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ABSTRACT: A new extended distribution called the Odd Exponential Generalized Exponential-Exponential distri-
bution (EOEGE-E) is proposed based on generalization of the odd generalized exponential family (OEGE-E). The
statistical properties of the proposed distribution are derived. The study evaluates the accuracy of six estimation meth-
ods under complete samples. Estimation techniques include maximum likelihood, ordinary least squares, weighted least
squares, maximum product of spacing, Cramer von Mises, and Anderson-Darling methods. Two methods of estimation
for the involved parameters are considered based on progressively type II censored data (PTIIC). These methods are
maximum likelihood and maximum product of spacing. The proposed distribution’s effectiveness was evaluated using
different data sets from various fields. The proposed distribution provides a better fit for these datasets than existing
probability distributions.

KEYWORDS: Odd generalized exponential distribution; likelihood and product of spacing; progressive censoring;
progressive type II censoring

1 Introduction

Researchers and statisticians have been focusing close attention to new normalized distributions in
recent years due to their flexibility in statistical modeling and wide use in nearly all scientific domains.
Marshall and Olkin [1] proposed adding a parameter to the survival function G(X) = 1- G(X), where G(X)
is the cumulative distribution function (CDF) of the baseline distribution, to define the exponentiated—G
class of distributions based on Lehmann—type alternatives, see [2].

As per Gupta and Kundu, Gupta [3] explored the two-parameter generalized-exponential (GE) dis-
tribution, extending it from the exponential distribution with a Lehmann type I alternative. Numerous
researchers have examined its characteristics and suggested comparisons with alternative distributions due
to its widespread applications in modeling power system equipment, rainfall data, software reliability, animal
behavior analysis, and various other fields.

Olabad conducted a series of studies [4-7] exploring various types of extended generalized logistic dis-
tributions, including type I extended forms [4], negatively skewed versions [5], symmetric distributions [6],
and extended generalized exponential formulations [7], highlighting the flexibility of logistic-type models in
capturing a wide range of distributional shapes.
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Alizadeh et al. [8] further expanded this framework by introducing the Kumaraswamy odd log-
logistic family, which demonstrated greater flexibility in modeling complex hazard shapes and tail behaviors
in applied datasets. Cordeiro and de Castro [9] contributed by proposing a new family of generalized
distributions through innovative transformation techniques, opening new directions for statistical inference
and distribution theory. Similarly, Maiti [10] introduced the odd generalized exponential-exponential
distribution, emphasizing its mathematical properties and usefulness in fitting real data.

Finally, Tahir et al. [11] introduced a new generalization of the odd generalized exponential family
(OEGE - E) based on replacing x in the CDF of the model given by

Fogrr (1) = (1- )’ x> 0,850,150, 1)
where 3,1 are positive parameters; by % where G(x; A) and G(x, A) are the CDF and the survival

function of parent distribution with a parameter vector A, respectively. So, the CDF of the OEGE family can
be written as:
—A(G(x:A)

F(x;B,A,A)=(1-e c&n) )'8 (2)

and the probability density function (PDF) is given by:

BAg(x; A) MGG (6

flspAA) = E(X;A) e G (1—e S&n) )ﬁ—l’ 3)

where g(x; A) is the baseline (probability density function) PDF with vector of parameters A.

Recent studies have proposed compound and transformed versions of the GE distribution to better
model skewed, heavy-tailed, or multimodal data:

Andrade et al. [12] introduced the Exponentiated Generalized Extended Exponential (EGEE) dis-
tribution, a four-parameter model capable of modeling diverse hazard functions, including bathtub and
unimodal shapes.

Sah Telee et al. [13] developed the Exponentiated Generalized Exponential Geometric (EGEG) distri-
bution, which compounds the GE and geometric distributions. This model offers improved goodness-of-fit
for count and reliability data, and supports various estimation methods such as MLE, LSE, and Cramér-
von Mises.

Abonongo [14] presented the Exponentiated Generalized Weibull Exponential (EGWE) model, com-
bining features of the Weibull and GE distributions to address more complex hazard structures.

On the other hand, lifetime distributions are crucial in modelling real-world phenomena. As a result,
many lifetime distributions have been used to model various types of data in various branches of applied
sciences (medicine, engineering, and finance, for example). Existing distributions may not be suitable for
certain real-life data sets due to various issues. Researchers can propose new or improve existing lifetime
distributions to better match real-world data. Recent advances in distribution modeling [15-17] highlight the
need for flexible models like EOEGE-E. In this paper, the flexible Odd Exponential Generalized Exponential-
Exponential distribution. EOEGE — E(A) is introduced to fit different data sets; it has a hazard function
that can take different non-monotonic shapes in addition to monotonic ones, allowing it to fit a wider
range of data sets. The statistical properties of the (EOEGE — E(A)) distribution are discussed, as well as
the estimation of its four unknown parameters. For the estimation process, the parameters were estimated
by six different methods, namely, maximum likelihood estimation, ordinary least squares, weighted least
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squares, maximum product of spacing, Cramér-von Mises and Anderson-Darling estimation. Simulation
experiments were performed with different sample sizes.

Statisticians have devoted significant effort to studying the failure of components and units, which are
the fundamental elements of operational systems in industrial and mechanical engineering. Their research
involves monitoring the performance of these units until failure, recording their lifespans, utilizing statistical
inference methods on the collected data, and estimating the system’s overall reliability and hazard functions
based on this information. However, in cases where experimental units are costly and highly reliable, it
becomes necessary to minimize both the number of units tested and the duration of the experiments. The
progressive type-II censoring (PTIIC) scheme addresses this need by enabling the collection of reliable
estimators while preserving some units from failure during the testing process. There are several types of
censorship systems, including right, left, interval, single, and multiple censoring. For this reason, we consider
a PTIIC scheme, which is a more general censoring method. Several sources, including [18] and [19], provide
additional information on the PTIIC data. The stages of PTIIC scheme is depicted in Fig. 1.
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Figure 1: PTIIC scheme

Statistical modeling of lifetime data in engineering and medicine requires flexible distributions to
capture complex behaviors like non-monotonic hazard rates and heavy-tailed distributions. Existing models,
such as Weibull and Generalized Exponential, often fail to fit datasets with diverse shapes. EOEGE-
E distribution offers unique advantages over existing models like Weibull and Generalized Exponential
distributions. Its ability to model both monotonic and non-monotonic hazard rates (e.g., bathtub-shaped)
makes it suitable for complex datasets in engineering (e.g., reliability analysis) and medicine (e.g., survival
analysis). Unlike simpler models, the EOEGE-E captures heavy-tailed and skewed data, providing superior
fit, as demonstrated in Section 6.

The remainder of the paper is structured as follows: Section 2 outlines the cumulative distribution
function, density function, survival function, and hazard rate function of the extended odd exponen-
tial generalized exponential-exponential (EOEGE — E(A)) distribution, where A represents a vector of
parameters. Additionally, graphical representations of the probability density function (pdf), cumulative
distribution function (cdf), and hazard rate function of the EOEGE — E(A) distribution are presented.
In Section 3, various statistical properties such as the quantile function, skewness, kurtosis, moments, and
moment generating function are examined. The six estimation methods are studied in Section 4. In Section 5,
Simulation is conducted to compare the performance of six proposed estimation methods. In Section 6,
three complete real data are analysed for illustrating the usefulness of the proposed distribution. In Section 7,
Simulation is conducted to compare the performance of two proposed estimation methods under PTIIC.
Conclusion remarks is presented in Section 8.
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2 The EOEGE-E Model

In this section, we develop a new class of odd generalized exponential-exponential model, known
as Extended Odd Exponential Generalized Exponential distribution (EOEGE - E) with vector A =
(a, B, A,y). The CDF of EOEGE - E is given as:

o B
F(x;A) = (1 PG _1)) , (4)
where x > 0and A = (a, 8,1, y) > 0. The PDF, the SF and the HRF have the following forms

ax? axl "‘Ly ﬁ_l
FlxsA) = adfx? e e D (1 —eTMe _1)) , (5)

where f is a shape parameter, A > 0, « and y are scale parameters.

