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ABSTRACT: Volcanic terrains exhibit a complex structure of pyroclastic deposits interspersed with sedimentary
processes, resulting in irregular lithological sequences that lack lateral continuity and distinct stratigraphic patterns.
This complexity poses significant challenges for slope stability analysis, requiring the development of specialized
techniques to address these issues. This research presents a numerical methodology that incorporates spatial variability,
nonlinear material characterization, and probabilistic analysis using a Monte Carlo framework to address this issue. The
heterogeneous structure is represented by randomly assigning different lithotypes across the slope, while maintaining
predefined global proportions. This contrasts with the more common approach of applying probabilistic variability to
mechanical parameters within a homogeneous slope model. The material behavior is defined using complex nonlinear
failure criteria, such as the Hoek-Brown model and a parabolic model with collapse, both implemented through
linearization techniques. The Discontinuity Layout Optimization (DLO) method, a novel numerical approach based
on limit analysis, is employed to efficiently incorporate these advances and compute the factor of safety of the slope.
Within this framework, the Monte Carlo procedure is used to assess slope stability by conducting a large number
of simulations, each with a different lithotype distribution. Based on the results, a hybrid method is proposed that
combines probabilistic modeling with deterministic design principles for the slope stability assessment. As a case study;,
the methodology is applied to a 20-m-high vertical slope composed of three lithotypes (altered scoria, welded scoria,
and basalt) randomly distributed in proportions of 15%, 60%, and 25%, respectively. The results show convergence of
mean values after approximately 400 simulations and highlight the significant influence of spatial heterogeneity, with
variations of the factor of safety between 5 and 12 in 85% of cases. They also reveal non-circular and mid-slope failure
wedges not captured by traditional stability methods. Finally, an equivalent normal probability distribution is proposed
as a reliable approximation of the factor of safety for use in risk analysis and engineering decision-making.

KEYWORDS: Pyroclast; Monte Carlo; rock slope; volcanic rock; discontinuity layout optimization method; non-
homogeneous slope; spatial variability

1 Introduction

Slope stability has been extensively studied in the literature due to its critical importance for human
safety and economic consequences. There are methods available to predict the safety coefficient of a slope
with a fixed structure (uniform, layered, etc.) that vary in accuracy, as discussed in general geotechnical
treatises [1-3]. The main variables defining the problem are the soil or rock structure and properties
(resistance, self-weight), the height and angle of the slope, the existence of a water table, the top plane
inclination, etc. The concepts defined years ago remain commonly used in engineering practice. These
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concepts are applied through a variety of classic and modern methodologies. Analytical methods, such
as limit analysis and the Limit Equilibrium Method—for example, the Bishop method—are frequently
employed. Additionally, numerical methods like the Finite Element Method (FEM), the Finite Difference
Method (FDM), and, more recently, the Discrete Element Method (DEM) are also in use [4,5]. All of them
consider a homogeneous terrain in the slope.

However, some terrains exhibit spatial variability, indicating that the distribution of geomechanical
properties or material components across the slope is not uniform. Additionally, this distribution cannot be
defined deterministically because it varies randomly within the slope mass. In volcanic environments, it is
common to encounter an alternation of lithotypes with a highly heterogeneous spatial distribution, resulting
from eruptive processes that typically occur in successive waves. This complex stratigraphic arrangement
significantly complicates the geotechnical design of slopes and cuttings in linear infrastructure projects, as
there is neither continuity nor homogeneity in the materials. As a result, numerous slope instabilities are
observed without a clear pattern of occurrence, which increases the level of uncertainty in geotechnical risk
assessment and the planning of stabilization measures.

Addressing this spatial variability requires the use of probabilistic analysis, which has been widely used
for this type of problem since the 1970s ([6,7], among others). Followed by many researchers, the use of
spatial correlation of statistical geotechnical properties has become standard in the analysis of the statistical
variation of the characteristics of soil over the domain of the slope or foundation. Two primary methods
exist for modeling uncertain soil properties: the “single random variable” (SRV) approach and the “random
field” approach. The first approach assumes that a single property of the soil has the same value across the
slope, selecting this value randomly from the probability distribution of the variable [8]. On the contrary, the
random field approach assumes that the different soil variables change spatially, and a correlation coefficient
is selected to define the range of these variations [9-13].

