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ABSTRACT: A high-order hybrid numerical framework is developed by coupling a three-stage exponential time
integrator with a Runge-Kutta scheme for the efficient solution of partial differential equations involving first-order
time derivatives. The proposed scheme attains third-order temporal accuracy and is rigorously validated through
stability and convergence analyses for both scalar and coupled systems. Its effectiveness is demonstrated by simulating
unsteady Eyring-Prandtl non-Newtonian nanofluid flow over a Riga plate with coupled heat and mass transfer under
electromagnetic actuation. The physical model accounts for Brownian motion and thermophoresis, and the nanofluid
considered is a Prandtl-type non-Newtonian base fluid containing suspended nanoparticles, with heat and mass
transport governed by coupled momentum, energy, and concentration equations. Numerical simulations are performed
over practically relevant parameter ranges, with the Reynolds number fixed at Re =5 and the Prandtl number set
to Pr =3 to represent moderate inertial and thermal diffusion effects typical of nanofluid transport systems. To
enhance computational efficiency, an artificial neural network (ANN)-based surrogate model is developed to predict
the skin friction coeflicient and local Sherwood number as functions of Reynolds number, Prandtl number, Schmidt
number, Brownian motion, and thermophoresis parameters. The training dataset is generated entirely from high-fidelity
numerical simulations produced by the proposed hybrid scheme. The data are systematically partitioned into 70% for
training, 15% for validation, and 15% for testing, ensuring reliable generalization. Regression analysis yields a near-unity
correlation coefficient (R ~ 0.99), while error histograms exhibit tightly clustered residuals around zero, confirming
high predictive accuracy. Furthermore, a benchmark convergence study using Stokes first problem demonstrates
that the proposed scheme consistently achieves lower global error norms than the classical Runge-Kutta method for
identical spatial and temporal resolutions. Overall, this study introduces a novel computational intelligence framework
that integrates high-order numerical solvers with machine learning, offering a robust and time-efficient tool for
advanced modeling and real-time prediction of non-Newtonian nanofluid transport phenomena under electromagnetic
flow control.
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1 Introduction

Non-Newtonian fluids play a central role in modern industrial, biomedical, and energy-related appli-
cations due to their complex rheological behaviour that cannot be modelled using classical Newtonian
assumptions. Such fluids arise naturally in polymer melts, drilling muds, biofluids, paints, lubricants,
and slurry transport systems. Among the many constitutive models proposed to describe non-Newtonian
behaviour, the Eyring-Prandtl fluid model is recognized for its ability to capture shear-thinning effects
arising from molecular activation-energy mechanisms. The Eyring-Prandtl formulation is an attractive
choice for high-accuracy transport modelling, unlike power-law or Bingham models, because it can yield a
physically realistic stress-strain relationship over a wide range of shear rates.

However, over the last few years, nanoparticles incorporated into base fluids to create nanofluids have
attracted considerable interest due to their high heat and mass transfer rates. The nanoparticles increase
thermal conductivity, diffusive transport, and chemical reactivity, which are essential in applications such
as heat exchangers, cooling of electronic devices, chemical reactors, biomedical drug delivery, and solar
energy systems. The joint play of non-Newtonian rheology and nanoparticle transport processes, specifically
Brownian motion and Thermophoresis, results in highly non-linear transport behaviour, which requires
sophisticated computational treatment.

One reason nanofluid flow is of interest is its interaction with electromagnetic actuation, where Lorentz
forces can significantly affect the momentum boundary layers. In this regard, the Riga plate, initially proposed
by Gailitis et al. [1], has proven to be a viable electromagnetic actuator for manipulating the boundary layer.
The plate consists of periodically spaced permanent magnets and electrodes beneath the surface, which
generate a Lorentz force parallel to the wall that can accelerate or decelerate the fluid layers near the wall,
depending on the applied electrical conditions. The unmatched mechanism contributes to the plate of Riga,
making it very efficient at reducing drag forces, stabilizing fluids in high-temperature systems, eliminating
heat in high-temperature systems, micro-pumping, and improving mixing in microreactors. In turn, the
study of the Eyring-Prandtl nanofluid flow over a Riga plate provides valuable insights into the underlying
transport processes and design-oriented approaches for present-day electromechanical systems.

Choi [2] first used the phrase “nano liquid” to describe a solution containing nanoparticles suspended
in a conventional fluid, such as water, oil, or ethylene glycol. In applications involving heat transfer, such
as microprocessors, energy engines, hybrids, and temperature reduction, nanomaterials play an essential
role. Two additional elements, Brownian motion and thermophoretic force, were added to Buongiorno’s [3]
mathematical formulation. Then, via a thermal mechanism between two surfaces, Islam et al. [4] discussed
the MHD flow of micropolar nanofluids. To understand how a nano liquid behaves, Alempour et al. [5]
described an elliptical cross-section of tubes with spinning walls. Rasool et al. [6] analyzed the entropy
of the nanoliquid’s Darcy-Forchheimer flow past the non-linear sheet. Tanveer and Malik [7] conducted
numerical studies on the slip impact of a Ree-Eyring nanofluid in peristaltic flow across a curved surface.
For instance, Khan et al. [8] investigated the influence of the Lorentz force on Ree-Eyring nanomaterial
flow over a paraboloid stretching surface. They demonstrated that magnetic effects can effectively modulate
velocity and thermal boundary layers. Nano-liquid flow has been extensively studied, with heat transfer and
thermal conductivity as defining characteristics [9-13]. Mkhatshwa et al. [14] addressed the Hall effect and
the effect of a chemical reaction on the physical properties of a hybrid nanofluid. An explanation of the
three-dimensional Darcy-Forchheimer flow of an Eyring-Powell nanoliquid through a porous medium was
provided by Tlili et al. [15]. Thermodynamic slip in Oldroyd-B fluid magnetized axi-symmetric flow with
infinite stretchable disks was investigated by Khan et al. [16].

Over the last several decades, the inherent value of porous media has been recognized in an increasing
number of important sectors. Porous media enhance nanoparticle scattering and increase the success rate



Comput Model Eng Sci. 2026;146(2):20 3

by increasing the contact area between a fluid and a strong surface. Consequently, the effectiveness of
conventional thermal frameworks is greatly enhanced [17]. When the flow rate is low (Reynolds number < 1),
Darcy’s law applies to flow through porous media. Even though Darcy’s law accurately describes most streams
in porous media, it breaks down at high flow rates. Forchheimer correlations point to higher flow rates. The
Forchheimer term, an additional non-linear velocity term, was first developed by Forchheimer [18].

At large Reynolds numbers, it was also described as a huge “Forchheimer term” by Muskat [19].
For example, Seddeek [20] looked at how viscous dissipation and thermophoresis affect a system, Francis
etal. [21] looked at the Cattaneo-Christov heat transition model, Arulmozhi et al. [22] looked at how heat and
mass transfer behave in MHD nanofluid flow over an infinite moving vertical plate under combined radiative
and chemical reactive effects, Hayat et al. [23] looked at what happens when thermal conductivity changes,
and every article that dealt with Darcy-Forchheimer flow was systematically searched. Using the Darcy-
Forchheimer porous media model, Mohana and Kumar [24] successfully simulated three-dimensional
hybrid nanofluid flow over a stretched sheet, incorporating form drag and convective heat transfer. In their
study, Animasaun et al. [25] recorded the Darcy flow of a ternary-hybrid nanofluid. Prakash et al. [26]
computed a Darcy-Forchheimer porous medium for an Electro-magneto-hydrodynamic (EMHD) ternary
hybrid non-Newtonian nanofluid using zeta potential and wall suction/injection effects across a wedge.

Applying opposing electric and magnetic fields never results in a uniformly directed flow. A paradoxical
electric current, the Hall current, flows through an electric field that is perpendicular to a magnetic field in the
Hall effect [27]. One possible explanation is the Hall current, which is amplified by the strong magnetic field.
When a fluid with electrical conductivity moves across a magnetic field, a phenomenon known as a transverse
flow happens. This flow defies Ohm’s law. The Hall effect resolves several proven issues and makes it easier to
identify various flow parameters in a flow field. Hall current’s effects on the maximum hydrodynamic drag
(MHD) flow of a thick, non-compressible, electrically conducting fluid are of considerable theoretical and
practical interest to scientists because of the many practical and theoretical uses for this phenomenon [28].
A few examples of the many applications of Hall current include flow-through filtering devices, thermal
energy storage, Hall monitors, Hall accelerators, rotors, and MHD power sources [29]. Several devices rely
on biomechanics and mechanics, such as biomicro pumps, bioreactors for membrane oxygenators, biochips,
and magnetic resonance angiography (MRA) [30]. A nanofluid in a combined cone-and-disk geometry is
analyzed using Hall currents, following the example by Basavarajappa and Bhatta [31]. Recent studies have
explored heat and mass transfer in non-Newtonian Casson nanofluids over wedge-shaped stretching surfaces
using advanced numerical techniques, highlighting the influence of nonlinear stretching and unsteady flow
on transport characteristics [32]. Entropy generation and boundary layer behavior in Casson nanofluids
have also been investigated under nonlinear and unsteady conditions, providing valuable benchmarks for
modeling complex nanofluid systems [33].

Oil pipeline friction, central heating and refrigeration applications, enhanced capacity, and flow tracers
are just a few examples of the many industrial, biological, chemical, and technological domains that make
the transport and flow processes of non-Newtonian fluids fascinating to researchers and scientists [34].
Non-Newtonian materials have become more common in industrial sectors over the last few decades, while
Newtonian materials have remained prevalent. Reason being, when compared to Newtonian fluids, non-
Newtonian fluids are better at predicting elastic properties because of their higher viscoelastic qualities [35]. It
is also widely recognized that most fluids in the body do not behave as Newtonian fluids. Some fluids that do
not adhere to Newton’s rule of viscosity are actually viscoelastic due to their inherent properties [36]. It means
that when shear tension is low, flow is absent. So, for fluids that aren’t Newtonian, yield stress is the sole stress.
The list of non-Newtonian fluids includes things like concentrated juices, pulp, jellies, paints, sugar solutions,
clay films, concentrated juices again, honey, drilling pozzolans, synthetic lubricants, speciality oils, and blood.
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A novel technology with enormous energy-saving potential, expandable consumption might be included
in district heating and cooling systems, as well as building Heating, Ventilation, and Air Conditioning
(HVAC) systems. Incorporating a colour scheme with non-Newtonian features yielded a highly effective
flow tracker. To prevent dispersion and breakdown, they are used to create a tracer fluid. This fluid is
subsequently introduced into a turbulent flow as a thin strip. The simple Navier-Stokes equations cannot
sufficiently describe the flow field properties of non-Newtonian fluids because the mathematical formulation
required to model the flow problem is complex. Through a penetrating exponentially vertical cone, Gomathi
and Poulomi [37] explored the potential for optimizing the entropy of an EMHD Casson-Williamson
penta-hybrid nanofluid.

