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ABSTRACT: While interval-valued picture fuzzy sets (IvPFSs) provide a powerful tool for modeling uncertainty and
ambiguity in various fields, existing divergence measures for IvPFSs remain limited and often produce counterintuitive
results. To address these shortcomings, this paper introduces two novel divergence measures for IvPESs, inspired by the
Jensen-Shannon divergence. The fundamental properties of the proposed measures—non-degeneracy, symmetry, trian-
gular inequality, and boundedness—are rigorously proven. Comparative analyses with existing measures are conducted
through specific cases and numerical examples, clearly demonstrating the advantages of our approach. Furthermore,
we apply the new divergence measures to develop an enhanced interval-valued picture fuzzy TOPSIS method for risk
assessment in construction projects, showing the practical applicability and effectiveness of our contributions.

KEYWORDS: Interval-valued picture fuzzy sets; divergence measure; Jensen-Shannon divergence; TOPSIS; risk
assessment

1 Introduction

Uncertainty and imprecision are standard daily, especially during decision-making processes [1,2].
There has been a growing interest in recent years in how to deal with uncertainty and imprecision across
multiple applications [3-5]. Over time, a wide range of classical theories has been extensively studied,
for example, fuzzy set theory [6-8], Z-numbers [9], rough set theory [10], and R-numbers [I1]. One
significant contribution is Zadeh’s [12] introduction of fuzzy sets (FSs), which have since gained widespread
attention in addressing ambiguous and imprecise information. Later, researchers applied fuzzy set theory
in numerous domains, including decision-making, image processing, and control systems [13-15]. Based on
this, Atanassov [16] proposed intuitionistic fuzzy sets (IFSs), which integrate membership, non-membership,
and hesitation degrees to handle uncertainty precisely. This approach provides a flexible framework for
representing ambiguous data and has been effectively employed in areas like multi-criteria decision-
making (MCDM) [17-20]. For example, to enhance ranking stability and better reflect user preferences
in e-commerce decision-making, Kizielewicz et al. [21] proposed the FN-MABAC method integrates
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fuzzy normalization to mitigate ranking reversals and improve alignment with reference rankings. Later,
Atanassov [22] introduced interval-valued intuitionistic fuzzy sets (IVIFSs). IVIESs use interval values for
membership and non-membership, defined by their respective lower and upper bounds. This enables a
flexible representation of uncertainty, making IVIFS helpful in solving various problems [23,24]. Then,
Cuong and Kreinovich [25] introduced picture fuzzy sets (PFSs) to extend classical fuzzy set theory by
incorporating a neutral membership degree alongside positive and negative memberships, thereby enabling
a better representation of uncertainty or indecision. PFSs, with their four degrees-positive, negative, neutral,
and refusal-are particularly useful in decision-making scenarios that involve ambiguity, such as medical
diagnostics and personnel evaluations [26-29].

Although PFSs improve the ability to manage uncertainty, they still depend on exact membership
values. This can be a limitation in complex situations where uncertainty changes or the information is
unclear. Therefore, Cuong and Kreinovich [30] introduced interval-valued picture fuzzy sets (IvPESs), a
significant development of PFSs. IVPFSs address the limitations of fixed membership degrees in the original
PFES framework. It represents positive, negative, neutral, and refusal membership degrees as intervals instead
of single values, offering a more flexible and comprehensive approach. This adjustment considers the
natural variability and uncertainty in real-world decisions. The interval values in IvPFSs make it easier
to model uncertainty more accurately, especially in applications like risk assessment, medical diagnosis,
and construction decision-making, where data are often not exact and range within specific ranges [31,32].
Researchers [33-36] have developed various measures to enhance the applicability of IVPFSs. Khalil et al. [37]
introduced novel operations and addressed related decision-making challenges. Ma et al. [38] combined
IvPFS with an MCDM process to effectively evaluate design concepts under uncertainty, using an integrated
approach with entropy weighting and an extended TOPSIS method.

The exploration of divergence measures has played a crucial role in developing fuzzy sets and has
drawn extensive interest [39,40]. Many researchers have developed measures for IFSs and PFSs. For instance,
Hatzimichilidis et al. [41] introduced matrix norms and fuzzy implications for IFSs. Jiang et al. [42] proposed
an IFS distance method and validated its effectiveness through clustering. Wu et al. [43] proposed an
important intuitionistic fuzzy distance measure based on Jensen-Shannon (JS) divergence, enhancing the
ability to distinguish and rank IFSs. Singh et al. [44] developed a range of distance measures on PFSs
with adjustable parameters, including the normalized Hamming, Euclidean, and Hausdorft distances. Yuan
etal. [45] introduced a JS divergence-based distance measure for PFSs with a maximum deviation approach
for alternative ranking. Zhu et al. [46] introduced two distance measures on PFSs based on JS divergence.
However, these works did not extend the fuzzy numbers to interval values. Thus, several distance or
divergence measures have been specifically created for IvIFSs and IvPESs. Xu and Chen [47] provided
enhanced IvIFSs with weighted and geometric distance models. Gohain et al. [48] proposed an optimistic
distance measure for IVIFSs with cross-time information and applied it to clustering tasks in engineering
problems. Mishra et al. [49] introduced a novel divergence measure for IVIFSs and proposed a vehicle
insurance solution. Zhu and Liu [50] developed novel distance metrics for PFSs and IVPFSs using Hellinger
distance and showed superior performance. Khan et al. [51] combined IVPFSs and hypergraphs to evaluate
their role in enhancing processes. While these methods have demonstrated differing degrees of effectiveness,
some limitations remain:

« There is a significant gap in divergence measures for IVPFSs, with limited research and scarce literature
available on this topic.

« Several existing distance measures for IvPESs fail to satisfy the basic axioms.

o Certain established measures produce inconsistent or unforeseen outcomes when evaluating the
differences between diverse IvPFSs.



Comput Model Eng Sci. 2025;144(2) 2101

The work presents two novel measures for IvPFESs, intending to resolve the limitations of existing
methods and the significant gap for IvPESs. The key contributions can be summarized in four aspects:

+  We propose two new JS divergence measures for IvPFSs.

o We prove that the introduced measures satisfy the fundamental principles that define divergence
measures.

+  We introduce divergence measures that can efficiently solve and correct the counterintuitive results
observed in some instances with existing measures.