Regarding the calculation of slope stability with spatial variability, traditional Limit Equilibrium
Methods (LEM) and Limit Analysis (LA), in combination with probabilistic analysis, have been used to
address this problem. However, they may not be sufficient to represent the behavior of complex slope
problems. These methods typically require an assumed failure surface and allow the calculation of the
influence of the random field only along this predefined failure line. Often, this line is assumed to be circular,
which may not always be accurate in nonhomogeneous slopes [14]. Moreover, an additional shortcoming
of limit equilibrium methods is that they only satisfy the static equation and do not include strain and
displacement compatibility [15]. Examples of the use of LE with random fields are [16-18].

Numerical methods, such as the Finite Element Method (FEM), have been successfully applied to slope
stability analysis using the Shear Strength Reduction (SSR) approach for calculating the factor of safety, with
numerous examples of application. Due to their versatility, these models can represent a wide variety of both
continuous and discontinuous terrains without prior assumptions about failure mechanisms, offering a clear
advantage over traditional LEM and LA methods. Despite this fact, recent results have been presented using
LEM in combination with the Bishop technique, and including weathering effect [19,20]. One advanced
option was the Random Finite Element Method (RFEM) [21], which combines the use of random fields with
the classical strength reduction method.

Other methods have also been applied to successfully represent spatial variability, such as the Discrete
Element Method (DEM) [22,23]. Moreover, the recent development of the Discontinuity Layout Optimiza-
tion Method (DLO) by Smith and Gilbert [24] has enabled the solution of limit analysis problems without
any previous assumption about the failure mode. However, no publication has been found on the use of
DLO applied to spatial variability problems. Alternatively, Limit FEM was also developed [25] with similar
capabilities to DLO techniques, including random fields and considering the limit analysis of the slope.
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Despite the ability of numerical methods to represent complex slopes, they use deterministic parameters
in their calculations, requiring a sensitivity analysis to incorporate the uncertainties, usually involving a large
number of runs. The inclusion of nonhomogeneities is possible through different probabilistic methods [26-
28]. One of the most used is the Monte Carlo method [29,30], involving running numerous simulations with
randomly varied input parameters to estimate the probability of slope failure and the factor of safety.

Regarding rock slope stability, a thorough review of the application of probabilistic analysis is presented
by Rusydy et al. [31]. Most recent advances in the field are centered on considering advanced criteria, such
as combining stratigraphic uncertainty with spatial variability [32], modeling rotated anisotropy in soil-
rock mixtures [33], and including multiple simultaneous instability factors (water, rainfall, and seismicity)
in probabilistic analysis [34]. Other research lines have a strong emphasis on computational efficiency,
in complex models considering slope reinforcement [35], applying machine learning to accelerate Monte
Carlo [36], or using improved statistical tools [37]. There are also some studies considering spatial variability
and 3D boundary effects [38,39].

Although many references exist on the analysis of rock slopes considering spatial variability, no previous
works including volcanic rocks have been found. The distinct behavior of pyroclastic rocks requires including
their specific failure criteria along with the consideration of nonhomogeneity in the slope.

In volcanic geology, it is well known that pyroclastic deposits, lava flows, and other volcanic products
are typically generated in intermittent episodes, resulting in pronounced lithological heterogeneity. This
variability can lead to localized or widespread slope failures, even in the absence of a predictable stratigraphic
sequence. In this research, a probabilistic methodology is proposed and applied to a specific case study where
three distinct materials with appreciable contrasts in geomechanical properties have been identified.

The objective of this research is to develop a probabilistic analysis of a nonhomogeneous volcanic slope,
considering a random distribution of different lithotypes in the slope mass and including the parabolic failure
criterion with collapse, using the DLO method in combination with Monte Carlo simulation.

2 Methods of Analysis

The detailed definition, hypotheses adopted, and methods employed to solve the proposed problem are
outlined in the following subsections.

2.1 Problem Definition and Case Study

The problem under study corresponds to a nonhomogeneous volcanic rock slope composed of three
different volcanic materials with a random spatial distribution.

This research aims to develop a methodology to address a specific problem characteristic of volcanic
terrains, where various materials are expelled by a volcano and deposited without adhering to an established
or predictable pattern, being applicable to various rock distributions and slope geometries. To demonstrate
the effectiveness of this method, we have selected a specific case study based on a recognized volcanic terrain
profile [40], which features a vertical rock slope with a height of 20 m. A comprehensive analysis of the
effects of different rock combinations and slope geometries is not within the scope of this research and will
be explored in future investigations.