The survival function (SF) is given by

] B
—,1(3“7—1)
S(x;A)=1-|1-¢ . (6)
The hazard rate function (HRF) is given by
ax? wl wr P
Brax? e M 7D (l —eMe _1))
h(x;A) = (7)

ax ﬁ
1- (1 - e‘/\(eyy—l))

The graphical representations in Figs. 2 and 3 illustrate the remarkable flexibility and adaptability of
the EOEGE-E distribution, driven by its parameters «, 3, A and y. PDF plots demonstrate the ability of
the distribution to exhibit symmetric, right- or left-skewed shapes depending on parameter values. For
example, higher 8 values yield more symmetric densities profiles, suitable for balanced datasets, while lower
y values increase skewness, making the distribution ideal for modeling heavy-tailed engineering failure
times. Survival function (SF) plots consistently show decreasing survival probabilities, a critical feature for
reliability analysis in engineering applications. Furthermore, the hazard rate function (HRF) can exhibit
increasing bathtub or bathtub shapes, such as with a = 0.5, f = 1.3, which is particularly valuable to model
medical survival data with initial high-risk periods. These characteristics underscore the robustness of the
EOEGE-E distribution, making it a powerful tool for statistical analysis in engineering, medicine, and other
applied sciences.
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Figure 2: Shape and behaviour of pdf plots with several values of parameters «, 5, A and y
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Figure 3: Survival function and Hazard rate function

3 Several Statistical Properties

In the beginning of this section, several useful expansions of the PDF and CDF of the new EOEGE —
E distribution are shown below using a well-known generalized binomial and power series expansion. It
is presented to justify the analytical divergence of some basic distribution features. The expansions of the
generalized binomial and power series are as follows:

("7 ) e - e - R ®)
j=0

j
1
j=0 J:

The EOEGE - E distribution’s PDF and CDF are then displayed as follows:

00 oo oo [ : . 1+ 7)) NI+ (—1)i+i+k L —a(k=j=D)?
fsn)=ap 333 (1) (F77 ) QDA COE i, ®
j=0i=0 k=0 J J

Feasn) =Y (P77 ) (cayjehie™ v, (10)
o\ J
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3.1 Quantile Function
The quantile function of the EOEGE-E distribution is derived in Appendix A.

In particular, the Galton skewness coeflicient and Moors kurtosis coeflicient is applicable for calculating
skewness and kurtosis as following

X —2Xp5+ X
S, = ( 0.75 0.5 0.25)’ 1)
(X0,75 - xo.zs)

K. = X0.875 — X0.625 + X0.375 + X0.125
y = .

(12)
X0.75 ~ X0.25
Figs. 4-9 display the skewness and kurtosis plot for the EOEGE-E distribution with different parameter
values. The EOEGE-E distribution is found to be symmetric, positively skewed, and slightly negatively
skewed. It could also be mesokurtic, platykurtic, or leptokurtic.

EGOEE(q, B, 3,0.6) EGOEE(a, B, 5, 3) EGOEE(q, B, 0.8, 1.4)

EGOEE(a, B, 3,0.6) EGOEE(a, B, 5, 3) EGOEE(q, B, 0.8, 1.4)

Kurtosis Kurtosis Kurtosis

Figure 4: Skewness and kurtosis plots for EOEGE-E parameters o and f3
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EGOEE(a, 2, A, 0.6) EGOEE(a, 1.2,A, 3) EGOEE(q, 0.7, A, 3)

Kurtosis Kurtosis Kurtosis

Figure 5: Skewness and kurtosis plots for EOEGE-E parameters « and A

EGOEE(a, 2,3.y) EGOEE(a, 6.2,0.3,v) EGOEE(a, 0.5, 3,y)

EGOEE(a, 2,3, y) EGOEE(a, 6.2,0.3,y) EGOEE(a, 0.5, 3, y)

Kurtosis Kurtosis Kurtosis

Figure 6: Skewness and kurtosis plots for EOEGE-E parameters « and y
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Figure 7: Skewness and kurtosis plots for EOEGE-E parameters 3 and A

EGOEE(2,0.8, A, y) EGOEE(3,1.2,A,y) EGOEE(2,4.3,A,Y)

EGOEE(2, 0.8, \,y) EGOEE(3, 1.2, \,y) EGOEE(2, 4.3, \,Y)

Kurtosis Kurtosis Kurtosis

Figure 8: Skewness and kurtosis plots for EOEGE-E parameters A and y
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Figure 9: Skewness and kurtosis plots for EOEGE-E parameters f3 and y

Table 1 displays key statistical measures for the EOEGE-E distribution across 14 parameter combina-
tions with & = 0.5, 2, 3 and varying 3, A, and y. These measures include the first quartile (QI), median, mean,
standard deviation (StDe), third quartile (Q3), skewness (SK), and kurtosis (KT). The table highlights the
distribution’s ability to model symmetric, skewed, or heavy-tailed data effectively. It shows a wide range of
skewness (SK: —0.3456 to 3.7012) and kurtosis (KT: 2.1202 to 19.9653), making it adaptable to diverse datasets.
For instance, a high y (e.g., y = 2.8) results in strong positive skewness (SK = 3.7012), while higher y values
tend to reduce skewness and kurtosis, creating more symmetric distributions. Conversely, a high A (e.g.,
A = 3) can lead to negative skewness (SK = —0.3456), and a lower A increases variability, ideal for analyzing
engineering failure times. Additionally, a higher « (e.g., « = 3) paired with 8 = 1.3 produces nearly symmetric
data (SK = 0.0313). These properties demonstrate the EOEGE-E distribution’s versatility for engineering and
medical data applications.

Table 1: Statistical measures of the EOEGE-E distribution for selected parameter combinations

@ B A y Q1 Median  StDe Q3 SK KT

0.5 0.5 0.5 0.4 0.0228  0.2936 1.2827 1.2480 2.0512 7.4474
0.5 0.5 3.0 0.4 0.9677  1.4814 0.5202 1.8855 -0.3456 2.2006
0.5 1.3 0.5 0.4 0.1249  0.4010 0.7015 0.9216 1.1338 4.2024
0.5 0.5 0.5 2.8 0.0005 0.0096  0.1077  0.1009 37012 19.9653
0.5 0.5 1.2 1.6 0.1417  0.4629 0.6163  0.9962 1.1158 3.6832
0.5 1.3 1.2 2.2 0.4882  0.8393 0.5202 1.1561 2.1021 2.1202
2.0 0.5 0.5 0.4 0.0014  0.0184 0.0802  0.0780  2.0512 74474
2.0 0.5 1.2 1.0 0.0654  0.2077  0.2467  0.4269  0.9414  3.1645

(Continued)
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Table 1 (continued)

o B A y Q1 Median  StDe Q3 SK KT
2.0 1.3 1.2 1.0 0.2746  0.4246 0.3296 0.3151 0.3030 2.5134
2.0 0.5 3.0 1.6 0.3913  0.6283 0.3296  0.8787 —-0.0029  2.1519
3.0 0.5 0.5 0.4 0.0006  0.0082  0.0356  0.0347  2.0512 7.4474
3.0 0.5 1.2 1.0 0.0466  0.1482 0.1760 0.0150 0.9414 3.1645
3.0 1.3 0.5 1.0 0.0145 0.0313 0.0313 0.0313 0.0313  2.2024
3.0 0.5 3.0 2.2 0.3080  0.0323 0.0313 0.0313 0.0313 2.1854

3.2 The r-th Moments
r-th moments of the EOEGE-E distribution are derived in Eq. (Al).

3.3 The Moment Generating Function

We derive the moment generating function using an infinite expansion of the EOEGE-E distribution,
as follows: The moment generating functions of random variable X" is provided by

My (t) = E(e™X) = f ™ f(x)dx (13)
0
using series expansion e'™’, we obtain
o tr
Mx(t) =) FE(X’). (14)
r=0"*

Substiuting from Eq. (5), we get The moment generating function Mx(t) of random variable X ~
EOEGE-Eis

=(-1)ra y Nevwew (1 5 P N(B-1) 1+ ) A (—1)ititk
- o ) EEE S (o) )0 )

(15)
forany A = (a, 8, A, y) > 0.

3.4 Order Statistics

Consider n independent and identically distributed random variables, denoted as Xj, . . ., X,,, following
the EOEGE-E distribution. Let X(;) < X(5) <... < X(,) represent the order statistic derived from these n
variables. The probability density function (pdf) of the r-th order statistic, denoted as f;.,(x), is defined as
follows:

fron(x) = Con f(x) [F(x)] ' [1-F(x)]"",r=1,2,...,m, (16)

_ n!
where C,.,, = (N Then

) = Cranf () (0 (") (PG
j=0 J
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Substituting cdf and pdf given by Eqgs. (4) and (5) in Eq. (16), respectively, then the rth order statistics
of EOEGE—-E distribution is
nor i N )
fron(x) = Crnf (%) 32 (1) (r + ) j [ o (r+ )B4 y), (17)
j=0

where f(x, a, (r + j)3, A, y) denotes the pdf of EOEGE—-E distribution with parameters «, (r + j)f3, A and y.
So, the density function of EOEGE-E order statistics is a mixture of EOEGE—-E densities.