« We propose an improved interval-valued picture fuzzy TOPSIS approach based on new divergence

measures for risk assessment in construction projects.

The structure of this manuscript is illustrated in Fig. 1. Section 2 gives the fundamental concepts.
In Section 3, two novel distance measures based on Jensen-Shannon divergence for IvPFSs are introduced
with comprehensive proofs and derivations. Section 4 conducts various numerical analyses to assess pro-
posed measures in comparison to existing ones, using diverse case studies. Section 5 implements the TOPSIS
method within the context of a construction risk assessment challenge, culminating in significant findings
and recommendations for future research in risk evaluation. Finally, Section 6 provides the conclusions and

prospective future work.
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2 Preliminaries

This section will present some essential concepts and review several existing distance measures.

2.1 Basic Concepts of Fuzzy Sets

Definition 1 ([12]). Consider a universe of discourse (UOD) Y = {0y,0,, - -+, 0, }. A fuzzy set (FS) is described
as follows:

J={0,&5(0) loeY} ©)
where &5 (0) €[0,1] expresses the membership. For each o0 €Y, we have 0< &5 (0) <1 and ¢3(0) =

1-¢5(0), and ¢3(0) :0 — [0,1] indicates the non-membership related to 0 € Y.
Definition 2 ([16]). An intuitionistic fuzzy set (IFS) in Y is defined as follows:

J={0,&5(0),65(0) [oeY} 2

where &5 (0),65(0): 0 — [0,1] express the membership and non-membership. For each o €Y, we have
&5(0)+¢5(0)<1land {3(0) =1-E&5(0) — 5 (0), where {5(0) : 0 — [0,1] reveals the hesitancy degree of
oeY.

Definition 3 ([22]). An interval-valued intuitionistic fuzzy set (IVIFS) in X is defined as follows:
J={0,&(0),¢5(0) [oeY} (3)

where &5 (0) = [E\%(o), Eg(o)] and ¢5 (0) = [c%(o), cg(o)]. These intervals indicate the extent to which an
element exhibits positive and negative membership in a set. For Yo € Y, we have &5 (0) +¢5(0) <1 and
3 (0) =1- &5 (0) — ¢5 (0), where 5 (0) = [(5(0), (Y (0)] indicates neutral membership within the ranges of
oeY.

Definition 4 ([25]). A picture fuzzy set (PFS) in X is defined as follows:

J=10,&(0),65(0), (5 (0) oe T} (4)

where &5 (0),65(0), {5 (0) € [0,1] express positive membership, negative membership, and neutral member-
ship degrees. For each 0 € Y, we have &5 (0) + ¢5 (0) + {5 (0) <1and w3 (0) =1-&5(0) - ¢5(0) — {5 (0),
where wy (0) : 0 —> [0,1] represents refusal membership degree of 0 € Y.

Definition 5 ([30]). An interval-valued picture fuzzy set (IvPES) in X is defined as follows:

J={0,&5(0),¢5(0),¢5(0) loeY} ()

where &5 (0) = [£5(0), 5 (0)], 63 (0) = [¢5(0),6¥(0)] and {3 (o) = [(5(0), (Y (0)]. These intervals rep-
resent the degrees of positive, negative, and neutral membership that an element holds. For all 0 € Y, we
have &5 (0) + ¢35 (0) + {3 (0) <land w3 (0) =1- &5 (0) —¢5(0) — {5 (0), where wy (0) : 0 — [0,1], where
wy (o) = [wg(o), wg(o)] indicates refusal membership within the ranges of o € Y.

2.2 The Existing Distance Measures for IvPFSs

To showcase the advantages of the distance measure proposed in this paper, this subsection will first
present current distance measures in Table I and compare them with the proposed measure, highlighting
their limitations in Section 4.
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Table 1: Existing distance measures of IVPFSs

Ref. Distance measures
| L (0i) - €5 (00)| v [ER (i - € (01)] ]
Liu DL(319) = 1- £ 2y cos{ 2| viek (o) = b (0)] v [ek(o,) - 63 (01)]
etal. [52] i V[Ch (o) = ¢ (04)| v |CR(0) s (0i)] | ]
&5 (00) - E%(oi)\ * \f§<hi) - &8 (o))
Liu DEQI9) =13 Ziacos | +lo5(00) = ch(on)|+ [s3(or) = 65 (00)
etal. [52] L +I6i(0) ~Gao)l+ % (0)) - B (o) |
e =E5)) T [ 3(ehon -ch(on) T
~(65(01) = c5(0)) ~ (& (o) - £ (o)
(G0 ~&500) | L (G0 ~t5(00) ]
(380 - Ch(0n) T [ 3(ER(0) - &R (o) |
Caoand  Dg(39) = | o S| + ((0) (o) | +| = (cB(0i) =K (0:))
Shen [53] |~ (b0 - 6b (01)) L L= (G0 -6560) |
[ 3(cR(0) = cR(0) T [ 3(¢&(0s) - ¢&(01))
| - (00 -8R0 | +| - (8800 - & (o)
\ | (@) -Be)) | L (o) - Bien)
4(&(0) - &50)) T 4(z§<o) &) T
—(cg(O) c;,(ﬂ)) —(65(0i) - cg(o )
(G = (0) | (c§<o> ¢8(01))
[ 4(c5(0)—cx(0) 17 [ 4(s5(01) =c5(01) ]
Caoand  DEAIH) = | g Zia| + (53@) & (00) | + —(s§(0> EE(0:))
Shen [53] | (& (0) = C5(0)) | 1 |~ (G5 (00) = &8 (00)) | 1
a(Chor) - <ﬁ<o>) [ 488 (0i) - R (01)
H = (o) - E5(00) | +| - (E2(0) - E8(01))
\ | (o) -cbo) | [ (o0 - chon))
/& (01) =/ 00l /&Y (01) = /€Y (o))
- BL(3,5) = 2 3t mas| VD~V ELI/S 00 —/ei(e)
etal. [50] Sk (o) = /T (o) 1y /¢¥ (o) = /¢4 0]
@k (o) = /@ (0], [y/@§ (01) = /@Y (0)]
/& 00) = /& @) /8 (0:) = /& (o)
i D2(3,9) = L 3., max /e (00) - \/cg<oi>|j,|¢cg<oi> - ¢<g(oi)|z
etal. [50] /8 (00) = /8 (002 1\ /¢ (01) = /¢4 (01)]

@k (0:) = \Jwh (o) [\ /@Y (0:) - /@l (o:)?