Fig. 1 presents the rock slope considered in this research. The material properties of the different rocks
considered in the massif are randomly assigned following the percentage proportions registered in the terrain
profile. These proportions are imposed to be maintained in the reference volume described in Figure.
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Figure 1: Geometric definition of the rock slope

2.2 Material Definition and Failure Criteria

One key contribution of this research is the exploration of various non-linear failure criteria, rather than
relying solely on the widely used Mohr-Coulomb characterization of materials. Three different materials are
considered in the slope mass of the case study: basalt, welded scoria, and altered scoria. Two different failure
criteria are assigned to those materials: the Hoek and Brown criterion for basalt and the parabolic collapse
criterion for scoria. Both are briefly introduced in the following.

2.2.1 Hoek & Brown Failure Criterion

The Hoek and Brown failure criterion, following the last modification [41], is written as:

o} ¢

/ / 3

0,=03+0; |m-—+s (1)
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where o] and ¢} are the major and minor effective principal stresses at failure, o, is the uniaxial compressive
strength (UCS) of the intact rock, and m, s, and a are constants of the rock mass, which depend on the
properties of the rock mass according to the following relationships:
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where m, is a material constant obtained from triaxial test results or using the approximate tables provided
by Hoek et al. [41], GSI is the Geological Strength Index, with values comparable to the RMR (Rock Mass
Rating) index [42] when GSI is greater than 25, and D is a factor that reflects the degree of disturbance the
rock mass has undergone, ranging from 0 for undisturbed rock masses to 1 for highly disturbed ones.
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2.2.2 Parabolic Failure Criterion with Collapse

Serrano et al. [43] proposed a parabolic strength criterion to describe the mechanical behavior of low-
density pyroclastic materials, based on experimental data. This approach is grounded in earlier developments
on collapsible soils formulated by Serrano [44], which laid the foundation for the current model.

The initial formulation of the criterion is expressed as:

A
pX‘ + t>(‘
di = Moy + ) 1- Z22E o
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where t* is the isotropic tensile strength and Pf., = Pj + t* corresponds to the pressure module, being P the
isotropic compressive strength. g5, = (0% + 053)/3 and pxp = (0% — 053 ) are the real Cambridge stresses,
with o7y, 05, being the major and minor principal stress, respectively. M and A are specific parameters of
the formulation.

This expression can be simplified using dimensionless variables, resulting in the following form:

qx = M- px (1- px)* (6)

where qx = qxr/Péo and px = (pig + t*)/PEo are the canonical Cambridge stresses. The failure surface
defined by Eq. (6), shown in Fig. 2, is governed by four parameters: two explicit (M and 1) and two implicit
(t* and P} ). The parameter M is associated with the material’s friction and is obtained from triaxial tests.
It is directly related to the instantaneous friction angle (py) by the expression:

6si
a2 85I po 7

3 —sin py

The exponent A introduces nonlinearity into the strength envelope, extending the classical Mohr-
Coulomb model. When A = 0, Eq. (6) simplifies to the linear Mohr-Coulomb form. Empirically, A varies
between 0 and 1, with A = 1 being the most commonly observed and, therefore, generally used as a
reference value.

9k
A=0 (Mohr-Coulomb)

A=1

=0 =]
Pk Pk Px

Figure 2: Parabolic criterion for volcanic pyroclasts in Cambridge dimensionless variables (px, gx)

The parameters ¢* (isotropic tensile strength) and P, (isotropic compressive strength) are determined
experimentally through isotropic loading tests, both in tension and compression. The magnitudes reported
by Conde [45] and Serrano et al. [43] provide typical reference values. In particular, it has been shown that
A ~ 1 adequately represents the strength behavior of highly porous pyroclastic rocks.
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Starting from the case A = 1, the instantaneous friction angle (p) can be evaluated as proposed by Low
et al. [35], using the Hill-Lambe variables. This relationship is expressed as:

dg _ 3M(1-2p)

dp " 6+ M(-2py) ®)

sinp =
The value of the instantaneous friction angle depends on the parameter pj, which ranges between 0
and 1. Within this range:

- If |sinp| <1, then p is real, indicating the occurrence of plastic failure. This manifests as vertical or
inclined failure planes due to insufficient confinement.

- If sinp| > 1, then p is imaginary, meaning that plastic failure cannot occur. In this case, the failure
mechanism is associated with mechanical collapse or material destructuring.