A further level of complexity emerges when nanofluid flow is exposed to electromagnetic actuation,
particularly in the presence of a Riga plate. Specialized electromagnetic surfaces include the Riga plate, which
consists of alternating layers of permanent magnets and electrodes that generate a spatially varying Lorentz
force parallel to the plate surface. This externally manageable force allows near-wall flow dynamics to be
directly controlled, thereby enabling the effective manipulation of boundary layers, frictional resistance, and
heat/mass transport rates. Riga plate configurations have been highly beneficial for drag reduction, flow
stabilization, microfluidic pumping, thermal control at high temperatures, and nanocoating technologies.
Therefore, the research on the Eyring-Prandtl nanofluid flow past a Riga plate is an essential contribution to
both Theory and practical engineering of thermal mass transport.

The correct determination of the skin friction coefficient and the local Sherwood number is paramount
for engineering. The skin friction coefficient measures surface drag and energy loss, and the Sherwood
number measures the efficiency of mass transfer at the solid-fluid interface. Such amounts are fundamental
to streamlining surface coating, separation technologies, biomedical mass diffusion, and catalytic surface
reactions. However, under the combined effects of non-Newtonian rheology, MHD forces, nanoparticle
diffusion, and electromagnetic control, the resulting governing equations become strongly non-linear and
tightly coupled, rendering closed-form analytical solutions impractical.

Nanofluids are manufactured fluids made by dispersing nanoparticles into more traditional base fluids.
These particles can be anything from metals and metal oxides to carbides and carbon nanotubes. Because
of their improved thermophysical properties, these suspensions work wonders for increasing thermal
conductivity. Nanofluids have many potential uses across industries, including hybrid power systems,
home refrigeration, thermal management in electronics, medicinal procedures, and high-performance heat
exchangers. Currently, three main coupling models are available. The first model, starting with the data-
driven paradigm, allows the input-output link to be derived without any physical mechanisms. After that, the
physical framework model uses Al algorithms to improve the previous models. The tertiary model combines
physical processes with data-driven ones. While there are numerous Al algorithms available, data-driven
models are where the ANN really shines. Aerodynamic modeling, turbulence modeling, specialized flows,
and mass and heat transport phenomena are five areas where it has been effectively used. Physical model
scenarios typically employ several other AI approaches, including recurrent neural networks (RNNs), naive
Bayes (NB) algorithms, and support vector machines (SVMs).

Recent studies indicate that machine learning models are being applied to estimate fluid thermophysical
properties and to explore correlations between the skin friction, the Nusselt number, and other fluid
mechanics variables. We look at some of the research. Shafiq et al. [38] first attempted to estimate the skin
friction coeflicient and Nusselt number using artificial neural networks (ANNs). In their analysis of the
temperature-Biot number correlation, they found that ANN was the best solution. The Sherwood, Nusselt,
and skin-friction coefficients have been approximated using an ANN model for non-Newtonian fluids over
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two spinning disks, as done by Zhao et al. [39]. A Darcy-Forchheimer mixed nanofluid flow in a revolving
Riga disk was studied by Sharma et al. [40].

The prediction of hybrid nanofluid properties also uses an ANN in conjunction with the Levenberg-
Marquardt backpropagation method. Predicting fluid properties was one of the ANN’s identified uses.
Similarly, Boumari et al. [41] used ANNs and the Levenberg-Marquardt algorithm to investigate heat transfer
through helical tubes and to calculate the Nusselt number. Two parameters were input to the model: the
nanoparticle volume percentage and the Reynolds number. The exergy efficiency, frictional entropy, and heat
entropy production of CoFe,O,/Water nanofluids were studied by Sundar and Mewada [42] using ANFIS
and multilayer perceptrons as well. The impact of a spinning cylinder on the phase behavior variation in
an L-shaped ventilation chamber was modelled by Ouri et al. [43] using an ANFIS-based model. When
investigating the nanofluid Sherwood numbers in turbulent flows, Beiki [44] found that ANFIS was quite
helpful, and when researching laminar flows, FCM-ANFIS was even more so.

Inspired by the structure and function of the real brain, artificial neural networks are computational
representations of interconnected networks of neurons. To create forecasts using data patterns, explicit
programming is superfluous. Predicting flows, simulating turbulence, estimating properties, enhancing
systems, and controlling flows are all examples of fluid mechanics in action. Artificial neural networks
(ANNs) aid these endeavours by developing turbulence models, accurately predicting flow behaviour,
and optimizing system efficiency. Using ANN systems in conjunction with genetic algorithms, Ahmadi
et al. [45] calculated pressure reductions in automotive radiators containing nanofluids. Using ANN
modeling and multi-objective optimization, Hojjat [46] investigated nanofluids as coolants in shell-and-tube
heat exchanger topologies. The Darcy-Forchheimer Ree-Eyring fluid flow with an activation energy and a
convective boundary condition, as it pertains to a porous stretched layer, can be effectively simulated using an
ANN, according to studies done by Shafiq et al. [47]. The constructed ANN is a practical engineering method
that, as stated in [48], may deliver extremely accurate forecasts and can be used in reliability analysis via
the inverse power law with Bayesian regularization. By incorporating nanofluid properties into their ANN-
imitated microchannel heat exchanger model, Kamsuwan et al. [49] improved the simulation. To accurately
anticipate heat transfer rates, fluctuations in the Nusselt number, and entropy generation, Habib et al. [50]
created an ANN framework for heat and mass transfer through a porous Riga surface. The recent work [51],
which uses a soft computing-based approach to enhance heat transfer in reactive nanofluid flows, aligns well
with our focus on Al-assisted modeling of non-Newtonian flows with thermal mass transport mechanisms.

Moreover, simultaneous forecasting of the local Sherwood number and the skin friction coefficient is
instrumental for describing the behaviour of surface drag and mass transfer. The parameters are fundamental
for optimizing industrial equipment such as heat exchangers, nanocoating processes, separation equipment,
biomedical sprays, and chemical reactors. Conventional analysis techniques fail to provide nonlinearities
in coupled magnetohydrodynamic (MHD) forces, nanoparticle diffusion, and non-Newtonian rheology.
Hence, to study such multi-physics interactions, numerical simulation is the best method of analysis. Yet
numerical solvers are computationally intensive, particularly when parameter sweeps or optimization studies
are required.

More recent studies have suggested moving beyond these constraints by adopting hybrid computa-
tional strategies that combine physics-based numerical workflows with machine learning (ML) and neural
network (NN) models. Neural networks are beneficial for non-linear computations of flow parameters
into engineering quantities of interest and can be trained quickly to provide rapid surrogate forecasts.
NN-based models have been effectively used in fluid mechanics and heat transfer for predicting drag and
thermal conductivity, and for predicting nanoparticle concentration and optimizing in complex geometries.
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Although these achievements have been made, their combination with non-linear and non-Newtonian
nanofluid flows in the presence of electromagnetic surfaces, e.g., Riga plates, has been only briefly explored.

Consequently, high-accuracy numerical schemes have become essential for simulating such complex
transport processes. Explicit and implicit Runge-Kutta methods, finite difference methods, and predictor-
corrector methods, which are commonly used as classical time-integration methods, can be either unstable,
inaccurate, or simply too expensive to solve stiff magnetohydrodynamic nanofluid systems. Exponential
integrators are newer alternatives that have been effective in addressing these limitations in solving time-
dependent partial differential equations because they are more stable and better at handling stiffness.
However, even isolated exponential approaches can be inaccurate in solving non-linear source equations.

Both of these observations lead to the present work, which suggests a hybrid numerical scheme built
based on an exponential integrator and a Runge-Kutta method. The obtained scheme is 3rd-order accurate,
has three computational steps, and is designed to effectively handle first-order time-dependent non-linear
partial differential equations governing the temporal dynamics of nanofluid transport. The stability and
convergence behaviour of both scalar equations and coupled Partial differential equation (PDE) systems are
rigorously analyzed, and the method is strongly mathematically reliable. It is followed by the application of
the proposed scheme to simulate Eyring-Prandtl nanofluid flow over a Riga plate, accounting for coupled
heat and mass transfer, thereby enabling the accurate calculation of velocity, concentration, the skin friction
coeflicient, and the Sherwood number profile.

Although the solutions to numerical simulations are high-fidelity, repeated simulations across a broad
parameter space (Reynolds number, Prandtl number, Schmidt number, thermophoresis parameter, and
Brownian motion parameter) may entail high computational costs. To address this challenge, the current
study further incorporates artificial intelligence-based prediction using a neural network model. Recently,
neural networks have been shown to possess an impressive ability to learn non-linear mappings between
physical inputs and engineering outputs in the study of fluid mechanics, heat transfer, and transport
modelling. Such models can make instant predictions with very little computational effort after training and
are therefore ideal for real-time optimization and control.

Novelty of this study: In this work, a numerically generated dataset is used to train a neural network
capable of predicting the skin friction coefficient and the local Sherwood number with high accuracy. To
validate the neural model’s learning performance, error histograms and regression plots of predicted outputs
vs. target data are presented, confirming the robustness and reliability of the Al-based predictor. This hybrid
numerical-neural framework thus combines the physical interpretability of numerical simulation with the
computational efficiency of artificial intelligence.

Finally, the performance of the proposed hybrid numerical scheme is assessed through a comparative
analysis with an existing numerical method, demonstrating that the present scheme produces significantly
lower numerical error for selected step sizes. This confirms both the efficiency and accuracy advantages of
the developed approach. Here are the main points of this work’s contributions:

1. We developed a third-order-accurate, three-stage hybrid exponential-Runge-Kutta numerical scheme
for non-linear time-dependent PDEs.

2. We provided a rigorous stability and convergence analysis for both scalar and coupled PDE systems.

3. We developed mathematical models and numerical simulations of Eyring—Prandtl nanofluid flow over a
Riga plate with heat and mass transfer.

4. Accurate computation and Al-based prediction of skin friction coefficient and local Sherwood number.

5. A comparative analysis demonstrates that the neural predictor achieves high accuracy while significantly
reducing computational cost compared to repeated simulations.
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6. The combined framework serves as a promising hybrid modelling tool for real-time optimization of
nanofluid-based thermal and mass transfer systems.

This study offers a novel collaboration between computational fluid dynamics and artificial intelligence
to improve predictive capability and reduce computational burden in modelling complex non-Newtonian
nanofluid flows. The results highlight the practical potential of hybrid models for advancing the design of
next-generation engineering devices that involve MHD actuation and nanoscale transport processes.