2.3 Jensen-Shannon Divergence

The Jensen-Shannon (JS) divergence finds extensive applications in areas such as machine learning and
information theory for comparing different probability distributions.
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Definition 6. Let P and Q denote two probability distributions, represented as P = {py, p2,...,pm} and
Q={q1,92 --.,9m}. The JS divergence can be mathematically expressed as follows:

P+Q
2

[ZP] (pJ 5 ) : qu log(pjzzjqj)] ©

where the entropy H (P) = - Y. p;log pj and H(Q) = - ¥7., q;log q;, with logarithm taken to base 2.

]S(P,Q):H( )—%H(P)—%H(Q)

3 New Divergence Measure for IvPFSs

This section presents two new divergence measures for IVPFSs from the Jensen-Shannon divergence.
Definition 7. Let O = {0,,0,, -+, 0,} be a UOD. For two IvPFSs J = {(&5(0),¢5(0),{5(0)) |0 € Y} where

&5(0) = [€5(0), €5 (0)], ¢5(0) =[65(0), ¥ (0)] and {3(0) = [{5(0), (Y (0)], similarly & (o), ¢5(0) and
{5 (0) correspond to §). Subsequently, a JS divergence, denoted as J S}, pp(J,$), for the IvPFSs J and ) can be
expressed by the following equation:

L 285 (04) U ng(ﬂi)
Glonlog ey oy + & (0 log i ey

L 285 (04) U 289 (01)
P ledloe g e e (e lee gr e
L ZC (0) ZCf}(U,‘)
+65(0;) log —C ORFAH + 65 Y(0;)log —U(Oi)7+c%(oi)

L 2% (0) ZC%(W)

# 65 (00 log gt oy * o (00108 T T
L 24 (o) v 24 (o0

+ G500 log 5y + G (o) log sy
) 204 (o) v 204 (00)

(o) log i@y + s (0 log ey

1
]S}vPFs(3>53) =1 (7)

Definition 8. Assume O is a UOD. For two IVPFSs J = {(&5(0),¢5(0),{5(0))|o € Y} where &5(0) =
[£5(0),&5(0)] ca(0) =[c5(0), 65 (0)] and (5(0) = [{5(0), 5 (0)], similarly & (o), ¢4(0) and {s(0)

correspond to §). Let wy (0) and wg (0) denote the rejection levels of x with respect to J and $) respectively. The
other JS divergence, known as ]S, pps (3, ) for the IvPESs J and §) is defined as:

L 28L (0/) qu(o,-)
fg(ﬂi)log _EL (o; )GJrEL (0_) + E“} (0 )log EU(O )3+ E%(Ux)

I 28L, (0 285 (04)
+85 (00 log oy ey * Sn (0N log ey r ey

2¢5 (01) 264 (o))

5 ;
+g3(oi)logm + CJ( i)logw

+ck (o )logro%& + ¢Y(o; )10g_<r&

~ 1 )+ (o) <Z(00) +<7 (o))
JStopes(3:9) = ~ (8)

4 285 (01) 20 (o)

+(3(0i)10g —Cg(oi)3+(%(oi) + (3 (Ui)log (g(oi)aJr(%(oi)
L 205 (0:) U 20¢ (01)

+ (o) log oSy * 4 (00)log iy

205 (01) 203 (01)

+w§(oi)log—w%(of‘;‘+:%(oi) + wy (0;)log —U(033+:§1_](0i)

2 L( i) 2 U ;
+w%(o,’)logwg(—:ﬂ:gw + w¥ (o )logﬁ%
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Definition 9. The normalized distance based on the Jensen-Shannon divergence between IvPFSs § and §) is
represented as D}, prg (3, 9) for three dimensions in Eq. (9). In comparison, for four dimensions it is expressed

as H~)%vPFs (3,9) in Eq. (10).

. N 10
]D)}VPFS(J"?J) = ; Z [Vpps(d 57)
i=1
L 285 (0;) U 285 (0y)
Slenlog ary oy + G (e lee mrn i wmy
255’(0) 25%(01')

L —_—
+ Eﬁ(oi)logm +£5(0:) log (o)) + & (o))

L 2% (0) ZCQ(Ui)
A E rqlenlog gy e + 6 (00) log oyt vy 9)
- 1 2 2¢Y (o;
miE | +es(enlog st oy +(Zg)<o» +65(00) 0§ wro s e
L 2(1.1(0,) U X 2(,[.](0,)
+ (5(0i) log GACHETACHM (5 (01)log TCo) + @)
L 2(3‘(01') U 20 (0:)
\ + 05 (00)log 7oy + s (00 log o r oy
i N 1
D7, prs (3, 9) = n Z S prs (3, 9)
L 285 (0y) U 285 (0:)
g:f(oi)log —gg(oi)3+ ACH) + 5:; (0;)log _fg(oi)3+ &7 (01)
gL 1 ZEL (Ui) EU 1 2{%(0,-)
+ &g (0n)log s ooy + 45 (00) log rr 33 s
L 2;L~(oi) U 26 (0))
+ 6500 log sty + 65 (o) log oy
L 265 (01) U 26 (0:)
_ lzn: 1 + Cf)(oi)log CLJ(O[)Y+ C%(U;‘) +C5’)(0i)10g Cg(oi)y+ c%(ﬂi) (10)
T = 4 205 (o01) 205 (04)

+ G5 on)log oy oy
L 205 (01)

+ a0 log e iy
2wd(0 )

+ wé(o,)logm
ZwL (0,‘)

L, o S el (a3
\ + (U5§(°z)10g w5 (o) + 0 (0:)

Ulo: ot
+ 63 (o) log ey 7Ty
204 (o
+ 18 (01108 g ey
ng(o,-)
w§(0i) + w0y (0:)
205 (0;)

+ w5 (0;)log

; > A S P
- wb(ol) log w%(oi) + w%(ﬂi)

Specifically, we define that when &5 (0) =& (0)=[0,0], log m =0, the same with
I HAt
€g(0:),&2(0:). 63 (0:), {5 (0;), g (0;) can be similarly defined as in the previous definition.
Remark: The divergence values from our proposed Jensen-Shannon-based measures for IvVPFSs possess
interpretable informational significance. Specifically, the JS divergence quantifies the dissimilarity between
two IvPESs by evaluating the average information gain when one distribution is used to approximate another.