The type of destructuring that develops is governed by the value of M. Two distinct modes can be
identified:

- Compression-induced destructuring (CID): Occurs when M > 1.5.
- Tension-induced destructuring (TID): May coexist with CID if M > 3.

However, as noted by Conde [45] and Serrano et al. [44,46], the experimental values of M are typically
between 1.5 and 3, without exceeding this upper limit. Therefore, compression-induced destructuring (CID)
is the most relevant mechanism from a practical engineering perspective.

Triaxial tests conducted at low stress levels were used to determine the failure law parameters for various
types of pyroclasts in the Canary Islands. Conde [45] and Serrano [44] discovered that welded lapilli had
lower average values for the parameter ¢ (around 10% of the collapse load) when compared to pumice,
which had values around 20%. In contrast, most other pyroclasts exhibited significantly lower average values
below 1%.

This study provides an important foundation for understanding the mechanical behavior of volcanic
rock masses and for developing more accurate and reliable slope stability models in volcanic environments.

It is relevant to note that collapse occurs when the isotropic compressive stress p reaches the value Pc at
any point in the solid. When the parameter |sin p| > 1, the resultant friction angle p is imaginary, then there
is no equivalent representation in the o-7 plane. To express the failure criterion in the o-7 plane, the collapse
is represented as a compressive cap (limit of compressive stress) when ¢ = Pc.

The assumed proportions in the whole mass (following a case reported in [29]) and geotechnical
parameters associated with the failure criteria [43] are described in Table 1.

Table 1: Characteristics of materials considered in the nonhomogeneous slope

Material Proportion Failure criterion Parameters
Altered scoria 15% Parabolic collapse criterion Pc=1MPa, t =0.045 MPa, M =3
Welded scoria 60% Parabolic collapse criterion Pc=4MPa, t=0.064 MPa, M =3
Basalt 25% Hoek and Brown failure criterion  UCS =100 MPa, m0 = 25, RMR =65,D =0

2

The previous criteria are represented in Fig. 3, where the compressive cap in the parabolic criteria is
shown when the normal stress is equal to the collapse pressure.
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Figure 3: Failure criteria used in the rock slope modeling. The parabolic failure criteria include the collapse pressure
vertical caps

2.3 Discontinuity Layout Optimization Method

The Discontinuity Layout Optimization (DLO) method is a modern computational approach for
stability analysis that improves classical limit analysis techniques, developed by Smith and Gilbert in
2007 [24]. Rather than assuming a predefined failure mechanism, DLO identifies the critical failure mode
through a systematic search among all possible configurations of discontinuities within a defined domain.

The method operates by discretizing the problem domain into a set of uniformly distributed nodes.
From these nodes, potential discontinuity lines, representing possible failure planes, are generated by
connecting pairs of nodes. The failure mechanism is then formulated as a problem of relative displacements
across these discontinuities, with both tangential and normal components considered. At junctions where
discontinuities intersect, compatibility conditions for displacement are enforced to ensure a physically
consistent solution.

An optimization problem is then established, where the objective is to minimize the total energy
dissipation associated with the movement along the discontinuities. Solving this problem identifies a
subset of discontinuities that together form the critical failure mechanism. Importantly, this mechanism
corresponds to the lowest energy configuration and thus provides an upper-bound estimate of the true
collapse load.

One of DLO’s strengths is its robustness and efficiency. It avoids the convergence issues often encoun-
tered in numerical simulations, particularly in problems involving weak confinement or complex failure
paths. Moreover, the accuracy of the results can be systematically improved by refining the node density,
allowing for high-resolution modeling of the failure pattern.

In this research, DLO is applied using the LimitState: GEO software [47], which can incorporate
linearized versions of advanced failure criteria, including the modified Hoek-Brown criterion and the
collapse criterion for pyroclastic rocks developed by Serrano et al.

The approximation procedure outlined in [48] defines several intervals, within each of which a linear
yield surface is utilized to represent the corresponding non-linear failure criterion. The limit analysis
optimization procedure of DLO will automatically select the line associated with the lowest load work
needed for the system to reach a state of collapse. When multiple linear yield surfaces are defined, several
linear Mohr-Coulomb materials are assigned to the system. A new set of DLO equations is established for
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each material, and all these equations are addressed simultaneously in the optimization problem. As this
optimization seeks to minimize load work, the Mohr-Coulomb line that provides the lowest values of normal
stress and shear stress at each discontinuity will be selected.