In the remainder of this study, Section 2 describes the construction of the proposed hybrid numerical
scheme, combining a modified exponential integrator with the classical Runge-Kutta method, and Section 3
details its convergence and stability. In Section 4, the Eyring-Prandtl nanofluid flow across a Riga plate is
formulated in detail, accounting for electromagnetic forcing, Brownian motion, and thermophoresis on
the velocity, temperature, and concentration profiles. The implementation of the scheme on benchmark
problems and its validation against exact and MATLAB PDE solver solutions is discussed in Section 5.
In Section 6, a neural network-based surrogate model is developed and trained using simulation data to
predict the skin friction coeflicient and local Sherwood number with high accuracy. Visualization of velocity,
temperature, concentration distributions, error contours, and Al regression plots is presented in Section 6 to
support the findings. Finally, Section 7 offers concluding remarks, summarising the key insights and high-
lighting the practical relevance of the proposed hybrid computational-intelligent framework for real-time
prediction of non-Newtonian nanofluid transport phenomena.

2 Proposed Predictor Corrector Scheme

A numerical scheme is constructed for discretizing time-dependent partial differential equations. The
scheme only discretizes time-dependent terms. The first two stages of the scheme are called predictor stages,
while the last stage is called the corrector stage. Before applying a scheme to a differential equation domain,
the domain is divided into a finite number of equal subintervals. The solution will be found at the point
of each subinterval. We split the domain into a space grid and a time grid: Space: y € [0, L], divided into
N, —1equal subintervals, grid points y;, spacing Ay. Time: t € [0, ts], divided into N; — 1 equal time steps,
grid points t", step size At. We will compute approximations: v/ ~ v(t", y;). The differential equation can

j
be expressed as:

ov v 0%y

W _ oV 1
ot Moy M5y @

Subject to the boundary conditions
v(t,0)=fi(t),v(t,L) = fo(t). (2)
The initial condition is expressed as

v(0,9)=f(y), ©)

where fi, f,, f3 are functions, v(¢, y) could be velocity, temperature, or concentration, depending on the

physical problem, alg—; is a convection (advection) term: transport due to bulk motion (e.g., fluid moving
2

along a plate) and (ng—y’; is a diffusion term: smoothing due to molecular/Brownian diffusion or viscous

effects. So, we are essentially designing a scheme that can accurately track how velocity or concentration

evolves over time and space under combined convection-diffusion effects.
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2.1 Stage I: Exponential-Type Predictor
The first Stage of the proposed scheme is expressed as:

.-%v}’}- (4)
]

This scheme is first-order accurate in time. This is an exponential integrator-type step. It uses informa-

tion at time level n: v", 2 ‘7 (which itself depends on spatial derivatives). It’s first-order accurate in time and

1 1 ov
—n+1 n 2At n _—2At 2At —At

v, =-—-v:.e +—v;e +(e +e -2) —
] 2/ 2/ ( ){ ot

j’ ot
used as a cheap predictor. Stage 1 provides a fast, rough forecast of how the field (velocity, concentration) will
evolve over the next time step, accounting for the current local time derivative.

Physical Significance of Eq. (4): Eq. (4) represents the first-stage exponential predictor in the proposed
three-stage time integration scheme. This step provides a computationally inexpensive, explicit forecast of
the solution at the next time level using the known values of the solution and its time derivative at the
current time level n. It belongs to the family of exponential integrators, which are particularly useful in stiff
PDEs (e.g., magneto-convective non-Newtonian flows) where conventional explicit methods may require
impractically small time steps. The exponential terms in Eq. (4) are introduced to enhance stability and
accuracy beyond that of a standard forward Euler predictor. This formulation approximates the temporal
evolution in a nonlinear system more accurately when the PDE contains sharp gradients or strong source
terms (e.g., electromagnetic force or viscous dissipation).

2.2 Stage 2: Improved Predictor

The second Stage of the scheme is given as:

—n+1 n+1 1 av n+l
v, =avi+bv:T + —At — . 5
j j j 47 el (5)

+1 . . . m
;7 and uses a new time derivative % evaluated

at time n + 1 (but with the predictor). The coeflicients a, b are not arbitrary; they will be chosen (with ¢, d) to
enforce third-order accuracy via Taylor Expansion. Stage 2 refines the forecast using improved information

It combines the old solution v? and the first predictor v

about how the PDE responds at the new time level, which is important in systems where the dynamics are
sensitive (e.g., strong shear, strong diffusion, electromagnetic forcing).

2.3 Stage 3: Corrector
The last Stage of the scheme is expressed as:

— n+l
n+l n d:n+1 2A ov " 6
Vj = CV]- + Vj + g t E . ( )

This step corrects the solution using the original state v7, the improved predictor %}Hl, and the updated
time derivative. Again, c, d are chosen so that the final scheme matches the Taylor series of the exact solution
up to O(A#?). For our nanofluid flow, it ensures that boundary-layer development, velocity gradients, and
concentration gradients are accurately tracked over time. This accuracy is crucial when we compute skin
friction and Sherwood number, which depend on derivatives at the wall. The unknown parameters a, b, c,
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and d will be determined by applying the Taylor series Expansion. For doing this, substitute the first stage
(4) into the second stage of the scheme (5) as:

o 4 b lv’?ezm + lv’fe_zm + (62“ +e A 2) il ' - 1 T+ lA)f
! g 2/ 2/ atl; 2" 4
Loae Ov|" 1 55 Ov|" 20t | At *v|" 1 v
= - = —| t(e+e T =2){ —=| —= = 7
Le atl; T2 arl ( )\ oe 20 )
Eq. (7) can be expressed as
ov|" 1 ov|" o*v|"
=(a+b)v'+b (e +e-2) —| +-At] —| + (X +e M -2) —]| }. 8
=(ax by e b(eBaem-2) o) ghry | (e )atzj (®)

By putting Eq. (8) into Eq. (6), it yields

" 0%y

o P (et -2) O

S | 0
—| +-At hdd
j 4 ot

J

pitl = cvi+d [(a +b)vi+b (e** +e2 -2) at

)
i

J
n

n

1 0%y
—| +-At{ —
atzj 4 {atzj

n 2
+b(eZAt+e_M—2) G

4 (A4 M)

2 ov
z b) 2= g7
+ 3At[(a+ ) E» pYE

j
Rewrite Eq. (9) as

vitt=[c+d(a+Db)]v] +[bd( 248 eA—2)+§At+§At(a+b)] it

n
i :|
J

! ot
(At e e gy 2D ey gne gy, (B0 @[
+— + - At +e M -2)+ —— —
A (s e 2) e )+ O 5
—(Af)z 20t At O*v|"
=L +e -2y —| |. 10
Now expanding VJ’.’“ using the Taylor series as
aw|" (A1) 3*v|" (At) v
VI =y A —| o | At 11
! ! otl; 2 0|, 6 at] (()) .
Using Taylor series Expansion (11) in Eq. (10) and comparing the coefficients of vf, g; ; % and th
j j
on both sides of the resulting equations, it gives
c+d(a+b)=1
bd (e + e —2) + LAt + 2At (a+b) = At
2 2}, 12
dft( 2At+e At_z) " %At(eZAt—i-e_At—Z) n (Ag) _ (Azf) (12)

(Aéf)2 (eZAt 4o At _2) _ (A()t)3

Solving a system of Eq. (12) yields
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a=+ (16 -12d +9d?) ,b = $(4-3d),c=5-(16 —24d +18d* - 9d°) and d is a free parameter. This
matching guarantees that, for reasonably smooth solutions, the method is third-order accurate in time,
meaning that the time integration error is very small even for moderately large At. This is particularly
valuable for stiff problems such as non-Newtonian MHD flows, where simple explicit schemes require
extremely small time steps to remain stable.

2.4 Compact Spatial Discretization
n

. Since the

n n 2
Up to now, we treated % as if we know it exactly. In practice,%‘j = %‘j +ay g—yZ
proposed scheme discretizes only the time derivative in Eq. (1), a compact scheme is employed for space

discretization. Therefore, the proposed scheme using compact spatial discretization is given as

1 1 1
—n+l _ = n 2At |~ n —At 2At —-At -1 n -1 n_ ~-.n
v, = zvj et + 21/]. e~ + (e +e 2) {oclA1 Bivi + mA; Byv; 21/]- }, (13)
=n+l [ Evias. lAt{ A-1B " A-'B —n+1} (14)
Vj —an + Vj +4 1A, 1Vj + A, 2Vj s
—n+l 2 —n+l —n+1
R gAt{alA;‘Blv;+ +oA' BV ) (15)

where A;, A, and By, B, are matrices that are constructed from the left-hand and right-hand sides of the
following equations, respectively.
For first derivative:

n n n n
Via—Vvia) b, (viia - Vj—z)'

nn nn nn _
B s VI BVl = b e 6)
For the second derivative:
(v, =2vT+v7 ) (v, —2vT+vT )
Bo vy V4 By = by Iy 17)

(Ay)? T a(ay)?

where b = 2 (B1+2),b1 = 5 (-4B1+1), by = § (1- B2), b3 = 1(108, - 1).

These relations can be written in matrix form: A,v, = Byv, so vywAlelv. Ayvy, = Byv, so

. n — —_
Vyy N AEIBZV. So, in our final scheme: %‘j ~ cxlAllBlv" + azAlezv”.

This scheme gives a higher-order spatial accuracy using short stencils (involving only a few neighbour-
ing points). It captures sharp gradients better, which is essential when we calculate wall shear stress (forskin
friction) and the wall concentration gradient (for the Sherwood number).

3 Stability and Convergence Analysis

To determine the necessary conditions for the stability of finite difference schemes, authors have used
either the von Neumann or the Fourier series stability analyses. The analysis transforms the difference
equations into a trigonometric equation. The analysis considers both time- and space-discretization schemes.
It gives exact stability conditions of finite difference schemes applied to a linear differential equation. It may
apply to a non-linear differential equation after linearization. For non-linear differential equations, it provides
an estimate of the exact stability conditions. The transformations for this case can be expressed as:

Ale”"’ _ ﬁle(jﬂ)iu/ +ellv +/31€(j—1)iv/’ (18)



Comput Model Eng Sci. 2026;146(2):20 11

(eUHDiv _ o(=D1v) b (eU+Div _ o(i=2)i)