4 Estimation Methods

In this context, six estimation methods are employed to estimate the parameters A = («a, ,y) of
the EOEGE-E distribution. These methods include maximum likelihood estimation (MLE), ordinary
least squares estimation (OLSE), weighted least squares estimation (WLSE), maximum product spacing
estimation (MPSE), Cramér-von Mises estimation (CVME), and Anderson-Darling estimation (ADE). The
six estimation methods (MLE, OLS, WLS, MPS, CVM, AD) were chosen to balance computational efficiency
and statistical robustness. Unlike simpler methods (e.g., method of moments), these approaches leverage
the EOEGE-E’s likelihood structure, ensuring accurate parameter estimates for complex datasets. MLE and
MPS are extended to censored data in Section 7, justified by their superior performance in simulation studies
(Tables 2-5).

Table 2: The Abias and MSEs of parameters «, 8, A and y: &« = 2.5, =1.5,1 = 0.8,y = 0.5

MLE LS WLS MPS CVM AD

n Abias MSEs Abias MSEs Abias MSEs Abias MSEs Abias MSEs Abias MSEs

0.0699 0.0524 0.0199 0.0093 0.0099 0.01331 0.0703 0.0369 0.0077 0.00834 0.0112 0.01634
0.1251 0.1263 0.0295 0.0425 0.0135 0.05809 0.1252 0.1067 0.0099 0.03905 0.0087 0.04345
0.1316 0.1327 0.0046 0.0061 0.0032 0.00797 0.1013 0.1166 0.0037 0.00564 0.0071 0.01776
0.0359 0.0198 0.0028 0.0002 0.0018 0.00024 0.0358 0.0098 0.0014 0.00022 0.0037 0.00033

0.0638 0.0270 0.0154 0.0065 0.0096 0.00492 0.0638 0.0221 0.0077 0.00506 0.0037 0.00691
0.1233 0.0762 0.0246 0.0269 0.0122 0.02330 0.1233 0.0711 0.0068 0.02535 0.0081 0.02747
0.1235 0.1267 0.0016 0.0044 0.0018 0.00306 0.1014 0.1109 0.0036 0.00162 0.0070 0.00537
0.0348 0.0106 0.0027 0.0001 0.0015 0.00015 0.0347 0.0061 0.0009 0.00014 0.0035 0.00016

0.0605 0.0191 0.0141 0.0063 0.0090 0.00477 0.0605 0.0176 0.0069 0.00226 0.0036 0.00177
0.1180 0.0594 0.0235 0.0208 0.0112 0.01834 0.1183 0.0515 0.0062 0.01034 0.0072 0.00915
0.1134 0.1155 0.0014 0.0035 0.0017 0.00300 0.1001 0.0726 0.0012 0.00158 0.0062 0.00199
0.0237 0.0086 0.0010 0.0001 0.0014 0.00012 0.0237 0.0026 0.0007 0.00008 0.0031 0.00008

50

100

150

0.0356 0.0182 0.0101 0.0060 0.0043 0.00167 0.0356 0.0071 0.0062 0.00225 0.0035 0.00167
0.1157 0.0568 0.0224 0.0150 0.0079 0.00941 0.1155 0.0375 0.0054 0.01006 0.0057 0.00878
0.1098 0.1020 0.0013 0.0034 0.0016 0.00275 0.0948 0.0504 0.0011 0.00150 0.0051 0.00181
0.0211 0.0084 0.0010 0.0001 0.0012 0.00005 0.0211 0.0015 0.0005 0.00007 0.0022 0.00007

0.0316 0.0059 0.0051 0.0015 0.0031 0.00160 0.0316 0.0045 0.0023 0.00142 0.0032 0.00123
0.1025 0.0456 0.0108 0.0071 0.0061 0.00639 0.1025 0.0257 0.0050 0.00688 0.0049 0.00652
0.0997 0.0916 0.0012 0.0005 0.0015 0.00144 0.0900 0.0248 0.0010 0.00045 0.0005 0.00043
0.0144 0.0083 0.0004 0.0000 0.0008 0.00004 0.0144 0.0005 0.0001 0.00004 0.0005 0.00003

200

300

N 2R (2R | 22RR IR 2R IR >>2™K
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Table 3: The Abias and MSEs of parameters «, 3,1 and y: a = 0.75, 4 =1.5,1 = 0.8,y = 0.5

MLE LS WLS MPS CVM AD

n Abias MSEs Abias MSEs Abias MSEs Abias MSEs Abias MSEs Abias MSEs

0.0728 0.1565 0.0152 0.0181 0.0326 0.03328 0.0723 0.0847 0.0459 0.02219 0.0293 0.01775
0.0240 0.2494 0.0016 0.0174 0.0085 0.06302 0.0240 0.1783 0.0136 0.03184 0.0070 0.03928
0.1080 0.0894 0.0047 0.0060 0.0185 0.03853 0.1079 0.1130 0.0054 0.00961 0.0074 0.01947
0.0282 0.0822 0.0065 0.0041 0.0227 0.05445 0.0122 0.0212 0.0201 0.00488 0.0118 0.00395

0.0302 0.0524 0.0042 0.0083 0.0069 0.00947 0.0300 0.0366 0.0137 0.01061 0.0129 0.01321
0.0155 0.1506 0.0014 0.0156 0.0057 0.01495 0.0155 0.0977 0.0029 0.02158 0.0029 0.03595
0.0841 0.0810 0.0016 0.0051 0.0125 0.00964 0.0839 0.0772 0.0049 0.00688 0.0016 0.01554
0.0262 0.0323 0.0020 0.0020 0.0217 0.04196 0.0121 0.0115 0.0058 0.00233 0.0026 0.00243

50

100

0.0267 0.0222 0.0032 0.0071 0.0061 0.00525 0.0071 0.0173 0.0124 0.00758 0.0038 0.00609
0.0149 0.0875 0.0013 0.0067 0.0048 0.01094 0.0150 0.0645 0.0014 0.00767 0.0024 0.00801
0.0696 0.0802 0.0014 0.0021 0.0060 0.00459 0.0710 0.0683 0.0014 0.00313 0.0014 0.00327
0.0235 0.0144 0.0014 0.0016 0.0204 0.03121 0.0114 0.0095 0.0043 0.00165 0.0004 0.00126

0.0203 0.0213 0.0025 0.0041 0.0058 0.00509 0.0063 0.0169 0.0124 0.00582 0.0036 0.00373
0.0123 0.0725 0.0009 0.0041 0.0021 0.01024 0.0125 0.0627 0.0006 0.00698 0.0005 0.00752
0.0511 0.0800 0.0006 0.0014 0.0055 0.00437 0.0611 0.0613 0.0011 0.00234 0.0013 0.00297
0.0234 0.0141 0.0011 0.0010 0.0120 0.02103 0.0103 0.0081 0.0035 0.00120 0.0003 0.00088

150

200

0.0199 0.0134 0.0025 0.0031 0.0030 0.00314 0.0052 0.0121 0.0050 0.00340 0.0013 0.00288
0.0023 0.0452 0.0009 0.0040 0.0008 0.00497 0.0023 0.0322 0.0006 0.00476 0.0005 0.00680
0.0495 0.0669 0.0003 0.0012 0.0041 0.00178 0.0495 0.0573 0.0009 0.00175 0.0012 0.00270
0.0203 0.0062 0.0010 0.0008 0.0081 0.01723 0.0093 0.0072 0.0014 0.00080 0.0002 0.00071

300

NR 2R | 2R C2HRR IR 2R IR 2K

Table 4: The Abias and MSEs of parameters «, 8, A and y: « = 0.75, 3 =0.5,1 = 1.6,y = 2

MLE LS WLS MPS CVM AD

n Abias MSEs Abias MSEs Abias MSEs Abias MSEs Abias MSEs Abias MSEs

0.0537 0.1005 0.0062 0.0220 0.0121 0.02457 0.0533 0.0701 0.0377 0.02728 0.0241 0.02053
0.1054 0.1243 0.0534 0.0394 0.0813 0.06512 0.1052 0.1274 0.0736 0.04889 0.0810 0.06079
0.1501 0.3519 0.0147 0.0592 0.0278 0.10704 0.1503 0.2715 0.0512 0.06981 0.0299 0.09859
0.0590 0.6010 0.0325 0.1070 0.0395 0.19502 0.0650 0.3665 0.0183 0.12522 0.0330 0.17850

0.0126 0.0452 0.0028 0.0109 0.0063 0.01269 0.0124 0.0244 0.0168 0.01151 0.0073 0.01141
0.0586 0.0458 0.0190 0.0181 0.0699 0.02715 0.0655 0.0486 0.0520 0.01527 0.0448 0.02834
0.0758 0.1962 0.0135 0.0382 0.0197 0.06143 0.0759 0.1261 0.0201 0.04042 0.0105 0.05872
0.0570 0.3190 0.0111 0.0726 0.0209 0.12220 0.0561 0.2129 0.0083 0.07670 0.0315 0.12136