This allows for the realistic modeling of complex geological materials such as volcanic soils. Fig. 4

demonstrates the tangent approximation used to represent the failure behavior of low-density pyroclastic
rocks with mechanical collapse.

©"(Mpa)
]

-0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

c(Mpa)

Figure 4: Linear approximation to the parabolic failure criterion including collapse. Welded scoria with parameters Pc
=4 MPa; t = 0.064 MPa; M =3

Due to its flexibility, low computational cost, and strong theoretical foundation, DLO is particularly
well-suited for analyzing slope stability in geotechnical engineering.

When different linear criteria are superimposed at the same discontinuity of a solid, DLO writes down
the optimization equation for every single one, and the optimization process will select the one with the least
dissipation energy. This natural organization of the calculations allows us to define a procedure for randomly
assigning several materials in a solid and choosing the one to be considered at that point by forcing its failure
criterion to be the lower one.

The slope domain is characterized by a 20 by 20 reference points where the material is assigned
randomly. This assumes that the size of the minimum portion of each material is around 1 m, which is
consistent with field observations. In the DLO software, only one domain is defined, and the three materials
are assigned to it simultaneously. The effective material assignment at each specific location is made by
ensuring that the lowest failure criterion in this area corresponds to the actual material. For example, when
the material at one specific point is the weakest, the optimization procedure will automatically consider
it for failure, and no action is needed. If the actual material in the slope is an intermediate type, we
should artificially increase the failure criterion for the weaker material at that location. This will make the
intermediate material the weakest in that area, prompting the optimization procedure to select it instead.
By applying this procedure to all materials within the solid, the spatial variability of the material can be
incorporated into the standard DLO method.

Fig. 5 shows the random distribution of the three materials assigned to the reference volume of the rock
slope. This assignment fulfills the criterion of rock type percentage defined for each lithotype in the whole
reference volume before performing the excavation.
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Figure 5: Random distribution of the three materials considered in the reference volume of the rock slope

2.4 The Monte Carlo Method

The Monte Carlo method for slope stability analysis is a probabilistic approach that involves running
a large number of simulations to account for the uncertainty and variability in soil or rock properties or, as
in this research, for the spatial variability of rock lithotypes. In the first case, instead of using fixed values,
input parameters such as cohesion, friction angle, or unit weight are defined as statistical distributions (e.g.,
normal, lognormal). In the second case, a random distribution of material types is defined, maintaining a
global proportion of each one throughout the entire domain.

The conventional procedure in a Monte Carlo simulation includes the following steps [28]. The first step
is to identify the deterministic model, with fixed parameters and materials, that will be used to obtain a single
output (in this research, that would correspond to the reference model in Fig. 1). The second step is to identify
all the parameters with uncertainty. Third, a probability distribution is assigned to each variable, or a random
position is determined for each material (as shown in Fig. 5). Finally, a random trial procedure is established
to determine the probability distribution function for the deterministic situation being modeled. For each
simulation (or iteration), the method randomly samples values from these distributions and calculates the
factor of safety using a deterministic stability analysis (limit analysis by DLO numerical modeling in this
study). After many iterations (in this case, 1000 simulations), the results are used to estimate the probability
of failure, the distribution function of safety factors, and reliability metrics.

However, this study introduces an innovative variation of the method. Instead of applying randomness
to the mechanical properties of the soil, the Monte Carlo approach is used to simulate the spatial variability
of lithological materials within the slope. This is particularly relevant in highly heterogeneous geological
environments lacking well-defined stratigraphy, such as volcanic terrains. In these settings, pyroclastic
deposition and subsequent sedimentary processes produce irregular lithological sequences with little lateral
continuity and no clear patterns, making traditional geotechnical characterization and modeling difficult.

This approach starts from data obtained during a geotechnical field campaign (e.g., boreholes, test
pits, and in-situ tests), which provide relative percentages of the occurrence of each lithotype. Based on
these data, random spatial distributions of soil materials are generated in the model, where each node or
cell in the analysis domain is randomly assigned a lithotype according to the observed proportions. This
assignment is randomized for each simulation while maintaining the global lithotype ratios across the
domain. No stratigraphic order is imposed, reflecting the extreme heterogeneity typical of some complex
volcanic formations.
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The general procedure for the Monte Carlo simulation under this framework involves the following
steps:

1. Definition of a base deterministic model (reference model), with fixed material distribution and constant
mechanical properties.