B eilv/ = bo ) 19
1 i 1 i (19)
Ase'V = /326(1+1)iw +ellv 4 [;26(1‘—1)1‘1//’ (20)
, (JDiv _ iy 4 o(-Diy (+2)iy _ 9pily 4 o(j-2)iy
Bre b, e e cre ) @)
(Ay) 4(Ay)
where i = \/-11is an imaginary number.
Using transformations (18)—(21) into the first stage of the proposed scheme (13) gives
1 1
Vjﬂ _ —VineZAt + _V?e—At
2 2
b (M4 et 2) {“1 (Zboisinv/ + blisinZw) a (4b2(c051// - 1) + b3 (cos2y — l)) ~ 1} V@)
2Ay (2Picosy +1) 2(Ay)? (2B, cosy +1) 2
Eq. (22) can be re-written as
V;‘“ = (e +icy) v;', (23)
_ 1 ,2At | 1 _—-At 2At | —At 4by(cosy—1)+b3(cos2y—1) 1
where ¢; = Je**" + Je +(e +e —2) {ocz( 22(Ay)2(2ﬁ2(3:05w+1) )—5}.
— (24 -A 2bosiny+bisin2y
And 6= (e ft 2 - 2) {061 (2Ay(2[j’1 colsw+1) )} :
Now using transformations (18)-(21) into the second stage of the scheme (14) yields.
=n+1 1 2b.isiny + byisin2 4b -1)+b 2y -1 a
v;l+ = avi + bV + —At{(xl( SRy l//) +a ( 2(cosy 5 ) + by(cos2y ))}vj+1. (24)
4 2Ay (2B cosy +1) 2(Ay)" (2Brcosy +1)
Rewrite Eq. (24) as
=n+l _
vi =avi+(c+ icy) v}“l, (25)
_ 1 2bosiny+bysin2y 1 4by(cosy—1)+bs(cos2y-1)
where ¢; = b + ; Aty (—ZAy(2ﬁ1 cosy/+l)) and ¢4 = JAta, ( 22(Ay)2(2[32(3:osn//+1) )
Substituting Eq. (23) into Eq. (25) leads to
=n+l . n
v; = (cs+ice) vy, (26)
where ¢5 = a + ¢1¢3 — ¢2¢4 and ¢ = ¢1¢4 + CoC3.
Now using transformations (18)-(21) into the third stage of the scheme (15) is
n+l n . =n+l
vit=covi 4 (e +icg)v; . (27)
Substituting Eq. (26) into Eq. (27) yields
v]’f“ = (o +ico) v}, (28)

where cg = ¢ + ¢5¢7 — c¢cg and ¢jp = ¢5¢5 + ¢C7,
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_ 24t 2bosinu/+blsin2y/) _ 24t ( 4b,y(cosy—1)+bs(cos2y—1) )
where 7 = d+ 3 %1 (ZAy(Zﬁl cos y+1) and €s=73 ™ 2(Ay)* (2B cos y+1)

The amplification factor for this case is written as

V;L+1
7 =9+ icyg. (29)
The scheme will be stable if
V?H 2
v]'.‘ <L (30)

Which gives the stability conditions c3 + cf, < 1. If the scheme satisfies this condition, it will remain
stable; otherwise, an unstable solution will be obtained. The stability condition is found for a scalar
convection-diffusion problem.

To find the convergence condition for the system of convection diffusion equations, consider the
following equation.

oP — 0P — 0°P

— =A—+A—. 31
or 1oy 115y G1)

where P is a vector and A;, A, are matrices. The proposed scheme, when applied to Eq. (31), takes the form

51+l 1 n 2At 1 n _—At 2At —At 74—l n o, a -1 n 1 n

P, =_Pje +_Pje + (¥ + e - 2) { AJAT'BIP] + A A B, P -Pips (32)

=n+l _ 1 _ _ _ —

P, =aP!+bP, + ey {AA7'BP " + A,47'B,P] "}, (33)
ntl " —n+1 2 - —n+l -1 —n+l

Pj* = cPj+dP; + At{AA'BIP; +AA)BP; . (34)

Theorem: The proposed scheme (32)-(34) converges conditionally for the vectored matrix Eq. (31).

Proof: To prove this Theorem, consider the first stage of the exact scheme as:

—n+l 1

1., _ o 1
;= EP;?eZAw EP;?e Ay (e e -2) {AlAllBle + A,A3'B, P} —EP;?}. (35)

Subtracting the first stage of the proposed and exact scheme, and let P - pi= E7, etc., it yields

Ej“ = %E}“ezm + %E;’ e M (e +et-2) {ZIA;IBIE;? + Ay A;'BLE - %E;’} . (36)
Applying the norm ||-| , on both sides of Eq. (36) that yields

B < %E"e”f + %E”e_m + (e + e -2) {HZlAIIBIHOO E" +|AAy'By|| _ E" + %E} : (37)
Inequality (37) can be rewritten as

—n+l

E" <yE", (38)
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where y; = 1 e?0 4 le’At + ( 20t 4 pmAL 2) {HZIAI’IBI Hm + HKZAEIBZ Hw}
The second stage of the exact scheme for Eq. (31) is written as
=n+l

_ n —n+l l _— 1 1 Tl+1
P, =aP!+bP +4At{A1A BP," +4,A;'B,P| } (39)

The corresponding error equation is expressed as
=n+l

—n 1 — —n — n
E; =aE!+bE, + oy {AlAlelEj " A,A7'B,E “}‘ (40)

Applying the norm |-| , on both sides of Eq. (40) as

B capr B L A {[AATB BT + [Aa' B (T (41)
Rewrite inequality (41) as
B cam 4B (42)

where y, = b+ LAt {|ALAT'By| _ + |A2A7'By | _}-
Substituting inequality (38) into inequality (42) results in

=n+l

E < )/3En, (43)

where y3 = a + y1y,.

The third stage of the exact scheme can be written as
1 —n+l 9 _ 1 =" n+l —n+l
P!*' = P! +dP; + St {AIA; BP; +A,A;'B,P, } : (44)
The error equation corresponding to Eq. (44) is

ntl " —n+l1 —n+l —n+l1
E; =cEj+dEj + At{AlA BiE; +AA; BzE } (45)
Applying the norm |-| . on both sides of Eq. (45) as
=n+l 9 _ _ =n+l
E"™'<cE"+dE + gAt{HAlAIIBlHOO +|A2A7'Bo| _VE . (46)
Rewrite inequality (46) as
=n+l 3 6
B <cE"+yE +N(0((a6),(89)%)), (47)

where 4 = d + 2At {|A1AT'By| _ +||A247'B, |}
Using inequality (43) in inequality (47) as

E™ < ysE" + N (o ((At)3 , (Ay)6)) , (48)

where y5 = ¢ + y3y4.
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Let n = 0 in inequality (48), which yields

E' £y5E°+N<O((At)3,(Ay)6)). (49)
Since E° = 0, so inequality (49) becomes

ElsN(O((At)3,(Ay)6)). (50)
Let n = 1 in inequality (48), which results in

E?<ysE'+ N (0((a0)7,(89)°)). (51)
Using inequality (50) in inequality (51) gives

Ezs(1+y5)+N(O((At)3,(Ay)6)). (52)

If this continued, then for finite »

n

E"< (Lys+..+ i )N (0((a0), (89)°)) = (lli—yys) N(0((a0)*,(a9)°)). (53)

By taking limitas n — oo the infinite series ...+ yZ +...+ s +1 is a finite geometric series that

converges if |ys| < 1.0

4 Problem Statement

Consider one-dimensional, unsteady, laminar, incompressible, homogeneous in the x*-direction (i.e.,
% = 0) Eyring-Prandtl nano fluid flow over Riga plate. The Riga plate comprises an array of electrodes and
magnets that generate a steady Lorentz force acting tangentially to the fluid. Let x*-axis is placed vertically
and y*-axis is perpendicular to it. The Riga plate lies along x *-axis parallel to x*-axis. The fluid occupies the
region y* > 0. Let the plate suddenly move along the positive x*-axis. A slip boundary condition is imposed
at the wall. Let T,, and C,, are temperature and nanoparticle concentration at the plate. Ambient temperature
and nanoparticle concentration are far away from the plate and are denoted, respectively, by To, and Ce.

Model Assumptions and Coordinate System: A Cartesian coordinate system is used: x *-axis is aligned
vertically along the plate (direction of flow). y*-axis is normal to the plate, pointing into the fluid domain. The
flow is assumed to be: Unsteady, i.e., velocity, temperature, and concentration vary with time. Incompressible,
meaning the fluid density is constant. Laminar and one-dimensional in the y*-direction; all d/dx = 0.
Homogeneous and Newtonian in bulk, but governed by the Eyring-Prandtl non-Newtonian viscosity model.
The fluid is: A nanofluid, i.e., a base fluid containing suspended nanoparticles. Electrically conducting and
influenced by electromagnetic forces generated by the Riga plate. The Riga plate is: A surface embedded
with alternating magnets and electrodes that produce a steady Lorentz force along the x*-direction. Subject
to a velocity slip boundary condition, rather than a no-slip. Heat and mass transfer considerations include:
Thermophoresis and Brownian motion effects (key features of nanofluid dynamics). Viscous dissipation due
to Eyring—Prandtl fluid behavior. A chemical reaction term acting as a sink in the energy and concentration
equations. The ambient conditions are: Far from the plate, fluid is at rest, and at ambient temperature To,
and concentration C. Additional assumptions: No external pressure gradient is imposed. Constant thermal
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conductivity and mass diffusivity. The governing equations are written under dimensional and dimensionless
forms to facilitate analysis. The governing equations are expressed as:

- *u*
ou” ﬂ dy*? ﬂjoMo ( ﬂy*)
— = | = T-Tw C-Co - , 54
o - C — +gPr ( )+ gPc )t =g P, (54)
L+ g5
5 — 2

oT :oca T +isinh_1 éau ou” +7| Dp oC oT +DT oT -k (C-Csx), (55)
ot ay*?  pC, Cay* | ay* ay 0y*  Te \Oy*

2 2
8C2D8C+ﬁ8T (56)

ot Pay? T oyr?

Momentum Eq. (54) ( x*-direction): 2% represents an unsteady change in velocity; it tracks how the

at*

fluid accelerates or decelerates over time. gy” is the Momentum diffusion (viscous force) in y*-direction,

it captures the spread of velocity due to internal friction. \/1+ (;M) represents the Eyring—Prandtl

C oy~
nonlinearity (shear-thinning), it models how viscosity varies with shear, common in polymers, biofluids,
etc ﬁ is the stress scale from the Eyring-Prandtl model controls how strongly the fluid resists deformation.

gBr1 (T - Ts) and gB¢ (C — Cu ) are the thermal and Solutal buoyancy forces, respectively. "]°M° 7(%))’ '
is the Lorentz force (electromagnetic) from the Riga plate, it drives the fluid forward along the wall
with exponentially decaying intensity. The Eyring-Prandtl term captures non-Newtonian shear-thinning
behavior in smart fluids, slurries, and synthetic lubricants. Buoyancy terms are important in free-convection
nanofluid flows, e.g., in cooling devices or bioconvection, and the Riga plate force is the main driver
of the flow, representing active electromagnetic pumping used in microfluidics, MHD accelerators, or

coating technologies.

Energy Eq. (55): ﬁ represents the rate of change of temperature, also referred to as unsteady heat

conduction, a% is the Thermal diffusion spreads heat within the fluid, p% sinh™ (%g;i) g;‘/: is the
p
viscous dissipation (frictional heating), it converts mechanical work into thermal energy, 1Dp a‘—’yc* ;)?; i

the Brownian-motion-induced coupling, which affects heat due to nanoparticle concentration gradients,

2L ( aa}?; ) is the Thermophoresis effect, when nanoparticles migrate from hot to cold regions, affecting the

Teo
thermal field and —k; (C — Co ) represents the Energy sink due to a chemical reaction; it removes heat from

exothermic or endothermic processes.