50

100

0.0091 0.0152 0.0027 0.0072 0.0038 0.00745 0.0093 0.0081 0.0134 0.007020.0056 0.00653
0.0575 0.0297 0.0099 0.0081 0.0444 0.02220 0.0575 0.0338 0.0316 0.009960.0280 0.01470
0.0518 0.0900 0.0108 0.0275 0.0120 0.03877 0.0518 0.0660 0.0078 0.02811 0.0041 0.03933
0.0520 0.1729 0.0035 0.0490 0.0206 0.09156 0.0498 0.1501 0.0020 0.04947 0.0269 0.07963

0.0021 0.0148 0.0022 0.0069 0.0035 0.004900.0023 0.0072 0.0086 0.00681 0.0011 0.00419
0.0369 0.0213 0.0083 0.0072 0.0218 0.01142 0.0366 0.0216 0.0304 0.00816 0.0253 0.01246
0.0418 0.0811 0.0099 0.0254 0.0118 0.03628 0.0418 0.0657 0.0021 0.02415 0.0035 0.02771
0.0490 0.1691 0.0029 0.0473 0.0125 0.068050.0485 0.1298 0.0019 0.04805 0.0235 0.05956

(Continued)

150

200

R 2R (R PRR R PR (R >2>™R
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Table 4 (continued)

MLE

LS

WLS

MPS

CVM

AD

Abias

MSEs

Abias MSEs Abias MSEs Abias

MSEs

Abias

MSEs

Abias MSEs

300

= > K

0.0017 0.
0.0337 0
0.0381 0.
0.0371

.0131

0072 0.0014 0.0032 0.0031
0.0071 0.0047 0.0109
0637 0.0037 0.0151 0.0042
0.1021 0.0028 0.0282 0.0090

0.00276 0.0017
0.00554 0.0337
0.02154 0.0376
0.04056 0.0371

0.0032
0.0138
0.0323
0.0795

0.0039
0.0134
0.0019
0.0019

0.00337 0.0001 0.00265
0.00491 0.0187 0.00644
0.01551 0.0031 0.02002
0.02885 0.0210 0.04141

Table 5: The Abias and MSEs of parameters «, ,A and y: « =0.75,5=0.5,1 = 0.8,y = 0.5

MLE

LS

WLS

MPS

CVM

AD

Abias

MSEs

Abias

MSEs Abias

MSEs Abias

MSEs

Abias

MSEs

Abias

MSEs

50

0.1234
0.1055
0.5116
0.1855

0.1975
0.0363
0.4753
0.0897

0.0194
0.0441
0.0185
0.0117

0.0309 0.0086
0.0195 0.0664
0.0202 0.0064
0.0065 0.0090

0.04116  0.1231
0.03014 0.1055
0.02520 0.5121
0.00970 0.1858

0.1243
0.0574
0.3746
0.0738

0.0310
0.0577
0.0075
0.0143

0.03184
0.02203
0.02016
0.00634

0.1304
0.0412
0.3314
0.1194

0.06536
0.02181
0.24499
0.03327

100

0.0532
0.0814
0.2003
0.0589

0.1441
0.0168
0.4549
0.0889

0.0179
0.0302
0.0167
0.0099

0.0149 0.0072
0.0084 0.0562
0.0091 0.0061
0.0036 0.0046

0.02160 0.0532
0.01327 0.0807
0.01002 0.1997
0.00599 0.0580

0.0642
0.0437
0.1199
0.0338

0.0266
0.0203
0.0060
0.0137

0.01258
0.00984
0.00781
0.00344

0.1181
0.0056
0.3260
0.0812

0.04229
0.01009
0.18100
0.01947

150

0.0489
0.0692
0.0607
0.0333

0.0953
0.0117
0.4458
0.0710

0.0101
0.0195
0.0137
0.0063

0.0093 0.0063
0.0080 0.0545
0.0072 0.0060
0.0029 0.0042

0.01443 0.0490
0.01256 0.0792
0.00897 0.0557
0.00498 0.0335

0.0369
0.0379
0.0384
0.0209

0.0166
0.0023
0.0042
0.0034

0.01037
0.00862
0.00750
0.00298

0.1174
0.0049
0.3219
0.0807

0.03674
0.00727
0.17882
0.01900

200

0.0457
0.0594
0.0476
0.0208

0.0897
0.0090
0.3596
0.0610

0.0088
0.0096
0.0040
0.0035

0.0085 0.0050
0.0058 0.0453
0.0055 0.0057
0.0023 0.0041

0.01354 0.0456
0.01156 0.0694
0.00876 0.0476
0.00486 0.0205

0.0328
0.0346
0.0271
0.0168

0.0137
0.0021
0.0039
0.0029

0.00969
0.00731
0.00571
0.00269

0.0763
0.0024
0.2491
0.0458

0.01945
0.00611
0.10774
0.01073

300

N 2R | 2R N 2R IR 2R (2K

0.0311
0.0512
0.0319
0.0191

0.0761
0.0061
0.2610
0.0511

0.0081
0.0082
0.0031
0.0034

0.0071 0.0039
0.0048 0.0311
0.0048 0.0040
0.0021 0.0036

0.00881 0.0311
0.00590 0.0512
0.00710 0.0200
0.00309 0.0201

0.0263
0.0315
0.0254
0.0124

0.0134
0.0020
0.0030
0.0027

0.00912
0.00468
0.00482
0.00217

0.0611
0.0022
0.2059
0.0438

0.01627
0.00385
0.09117
0.00774

4.1 Maximum Likelihood Estimation (MLE)

Let Xl,Xz, e

L(A) =TTi, f(xi3 A) is given by

L(A) =

—.

1

1

oclﬁxg’_leT

zxxgl

ax?
i

e—)t(e y

A(ea
Dli-e

, X, is a random sample of size n from new EOEGE-E, then the likelihood function
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The function expressing the natural logarithm of the likelihood is provided as follows:
n n ax! PR n “
O(A) =nln(afr) +(y-1) Y Inx; =Y Me7 -1)+=> x/ +(f-1)> In|1- ZACER Y
i=1 i=1 Y i=1 i=1

Partial derivatives of previous equation for («, f, A, y), respectively, yield

Axy iIXl
o0 n n xiy ax] n e’
£=;—AZ—37 +(/3_1)Z yyy =0
i=1 Y ( Me 7 - _1))
o n &, = 1 er -1
ﬁ:X—Z(e Y 1)+(ﬂ—1)2¥:0
i=1 (e)t(e oy _ 1)
y
o n T e Me yl -1)
— = 1-
B gl I
n n y
%:Zln(xi)jLﬁ " nylnx,——ny(l—ylnx,)e v
dy I Y4 Y iz e

+(ﬁ -1al z": (xiy(l—ylnx,-)(e# -1)

=0
y? i=1 ;

ax’

(61(67’4)—1)

Estimators of maximum likelihood (MLEs) of the four above systems of non-linear equations can be
found numerically for «, 8, A and y equations, but there is no analytical solution for MLEs. As a result,
iterative techniques such as the Newten-Raphsen type algorithm are an appropriate choice for supporting
the simulation research of MLEs.

4.2 Ordinary Least Squares (OLS) and Weighted Least Squares (WLS)

Consider arandom sample Xy, X(5), . . . , X() drawn from the EOEGE-E distribution with parameters
A = (a,f,y). The Ordinary Least Squares (OLS) and Weighted Least Squares (WLS) estimators for the
parameters can be obtained by minimizing the following function with respect to the parameters:

B
X, .
[ X)
y -1 .
) 1

n+1

n Al e
S(A):Zw,» l-e (

where w; =1 for OLSE and w; = % for WLSE. OLS and WLS estimators can be determined by

solving the non linear equations
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2S 1
% = 2;WiDl(x(i))

d2S 1 e T
— =2 ;D ; 1- ¢
8/3 IZ:;W Z(X( )) e

n 2| "
g—i =2> wiDs(x(i)) ||1-e (

i=1

0S "
— =2) w;Dy(x(;y)
5 2 (i)

where

and

Dy(x(iy, A) = /37"(1')@ !

4.3 Maximum Product of Spacing (MPS)

I
(In(x¢y) -y ™).