2. Identification of the source of uncertainty, which in this case is the spatial positioning of different litho-
types.

3. Generation of random slope configurations, assigning materials to each domain point randomly, but
preserving the global proportions observed.

4. Calculation of the safety factor (F) using a deterministic analysis for each simulation (in this study, a limit
analysis via the DLO method is used).

5. Execution of a large number of iterations (1000 simulations in this case) to construct a statistical
distribution of safety factors.

This methodology offers a more realistic representation of geotechnical uncertainty in contexts where
lithological heterogeneity governs ground behavior, surpassing the limitations of deterministic models or
those that only vary material parameters. By simulating multiple spatial configurations, the method captures
the natural complexity of the slope, helps identify unexpected critical scenarios, and supports more robust
and risk-informed design decisions.

A fundamental distinction exists between the conventional Monte Carlo method, which applies vari-
ability to geotechnical parameters, and the spatial variability-based approach proposed in this study. In the
former, continuous probability distributions (e.g., normal, log-normal) create an infinite theoretical range of
values, allowing the model to explore even extreme scenarios, albeit with low probability. This results in tails
in the safety factor distribution, allowing failure probabilities to approach values near zero or one, as is typical
when modeling rare but physically possible events (e.g., extremely low cohesion or friction angles). In such
cases, there is always a small, non-zero probability (e.g., 10 or 10~°) that the safety factor falls below 1.0.

In contrast, the spatial randomization approach limits uncertainty to a finite number of possible
configurations, defined by the domain’s discretization and the combination of lithotypes assignable to each
cell. As a result, the number of unique safety factor values is also finite, and the resulting distribution lacks
continuous tails. This means the estimated probability of failure cannot approach 0 or 1 arbitrarily, unless all
configurations lead to failure, or none do.

This limitation has direct implications for the safety criterion. Since “rare but possible” events cannot
be captured through statistical tails, it is not advisable to rely solely on an acceptable failure probability
threshold (e.g., Pf < 1072, as proposed by Santamarina et al. [49]). Instead, the proposed approach requires
all Monte Carlo-generated configurations to yield safety factors above the stability threshold (F > 1.0), and
it additionally introduces a safety margin (e.g., F > 1.5) to account for residual uncertainty in constant
mechanical properties.

This hybrid approach, combining spatial probabilistic assessment with reinforced deterministic design,
provides a more robust evaluation in line with traditional geotechnical engineering principles. Given the
novelty of this spatial Monte Carlo methodology in geotechnical engineering, there are no established
acceptable failure probabilities, which must be informed by engineering judgment and experience. Therefore,
a conservative criterion has been adopted for volcanic slope stability, taking the deterministic design
threshold (F > 1.5) as a baseline requirement in all Monte Carlo simulations.

The cumulative distribution function (CDF) of the safety factor describes the probability that a random
variable takes on a value less than or equal to a given number. It is a fundamental concept in probability and
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statistics, and in slope stability analysis, it is used to assess the probability that the safety factor falls below a
critical threshold. Its graphical representation helps to evaluate the probability distribution.

This method offers a more realistic evaluation of slope stability by taking into account the natural
variability in geotechnical conditions, helping in making risk-informed decisions.

3 Results and Discussion

The proposed methodology addresses the stability of a slope characterized by the spatial variability of
the volcanic rocks it comprises.

The slope stability calculations used the so-called Strength Reduction Method (SRM) [50]. This method
defines a resistance reduction factor F that applies to an equivalent Mohr-Coulomb failure criterion of the
terrain, represented by both the friction angle and the cohesion. Since the Hoek and Brown and the parabolic
failure criteria of the different rocks were approximated with linear equivalent limits, the procedure applies
as follows:

C/

C} =7 )

¢ = arctg ( tg¢') (10)

F

being c; and tg(¢’;) the reduced values.

The DLO model will obtain a value of the coefficient F in such a way that the resistant properties of
the terrain (¢’ and tg(¢") of each linear approximation of the failure criterion) are decreased until the slope
reaches the failure.