For IvPESs, this means that the divergence score reflects the cumulative uncertainty difference across all
interval-valued membership components (i.e., positive, negative, neutral, and refusal).

A divergence value close to 0 indicates that the two IVPFSs exhibit highly similar uncertainty structures.
In contrast, values closer to 1 imply substantial differences in their interval-based representations of mem-
bership and hesitation. Geometrically, these measures correspond to the “distance” between interval-valued
vectors in a normalized probabilistic space, accounting for both the position and spread of the intervals.

Property 1. Let J, ) and O be three IvPFSs in UOD X. Then Dy, prs(3J, ) has the following properties:
1. Dpprs(3,9H) = 0ifand only if J = .
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2. H:)IVPFS (3,9) = I@vaps (9,9). i
3. Dpprs (3,9) + Dpprs (9,0) 2 Dpyprs (3, O).
4. 0<Dpprs(3,9) <L

We illustrate the validity of the above axiom by taking D} ,.5(3J,$) as an example.

Proof: Given J = ), we acquire

E5(0:) = £6(0:), €Y (0:) = £5(01),
¢5(0:) = ¢5(0:),65 (0:) = 6§ (01),

G5 (0:) = 5(00), G5 (04) = {5 (04).

Then, we can obtain

log 285 (04) 285 (01)
EL(O) + & (o) EU(O) + &2(0i)’

" 2¢5(0y) ) 26 (0;)
¢k (0i) + ¢k (0s) ¢Y(0i) + ¢2(0;)

285(04) 205 (04)

(L(U) + o) (3(0) + {g(0i)

Likewise, if D!

IvPES

&5(0) = £5(0), &5 (0) = £3(0),
¢5(0) = ¢5(0),¢5 (0) = ¢g (o),

{5(0) = {5(0), &5 (0) = {5 (0).

Hence, it can be deduced that J = §.

(3,9) =0, we can get

Therefore, we can prove that ]D)i ors

Comput Model Eng Sci. 2025;144(2)

(3,9) =0ifand only if J = . O

Proof: We know that
E‘%(oi)logﬁ%Jrfy(ﬂ')lOg%
+ E%(oi)logm% +fg(° )log%
g |4 +q%(0,~)logq%(:f)+(zf_))m+%(0i)log%
(é(oi)log%+(g(o<)log$%
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&¢(0;)log

1 cj%(o,-)log

_ 285000 +&%(0;) log

T (o)) + & (07)
25%(0,‘)

L. Ulqy. e
+ &5 (0;) log & (o)) + & (o)) +&5(0)log (o)) + &7 (01)

L al) + c},’(oi)log

2(% (0,‘)

289 (01)
§5(0i) + &L (04)
25%(0,‘)

265, (01)
5 (0i) + ¢ (o)

z”: 1 E(01) + <& (o1)
i 4 +¢5(0;) log T
J

S =
I

L 205 (o)
¢ (o) log 7o e oy

+ g (0:)log w

ch(ﬁi)

U
T i oy + S (00108 Tt

205 (0:)

(0:) + {2 (0:)

= D}VPFS (573’ 3)-

As a result, we can obtain Dy, prs J,.9) = Dy prs (9,9).0

Proof: Four assumptions are proposed:

o Assumption 1: &5(0;) < &5 (0;) < &o(0)).
o Assumption 2: {p(0;) < &g(0;) < &5(0;).
o Assumption 3: &g (0;) < min {&5(0;), {0 (0;)}.
o Assumption 4: &g (0;) > max {&5(0;),¢0(0;)}.

From Assumption 1, we can prove that
183(0:) = 85 (00)[ + 185 (04) = S0 (0:)[ = [E3(01) = So(0i))|

= &5(0i) = &5(0i) + E0(0i) = E5(0i) + &5(0:) = Eo(0:)
=0.

Given this Assumption 2, the proof is structured as follows:

183(0:) = §5(0:)[ +[§5(0:) = Eo(0:)| = |€5(0:) — Eo(0s)]
=&5(0i) = &5 (0i) + En(0i) = Eo(0;) = &3(0:) + €0 (0:)
=0.

The proof under Assumption 3 is as follows:

205 (o))

. 204 (o)) v
N\ Godlog ey sy + (5 (o) log ooy vy

Obviously, it is known that &5(0;) > & (0;) and Ep(0;) > &g (0;).

1€5(01) = Eq (0:)| + €5 (01) = E0(0)] = |E5(01) — Eo(0))]
§3(0i) = §5(0:) + S0(0i) = &5 (0i) = §5(01) + §o(01)
if {o(0:) < &5(04)
§3(0:) = &5(0i) + &o(0i) = &g (0:) + &5(0i) — Eo(0:)
if {o(0;) > &5(0))
=2 (min {&5(0;)€0(0;)} - &5(0;)) 2 0.

The proof based on Assumption 4 is given below:

Likewise, it can be shown that &5(0;) < &5 (0;) and {p(0;) < Eg(0;).

1€5(0:) = & (00)] + 85 (01) = S0 (0:)[ = |85 (01) = S0 (0s)]

2107
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§5(0i) = &5(0:) + &5 (01) — So(0i) = §5(0i) + Eo(01)

if So(oi) < &5(0:)

§q(0i) = &5(0i) + &5 (0:) = §o(0;) + &5(0i)
if $o(0i) > &5(0:)

=2 (&5 (0;) ~max{&{5(0:)8o(0i)}) > 0.

- §o(0i)

Comput Model Eng Sci. 2025;144(2)

In conclusion, under these four assumptions, we have proven that

1€5(0:) = &5 (0:)] + 185 (0:) = So(04)] > [£5(0:) = So(o

By the same reasoning, it follows that

l63(0:) = 66 (0:)[ + 65y (0:) = 6o (0:)] 2
| >

|
1C3(0:) = (o (0:)[ +]C5(0i) = Col0:)] > |

D)l

3(0i) —go(0)|
CICHRICICHIE

Hence, it can be seen that D! .. (J,9) + D} g (H,0) > DL 106 (3,0). 0

Proof: Suppose that Jj and $) are two IvPESs.