2077

(18)

(19)

(20)

(21)

Let X(1), X(2)>---> X(n) be a random sample from EOEGE-E distribution with parameters A =

(a0, B, y). The idea of MPSE is to maximize the following equation
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¥O) g
| n#l —)L(ea y —1) axz,i—l) 4
P(A)ZEZIOg 1-¢ - l—e_l(e v
i=1

with respect to A. We can identify the MPS estimators by solving the following equations:

oP 1 & Di(x(i), ®) — Di(x(;-1), ®)

da n+l ,Z; 20 W
_)L(ea ’ _1) a*zi_l) F
l1-e —|1-eAe 7 D

oP 1 Dy (x(i), ®) — Da2(x(i-1), ©)
P n+1< (axzi)
-Al e
1-e

B
”) ( iy )ﬁ
— 1= AMe 7 -1

Nk

a_p 1 ”i: D3(x(i),®) _D3(x(i—1)’®)
oA n+l4 G ’
B P S B
l1-e - (1 —e M T ‘1))
oP 1 & Dy(x(i)> ®) — Dy(x(i-1), ®)

a_y_n+1

i

7 B
1 O] , B
“Ale v -1 ax(i_l)
l1-e —|1-eHMe 7 -1

and Dy (x(;)> A), Da(x(iy> A), D3(x(iy, A) and Dy(x(;), A) are defined in Eqs. (18)-(21).
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4.4 Cramer Von-Mises (CVM)

Consider a random sample X(;y, X(2) ..., X(,) drawn from the EOEGE-E distribution. The CVM
estimators can be obtained by minimizing the following equation

>

P2 ﬁ
Lo
1 A(‘? ’ 1) 2i-1
C(A):E-FZ 1-e -

i=1 2n

with respect to A. In addition, We can identify the CVM estimators by solving the following equations:

P ﬂ T
—A( P 1)

IC_ < coT 2i -1
— =2) Di(x(;),0 1- - ,
oa ; (%, ©) ¢ 2n

] . p .
_,1( * (yx) 1)

IC_ < cT 2i -1
= 223 Dy(x(1, @) || 1- -

B ; z(x() ) ¢ 2n

] ; p .
oaC & A 2i-1
- 222D3(X(i),®) 1-e¢ -

i=1

oA 2n
_ S 8 -
—A(ea (Yi) —1)
IC_ ¢ 2i-1
— =2 D N, © 1- - ,
ay ; 4(x(,) ) ¢ 2n

where Dy (x(;), A), Da(x(iy> A), D3(x(iy, A) and Dy(x(;), A) are defined in Eqs. (18)-(21).

4.5 Anderson-Darling (AD)

Consider a random samples X(1y, X(3), ..., X(,) drawn from the EOEGE-E distribution. The AD
estimators can be obtained by minimizing the following equation
<)
(

i)
y

B
1 n —)t(e“ —1) a@
A(A) = - n2(2i -1)|log|1-e +log|1- (G )

i=1
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with respect to A. In addition, We can identify the AD estimators by solving the following equations:

JdA 1 D1(X(i)’®) Dl(x(n+1—i)>®)
— =-ny (2i-1) + ,
a“ i=1 ( axz/i) ) ﬁ mxgnﬂ—i) ﬁ
“AMe v -1 1— e A(e roo-1)
l1-e
0A L Dy(x(i), ®) Dy (x(n11-i)> ©)
— =N (21 - 1) + >
PTIDY 4 W B\
DY P | 1—e-Ae ™ 7 -1
1-e
A n D3(x(iy, ®) D3(x(ns+1-1)> ®)
—=-n) (2i-1) + ,
oA ; o) p "Zm—l—i) f
“Ale v -1 1- ef/l(ea roo-1)
1-e
0A 1 Dy(x(i), ®) Dy(X(ns1-1)
—=-ny (2i-1) + )
8y ; x{i) P "gHH) 4
AT 1—e-Me ™ 7 1)
1-e

where Dy(x(;y, A), D2 (x(iy, A), D3(x(;)> A) and Dy(x(;y, A) are defined in Eqgs. (18)-(21).
The non-linear equations derived from the log-likelihood are solved using the Newton-Raphson
method. For parameters A = («a, 8, A, y), the algorithm iterates as

Agsr = A — H (AR VE(A),
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where V/ is the gradient and H is the Hessian of the log-likelihood. Initial guesses are set based on moment
estimates, and convergence is achieved when |Ag,; — Ax| < 107°. Computations were performed in R using
the ‘optim’ function, ensuring robust solutions.

5 Simulation Study

A Monto Carlo (MC) simulation study is carried out to explore and assess the behavior of MLEs of
EOEGE-E model via R program. We consider 1000 MC-replicates under different sample sizes n = 50, 100,
200, and 300.

The samples have been drawn for different cases as follows:

e Caselia=25=151=08,y=05.
o Case2:a=0.75, =15 1=0.8,y=0.5.
e Case3:a=0.75,=051=16,y=2.
« Cased:a=0.75 f=051=0.8,y=0.5.

For each sample size, we compute the MLE, LS, WLS, MPS, CVM, and AD with different measures as
Absolute Biases (ABias) and mean square error (MSEs) for all estimates methods. All simulation experiments
were conducted using the R software. The likelihood function was optimized using the optim function with
the Nelder-Mead algorithm. These methods are well-established in statistical analysis and contribute to the
reliability and accuracy of the obtained results. The results obtained after performing the MC simulation
and ABias and MSEs are presented in Tables 2-5. The following conclusions can be made based on the data
presented in Tables 2-5:

«  With larger sample sizes (n), there is a decrease in both the Abias and MSEs of all estimators, indicating
better precision in estimating model parameters, indicating consistency behaviour.

o The methods yielding the least biased parameters across different sample sizes (n) are CVM, and
WLS methods.

o Across all n’s, the Abias of the estimators tends to approach zero, indicating unbiased estimation.

The simulation results indicate that the MPSE often provides more accurate estimates in terms of
both bias and mean squared error, particularly for small and moderate sample sizes. This can be attributed
to the spacing-based nature of the MPSE, which tends to perform better under skewed or heavy-tailed
distributions—features that characterize the proposed EOEGE-E distribution. While the MLE is asymptoti-
cally efficient, its performance may deteriorate when the likelihood function is complex or when the sample
size is small. The OLSE and WLSE exhibit sensitivity to heteroscedasticity in the transformed data, leading
to less stable estimates. The CVME and ADE methods show balanced performance, with ADE particularly
effective in the presence of extreme values due to its emphasis on tail behavior. These findings suggest that
the choice of estimation method should be informed by the sample size and the underlying characteristics
of the data.

6 Real Data Analysis

Three real data sets applications to illustrate the importance and flexibility of the family are presented.

Data set 1. Failure time of 69 components. Badar and Priest [20] discussed the data set of sample
size 69 observed failure times, the dataset is represented the data measured in GPA (Gigapascals), for
single carbon fibers and impregnated 1000 carbon fiber The data set values are: 0.562, 0.564, 0.729, 1.216,
1.474, 1.632, 1.816, 2.020, 2.317, 1.247, 1.490, 1.676, 1.824, 2.023, 2.334, 1.256, 1.503, 1.684, 1.836, 2.050, 2.340,
0.802, 1.271, 1.520, 1.685, 1.879, 2.059, 2.346, 0.950, 1.277, 1.522, 1.728, 1.883, 2.068, 2.378, 1.053, 1.305, 1.524,
1.740, 1.892, 2.071, 2.483, 1.111, 1.348, 1.551, 1.764, 1.934, 2.130, 2.835, 1.115, 1.313, 1.551, 1.761, 1.898, 2.098,
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2.683, 1.194, 1.390, 1.609, 1.785, 1.947, 2.204, 2.835, 1.208, 1.429, 1.632, 1.804, 1.976, 2.262. For data set 1,
the MLEs of the parameters, Kolmogorov-Smirnov (KS) and the p value are calculated and displayed
in Table 6 demonstrated the commonly used well-known model selection information criterion, namely,
AIC, CAIC (Consistent Akaike Information Criterion), BIC, and HQIC with important measures including
Anderson-Darling (AD) and Cramer-von Mises (CVM). The EOEGE-E distribution is compared with
other competitive models as: Alpha power exponential (APEx) [21], The exponentiated generalized alpha
power family (EGAPEXx) [22], Half logistic exponentiated inverse Rayleigh distribution (HLEIRD) [23], the
exponentiated generalized exponential (EGEx) [24], alpha power generalized exponential (APGEx) [25]
and exponential (Ex) distributions. Fig. 10 includes six diagnostic plots (A-F) assessing the EOEGE-E
distribution’s fit to the 69 failure times in Dataset 1.