Nanoparticle Concentration Eq. (56); 2 represents the rate of change of nanoparticle concentration,

8t*
2
it captures nanoparticle transport over time, Dp V*CZ is the Mass diffusion (Brownian motion), in a random

- 2
motion of particles, increases the spread and % aay*Tz
particles to move from hot to cold areas.

Subject to the following initial and boundary conditions

*=0,T=0,C=0whent" =0
u*:uW+LS%,T:Tw,C:Cwaty*:0 . (57)
u* -0, T - To,C— Coo when y* — oo
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Physical Significance of initial and Boundary Conditions (Dimensional Form): Initial condition
at time t* = 0, the fluid is at rest. It is at ambient temperature and ambient nanoparticle concentration.

Boundary conditions at the wall y* = 0, unlike the no-slip condition in classical flows, here: u*(¢*,0) =
ou*

s W 7%=0

length, indicating how much fluid slides along the wall. T' = T,,, C = C,, is the Dirichlet condition prescribes

heat and nanoparticle injection. Far-field conditions as y* — oo, far from the plate: The fluid is undisturbed

(no motion). It maintains ambient temperature and ambient nanoparticle concentration.

U, +L , Uy, is the reference wall velocity (often a constant or specified function) and L; is the slip

Where u* is the horizontal component of velocity, C is the rate parameter, 8 is a stress parameter, M, is
a magnetic field strength, j, is current density, a; width of electrodes, g is gravity, 31 is thermal Expansion,
Bc is solutal Expansion, « is thermal diffusivity, Dp is the Brownian motion coefficient, D represents the
thermophoresis coefficients, ¢, is the specific heat capacity, k; is the reaction rate parameter.

Now using transformations

u* (T T-Te C-Cs
}. (38)

y*
y="—u=—,t= ,0 = =

L Uy, L Tw — Teo Cy — Coo

Dimensionless Transformations Eq. (58): These transformations will normalize the system over
characteristic scales: Length scale L, Velocity scale u,,, Temperature and concentration differences. Make the
equations dimensionless, introducing key physical parameters.

Using the transformation (58) into the governing Eqs. (54)-(57) results in

2 2 G G
a_u _ 1 a u/ay + YL0+ yC¢+Me—)t}/’ (59)

o R \/1+ 82 (0u/oy)* R R

0 1 %0 E. .., (Sou\ou N, 3630 N, [26)

T 7 gnh (2| R () (60)
ot PR, dy* R,S dy )] dy R.0dydy R.\dy

P} 1 o N, %6

9¢ ¢ : ” (61)

= _— 4+ _—
ot SR, 0y* S.NyR, 0y?
Subject to the dimensionless initial and boundary conditions

u=0=¢=0fort=0
u=1+Ag—‘;,9=1,¢=1wheny:0 , (62)
u—>0,0->0,¢>0wheny— oo

where M is a dimensionless electromagnetic (Riga) parameter, S is the Eyring (shear) number, R, Reynolds
number, A is the dimensionless decay rate of the Lorentz force in the y-direction, G, . and G, c are
respectively the thermal and solutal Grashof numbers, P, is the Prandtl number, E. is the Eckert number, S,
is Schmidt number, N, represents the Brownian motion, N, represents the thermophoresis parameter, y is
a dimensionless reaction rate parameter, and A is the velocity slip, which are defined as:

ioMoL w LC L’ Ty — Too Cy — Coo
M=ol g Hw p o Plw ,Azz,(;n: 8P ( )’GYC:M’PYZZ’
8pu2, LC B a v2 v2 o

2 D3 (C, — Coo Dy (T, — Teo kL L,

c uW ’Nb:T B( ))Nt:T T( )) SC:L’ )’: . ;A:_-

" C,(Ty-Too) v vTo D Uy L
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The skin friction coeflicients, local Nusselt, and local Sherwood numbers are defined as:

= Tw_
f= puz
___Lq
Ny = KTo-To) [ (63)
Lj,
Sk, D5(Cy—Cos)
C Reinnl (1 0u* _ aT aC _& aT ,
where 7,, = fsinh (an*) qw = —k . ,]W =-Dp 5 lyeco T T 37 |y These are the system’s

engineering performance metrics. Skln frlCthIl is the fI‘lCthIlal resistance exerted by the fluid on the
moving wall and is critical to drag reduction, energy efficiency, and pump power requirements. The Nusselt
number represents the rate of convective heat transfer at the wall relative to conduction. High N,,; : efficient
cooling/heating. The local Sherwood number measures the mass transfer rate at the wall (nanoparticles
moving into/out of the fluid). It is crucial for coating, drug delivery, and nano-precipitation systems.

Applying transformation (58) into (63) gives:
00

1 . —
Cy= R—essmh I(Suy‘y:o)’NuL ---&

Nt 20
Nb a)/

’ShL - (64)

These are the non-dimensional counterparts of Eq.(63), derived using the scaling variables
from Eq. (58).

The discretization of Eqs. (59)-(61) using the proposed scheme is given below, with time discretization
via a three-stage predictor-corrector scheme (already explained earlier). Spatial derivatives approximated
using compact finite difference matrices: A7'B;: first derivative (e.g., u,, 0, ¢,), A3'B,: second derivative
(e.g.> Uyy, 0,,, ¢y,). The goal is to advance the solution from time level n to n + 1 using three stages: First-
stage predictor: (bar), Second Stage improved predictor:(double bar), and Third-stage corrector: final value
at t"*!. These are the discretized forms of the dimensionless governing equations (velocity u, temperature 6,
and concentration ¢) using the three-stage hybrid time integration scheme combined with compact finite-
difference spatial operators.

Momentum Equation (Discretized):
First-Stage Predictor for Velocity:

o 1
u’ ue? 4+

j _21

1 n _—At
1 -1 n
— A2 Bzu« G G 1
b (204 ¢80 _2) R ( ]) + Lo TCpmy MeTMi - Zyt (65)
2 R/ R 27
\/1 + 82 (A;lBlu;?) ¢ ¢

Second-Stage (Improved Predictor):

1 —-1p —n+l
_ 1 L (A;'B, W G -1 Gyo—n
7 = au + ba + At Re ( = d ) Ly C J'Jr1 +Me .

] J J 4 R2 J R2
\/1+s2 (A7 By’ ‘
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Third-Stage Corrector (Final u"Jrl ):
1 1 —n+l
0 2 7. (A2 Bau; G +1 G, =ntl
u]’-’“ = cu] + d_]+1 + = At Re ( ) —rL 9 + ﬁcp. + Me Vil (67)
3 —n+l 2 R2 j R% ]
\/ 1+82(A7By; )

It provides a final third-order-accurate velocity update at the new time level.
Energy (Temperature) Equation:

First-Stage Predictor for 0:

1 1
07" = 29" e* + E@?e_m+(eZAt+e_At—2){ﬁAngz 07 + T (SAT'BIO}) AT Bi6)
rive
Ny 2 1 Nt 1
+R_e (Al 3197) ( B19") R, (A B19 ) - 507} (68)

Second-Stage for 0:
=n+l 1

—n+1 1 —h
0. =ab"+b0 + —At{—A;lee.
J J 4 PrRe J

J
+% (A58 ") (47 1316"+1) n % (A7 1319”“)2}. (69)

e

+1 +1

—n+1 —n
T (sAT'BE; ) A'B,

Corrector Stage (Final 0}”1 ):

—n+1 2 —n+l E =n+l =n+l
07" =c07 +d6, +=At A'B,0. +——sinh™'|SAT'B,0. |A7'B,6,
3 2 j R.S 1 j 1 j

rive 4

N =n+l =n+l N —n+1\2
+ R—” (A;131¢>j ) (A;lBlej ) + R—t (A;lBlej ) } (70)
e e

Concentration Equation (¢):
First-Stage Predictor for ¢:

—n+1 1 _ - - t - 1
(/5] 2 " 2At + ¢n At ( 24t +e At _ 2) {ScRe A;Bz(p? + &N—Z&AZIBZQ? - Y¢7 - E‘p;l} . (71)
Second-Stage for ¢:
—n+l a1 1 1 —n+l N —n+ —n+l
= ad" +bd +—At{—A_lB A Y N } 72
¢] a¢] (/5] 4 ScRe 2 2¢] S(;NbRe 2 P2V )’¢ ( )
Corrector for ¢:
1 —n+l N =n+l —n+l
n+l -1 ¢ 1
io=ci+ d¢ A Byp, + A3 By0; . } 73
¢] ¢ {ScRe 2 2¢] SchRe ? Y(p] ( )

Why This Scheme is Powerful: This scheme is third-order accurate in time. High-order spatial
accuracy via compact finite difference. Handles stiff nonlinearities due to the Eyring model, Lorentz forces,
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Thermophoresis, etc. Each variable is updated in a staged, coupled fashion, enabling accurate capture of
complex heat-mass-momentum interactions in unsteady nanofluid systems.

5 Results and Discussion

We conduct a comprehensive simulation study with the following aims:

1. A modified explicit scheme is proposed for solving time-dependent partial differential equations,
specifically designed for non-linear unsteady nanofluid flows. The scheme is a variant of the classical
third-order Runge-Kutta method, tailored for systems with first-order time-derivative terms. Only the
temporal derivative terms are discretized in this approach; spatial derivatives are handled separately using
a high-order compact finite difference scheme.

2. The second and third stages of the scheme are retained from the existing Runge-Kutta method. In
contrast, the first stage is replaced with a modified exponential integrator, enhancing accuracy for
stiff problems.

3. This hybrid structure (Runge-Kutta and exponential integrator) delivers higher accuracy than the
standard third-order Runge-Kutta method for certain ranges of time step sizes.

4. The scheme is explicit and conditionally stable, meaning that stability requires appropriate restrictions
on both time step At and space step Ay. One major advantage of the explicit formulation is that it avoids
the need to linearise non-linear terms, thereby simplifying the numerical implementation.

5. However, explicit schemes may sometimes require very small time step sizes to remain stable, particularly
for stiff or highly non-linear problems.

6. When combined with a finite-difference spatial discretization, the proposed explicit scheme can outper-
form implicit methods in terms of convergence and computational efficiency, especially for problems
involving only first-order spatial derivative terms.