L 28% (o)
fa("f)logm

285 (01)

L
+ 8500 log w0y &(o,) + & (o)
L ch(o,-) U 2¢5 (01)
(3.9) = li 1| glen)log oy + 65 (00 log s r
IvPFS = 2 267 (o;
miE | A+ eg(en)log 7 (oif?-’<o>+%< f>1°g<g<a,3f2,£<o,->
284 (07) 289(0)

L
Glonlog eyt o

L (: (0
+ (s (o) log 7 oy

U
+& (el ey ey

+ &5 (0i) log

+ 05 (01) log 7oy -G

+(ﬁ(o ) log

285 (04)

280 (04)

2(53(0)
{5 (0i) + {3 (01)



Comput Model Eng Sci. 2025;144(2)

L L & (0) 285 (0;)
(&(0) + & (0'))(&(0[)%@,(0[)1"% & (o)) + & (o))

£5 (01) 285 (01)
&k (o ;ﬁ+ &% (o) log 21 (0[)31 E%(o,-))

U §5(0i) 285 (01)
+ (&5 (o) + fsﬁ("'))(asU(a,-)+fU(o,-)lc’g (o) + & (o))

£ o) 264 (o))
T, ) 1© B+ 5 (o))

L ¢5 (1) 265 (o)
+(65(0s) + cﬁ(Oi))( (o) + L (o) 18 (e + <L (o)
65 (1) 265 (04)
Zn: l + C%(0i§+ C%(O[) log g%(oi)ﬁ+ c%(o,‘))

— | 4 U U D) 265 (01)
=1 + (CG’ (0,’) + Cﬁ(oi)) (Cu(oi;Jr AT log Cg(oi)"+ T
b ) o, 26500 )

(o0 ek (o) 08 T(o) + 4 (o)
L " {5 (0:) 205 (01)
+(G5(00) + CVﬁ("f))(:g(a,-)ﬂc@,(o,-)lc’g o0 + 5 (o)

& (o) 284 (o))
(o0 + (o) 0B (o)) + T4 (o >)

U U 5 (01) 205 (04)
+({G00) + 55(0‘))(c9(ai)+zg<oi>1°g o0 + 15000

$4Ch) 209 (01)
* o0+ (o) 198 (o) + cg(oo)

:%é (‘5+:3) 1 H(Jﬂﬁ J+57J))

For each £ € [0,1],

1-H(E1-8) <|E-(1-§)|.

+

X | =

+

When n =1, it is defined as D}V PES (3,9). Then, we can get:

2 [vos)]
J+55 J+H 4 (3.9)

where V (J, $) is the variational distance of J, £). We can prove that 0 < V (J, 9) < 4.
Therefore, it is proven that 0 < Dy, prs(J,9) < 1. O

Dlyprs (3.5) <[ ; @

4 Numerical Comparisons

This section shows four numerical examples to demonstrate the introduced divergence measures.

Example 1. Consider three IvPFESs J, ), and O as follows:

{([0.12,0.37],[0.29,0.31],[0.26,0.27])},
{([0.12,0.37],[0.29,0.31],[0.26,0.27])},
{([0.50,0.55],0.17,0.21],[0.15,0.21]) } .

J=
9
0=
We can compute the divergence measures between these IvPFSs as follows:

DY pps (35 $) = 0.0000, D7 pps(5,3) = 0.0000,
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ID)%vas 3.9) = 0-0000>®%va$ (4,3) = 0.0000,
D1, prs (3, 0) = 0.2163, D}, p s (O, F) = 0.2163,
D2 pps (3, 0) = 0.2302,102 116 (O,F) = 0.2302.

These results demonstrate that both divergence measures, D}, ¢ and D? , ., satisfy the Property 1 and
Property 1 as expected.

Example 2. Consider three interval-valued Picture fuzzy sets (IvPFSs) J, $), and O defined as follows:

{([0.09,0.28],[0.47,0.48],[0.16,0.19]) },
{([0.11,0.17], [0.24, 0.33],[0.29, 0.30]) },
{([0.10,0.22],[0.04,0.28], [0.48,0.48]) } .

J
9
@)

The computed divergence measures between these IvPFESs are as follows:

D3, prs (3, H) = 0.1565, D}, pps (5, O) = 0.1799,
ED}VPFS (3, O) = 0.3132, D%VPFS (J,fj) = 0.1944,
D2 prs (5, 0) = 0.3280,07 154 (J, ©) = 0.2319.

These results satisfy the triangular inequality property:
D1yprs (3, 9) + Dryprs (9, 0) 2 Dpprs (3, 0),

demonstrating that both divergence measures, D} . and D? ., satisfy Property 3.

Example 3. For each Case; (where i=1,2,3,4), the IvPFSs J; and $); are provided in Table 2. The
corresponding results across these four cases are summarized in Table 3.

Table 2: The IvPFSs J; and §); are examined across different cases in example 3

IvPESs Case; Case,

3 {[0.40,0.45],[0.10,0.15],[0.30,0.35])  ([0.25,0.30],[0.05,0.20],[0.45,0.45])
9 ([0.20,0.30],0.15,0.20],[0.40,0.45])  ([0.15,0.50],[0.10,0.20], [0.30, 0.30])

IvPESs Cases Casey

3. ([0.20,0.30],[0.35,0.35],[0.10,0.20])  ([0.15,0.25],[0.10,0.15],[0.15,0.30])
9, ([0.10,0.20],[0.45,0.45], [0.20,0.30])  {([0.05,0.15],[0.20,0.25],0.25,0.40])

The findings shown in Table 3 and illustrated in Fig. 2 indicate that the two proposed divergence measures
for IvPESs are particularly effective at distinguishing between different scenarios. However, in scenarios with
highly similar instances, such as between Case, and Case,, both D} and D? have identical results, indicating
their limitations in distinguishing these cases effectively. A similar pattern with Cases and Case4, where all
six measures, ID>1L, ]D)%, ]D)lC s DZC s }D)lz, and D%, produce identical results. Despite these challenges, the proposed
divergence measures prove more effective in capturing differences across cases.
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Table 3: The evaluation of various measures for IvPFSs

Case; Case, Case; Casey

ID)IL 0.0489 0.0489 0.0123 0.0123
ID)f 0.1275 0.1275 0.1090 0.1090
Dis 01472 0451 01159  0.1159
]DZCS 0.1473 0.1463 0.1166 0.1166
]D)lz 0.0926  0.1118 0.0818 0.0818
ID)% 0.0172  0.0250 0.0134 0.0134
]f)J}VPFS 0.1334 0.1384 0.1291 0.1485
D%v prs 0359 01872 0.1590 0.1604

Cases
Case 1
mm Case 2
EEm Case 3
. Case 4

0.175

0.150

0.125

0.100

Values

0.075

0.050

0.025

0.000

i

o &

7
o 3 \3“7

L)
&
Figure 2: The comparison between existing measures and proposed measures in example 3

Example 4. Consider three known patterns 3y, J,, and J3, along with the unknown pattern §), each
characterized by properties described by IvPFSs within the feature space X. The data and results for these patterns
are presented in Table 4 and Fig. 3.