Table 6: Goodness of fit tests and model parameters for 69 component failure times

Model & B A 9 K-S p-Value AIC BIC HQIC CVM AD
EOEGE-E 12678 01561 33361 0.7819 0.0420 0.9999 105.6246 114.5611 99.7410 0.0100 0.1500
HLEIRD 03379 17974 9.6244 - 00586 09720 1235240 130.1380 126.1410 0.0437 0.3657
EGAPEX 134.8556 4.8093 56.8063 0.2587 0.0512 0.9920 107.8578 116.7942 1114032 0.0419 0.3165
EGEX - 166852 43895 0.4498 0.1030 04570 1170317 123.7340 119.6907 0.1750 11913
APGEX 2474593 -  3.6256 07610 02147 0.0034 130.8831 1375854 133.5421 0.0510 0.3399
APEX 1939359 - - 1318 02165 0.0031 140.6218 145.0900 142.3945 0.0710 0.5052
EX - - - 05878 03926 0.0000 213.3396 2155737 214.2259 0.0849 0.6067

Diagnostic Plots for EOEGE-E Fit to Dataset llI

A Histogram with EOEGE-E Density B Q-Q Plot with 95% Confidence Band Cc P-P Plot with 95% Confidence Band
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Figure 10: Diagnostic plots for EOEGE-E Fit to dataset I

The EOEGE-E distribution provides an exceptional fit to Dataset I, numerically, Table 6 shows
EOEGE-E’s lowest Kolmogorov-Smirnov (K-S) statistic (0.0420), highest p-value (0.9999), and lowest
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Akaike Information Criterion (AIC, 105.6246), Bayesian Information Criterion (BIC, 114.5611), Hannan-
Quinn Information Criterion (HQIC, 99.7410), Cramér-von Mises (CVM, 0.0100), and Anderson-Darling
(AD, 0.1568) values, outperforming HLEIRD, EGAPEX, EGEX, APGEX, APEX, and EX. Visually, Fig. 10’
diagnostic plots confirm this:

« The histogram and violin plots (A, F) show EOEGE-E capturing the right-skewed, heavy-tailed distri-
bution.

« Q-Qand P-P plots (B, C) validate quantile and probability alignment within 95% confidence bands.

o The Total Time on Test (TTT) plot (D) confirms an increasing hazard rate, which EOEGE-E mod-
els accurately.

o The cumulative distribution function (CDF) plot (E) shows near-perfect overlap with the empirical CDFE.

Dataset I's right-skewed failure times and increasing hazard rate, indicative of carbon fiber fatigue under
stress, are ideally suited to EOEGE-E’s four-parameter flexibility. This makes EOEGE-E a powerful tool for
reliability engineering, enabling accurate failure predictions and material design optimization. Competing
models, especially EX, fail to capture these characteristics, highlighting EOEGE-E’s superiority.

Data set 2. Service times of 50 aircraft windshields. The second data presents the contains information
on the “service times” of 50 aircraft windshields. Murthy et al’s study [24] contains this information. Data
are as follows: 1.0030, 1.436, 0.1400, 0.2800, 1.7940, 2.819, 2.592, 0.3130, 0.0460, 1.9150, 2.820, 0.3890, 1.9200,
2.878, 3.1020, 0.9520, 2.0650, 3.3040, 0.9960, 2.1170, 3.483, 1.0030, 2.1370, 3.500, 0.487, 1.9630, 2.950, 0.6220,
1.978, 3.0030, 0.9000, 2.0530, 1.0100, 2.141, 3.6220, 1.492, 2.600, 0.150, 1.580, 2.163, 3.6650, 1.092, 2.183, 3.6950,
1.1520, 2.2400, 4.015, 2.670, 0.248, 1.7190. Table 7 defines the parameter estimates, their standard errors
(SE), are enclosed in bracket, Anderson-Darling (AD), Cramer-von Mises (CVM), and Kolmogrov-Smirnov
(K-S) tests and p values. The EOEGE-E distribution is compared with the well-known models in publications
Al-Essa et al. [26], Chesneau and Yousof [27], Cordeiro et al. [28], Lemonte et al. [29] and Yousof et al. [30].

Table 7: Estimate and goodness of fit tests for data set 2

Model Parameters (Standard Errors) Goodness-of-Fit
« A B y AD CVM K-S p-Value
EOEGE-E 0.65090 1.31263 0.26979 0.72759 0.25463 0.037052 0.065454 0.9468
(0.62786) (0.62276) (0.66453) (0.65287)
GOGELx 2.54613 0.59372 110.2577 224.6193 0.4389  0.0721  0.0995  0.75531
(0.62763) (0.09477) (623.014) (450.5222)
KumLx 1.669151 60.56752 2.564912 64.06404 0.7391 01219 01001 0.73769
(0.25722) (86.0131) (4.75897) (176.599)
TTLLx -0.6277 1.7858821 2122.393 4823.798 0.9431  0.554 01002 0.72560
(0.21371) (0.415221) (163.9125) (200.219)
GamLx 1.907323 35,842.433 39,197.557 - L1120 01836 01002  0.71561
(0.321323) (6945.073) (151.6553)
SGMLx  -1.04x107! 6.4511 x 10° 6.344 x 10° - L1134 01839  0.1002  0.71500
413 x 10710 3.2142 x 10° (3.854734)
BLx 1.921811 30.999493 4.968421 168.5724 11336 01872  0.002 0.70206
(0.31842) (316.8218) (50.5281) (330.223)
6 -1 6
PRHRLx 1‘26;626:1(1)2 03..(?(?194111?)—1 (1)'.338@111%6 — 11264 01861 01005  0.6944
RTTLLx —0.671425 2.744962 1.012384 - 2.6875 0.4532 01006  0.58801
(0.187462) (0.669612) (0.114051)

Fig. 11 and Table 7 demonstrate that the EOEGE-E distribution provides an excellent fit to Dataset II
(service times of 50 aircraft windshields). Numerically, Table 7 shows EOEGE-E’s lowest Anderson-Darling
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(AD, 0.25463), Cramér-von Mises (CVM, 0.037052), and Kolmogorov-Smirnov (K-S, 0.065454) statistics,
and highest p-value (0.9468), outperforming GOGELx, KumLx, TTLLx, GamLx, SGMLx, BLx, PRHRLx
(Proportional Reversed Hazard Rate Lomax), and RTTLLx. Visually, Fig. 11’s diagnostic plots confirm this:

« Thehistogram and violin plots (A, F) show EOEGE-E capturing the slightly left-skewed, long-tailed dis-
tribution.

« Q-Qand P-P plots (B, C) validate quantile and probability alignment within 95% confidence bands.

o The Total Time on Test (TTT) plot (D) confirms an increasing hazard rate, accurately modeled by
EOEGE-E.

o The cumulative distribution function (CDF) plot (E) shows near-perfect overlap with the empirical CDE.

Diagnostic Plots for EOEGE-E Fit to Dataset Il
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Figure 11: Diagnostic plots for EOEGE-E fit to dataset II

Compared to Dataset I (right-skewed carbon fiber failure times), Dataset II's different skewness and
smaller sample size result in a slightly less precise fit, but EOEGE-E’s four-parameter flexibility ensures
superior performance in both cases. This makes EOEGE-E a powerful tool for reliability engineering.

Data set 3. Blood cancer data set. The life time (in years) of a 40 blood cancer (leukemia) patients from
one of Ministry of health hospitals in Saudi Arabia. This actual data are as follows: ‘0.315, 0.496, 0.616, 1.145,
1.208, 1.263, 1.414, 2.025, 2.036, 2.162, 2.211, 2.370, 2.532, 2.693, 2.805, 2.910, 2.912, 3.192, 3.263, 3.348, 3.348,
3.427, 3.499, 3.534, 3.767, 3.751, 3.858, 3.986, 4.049, 4.244, 4.323, 4.381, 4.392, 4.397, 4.647, 4.753, 4.929, 4.973,
5.074, 5.381 For data set 3, the MLEs of the parameters, the commonly used wellknown model selection
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information criterion, namely, AIC and BIC with important measures including Anderson-Darling (AD),
Cramer-von Mises (CVM), and Kolmogrov-Smirnov (K-S) test and p value are computed and displayed
in Table 8. The EOEGE-E distribution is compared with other some competitive models, including the
exponentiated generalized Weibull Rayleigh distribution (EGWR) (Alsulami, 2025) [31], gamma log-logistic
Weibull (GmLLW) (Foya et al., 2017) [32], Burr III Extended Exponentiated Weibull Distribution (BIIIEEW)
(Hussian etal., 2023) [33], generalized odd beta prime Weibull (GOBPW) (Suleiman etal., 2022) [34], gamma
generalized modified Weibull (GmGMoW) (Oluyede et al., 2015) [35] and beta modified Weibull (BMoW)
(Silva et al., 2010) [36].