5.1 Velocity Profile Analysis

Fig. 1 shows the effects of the dimensionless electromagnetic parameter M on the velocity profile u(y)
when the unsteady Eyring-Prandt] nanofluid flow is moving over a Riga plate. The plate was fitted with an
up-and-down alternating electrode and magnets, creating a Lorentz force that significantly affects the fluid’s
movement. As shown in the plot, increasing M from 0.01 to 0.30 results in a significant improvement in
velocity near the wall, suggesting that the stronger the electromagnetic force, the greater the fluid acceleration
induced by the Lorentz force. The behaviour demonstrates the electromagnetic pumping potential of the Riga
surface, which is especially useful for flow control, cooling systems, and microfluidic transport applications.
The thickness of the boundary layer decreases as M increases, the velocity approaches zero in regions
distant from the wall, and the local character of the electromagnetic influence is verified. The simulation is
conducted under fixed values of shear parameter S = 3, Lorentz decay rate A = 3, velocity slip A = 0.1, and
thermophoresis. N; = 0.1, Brownian motion N;, = 0.1, Reynolds number Re = 5, thermal and solutal Grashof
numbers Grr = Grc = 0.1, Eckert number Ec¢ = 0.5, Prandtl number Pr = 3, Schmidt number Sc = 3, and
reaction rate y = 0.9, representing a realistic nanofluid flow regime under moderate electromagnetic forcing.
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— M=0.01
===-M=0.10

u(l,y)

Figure 1: Variation of electromagnetic parameter on velocity profile using S =3,1=3,A=0.1,Nt=0.1,Nb=0.1,
Re =5,Gry =0.1,Gr¢ =0.1,Ec=0.5,Pr=3,5c =3,y =0.9.

Fig. 2 illustrates the influence of the Eyring-Prandtl fluid parameter Son the velocity profile u(y) of
nanofluid flow over a Riga plate. The Eyring parameter Scharacterizes the non-Newtonian behaviour of the
fluid, where larger values indicate stronger nonlinearity in the fluid’s rheology. In this plot, Svaries from
1.0 to 3.0, while other parameters are kept constant: electromagnetic parameter M = 0.1, Lorentz decay rate
A =3, velocity slip A = 0.1, and Thermophoresis N; = 0.1, Brownian motion N;, = 0.1, Reynolds number
Re =5, thermal and solutal Grashof numbers Grr = Grc = 0.1, Eckert number Ec = 0.5, Prandtl number
Pr = 3, Schmidt number Sc = 3, and chemical reaction rate y = 0.9. The findings indicate that S increases,
decelerating the velocity in the vicinity of the boundary layer, which implies that the velocity profile is thin
because of the non-Newtonian resistance. This is indicative of the shear-thinning behaviour of the Eyring-
Prandtl fluid: the larger S, the more viscous the fluid is under shear, thereby increasing the resistance to
deformation and reducing the flow velocity at a given driving force. The result is significant in engineering,
e.g., polymer extrusion, biological fluids practice, and lubrication technology, where the precise modelling
of non-Newtonian behaviour is vital for predicting flow regimes at the extremes of shear rate.

0.5 :

—5=1.0
-==-5=20
0.4

....... S=3.0[1

0.3 B)

u(l,y)

\
0.2 A\

0.1 Ry
N

N

Figure 2: Variation of Eyring parameter on velocity profile using M =0.1,A =3, A =0.1, Nt =0.1, Nb =0.1,Re =
5,Grr =0.1,Gr¢ =0.1,Ec=0.5,Pr =3,Sc =3,y =0.9.
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5.2 Temperature Profile Analysis

Fig. 3 presents the effect of the thermophoresis parameter N; on the temperature profile 6(y) for
Eyring-Prandtl nanofluid flow over a Riga plate. Thermophoresis represents the motion of nanoparticles
in response to temperature gradients, typically driving particles from hot to cold regions. In this figure,
the value of N, is varied from 0.01 to 0.30, while all other parameters are fixed: electromagnetic parameter
M = 0.3, Lorentz decay rate A = 3, velocity slip A = 0.1, Eyring fluid parameter S = 3, Brownian motion
Nj = 0.1, Reynolds number Re = 5, thermal and solutal Grashof numbers Grr = Gr¢ = 0.1, Eckert number
Ec = 0.5, Prandtl number Pr = 3, Schmidt number Sc = 3, and chemical reaction parameter y = 0.9. The plot
depicts that the higher N; is, the higher the temperature profile is across the boundary layer. This implies
that an increase in thermophoretic force leads to the agglomeration of nanoparticles in the colder region,
thereby reducing heat conduction and, at the same time, increasing the thickness of the thermal boundary
layer. This, in turn, raises the temperature of the entire fluid. This is important for thermal management
and nanofluid applications, e.g., heat exchangers, solar collectors, and miniature cooling devices, where it is
essential to regulate the dynamics of heat transport through nanoparticle behavior.
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Figure 3: Variation of thermophoresis parameter on temperature profile using M =0.3,A=3,A=0.1,§=3,
Nb=0.1,Re=5,Grr =0.1,Gr¢ =0.1,Ec=0.5,Pr =3,Sc =3,y =0.9.

Fig. 4 depicts the influence of the Brownian motion parameter N, on the temperature distribution 6( y)
for Eyring—Prandtl nanofluid flow over a Riga plate. Brownian motion is the random motion of nanoparticles
due to collisions with molecules in the fluid, which has a significant influence on thermal conductivity in
nanofluids. In this plot, the temperature profile is evidently on the increase as N;, increases between 0.1
and 0.5, indicating an increase in the thermal boundary layer thickness. Physically, it implies that increased
Brownian diffusion facilitates greater energy transfer from the wall into the fluid, thereby increasing the
fluid temperature throughout the entire boundary layer. The simulation is performed for fixed values of
electromagnetic parameter M = 0.3, Lorentz decay A = 3, slip factor A = 0.1, Eyring parameter S = 3, and
thermophoresis. N; = 0.1, Reynolds number Re = 5, thermal and solutal Grashof numbers Gry = Gr¢ = 0.1,
Eckert number Ec = 0.5, Prandtl number Pr = 3, Schmidt number Sc = 3, and reaction parameter y = 0.9.
These findings prove that Brownian motion increases the thermal energy distribution, which is important in
using nanofluid-based heat exchangers, biomedical cooling, and microscale thermal devices, where tuning
of N, can be used to regulate the heat transport behaviour.
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Figure 4: Variation of Brownian motion parameter on temperature profile using M =0.3,A=3,A=0.1,S =3,
Nt=0.1,Re=5,Grr =0.1,Gr¢ =0.1,Ec = 0.5,Pr =3,5c =3,y =0.9.

5.3 Concentration Profile Analysis

Fig. 5 illustrates the influence of the Brownian motion parameter N, on the nanoparticle concentration
profile ¢(y) in Eyring-Prandtl nanofluid flow over a Riga plate, with parameters fixed as M = 0.3, A = 3,
A=0.1,8=3 N,=0.0, Re =5, Gry =0.1, Gr¢ = 0.1, Ec = 0.5, Pr = 3, Sc = 3, and y = 0.9. As depicted by
the plot, an increase in Nj, between 0.1 and 0.9 results in a slight decrease in the concentration profile along
the boundary layer. This trend implies that an increase in the intensity of Brownian motion results in greater
nanoparticle dispersion and, therefore, decreases their net accumulation at the wall. The zoom-in inset view
of the inset shows that the concentration of nanoparticles has some small and important differences in the
position of the nanoparticles close to the wall when the concentration of N, is higher, and we can see that
diffusion effects at the microscale are important when high precision is required in heat and mass transfer
processes. This phenomenon is necessary in microfluidic cooling, biomedical transport, and drug delivery
systems, whereby the distribution of nanoparticles by Brownian motion can be controlled to have optimal
performance and thermal control.
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Figure 5: Variation of Brownian motion parameter on nanoparticles concentration profile using M =0.3,1 =3,
A=01,8=3,Nt=0.0,Re =5Grr =0.1,Gr¢ =0.1,Ec=0.5,Pr=3,5c =3,y =0.9.
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5.4 Different Parameter Analysis

Fig. 6 depicts the effect of the Eyring—Prandtl fluid parameter S on the skin friction coefficient under
the parameter settings: M = 0.3, A =3, A=0.1, N; = 0.01, N, = 0.9, Re =5, Grr = 0.1, Gr¢ = 0.1, Ec = 0.5,
Pr =3, Sc =3, and y = 0.9. The shear stress behaviour of the wall, expressed as a skin friction coefficient,
exhibits a periodic oscillatory pattern. The amplitude of these oscillations decreases as the Eyring parameter
S rises above 1.0 to reach 3.0. It means that on an increase of S, the non-Newtonian behaviour related to the
Eyring-Prandtl fluid, the magnitude of wall shear stress decreases, hence reducing resistance to flow at the
wall. Physically, this action points at the shear-thinning property of the fluid model, where bigger values of S
permit simpler deformation under stress. As such, adjusting the Eyring parameter and thus regulating surface
drag is important in practice for flowing over stretching surfaces, in microfluidics, and in energy-saving
nanofluid systems.
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Figure 6: Variation of Eyring parameter on skin friction coefficient using M =0.3,1 =3, A =0.1, Nt = 0.0],
Nb=09,Re=5,Grr=0.1,Gr¢ =0.1,Ec=0.5,Pr=3,Sc=3,y =0.9.

Fig. 7 illustrates the impact of the Eckert number E, on the local Nusselt number, which indicates the
rate of heat transfer at the wall, for an Eyring—Prandtl nanofluid flow over a Riga plate. The figure uses
parameter values: M =03, A =3, A=0.1, S=3, N, =0.9, Re =5, Grr = 0.1, Gr¢c = 0.1, N, = 0.01, Pr =3,
Sc=3,and y = 0.9. As E_ increases from 0.5 to 5.0, the local Nusselt number decreases, and an increased
oscillatory pattern is observed, especially in the middle and faraway regions. Physically, the Eckert number
measures the ratio of kinetic energy to enthalpy and represents viscous dissipation. Higher E. implies
greater conversion of kinetic energy into internal energy due to viscous heating, thereby raising the fluid
temperature and reducing the thermal gradient at the surface, resulting in lower heat transfer rates. These
findings are crucial for thermal management in applications where nanofluid flows operate in high-speed
or high-viscosity dissipation regimes, such as in micro-electromechanical systems (MEMS) and thermal
coating technologies.
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Figure 7: Variation of Eckert number on local Nusselt number using M =0.3,A=3,A=0.1,S=3,Nb=0.9,
Re =5,Gry =0.1,Gr¢ = 0.1, Nt =0.01, Pr =3,5c =3,y = 0.9.

Fig. 8 demonstrates the effect of the thermophoresis parameter N; on the local Sherwood number,
which quantifies the mass transfer rate of nanoparticles at the surface, for an Eyring-Prandt]l nanofluid
flowing over a Riga plate. The flow parameters are fixed as M =03, A=3, A=0.1, S=3, N, =0.9,
Re =5,Grr =0.1,Grc =0.1, Ec =5,Pr = 3,5c = 3,and y = 0.9. As N, increases from 0.01 to 0.30, a reduction
in the local Sherwood number is observed across the domain, accompanied by mild oscillations in the
far field. Physically, Thermophoresis refers to the tendency of nanoparticles to move away from hotter to
cooler regions.
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Figure 8: Variation of thermophoresis parameter on local Sherwood number using M =0.3,A =3,A=0.1,5 =3,
Nb=09,Re=5,Gry =0.1,Gr¢ =0.1,Ec=5,Pr=3,Sc =3,y =0.9.