[0.20,0.30],, ,[0.15,0.24], [0.26,0.38],, ,[0.18,0.29],
([0.26, 0.30] ) : ([0.18, 0.25] > : ( [0.21,0.25] ) : ([0.24, 0.35] > :
[0.15,0.22] I 1[0.21,0.30] [0.12,0.15] | 1]0.16,0.23]
[0.18,0.25],, ,[0.15,0.24], [0.24,0.30],, ,[0.25,0.30],
Ji= ([0.13,0.25],),([0.15,0.19],), ,Ja = ([0.20,0.29] ,),([0.18,0.25],>, ,
[0.20,0.26]! 1[0.25,0.30] [0.12,0.19] | 1[0.14,0.20]
[0.20,0.30], [0.34,0.40],
<[0.25, 0.28] ) ( [0.15,0.20] )
[0.10,0.20] [0.18,0.29]
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<
[

|
|

[0.25,0.35],, ;[0.23,0.35]
[0.15,0.20] ) , <[0.20, 0.30]
[0.13,0.19] I 1 [0.10,0.25]
[0.30,0.35],, ;[0.20,0.25]
[0.15,0.27] > , <[0.24, 0.30]
[0.07,017] I ' [0.10,0.16]
[0.30,0.38],

|

[0.20,0.25],
[0.15,0.26]

|

>

>

b

>

)
)

e

[0.30,0.40],, ,[0.20,0.30],
([0.20, 0.24] ) , ([0.25, 0.34] ) ,
[0.10,0.15] [0.15,0.21]

[0.25,0.32],
[0.21,0.30] ) , <[o.2o, 0.25],
[0.10,0.20] I ' [0.15,0.21]

<[0.35, 0.42] )

[0.26,0.31],

| |

[0.16,0.21],
[0.20,0.30]

Table 4: Results for pattern recognition under example 4

QuH) G29) (@9) Result
D}  0.0154 0.0013 0.0036 I,
D?  0.0670 0.0024 0.0213
Dy 0.0951  0.0186  0.0502  J,
D¢y 0.0955  0.0189  0.0507 I,
D,  0.0588 0.0183 0.0333 3,
D  0.0071 0.0007 0.0022 3,
Dj,pps 01058  0.0218 00597 3
D?,pps 01158  0.0293  0.0699 3,

Comput Model Eng Sci. 2025;144(2)

0.1

0.06

Distance

0.04

0.02

D2, s

Figure 3: The comparison between existing measures and proposed measures in example 4

Based on the results presented in Table 4, the following conclusion can be drawn: across all measures (D},
D?, Dig, Dig, DY, D%, D}, pps and D? o), the unknown pattern §y consistently shows the smallest distance
to the known pattern J,, which indicates a high degree of similarity between them. This finding suggests that J,
is the best match for §) across all evaluated metrics, further validating the accuracy of §3’s classification and the
effectiveness of the model.
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The divergence scores reflect the degree of dissimilarity between $) and each reference pattern. A lower
divergence value corresponds to a higher similarity and thus a stronger classification association. For instance,
if D}V prs($: Ji) i ]D}v prs (8, Ji), this implies that pattern §) shares more uncertainty characteristics with J;
than with Jx. This mapping logic enables the direct use of divergence measures as pattern similarity indicators
in classification tasks. The classification decision for ) is then made by assigning it to the pattern class with the
lowest divergence, similar to nearest neighbor principles in metric spaces.

It is important to note their practical application. For instance, the IvPFSs in Example 3 and Example
4 can be viewed as abstract representations of expert evaluations in real-world scenarios, such as engineering
risk levels, patient symptoms, or environmental assessments. Each component of the IvPFS corresponds to
the interval-valued judgment on positive, negative, or neutral aspects of an alternative. Consequently, smaller
divergence values indicate higher consistency in expert opinions or higher similarity in attributes.

5 Application

In this section, we will introduce an improved TOPSIS for a risk assessment in a construction project.

5.1 The Improved TOPSIS Approach

TOPSIS is a method used in MCDM to determine the optimal solution from multiple options. Its basic
principle is to evaluate each option by comparing it with a positive ideal solution (PIS) and a negative ideal
solution (NIS). Our improved TOPSIS method for IvPESs is as follows:

o Step 1: Define the performance of each alternative P = {P}, P, - - -
criteria C = {0, 0, ++,0,}, forming a matrix V= (6 ,J)

which are represented as spherical fuzzy numbers 6;; = (f,-j,g,-j,(,-j) where &;; = [f,],fu] Gij =
[cfj,cg] and (;; = [ U,Cg] It is defined as:

, P, } across multiple evaluation
., containing these evaluation values

O, 0, 0,
(& &0l (&L, €0, (& &)
P ([Cu’cu]’ [CIZ’CIZ]’ ([Cln"?ln]’)
(¢ & (¢ ] (¢ ¢ ]
(& &3] (&35, &), (&5, &3,
V= (ﬁij)mxn P [C21’C21]’ [sz’C22]> [CZH’CZn]’>
[Czp(zl] [(zz,(zz] [fzw(zn]
[5%1,521], [ffnz»f%z]’ [ fnw >
Py, <[<fn1,<5ﬁl],> ([Cfnz,#z],> ([Cfnn,#n],>
[Con> S [$hz> 2] (S Coun]

ml> Sml

« Step 2: Based on the nature of each criterion, determine the PIS and NIS by selecting the maximum and
minimum spherical fuzzy values for each criterion:

A+ A+ A+ A+ A+ A+
PIS=6" = (6;,0,,05,0,,05),

NIS =06~ = (8y,0,,05,0,,05).
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Generally, 6; and §; are defined as follows:

Comput Model Eng Sci. 2025;144(2)

(maxlsism{fz‘j}, minlsigm{Czj}, minlsism{(:’j}) = (&7, C;(;r)
aJr B lfOJ € O+ (11)
g (minigiem{&ij}> maxiciem{6ij}, maxiciem{ij}) = (&7, 67, ¢7) ’
1f(’)] e
(minlggm{fz‘j}, maxlgigm{Cij}a maXlgigm{(ij}) = (f]_,C]_,(]_)
ﬁ_ B lfOJ € O+ (12)
g (maxicicm{&ij}> Minicicm{Gij}, minicicm{Cij}) = (E;, Gjs 47)
1f(’)J e

Step 3: Calculate the separation of each alternative from the PIS and NIS, then generate the separation
measures V" and V"

V' =(D(6;,8])) =

V™ = (D(8:),67))

Ol 02
P, D(61,6;) D(612,0,)
mxn P2 D(ﬁzl,ﬁf) D(622>ﬁ;)
Py D(81,0)) D(8,2,0)

Ol OZ
P1 D(ﬁn,al_) D(alba;)
wen =| P2 D8] Do)
Py D(8,1,67) D(82,67)

(13)

(14)

D(6mn>0,)

Step 4: For each alternative P; and each criterion O;, compute a net distance S;; that reflects the
difference between its distance to the PIS and its distance to the NIS. Combine all net distances into a
matrix V7, called a spherical fuzzy distance matrix:

Vv = (s)

Py

P,

P,

P,

O 0, Oy

Sn Sp Sty

Sn Sn Son

S Sma Spin
O

D(all’ a1_) - D(alla a;—)
D(aZI’ a1_) - D(azl’ 6;)

D(aml) 61_) - D(ﬁmhﬁ;—)

0,
D(612,65) — D(812,63)
D(622,65) — D(822,63)

D(am27 ﬁ;) - D(ﬁmb a;)

On
) — D(
)TD(

o>
>

BRI

> 171)6:;)
aZn, a:,—)

o>

>

D(61,
D(62,

D(amn’ 6;) - D(amn’ 6:1—)
(15)



Comput Model Eng Sci. 2025;144(2) 2115

o Step 5: Determine the weight of each criterion w* = (wy, w», ---,wn)T and calculate a weighted
comprehensive score for each alternative V;, reflecting its overall ranking:

Vi=Y wiS,i=12...,m. (16)

o Step 6: Rank the alternatives based on their relative closeness and select the one with the highest
closeness as the optimal alternative.

5.2 Risk Assessment in Construction Project
5.2.1 Background

A construction company managing multiple projects wants to assess risks to ensure safety, profitability,
and smooth operations. Because each project presents unique challenges, it is critical to systematically
identify, evaluate, and prioritize risks. Proper risk assessment helps the company allocate resources efficiently
and take preventive measures to mitigate potential threats.

The process accounts for uncertainty and incorporates objective and subjective judgments from
stakeholders, including project managers, safety inspectors, financial analysts, and environmental experts.

The company evaluates four major ongoing projects:

o Pi: Residential construction.

e P,: Commercial office construction.

e P;: Infrastructure construction.

e P4 Industrial warehouse construction.

The risk evaluation considers the following essential criteria:

o Oq: Safety Standards: weather conditions and accident risks.

+  O,: Financial Stability—maintaining budget discipline and avoiding cost overruns.
o Oj;: Legal Compliance—adhering to regulations and minimizing legal disputes.

« Oy Environmental Concerns: impact on the surrounding environment.

o Os: Technical Challenges: complexity of engineering and technical solutions.

5.2.2 Modeling Assumptions and Data Preparation

In construction risk assessment, uncertainty frequently arises from fluctuating environmental, financial,
and operational factors. To effectively capture this uncertainty, expert judgments on key risk indicators—such
as cost overrun, schedule delay, and safety violations—are collected using linguistic terms.

Each alternative (i.e., construction project plan) is evaluated across five criteria within this IvPFS
framework. To ensure logical consistency and model validity, a fuzzy consistency check is performed, and
all fuzzy evaluations are normalized to satisfy the IVPFS constraint as mentioned in Section 2.

The improved TOPSIS method proposed in this study incorporates the new divergence measures
to provide a robust means of ranking alternatives by their proximity to the optimal risk profile under
uncertain conditions. By integrating expert knowledge with fuzzy modeling of uncertainty, the proposed
approach supports comprehensive, reliable decision-making and helps stakeholders prioritize risk mitigation
strategies effectively.
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5.2.3 Detailed Calculation Example

. . A1
Let us consider our proposed divergence measure D, pps.

Comput Model Eng Sci. 2025;144(2)

Step 1: To construct the decision matrix V = ( J) 45> We use the interval-valued picture fuzzy numbers

(f,],c,J,{,J) where &;; = [fl],fg] Gij = [qij,c%] and (,-j:[ U,[g] (i=1,2,3,4,j=1,2,3,4,5).

Py

P,

Ps

Ps

[0. 23 o 29],
( [0.20,0.24],
[0.12,0.17]
O%OBL
< [0.26,0.32],
[0.13,0. 19]
owom,
( [0.15,0.20],
[0.10,0.16]
0 25,0. 33],
([o 21,0.25],
[0.12,0.17]

[0. 21 o 271,
[0.22,0.26],
]
]

|
|

> [0.10,0.17
030 0.35],
[0.25,0.31],
[0.15,0.21]
011020,
[0.13, 019,

|
N
oo

) <023 030],
[

0.24,0.29],
[0.13,0.18]

|

[0.18, 029], ozo 027
(017026],) <025027
[0.13,0.18] 0.25,0.32]
[0.37,0.45], [o 15,0.20],
<026030,> ([018021
0.14,0.20] [0.22,0.30]
015025, [0.32,0.40],
( [0.16, 025],) ( [0.34,0.38],
[0.12,0.18] [0.15,0.20]
024 0.35], [0 16,0.23],
([0 17,0. 28],) ([0.20 0.23],
[0.14,0.19] [0.23,0.29]

cost criteria. By using Eqs. (11) and (12), we can get:

|
|

(0.

[0.