Table 8: Estimate and goodness of fit tests for data set 3

Model Parameters (Standard Errors) Goodness-of-Fit
« A B y 5 AIC BIC AD CVM K-S p-Value
EOEGE-E 0.04976 0.47238 0.30218 3.0166 — 137.7402 144.4957 0.1099 0.0147 0.05347 0.9998

(0.26508)  (0.43145)  (0.60194)  (3.4657)

EGWR 25242 0.1273 6.3220 1.6975 2.8987  139.838 148.2829 0.17500 0.0257 0.06590 0.995
((0.0054))  (0.0201)  (0.0054)  (0.0054)  (0.0054)

BIIIEEW 071982  13.03392  0.04603  6.82169  3.55227 140.204 148.648 0.14759 0.02195 0.06610 0.9948
((1.44108)) (41.79737) (0.05557) (7.47865) (10.36960)

GOBPW  2.84630  3.21940 078820 145460  5.64530 147.020 155.464 0.42240 0.04800 0.08300 0.9158
(0.17340)  (0.21990)  (0.10240)  (0.11350)  (2.47530)

GmLLW  4.95640 314070 134130 270340 794530 149180 157.624 0.44720 0.06370 0.09020 0.8651
(1.73540)  (0.21210)  (0.15050) (0.20350) (3.74620)

GmGMoW 325390  2.50030 351830 139260  5.65720 150.300 158.744 0.85640 0.11660 0.11840 0.7316
(0.28450)  (0.33780)  (0.23160) (0.07450) (0.54930)

BMoW 264510  3.06980  3.01170  0.87210  4.87210 156.780 165.224 154490 0.17660 0.14410 0.5967
(0.17340)  (0.41920) (0.26480) (0.06450) (0.53910)

Table 8 demonstrates that the EOEGE-E distribution provides an exceptional fit to Dataset 3 and shows
EOEGE-E’s lowest Akaike Information Criterion (AIC, 137.7402), Bayesian Information Criterion (BIC,
144.4957), Anderson-Darling (AD, 0.1099), Cramér-von Mises (CVM, 0.0147), and Kolmogorov-Smirnov
(K-S, 0.05347) statistics, and highest p-value (0.9998), outperforming EGWR, BIIIEEW, GOBPW, GmLLW,
GmGMoW, and BMoW. Accorging Fig. 12, EOEGE-E is expected to capture the left-skewed distribution
(mean = 3.0859 < median = 3.3055) and likely increasing hazard rate, similar to Datasets 1 and 2, with:

» Histogram and violin plots showing alignment with the left-skewed, moderate-tailed distribution.

« Q-Qand P-P plots validating quantile and probability alignment within 95% confidence bands.

+ A Total Time on Test (TTT) plot confirming an increasing hazard rate, reflecting disease progression.
« A cumulative distribution function (CDF) plot showing near-perfect overlap with the empirical CDF.

Compared to Dataset 1 (right-skewed carbon fiber failure times, K-S = 0.0420, p-value = 0.9999) and
Dataset 2 (slightly left-skewed windshield service times, K-S = 0.065454, p-value = 0.9468), Dataset 3’s fit
is comparable to Dataset 1's and superior to Dataset 2’s, despite the smaller sample size (n = 40 vs. 69 and
50). EOEGE-E’s four-parameter flexibility ensures robust modeling of diverse distributions and increasing
hazard rates across material durability (Dataset 1), aviation maintenance (Dataset 2), and medical survival
(Dataset 3). This makes EOEGE-E a powerful tool for reliability and survival analysis, enabling accurate
prognosis prediction in healthcare and failure modeling in engineering.
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Diagnostic Plots for EOEGE-E Fit to Dataset Il
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Figure 12: Diagnostic plots for EOEGE-E fit to dataset III

Data set 4. Lifetime Data of Electronic Components The lifetimes of twenty electronic components,
as reported by Murthy (2004, p. 100), are given in appropriate units as follows: 0.03, 0.12, 0.22, 0.35, 0.73, 0.79,
1.25, 1.41, 1.52, 1.79, 1.80, 1.94, 2.38, 2.40, 2.87, 2.99, 3.14, 3.17, 4.72, 5.09. These data represent the durations
until failure for each component. For data set 4, the MLEs of the parameters, the commonly used wellknown
model measures including Anderson-Darling (AD), Cramer-von Mises (CVM), and Kolmogrov-Smirnov
(K-S) test and p value are computed and displayed in Table 9. The EOEGE-E distribution is compared with
other some competitive the extended odd weibull Lindley (ExOW-Li) (Alizadeh et al., 2018) [37], the new
odd log-logistic (NOLL-L) model (Alizadeh et al., 2019) [38], the Topp-Leone Lindley distribution (TL-Li)
(Al-Shomarni et al., 2016) [39], Odd log-logistic Lindley (OLL-Li) model (Ozel et al, 2017) [40], the Modefied
half logistic (MHL) model (Mohammad, 2021) [41] and the Weighted Exponentiated class of Distributions
(WExp-G) (Shaheed, 2025) [42].

Table 9: Parameters and Goodness-of-Fit for Data set IV

Model o p A y CVM AD p-Value(KS)
EOEGE-E 0.480 (0.900) 0.760(0.800) 0.377(1.095) 0.938(1.302) 0.026 0.193 0.958
WExp-Li 1.056 (0.173) 0.844 (0.215) — - 0.043 0.267 0.947

TL-Li  0.803 (0.133) — — - 0.064 0.381 0.848

OLL-Li  0.810 (0.155) 0.978 (0.207) — - 0.064 0.381 0.811

MHL 1.031 (0.360) 0.633 (0.177) — - 0.069 0.411 0.441
NOLLHL 0.939 (0.296) 0.697 (0.712) — - 0.067 0.396 0.338

ExOW-Li 7472 (0.002) 2.445 (1.119) 36.598 (18.560) 0.070 0.424 0.415
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The Dataset IV lifetimes, with their right-skewed distribution, are best modeled by the EOEGE-E
distribution, which achieves the lowest CVM (0.026), AD (0.193), and highest KS p-value (0.958). The
EOEGE-E models fit is validated through six diagnostic plots in Fig. 13, which confirm its ability to capture
Dataset IV’s characteristics:

« Histogram and violin plots show alignment with the right-skewed, moderate-tailed distribution,
capturing early failures and longer lifetimes effectively.

« Q-Qand P-P plots validate quantile and probability alignment, with most points within 95% confidence
bands, indicating minimal deviation from the observed data.

o A Total Time on Test (TTT) plot confirms a bathtub-shaped hazard rate, reflecting electronic
components’ early burn-in failures, stable operational period, and late wear-out, which EOEGE-E
models accurately.

e A cumulative distribution function (CDF) plot shows near-perfect overlap with the empirical CDF,
consistent with the KS p-value of 0.958.

Diagnostic Plots for EOEGE-E Fit to Dataset IV
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Figure 13: Diagnostic plots for EOEGE-E fit to dataset IV

7 Progressive Type-II Censored Sample

The progressive type-II censoring scheme is commonly described as follows: Initially, n independent
and identical units are subjected to a lifetime experiment. When the first failure occurs at time X(1), @ random
selection of r; units is removed from the remaining n — 1 surviving units. Subsequently, when the second
failure occurs at time x,), r, units are randomly removed from the n — r; — 2 surviving units. This process
continues until the m-th failure is observed at time x,,), at which point the remaining r,, = n —m - Yty
units are removed from the test. The censoring scheme, denoted as R = (Ry, R, ..., R,,), is referred to as
the progressive type-II censoring scheme. In progressive type-II right censoring, the censoring scheme R

is predetermined before the experiment begins. Notably, type-II censoring is a special case of progressive
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type-1I censoring, where the scheme is R = (0,0,...,n —m) (see [43]). Let Xipmin> Xoimins - - > Ximemens 1 <
m < n be a progressively type-II censored sample observed from a lifetime test involving » units and

", T2, ...,y being the censoring scheme. The joint PDF of a progressively type-II censored sample is given
by

f(xl:m:na X2imins -« o> xm:m:n) =C H f (xi:m:n) [1 - F(xi:m:n)]ri > (22)
i=1

where C may be a constant defined as
m—1
C=n(n-r-1)---(n— 3 (r;+1)). For more details, see [15-17,43].
i=1

We discussed the MLE and MPS for parameter estimator of the EOEGE-E distribution based on
progressive type-II censored sample. Let Xi.p:n> Xo:mins - - > Ximmin> 1 < m < m be a progressively type-II
censored sample observed from a life test involving # units taken from a population with PDF f(x) and
CDF F(x) given in Egs. (4) and (5), with the censoring scheme (R, Ry, ..., R,;).