5.5 Contour Plot Analysis

The Figs. 9-11 show contour plots of the velocity, temperature, and concentration fields, along with
their respective error distributions, at the spatial-time field under the influence of different physical
parameters. Fig. 9, left subfigure, depicts the velocity profile that has periodic oscillations and the boundary-
layer-like behaviour, which is largely affected by the unsteady forcing term ug = cos(3t) + A%. These
velocity contours indicate localized maxima and decreases in intensity, consistent with the introduced time-
dependent flow structure and the magnetic/viscous influences (M = 0.3, A = 0.1, A = 3). The right subfigure
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shows the velocity error, which is small throughout most of the domain, with minor amplification in
regions with steeper velocity gradients due to numerical dispersion. Fig. 10 (left) shows that the temperature
contour is classical in the sense of having thermal penetration of the surface into the fluid domain and
is driven by thermal radiation and viscous dissipation (Eckert number E. = 5 monumental). The solver’s
temperature prediction is highly accurate, as indicated by the error plot (right), with very small deviations
around steep gradients, demonstrating the solver’s stability in the presence of strong thermophysical coupling
(Pr=3,Nt=0.1, Nb =0.5). Lastly, Fig. 11 shows the nanoparticle concentration field and its error in the
left panel, stratified by layer, where a strong gradient is observed to the left of the wall due to Brownian
motion and Thermophoresis. Parameters S, =3 and N; = 0.1 and N, = 0.5, which governs the diffusion
and migration of nanoparticles, increases these effects. The right subfigure shows that the solver has a
small numerical error, indicating that it is robust even for a coupled non-linear advection-diffusion system
that determines the concentration. In aggregate, these results confirm the computational model, providing
physical insights into unsteady magneto-thermo-nanofluid regimes and demonstrating strong consistency
between the numerical model and the anticipated boundary-layer dynamics across different flow and thermal
transport regimes.
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Figure 9: Contour plots for velocity profile and its error from Matlab solver pdepe using M =0.3,A =3, A=0.1,
§=3,Nt=01,Nb=0.5Re=5Grr=0.1,Grc =0.1,Ec=5,Pr=3,Sc=3,y=0.9, y, (lengthof domain) =17,
ug = cos (3t) + Aou/ot.

Figure 10: Contour plots for temperature profile and its error from Matlab solver pdepe using M =0.3,1 =3,
A=0.1,8=3,Nt=01,Nb=0.5Re =5,Grr =0.1,Grc =0.1, Ec=5,Pr=3,S¢ =3,y = 0.9, y; (lengthof domain)
=17,uq = cos (3t) + Adu/ot.
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Figure 11: Contour plots for concentration profile and its error from Matlab solver pdepe using M =0.3,1 =3,
A=0.1,8=3,Nt=01,Nb=0.5Re =5,Grr =0.1,Grc = 0.1, Ec=5,Pr=3,S¢ =3,y = 0.9, y, (lengthof domain)
=17,uq = cos (3t) + A du/dt.

5.6 Computational Time for the Proposed Scheme

Fig. 12 illustrates the variation of computational time associated with the proposed numerical
scheme under the influence of fixed physical parameters M =0.3,A =3,A=0.1,§ =3, Nt =0.1, Nb = 0.5,
Re =5,Grr =Gr¢g=0.1,Ec=5,Pr=3,5c =3,y =0.9 and domain length y; =17, with initial condition
ug = cos(3t) + A%. The plot shows how much CPU time has passed (in seconds or milliseconds) for
different time steps or spatial positions. This shows how well and consistently the scheme works throughout
the simulation. Initially, the computational time exhibits fluctuations, possibly due to system stiffness or
transient behavior at early stages of flow development. As the simulation progresses, the computational time
stabilizes, showing that the proposed method maintains low computational cost and demonstrates robust
numerical efficiency in handling the coupled non-linear PDEs involved in the unsteady magneto-thermo-
nanofluid problem. The generally low and stable time values confirm the method’s feasibility for large-time
or extended-domain simulations without compromising accuracy or performance.
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Figure 12: Computational time of the propose scheme using M =0.3,1=3,A=0.1,8S=3,Nt=0.1, Nb=0.5,
Re=5,Grr =0.1,Gr¢ =0.1,Ec =5,Pr=3,Sc =3,y =0.9, y. (lengthof domain) =17,uy = cos (3t) + Adu/ot.
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5.7 Convergence Comparison of Proposed Scheme and Runge-Kutta Method for Stokes First Problem

Fig. 13 illustrates the convergence behavior of two numerical schemes, namely, the proposed scheme and
the conventional Runge-Kutta method for solving the classical Stokes first problem under the same spatial
and temporal discretization settings, with N, = 50, 53,56 (number of spatial grid points), N, = 81, 90,100
(number of time levels), and final time ¢; = 1. The spatial derivatives are approximated using a second-
order central difference scheme, and the accuracy of each method is assessed by computing the error norm
between the numerical and exact solutions. The plotted data show that the proposed scheme consistently
yields lower errors than the existing Runge-Kutta method across all tested discretization sizes, thereby
demonstrating superior convergence performance. This confirms the enhanced numerical accuracy and
robustness of the proposed method in capturing the transient dynamics of viscous flow problems such as the
Stokes first problem.

10

L2 Error

10

r r
10—0 212 10'0.211 1070.21

dt/dx?

Figure 13: Convergence of two schemes for solving Stokes first problem using Nx (No.of grid points) =
50, 53,56, Nt (No.of time levels) = 81,90,100, t (final time) = 1.

5.8 Validation and Error Analysis Using Stokes’ First Problem

To validate the accuracy and convergence of the proposed three-stage hybrid exponential-Runge-Kutta
scheme, we solved the classical Stokes’ first problem, a benchmark test for unsteady viscous flow over a
suddenly accelerated plate. This problem has a known exact analytical solution, enabling us to compute
numerical errors. The governing equation for Stokes’ first problem is:

u o’u
E:va—yz,u(o, t) = Up,u(oo,t) =0,u(y,0) =0. (74)

The exact solution is:

u(y,t)="U, erfc(z\/yﬁ), (75)

where erfc (-) is the complementary error function, which arises in diffusion-type solutions of the heat and

momentum equations.
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We apply both the proposed scheme and the classical 4th-order Runge-Kutta scheme to this problem
and calculate the L, norm of the error at the final time ¢ = 1, for varying spatial and temporal resolutions.
The results are summarized in Table 1.

Table 1: Error norms and convergence rate for stokes’ first problem.

Grid Points (Nx) Time Steps (Nt) Scheme L, Error Norm Convergence Rate
50 81 Runge-Kutta (RK4) 2.34 %1073 -
50 81 Proposed Scheme 8.17 x 1074 -
53 90 Runge-Kutta (RK4) 1.91 x 1073 119
53 90 Proposed Scheme 533 x 107 1.52
56 100 Runge-Kutta (RK4) 1.57 x 107 1.20
56 100 Proposed Scheme 321x107* 1.68

The results confirm that the proposed scheme exhibits significantly lower error norms than the classical
RK4 scheme at all tested grid resolutions. Furthermore, the observed convergence rate is closer to 1.5-1.7
for the proposed method, indicating superior accuracy and robustness. This validates the implementation’s
correctness and demonstrates the method’s potential to solve time-dependent problems in nanofluid
dynamics with greater efficiency and precision.

6 Neural Network-Based Surrogate Model for Predicting Skin Friction Coefficient and Local
Sherwood Number

To minimize the computational burden of repeatedly solving the unsteady non-linear PDE governing
Eyring-Prandtl nanofluid flow over a Riga plate, a surrogate model based on a feedforward artificial neural
network is developed. The target is to predict the skin friction coefficient accurately C and local Sherwood
number S;, based on selected input parameters. These include the Reynolds number R,, Prandtl number P,,
Schmidt number S., Brownian motion parameter Nj, and the thermophoresis parameter N, which strongly
influence flow and mass transfer characteristics. The surrogate model is trained on a numerically generated
dataset from high-fidelity simulations of the underlying PDE system, solved using a modified exponential
Runge-Kutta compact finite difference scheme. Each simulation run provides output values of C and S,
for specific input parameter combinations. This dataset forms the foundation for supervised learning. A
multilayer perceptron (MLP) with a feedforward structure is employed to learn the non-linear mapping
between inputs and outputs. This surrogate model significantly reduces the need for repeated numerical
simulations, enabling real-time prediction across a wide range of parameter variations.

6.1 Neural Network Configuration and Training Protocol

The surrogate model architecture and training methodology were designed to achieve high predictive
accuracy and generalization capability. The network configuration includes an Input Layer: 5 neurons
corresponding to the input parameters (R,, P;, S¢, Ny, N;). Hidden Layers: Two hidden layers, each with
10 neurons. Activation Functions: tansig (hyperbolic tangent sigmoid) for hidden layers and purelin (linear)
for the output layer. Output Layer: 2 neurons corresponding to the predicted values of the skin friction
coefficient Cy and local Sherwood number Sj,. The training algorithm uses Levenberg-Marquardt backprop-
agation, which is well-suited for function approximation and converges quickly even on complex non-linear
regression tasks. The model was trained for a maximum of 500 epochs, with early stopping enabled to prevent
overfitting, triggered when validation loss stopped decreasing. To ensure robust performance:
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« Training/Validation/Testing Split: The data was split into 70% for training, 15% for validation, and 15%
for testing.

o Loss Function: Mean Squared Error (MSE) was minimized during training.
« Regularization: A regularization coefficient y € [107%,107"] is used to prevent over-fitting.
o Cross-validation techniques were employed to monitor generalization ability.

Each simulation case used to generate training data involved solving the system under fixed conditions
(e.g,M=03,1=3,A=0.1,8S=3,Ec=5,9=0.9,Gry = 0.1, Grc = 0.1) while varying the core input param-
eters. The model is tested over a wide range of parameters to ensure it accurately describes the behavior of
the nanofluid system under different conditions. The model’s performance was assessed using:

o RMSE (Root Mean Square Error) as a statistical metric,

+  Regression plots (see I'ig. 14) comparing predicted and true values of C; and Sy,
o Error histograms and prediction scatter plots.
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Figure 14: Predicted and True Skin friction coefficient and local Sherwood number using M =0.3,1 =3, A =0.1,
§=3,Nt=01,Nb=0.5Re=5Grr=0.1,Gr¢ =0.1,Ec=5,Pr=3,Sc=3,y=0.9.