[0.35,0.43],
[0.15,0.20],

)

10,0.16]

[0.37,0.45],
[0.16,0.25] ) ,

12,0.18]

[0.30,0.35],
[0.13,0.19], > ,
[0.09,0.15]
[0.15,0.20] )

|
|

[0.34,0.38]
[0.25,0.32]

[0. 20 o 26],
) ([o 23,0.31] )
[0.27,0.30]
[0.14,0.19],
) <[0 18,0.20] >
[0.21,0.26]
[0.30,0.34],
> ( [0.35, 042],>
[0.11,0.16
0 16,0.21],
[0.20, 0. 27],>
[0.25,0.28]

X

Step 2: These criteria of credit risk evaluation O;, O,, O3 belong to benefit criteria and Oy, O5 belong to

[0.35,0.42]

< [0.14,0.19]

[0.27,

)

0.30]

[0.18,0.21], [0.11,0.20],
([0.26, 0.32] ) , ([0.25, 0.31] ) ,
[0.13,0.19] [0.15,0.21]
[0.15,0.25], [0.32,0.40],
o = <[o.26,0.3o] > < [0.18,0.21], >
[0.14,0.20] [0.15,0.20]
[0.30,0.34],
([0.18, 0.20] >
[0.11,0.16]

calculate the distance for risk assessment in a construction project.

P
P>
Ps
Py

V=

Py
P,
Ps
Py

V-

O
0.0904
0.1510
0.1288
0.0772

O
0.0716
0.2029
0.0897
0.0820

O,
0.0883
0.1078
0.1289
0.0984

O,
0.0886
0.1289
0.1078
0.0922

Os
0.1133
0.0624
0.1387
0.0744

Os
0.0591
0.1399
0.0598
0.0860

O,
0.0791
0.1131
0.1517
0.0992

O,
0.1252
0.1433
0.1117
0.1305

Os
0.0889
0.1349
0.1641
0.0988

Os
0.1474
0.1407
0.1300
0.1479

Step 3: Compute the separation measures by using Fqgs. (13) and (14). Using our proposed measures, we
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«  Step 4: Form the composite spherical fuzzy distance matrix V* based om Eq. (15).

Ol Oz 03 04 05
Py -0.0188 0.0003 -0.0542 0.0461  0.0585
V=P, 0.0519 0.0211 0.0775 0.0303  0.0058
P; —0.0391 -0.0211 -0.0790 -0.0400 -0.0341
Py 0.0048 -0.0062 0.0116 0.0313 0.0491

« Step 5: Compute the weighted IVSFS divergence measures for each alternative according to Eq. (16). The
weights assigned to each criterion are given by w* = (0.1919, 0.0861, 0.3464, 0.1678, 0.2078)".

5 5
Vi=) wiS=-0.0025V, =) wiS;; = 0.0449,
j1 j

5 5
V3 =) wiS;=-0.0505Vs = )" wiS;; = 0.0199.
j=1 j=1

« Step 6: The alternatives are ranked according to their relative closeness to PIS. Based on the weighted
IVSES divergence measures of each alternative, denoted as V;, the ranking order is determined as
follows: V;, > Vy >V, > Vs, making alternative P, the top choice. In evaluating the risk profiles of the
construction projects across the five critical criteria, it is observed that project P, performs better in
criterion O3 (Legal Issues). Since O3 has the highest weight among the evaluated criteria, this further
strengthens that P, is the most optimal choice among the alternatives. However, it is important to note
that D7 does not conform to this ranking order and fails to accurately capture the relative proximity to
the PIS, which may result in an incorrect assessment of the alternatives.

The results, shown in Table 5 and Fig. 4, reveal the ranking of alternatives to the ideal solution as follows:

- First: P, (Commercial office construction)

- Second: P4 (Industrial warehouse construction)
- Third: P; (Residential construction)

- Fourth: P; (Infrastructure construction)

Based on the analysis, commercial office construction is identified as the best option for a low-risk,
sustainable, and profitable construction project. It offers an ideal balance of critical criteria, making it
the most suitable choice to achieve the project’s safety goals, cost-effectiveness, regulatory compliance,
environmental friendliness, and technical feasibility.

Table 5: The sustainable transport system selection results of TOPSIS

Wi Vs, Vs Vs Ranking Best transport
system
D! -0.0115 0.0257  -0.0257  —0.0007 Vo> V>V > Vs P,
D? 0.0429 0.0288  —0.0559  0.0378 Vi>Vi> V> Vs P
DL -0.0095  0.0524  -0.0560  0.0146 Vi>Vy>Vi>Vs P,
D2, -0.0109  0.0520  -0.0559  0.0135 Vi>Vy>Vi>Vs P,
D, -0.0055  0.0179  —0.0088  —0.0037 Vi>V>V>Ws P,
D% -0.0007  0.0057  0.0009  -0.0015 Vi>Vs>Vi> ), P,
DY pps  —0.0025  0.0449  —-0.0505  0.0199 Vi>Vi>V >V, P,

(Continued)
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Table 5 (continued)

W V, V3 Vs Ranking Best transport
system

D2 ,.s  -0.0222 00425  -0.0527  0.0400 VisV>Vi>V; P,
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Figure 4: The most sustainable transport system selection result

6 Conclusion

This paper presents two divergence measures for IvPFSs by the Jensen-Shannon divergence, to overcome
the limitations of existing measures. These proposed measures have completed comprehensive validation
and meet all required axioms, which ensure a robust and consistent approach to measuring distance in an
interval-valued fuzzy environment. The proposed divergence measures enhance accuracy and reliability in
construction project risk assessment by capturing subtleties overlooked by previous methods. Its application
in ranking project risks has shown promising results, supporting better decision-making for safety and
efficiency in real-world scenarios. In future work, we intend to extend the proposed divergence measure to
complex interval-valued picture fuzzy sets (CIVPFSs) to improve the flexibility of fuzzy sets in evaluating risks
in construction projects. This extension aims to broaden its applicability, providing a more comprehensive
framework for addressing uncertainties and capturing complex risk factors in construction and other
critical decision-making environments. Additionally, we aim to explore the development of an improved
interval-valued picture fuzzy FN-MABAC model that incorporates the proposed divergence measures.
Given FN-MABAC's strong resistance to rank reversal and its ability to reflect decision-maker preferences,
integrating it with our divergence framework may further improve ranking accuracy and robustness.
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