Since the failure criteria, either the Hoek & Brown or the parabolic with collapse criterion, are defined
in terms of linear approximations, the strength reduction method is simultaneously applied to all the
equivalent parameters ¢’ and tg(¢’) with the same factor. Let us consider a linear approximation to the
failure criterion using n lines, with cohesive strengths ¢, c5,...,c),, and friction angles ¢}, ¢5,..., ¢,

respectively. When calculating the safety factor, the parameters defining the n lines will be affected by
the reduction factor, being the new parameters at the limit state c|/F, ¢;/F,...,c,/F, and friction angles

tg(p1)/F,tg(P5)/F, ..., tg(¢),)/F, respectively.

Regarding the rock spatial variability, a systematic calculation procedure was used to define a terrain
profile with material proportions of 15% altered scoria, 60% welded scoria, and 25% basalt, similar to
what is shown in Fig. 5. This procedure generates a terrain profile for each calculation, maintaining the
previous material proportions while randomly assigning the location of the different materials, as explained
in Section 2.3. A simplified flowchart to show the full workflow of the SRM is outlined in Fig. 6.

Considering the previously described procedures, a total of 1000 calculations are conducted, with
each calculation corresponding to a specific spatial configuration of the material. For each configuration, a
safety coefficient is determined. Following this, the Monte Carlo method is applied to determine the safety
characteristics of the slope.

To define a reference value, the factor of safety of the non-homogeneous slope F can be compared with
the safety factor of the rock slope composed only of the weakest material (altered scoria), which in this case
is Fyin = 2.053. If the slope is composed only of the intermediate material (a reasonable simplification, since
its amount is 60%), the factor of safety obtained is Fy g = 2.131. The small difference obtained between the
two configurations is due to their failure criteria being very close in the low normal stress range (see Fig. 3),
which is present at the slope failure wedges.
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Figure 6: Flowchart of the SRM procedure, including the model preparation and material failure criterion linearization
before using the strength reduction method in DLO

The value of the safety factor F, obtained for the entire set, is graphically presented in Fig. 7, where the
range of variation between the material configurations that induce failure and those that prevent it reaches
a value of 12, making clear the need for a statistical analysis of the lithotype distribution. This means that
adopting a unique, specific spatial configuration in a slope analysis may produce a very unsafe result.
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Figure 7: Results for the safety factor F for the whole set of calculations. The minimum and maximum values are
marked in red. The green line represents the reference value F = 1.5

To better understand the slope behavior shown in Fig. 7, the wedge configurations of the limit analysis
for the lower and highest safety factor are represented in Figs. 8 and 9.
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Figure 8: Failure mode with minimum factor of safety. (a) Homogeneous slope with the weakest rock and F,;,;,, = 2.053;
(b) Nonhomogeneous slope with the lowest factor of safety F = 2.24

I Basalt

Welded
scoria

Altered
| scoria

Figure 9: Failure mode with maximum factor of safety in a nonhomogeneous slope

Fig. 8 presents a comparison of the failure modes for two types of rock slopes. The first slope,
illustrated in Fig. 8a, is uniform and composed of the weakest material analyzed, which is altered scoria. In
contrast, Fig. 8b shows a non-homogeneous slope that has the lowest safety factor, with F = 2.24. As can be
observed, the material nonhomogeneity allows for a distribution of discontinuities like that of the weakest
case in this instance.

A different distribution of materials in the slope can prevent the previous failure from occurring,
necessitating that the discontinuities follow a more complex path in order to initiate the failure. This is
illustrated in Fig. 9, which presents the scenario with a maximum factor of safety of F = 14.50.

Intermediate geometric configurations of the materials in the slope present failures that are unusual in
a homogeneous slope, but are characteristic of a nonhomogeneous one, as the mid-slope failure presented
in Fig. 10. The model’s ability to identify unusual solutions is a highlight of the proposed procedure, especially
since traditional techniques using homogeneous slopes often overlook them.
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Figure 10: Mid-slope failure mode in nonhomogeneous rock. (a) Simulation number 1, F = 9.64. (b) Simulation
number 2, F = 5.57

Regarding the Monte Carlo procedure, a set of 1000 simulations was initially defined, and this decision
should be verified. Analyzing the convergence of the safety factor F mean along the set of simulations is
particularly important since it determines the optimum number of simulations. For this case, we obtain the
curve presented in Fig. 11.
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Figure 11: Convergence of the mean of the factor of safety, F

As observed in Fig. 11, after 400 simulations, the cumulative mean stabilizes, showing little deviation
from the final value of F = 8.50. The indicated preselection of 1000 calculations is therefore overall adequate.

