of magnitude, indicating that SINNs can perform reliable numerical simulations for structural
mechanics problems. The relative errors remain consistently around the order of 10~*. For the most extreme
aspect ratio ¢ = 107>, the conventional FEM solver FEM (COMSOL software) requires an extremely fine
mesh for very thin structures, leading to excessively long computation times and difficulties in obtaining a
solution. Therefore, the method used in this study has significant advantages over traditional methods in
dealing with thin-structure problems. To assess the robustness of the method in practical scenarios with
measurement uncertainties, additional tests with different noise levels (0%, 1%, 3% and 5% Gaussian noise)
are conducted for the most challenging case of ¢ = 107>, As shown in Table 5, the method exhibits remarkable
stability, maintaining relative errors on the order of 107* even under 3% noise conditions. This indicates that
the proposed approach is well-suited for real-world applications where boundary condition measurements
inevitably contain noise.

Table 4: Comparison of SINNs and FEM (COMSOL software) under different thickness-to-length ratios.

€ SINNs FEM Relative Error
1E-01 2.17E-04 7.36E-04 8.21E-04
1E-02 2.44E-04 7.07E-04 6.91E-04
1E-03 2.25E-04 7.06E-04 7.84E-04
1E-04 1.34E-04 7.07E-04 8.86E-04

1E-05 2.29E-04 — —
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Table 5: The results at = 1s of SINNs with the ratio ¢ = 10~ and various noise levels.

Non-Noise 1% Noise 3% Noise 5% Noise
3.20E-05 3.22E-05 6.63E-05 8.83E-05

Relative Error

3.3 Transient Heat Conduction in a Thin Toroidal Structure

As the third numerical example, this study investigates transient heat conduction in a thin toroidal
structure, as illustrated in Fig. 5. The toroidal geometry is defined by an inner radius r; = 0.1 m and an outer
radius r,, with the latter varied to represent different geometric configurations in the analysis. The governing
equation, which describes the thermal behavior of the system, is formulated as follows:

p()e(ui(x,t) = V[k(-)Vu(x,t)] = f(x,t),x € Q, te[0s,10s], (27)

where the material parameters p (x) ¢ (x) = x + y, k (x) = x> + y*. The analytical temperature distribution
is given as:

u(x,t) =sin(t) (2x* -2y + 6xy + 3x + 5). (28)

r2

rl

Figure 5: A thin toroidal structure.

In the toroidal structure, Dirichlet boundary conditions are imposed on the outer boundary, while
Neumann boundary conditions are applied to the inner boundary. A total of 350 collocation points is
employed, comprising 260 boundary points and 90 interior points. For the convenience of analysis, this
study defines the ratio as € = (r, — 1) /r1. The architecture utilizes 2 fully-connected hidden layers, each
consisting of 20 neurons, with the Softplus function employed as the activation function. Additionally, the
number of Gaussian nodes is set to p =5, with a time step size of At =1s, T =5s. To comprehensively
evaluate the performance of the proposed SINNs method, this study conducted verifications from both
spatial and temporal dimensions. Table 6 compares the solution errors and computational times under
different computational domain radii (r = 0.1 m and r =1 m), demonstrating the robustness of the method to
variations in spatial scale. For different ratios, Fig. 6 present the relative temperature errors obtained using
the proposed method. The results demonstrate that the approach achieves high-precision solutions, with
accuracy remaining essentially unaffected as the ratio decreases.
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Table 6: Performance comparison of SINNs for different r under different thickness-to-length ratios.

£ r=0.1m Time r=1m Time
1E-01 470E-07 1108.16 s 2.05E-04 1036.235 s
Relative error 1E-02 1.78E-05 1041.68 s 1.40E-04 1103.27 s
1E-03 2.73E-06 910.02 s 1.01IE-04 1000.56 s
1E-04 1.87E-06 1030.55 s 3.52E-04 1320.44 s
1E-05 2.67E-05 1088.98 s 2.03E-04 1031.25 s
10‘57r A
10°
E z
O O
10°%

Global error

3 4 5
Time

(c) €=10"

Global error

3 4
Time

@ e=10"

Figure 6: The global errors under different ratios from t = 0to ¢ = 5s.