The RMSE formula is used to evaluate the ANN model’s prediction performance. It is given by:

| 1 = pred rue 2
RMSEz\J NZ(yi — ) (76)

i=1

1
from the ANN. This metric was computed for both the skin friction coeflicient and the Sherwood number,

and the results showed very low RMSE values, indicating excellent agreement with the target values from the
numerical solver.

where N is the number of samples in the dataset, ¢ is the actual (true) value, y* red is the predicted value

This trained neural network model can now rapidly estimate surface characteristics, such as shear
stress and mass transfer rate, for arbitrary combinations of the governing physical parameters, thus enabling
efficient sensitivity analysis and real-time design applications in nanofluid dynamics.

Fig. 15 is the schematic illustration of the artificial neural network (ANN) architecture that clearly
depicts: Input layer: Consisting of 8 neurons, each corresponding to one of the dimensionless governing
parameters (e.g., Re, Pr,Sc, M, S, Ny, Ny, A). Hidden layers: Two hidden layers were used: Hidden Layer
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1: 15 neurons, Hidden Layer 2: 10 neurons. Both layers used the ReLU (Rectified Linear Unit) activation
function. Output layer: Two neurons representing the predicted values of the skin friction coefficient
Cy and local Sherwood number Sh. Training: The model was trained using the Levenberg-Marquardt
backpropagation algorithm, with 70% of the data used for training, 15% for validation, and 15% for testing.
Performance: Regression values R* ~ 0.99 and RMSE below 0.01 indicated high predictive capability and low
generalization error.
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Figure 15: Schematic illustration of the artificial neural network (ANN) for flow prediction.

The selected number of hidden layers and neurons was determined through trial-and-error and per-
formance benchmarking to minimize validation loss while avoiding overfitting. The two-layer configuration
provided the best trade-off between model complexity and accuracy. Increasing the number of layers or
neurons beyond this did not significantly improve performance but did increase computational cost.

Fig. 14 presents scatter plots comparing the predicted and true values of two key physical quantities: the
skin friction coefficient (left) and the local Sherwood number (right), both obtained using a neural network-
based surrogate model. The horizontal axes in both subplots represent the true (reference) values obtained
from the numerical scheme, while the vertical axes represent the corresponding values predicted by the
neural network. Ideally, all points should lie on the 45-degree line (i.e., predicted = true), indicating perfect
agreement. In the left plot, corresponding to the skin friction coefficient, most of the data points cluster
tightly along the ideal diagonal line, confirming that the neural network accurately captures the non-linear
dependence of wall shear stress on the input parameters (such as Re, Nt, Nb, etc.). Similarly, the right plot of
the local Sherwood number shows a reasonable alignment between predicted and true values, though with
slightly more scatter than in the left plot.

The error histogram of the neural network model predicting the skin friction coefficient and the local
Sherwood number is shown in Fig. 16. It provides a statistical summary of the model’s accuracy on the
training and validation samples. The horizontal axis shows the prediction error (i.e., the difference between
predicted and actual values), whereas the vertical axis shows the frequency of these errors. The errors mostly
cluster around zero, with the central bars high, indicating that the model’s predictions are close to the
actual values and exhibit little deviation. The blue bars correspond to the training data, and the green bars
correspond to the validation data, both with symmetric, narrow distributions around the zero-error line
(marked in orange). The observation indicates that the neural network has well acquired the underlying
mapping and is generalizing well without overfitting, as there are no large spikes or long tails in the error
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distribution. The histogram therefore supports the argument that the model is strong and sound, and can
accurately predict the unknown parameter values within the study’s specified range.
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Figure 16: Error histogram for the prediction of skin friction coefficient and local Sherwood number using M = 0.3,
A=3,A=01,8=3,Nt=01,Nb=0.5Re=5Grr=0.1,Gr¢ =0.1,Ec=5,Pr=3,5c=3,y=0.9.

Fig. 17 presents regression plots of the neural network’s predictive ability for estimating the skin friction
coefficient and the local Sherwood number at the training, validation, and test stages. In both subplots,
the horizontal axis shows the actual target values from the numerical simulations, whereas the vertical axis
shows the neural network’s estimated target values. The dotted line Y = T represents the optimal scenario of
prediction, whereas the colored solid lines (blue, green, and red) represent the optimal fit of the predictions
made by the model. In all three steps, the data points are tightly clustered around the ideal line, indicating
that the model has captured the complex non-linear relationships between the input parameters and the
output quantities. The stability in the training, validation, and testing processes also indicates the model’s
high generalization and robustness, suggesting it will be highly accurate and exhibit little prediction error
when estimating target physical quantities. This points to the efficient nature of the proposed neural network
framework as a rapid, precise surrogate for computationally expensive numerical simulations.

Fig. 18 shows the loss function over 100 training epochs for both the training and validation sets. This
figure illustrates how the neural network’ loss converges, providing evidence of model training stability and
generalization performance. The rapid convergence and minimal gap between training and validation curves
demonstrate the model’s generalization capability and low overfitting risk.
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Figure17: Regression plot of output and target for the prediction of skin friction coefficient and local Sherwood number
using M =0.3,A=3,A=0.1,S=3,Nt =0.1, Nb =0.5,Re =5,Grr = 0.1, Gr¢ = 0.1, Ec =5,Pr =3,Sc =3,y = 0.9.
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Figure 18: Training and validation loss function plot over 100 epochs for the ANN model predicting skin friction
coefficient and local Sherwood number.
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6.2 Engineering Implications and Practical Applications

The results presented in this study have significant implications for real-world engineering systems
involving nanofluid flow, heat transfer, and electromagnetic actuation. The observed increase in fluid velocity
with increasing electromagnetic parameter M highlights the effectiveness of the Riga plate in enhancing flow
control, which is directly applicable to MHD-based micro-pumps, lab-on-a-chip devices, and magnetically
controlled cooling systems. In such systems, enhanced near-wall flow velocity reduces stagnation zones, pro-
moting efficient heat and mass transfer in microscale domains. The role of the Eyring—Prandtl parameter Sin
modeling shear-thinning behavior is particularly relevant for polymeric fluid transport and bio-lubrication
applications, where controlling non-Newtonian stress distributions can prevent surface damage and improve
energy efficiency. Furthermore, the sensitivity of temperature and concentration fields to the thermophoresis
N, and Brownian motion N, parameters underscores the model’s relevance in solar thermal collectors, nano-
coating technologies, and targeted drug delivery systems, where precise control over thermal and solutal
diffusion is critical. Finally, integrating an ANN provides a fast, reliable tool for real-time prediction of skin
friction and the Sherwood number, making the framework especially useful for parametric optimization and
decision-making in industrial process control without rerunning full simulations. These insights collectively
demonstrate the practical potential of the proposed hybrid computational-intelligent approach across diverse
thermal-fluidic technologies.

7 Conclusion

This paper presents a three-stage, third-order accurate modified finite-difference approximation for the
numerical solution of time-dependent partial differential equations with first-order time derivatives. Spatial
discretisation has been performed using a high-order compact scheme to improve accuracy and numerical
stability. The strength and soundness of the suggested numerical system have been established by applying it
to a pair of reference benchmark problems: the Eyring-Prandtl nanofluid flow over a Riga plate and a linear
parabolic test problem with an analytical solution.

Besides the numerical study, it has incorporated an artificial intelligence-based neural network model
to predict the skin friction coefficient and the local Sherwood number using governing physical parameters,
such as the Reynolds number, Prandtl number, Schmidt number, thermophoresis parameter, and Brownian
motion parameter. Numerical targets and neural outputs have been shown to agree strongly, as the neural
model’s predictive performance has been verified through regression analysis and error histograms. The
concluding points can be expressed as

1. The velocity profile increases with increasing electromagnetic (Riga plate) parameter, confirming the
accelerating effect of Lorentz forces on near-wall nanofluid motion.

2. The local Nusselt number decreases with increasing Eckert number, indicating that viscous dissipation
dominates over conductive heat transfer.

3. 'The predicted skin friction coefficient and local Sherwood number are sensitive to the proportion of data
used for neural network training and validation, highlighting the importance of dataset optimization in
Al-based prediction.

4. The proposed hybrid numerical scheme yields significantly lower numerical error than the classical
Runge-Kutta scheme of the same order for comparable step sizes, demonstrating superior accuracy and
computational efficiency.

Generally, the current work renders an effective hybrid numerical-artificial intelligence model that
can forecast the necessary transports in the electromagnetically actuated non-Newtonian nanofluid flows.
The suggested methodology has strong prospects for immediate engineering applications in predictive,
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optimization, and adaptive control of progressive thermal and mass-transfer apparatus involving Riga plates,
nanofluids, and non-Newtonian transport phenomena.

7.1 Limitations of the Study

1. Modeling Assumptions: The study assumes a one-dimensional, laminar, incompressible, and homoge-
neous Eyring-Prandtl nanofluid flow, which may limit the applicability of the results to more complex
three-dimensional, turbulent, or compressible flow configurations.

2. Idealized Boundary Conditions: The wall is assumed to move with a constant slip velocity and maintain
constant temperature and nanoparticle concentration, which may not fully reflect real-world engineering
surfaces with temperature-dependent or spatially varying properties.

3. Neglected Physical Effects: Effects such as nanoparticle aggregation, radiative heat transfer, and Joule
heating are not considered in this formulation. These factors can influence heat and mass transfer
significantly in high-temperature or electrically conducting applications.

4. Simplified Geometry: The use of a flat Riga plate in Cartesian coordinates excludes curvature or
axisymmetric effects that may arise in real devices such as pipes or rotating machinery.

5. Training Dataset Generalizability: The artificial neural network was trained on data generated from spe-
cific parameter ranges (e.g., R, =1 - 20, P, =1-10). Its predictive accuracy may diminish if extrapolated
far outside this training domain.

7.2 Practical Implications

The proposed third-order-accurate hybrid time integrator, combining an exponential integrator and
Runge-Kutta stages, is novel in its application to Eyring—Prandtl nanofluid flow under electromagnetic (Riga
plate) actuation with heat and mass transfer. Unlike classical schemes, our method efficiently handles stiff
non-linearities without requiring implicit solvers or linearization, while maintaining high temporal accuracy.
The integration of an artificial neural network (ANN) for rapid prediction of the skin friction coeflicient
and the Sherwood number is a novel contribution. This AI surrogate model provides a computationally
inexpensive alternative for real-time parametric studies in engineering design. The results offer actionable
insights for thermal management in microfluidic systems, MHD pumps, cooling devices, and coating
technologies where control over surface drag and mass transfer is critical. The parametric analysis reveals
how electromagnetic forcing, Brownian motion, and thermophoresis can be tuned to optimize flow and
thermal characteristics.

7.3 Future Work

Future research may extend the present framework to three-dimensional, turbulent flow regimes,
incorporate nanoparticle aggregation, radiative heat transfer, and Joule heating, and explore temperature-
dependent thermophysical properties. From a computational perspective, integrating physics-informed
neural networks (PINNs) or hybrid deep learning architectures could further enhance predictive capability.
Additionally, experimental validation and application of the proposed model to industrial MHD pumps,
microchannel heat exchangers, and coating processes represent promising directions for advancing both
theoretical and applied research.
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