Though not properly defined since it is not a continuous function in this research, it is of interest
to represent the discrete approach to the probability distribution function (PDF) and the cumulative
distribution function (CDF). The PDF shows the different percentages of simulations where the safety factor
reaches a threshold value. The CDF of the safety factor describes the probability that a random variable takes
on a value less than or equal to a given number. It is a fundamental concept in probability and statistics,
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and in slope stability analysis, it is used to assess the probability that the safety factor falls below a critical
threshold. Its graphical representation helps to evaluate the probability distribution.

The results, in terms of probability distributions of the normalized factor of safety, are shown in Fig. 12.
The probability distribution function (PDF) is presented in Fig. 12a, and the cumulative distribution function
(CDF) in Fig. 12b.
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Figure 12: Probability distributions of the factor of safety. (a) Frequency histogram of the factor of safety (PDF); (b)
Cumulative probability distribution (CDF)

The variability of F is relatively high, with about 85% of all realizations falling in the relatively wide
interval of 5 < F < 12. After estimating the parameters, it is important to evaluate how well the assumed
distribution fits the sample. This process of checking the goodness of fit can provide valuable insights [26].

Fig. 13 shows the agreement between the sample distribution obtained from calculations and a normal
distribution fitted with the same mean and standard deviation. The discontinuity observed in the frequency
representation of the factor of safety (see Fig. 13b) occurs because it is calculated from a limited set of 1000
individual cases. The gaps or sudden changes in the curve indicate the intervals where insufficient results
were obtained for these specific frequencies. Ideally, if an infinite number of cases were analyzed, the resulting
frequency curve would be continuous, resembling the red curve.

A general good agreement is observed between the probability distributions in Fig. 13, despite occasional
variations such as the low probability registered for F = 8-8.2, for example.

While the previous probabilistic approach to the Monte Carlo results is valuable as a reference to the
traditional probabilistic approach, it may not provide adequate safety on its own, as discussed in Section 2.4.
As noted, the discrete distribution used in Monte Carlo simulations does not effectively capture “rare but
possible” events due to its lack of defined tails, making standard thresholds potentially unreliable. Therefore,
for this case study, the proposed hybrid approach stipulates that all Monte Carlo simulations must yield a
safety factor (F) greater than 1.5 to be considered safe, which is indeed the case.
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Figure 13: Comparison between the probability distribution of the simulation and a normal distribution with the same
parameters. Factor of safety, F. (a) Cumulative probability of F; (b) Frequency of F

4 Conclusions

This study presents a novel probabilistic framework for volcanic slope stability analysis, shifting the
focus from spatial variability in mechanical parameters to spatial variability in lithological distributions. The
main result is a more realistic and robust stability evaluation that better reflects the heterogeneous nature
of pyroclastic terrains. The Monte Carlo approach is used, assigning randomized lithotype configurations to
the slope model while preserving global field proportions.

A key innovation is the integration of this spatial variability with the Discontinuity Layout Optimization
(DLO) method, enabling the identification of complex failure mechanisms, including non-circular and
mid-slope surfaces, typically missed by traditional techniques in homogeneous slopes. It also facilitates the
inclusion of non-linear failure criteria by linearization, without the numerical instabilities or convergence
problems of other methods. This approach, based on finite material localization instead of continuous
distribution of properties, also poses some questions. The spatially randomized approach limits the proba-
bility of extreme outcomes, unlike traditional Monte Carlo simulations that rely on continuous parameter
distributions and produce infinite variation and statistical tails. It is inappropriate to define safety based solely
on failure probabilities. Instead, the study advocates for all simulated configurations to meet a minimum
safety factor (e.g., F > 1.0) and proposes a higher threshold (e.g., F > 1.5) to account for unmodeled
uncertainties. This hybrid strategy combines probabilistic spatial modeling with conservative deterministic
thresholds, improving both the accuracy and reliability of stability assessments.

Current research concentrated on establishing a consistent methodology, evaluating its applicability,
and discussing the findings from a case study. However, further research is needed to consider other
important factors, such as the presence of a water table and the stratification structures typically found in
volcanic terrains, coherent with secondary spatial variability. The approach is especially applicable to volcanic
slopes with irregular stratigraphy, where homogeneous models fail to capture critical failure scenarios.
Furthermore, the introduction of an equivalent normal distribution for the factor of safety enhances its use
in engineering risk analysis and decision-making. Overall, the method offers a significant advancement for
both scientific understanding and practical geotechnical design in heterogeneous slope conditions.
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