Fig. 7 presents the results obtained by PINNs and SINNS for this numerical example. In this study, large
time steps of At = 2s and At = 4 s are adopted, with the thickness-to-length ratio of the thin-walled circular
ring fixed at & = 107*. The neural network consists of 2 hidden layers, each containing 20 neurons. As can be
observed, even under large time steps, SINNs are still able to maintain high accuracy and stability.

3.4 Transient Heat Conduction in an Irregular-Shaped Thin-Body Domain

The final numerical example considers a heat conduction problem within an irregularly shaped thin-
body domain, as illustrated in Fig. 8. The geometry of the domain is defined parametrically via Eq. (1),
providing an exact mathematical description of its boundaries:

Q= {(x,y) [P <x*+y*<(r+5x 10_4)2 ,r=em%in? (20) + e« cos? (29)}.

(29)
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In the aforementioned formula, the parameter 0 varies between 0 and 27.
The analytical solution is given:

u = cost (cosxcosh y +sinx sinh y) . (30)

In the present example, the entire domain is represented by 2127 collocation points, with 1418 assigned
to the boundary and 709 positioned within the interior domain. This study denotes the thickness of this
complex geometry as h. In this complex structure, numerical simulations are performed under mixed
boundary conditions, where Neumann boundary conditions are prescribed on the outer boundary and
Dirichlet boundary conditions are imposed on the inner boundary.

Initially, this study specifies h = 10~ in this model. As presented in Fig. 9a, the numerical results indicate
that the minimum relative error can reach 1.39 x 10~°. When this study set thickness of the complex domain
to h = 107>, the minimum relative error is able to be 3.01 x 10~ (shown in Fig. 9b). In this complex thin
structure, numerical results can still maintain high accuracy, indicating that the approach works well for
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this irregular domain case. The results indicate that the proposed approach exhibits stable behavior, accurate
predictions, for heat transfer analyses in thin bodies. To comprehensively evaluate the effectiveness of the
method, a dynamic process spanning 0 s to 100 s and 0 s to 200 s is simulated, with fix 4 = 107, This study
selected different time steps and different time durations to verify the stability of the method. As illustrated
in Fig. 10, the proposed approach demonstrates high stability and accuracy when applied to the irregular-

shaped thin-body domain.
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Figure 9: The global errors under different thicknesses from t = 0 to ¢ = 5s.
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4 Conclusions

An integrated numerical framework based on spectral-integrated neural networks has been developed
for transient heat conduction analysis in thin-body structures. By reformulating the temporal evolution
through spectral integration, the proposed approach avoids the restrictive stability constraints commonly
associated with conventional time-stepping schemes. As a result, accurate solutions can be obtained using
comparatively large time increments, even in the presence of extreme geometric slenderness. The neural
network approximation, combined with physics-based constraints, enables reliable reconstruction of both
spatial temperature distributions and their temporal evolution across a wide range of thin-walled con-
figurations. The numerical investigations demonstrate that the proposed framework remains stable and
accurate for ultrathin geometries with severe aspect ratios, where traditional mesh-based methods often
require excessive discretization or encounter convergence difficulties. These characteristics make the method
particularly suitable for dynamic thermal analyses in thin structures, where long-time simulations and
computational efficiency are critical considerations.

Several aspects merit further investigation. The current implementation is primarily validated for
2D problems, and its extension to large-scale 3D applications may introduce additional computational
challenges due to increased training cost and memory requirements. Moreover, the accuracy and efficiency
of the method are influenced by choices of network architecture, activation functions, and training strategies,
suggesting the need for systematic or adaptive parameter selection mechanisms. Finally, while the present
study focuses on linear transient heat conduction, future work will aim to extend the framework to nonlinear
and coupled multiphysics problems. Potential application areas include thermal management of electronic
devices and heat propagation analysis in energy storage systems.
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