7.1 Maximum-Likelihood Estimation

From Eq. (22) the likelihood function of is then given by

ax’
it

o —Az;‘n(e E —1)
L(A|x)=a" A" B"eZ e

K] B-1 N B\
o —Limin o —iimin
nr ) —/\(e y —1) —A(e y _1)
H‘xi:m:n l1-e 1-|1-e >
i=1
where X = Xiamn> X2omens « « o> Xmimin

The corresponding log-likelihood function for the parameters 0 is

nr y nr wl
EzlogL(A|)_<):nr(log(x+log)t+log/3)+ZM—AZ(e B —1)

i=1 i=1

y
y x)
iim: iim:n

m:n ﬁ
y —1) nr —A(e“ ’ —1)
+ZR,-log 1-]1-e . (23)

i=1

nr nr -1 e“x
+(y-1) > logximn + (B—1) > log|1-e (
i=1 i=1

Since, derivatives of Eq. (23) for parameters does not has closed-form solution, the MLEs of «a, 3,1
and y are obtained by maximizing the log-likelihood function given in Eq. (23). This results in a non-linear
optimization problem, for which explicit solutions are generally not available. Consequently, numerical
methods are employed to find the MLEs. The Newton-Raphson iteration method is employed to get
the estimates.

To solve the system of nonlinear likelihood equations for the parameters «, 3, A, and y, we employ the
Newton-Raphson iterative method. This algorithm updates parameter estimates based on the following rule:

lksD) _ g(k) _ %¢(6) ] [ 24(6)
002 00 |’
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where 6() denotes the estimate vector at the k-th iteration, and £(8) is the log-likelihood function.

The iterations continue until convergence is achieved based on a predefined tolerance level (e.g., 107°). The
partial derivatives (gradient) and second derivatives (Hessian matrix) are computed numerically due to

the complexity of the log-likelihood function.

7.2 Maximum Product of Spacing Method
According to [44], the MPS under progressive type-1I censored sample as:

nr+l nr

Di:m:n(A) = H (F(xi:m:n’ A) - F(xiflzm:n’ A)) H (1 - F(xi:m:n) A))Ri (24)

i=1 i=1

Let Xim:n> Xomens - -+ > Xmmens 1 < m < n be a progressively type-1I censored sample from EOEGE-E
distribution with parameters A = (a, 8, Ay). The idea of MPSE is to maximize the following equation

o )Y y B T |\
nr+l “Me 7 -l ax(i;l) nr+l —/\(ea Y —1)
P(A) =) log[|1-e —l1-eMe 7D + Y Rilog|1-|1-e
i=1

i=1
(25)

Further, the log-MPS of the EOEGE-E parameter can also be obtained by solving the first partial
derivatives of log-MPS with relation to A and equating to zero, we get the MPS estimate by using the
Newton-Raphson iteration method.

7.3 Simulation

In this section, Monte Carlo simulations are conducted using progressive Type-II censored samples
to compare the performance of MLE, and MPS estimates of the EOEGE-E parameter. The simulations are
designed to evaluate and report the results in terms of Abias, MSE, and length of asymptotic confidence
intervales (LACI). Moreover, 95% confidence intervals for the parameters were obtained based on the
estimated variances derived from the inverse of the observed Fisher information matrix. These functions
and tools are standard in statistical analysis and ensure the accuracy and reliability of the obtained results.
For various parameter combinations, 10,000 random samples are generated from the EOEGE-E distribution,
considering sample sizes of n = 50, 100, 150, and 200, as well as different ratio of censored sample (r = %) =
0.7 and 0.9, and censoring schemes, as outlined below:

«  Scheme 2: R = (n—m, 0™ ),
« Schemel: R = (0D 5 —m).
To Generate an ordinary progressive Type-II censored samples (X;,R;) for i =1,2,...,m using the

algorithm described in [45]:

1. Generate H independent observations of size m = nr, denoted by Hy, H,, ..., H,r.
2. Given the values of n, nr,and R; for i =1,2,..., nr, compute

-1
nr
‘/i:(Hi+ Z R]) s i=1,2,...,m’.

j=nr—i+l
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3. Define
Ui=1-Vy Vi Vipmizn, i=12,...,nr,

where {U; } represents a progressive Type-II censored sample of size nr from the U(0, 1) distribution.
4. Invert Eq. (4) for a given value of A to obtain

Ximn = F'(UsA), i=12,...,nr,

thus generating the progressive Type-II censored sample from the EOEGE — E distribution (A) distri-
bution.

All simulation experiments were carried out using R software. The optimization of the likelihood
function was implemented using the optim function with the Nelder-Mead algorithm. To obtain the
maximum likelihood estimates via the Newton-Raphson (NR) method, we used the “maxlike” package,
and the Hessian matrix was computed to assess the precision of the estimates. These functions and tools
are standard in statistical analysis and ensure the accuracy and reliability of the obtained results. The 95%
confidence interval (CI) for each parameter estimate A was calculated using the following formula:

A + 21_5/2 \/ Var(A)

where Z,_5/, = 1.96 is the critical value from the standard normal distribution, and Var(é) is the estimated
variance of é, obtained from the inverse of the observed Fisher information matrix (i.e., the inverse of the
Hessian matrix).

The most straightforward estimation method is often the one that minimizes Abias, MSE, and LACI.
The simulation results, including values for Abias, and MSE are presented in Tables 10 and 11. These tables
summarize the findings for different parameter scenarios.

Table 10: MLE and MPS based on progressive censoring scheme: « = 0.75, 3 = 0.5, = 1.6,y = 2

r 0.7 0.9
MLE MPS MLE MPS

Scheme n Abias MSE LACI Abias MSE LACI Abias MSE LACI Abias MSE LACI

0.1092 0.1191 12834 0.0922 0.1359 1.3994450.1058 0.1143 1.2589 0.0915 0.1345 1.3920
0.2071 0.1693 13940 0.2067 0.2712 18738 0.1945 0.1551 13425 0.1942 0.2021 1.5895
0.1967 0.3566 2.2102 0.1663 0.4091 2.4210 0.1965 0.3565 2.2102 0.1648 0.3896 2.3598
0.1964 0.6163 2.9795 0.1970 0.6068 2.9542 0.1822 0.5450 2.8043 0.1826 0.4784 2.6151
0.0846 0.0421 0.7329 0.0457 0.0646 0.9801 0.0630 0.0357 0.6982 0.0437 0.0486 0.8467
0.1541 0.0589 0.7355 0.1536 0.1260 1.2547 0.0797 0.0448 0.7682 0.0787 0.0660 0.9589
0.1686 0.1821 1.5366 0.1083 0.2534 19271 0.1595 0.1806 1.5442 0.1010 0.2532 1.9325
0.1629 0.2897 2.0108 0.1619 0.3826 2.3403 0.1161 0.2322 18332 0.1132 0.3177 2.1645
0.0232 0.0130 0.4371 0.0234 0.0298 0.6700 0.0116 0.0127 0.4390 0.0111 0.0205 0.5602
0.1201 0.0375 0.5950 0.1200 0.0794 0.9995 0.0627 0.0319 0.6554 0.0645 0.0424 0.7669
0.0808 0.1002 11994 0.0798 0.1704 1.5874 0.0676 0.0989 12041 0.0657 0.1157 1.3082
0.1542 0.1937 1.6161 0.1543 0.2833 1.9971 0.0933 0.1921 1.6789 0.0959 0.1937 1.6838
0.0142 0.0120 0.4262 0.0042 0.0141 0.4648 0.0103 0.0116 0.4207 0.0031 0.0115 0.4202
0.0676 0.0227 0.5284 0.0673 0.0400 0.7380 0.0657 0.0199 0.4888 0.0658 0.0298 0.6259
0.0476 0.0895 11581 0.0477 0.0968 1.2051 0.0356 0.0674 1.0081 0.0456 0.0951 1.1953
0.1025 0.1550 1.4902 0.1021 0.1840 1.6332 0.0419 0.1478 14981 0.0412 0.1622 1.5703

50

100

150

200

—_
R PR’ PR 2H/ERR 2™

(Continued)
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Table 10 (continued)
r 0.7 0.9
MLE MPS MLE MPS
Scheme n Abias MSE LACI Abias MSE LACI Abias MSE LACI Abias MSE LACI
o 0.2075 0.4965 2.6395 0.2067 0.3463 2.1597 0.1836 0.1382 12668 0.1824 0.2479 1.8161
50 B 0.1187 0.1097 1.2121 0.0863 0.1422 1.4392 0.1182 0.1019 11622 0.0712 0.1409 1.4446
A 0.2290 11497 4.1062 0.1913 0.3399 21588 0.2295 0.6121 2.9321 0.1823 0.3282 2.1291
y 0.0628 1.0617 4.0315 0.0293 0.3710 2.3848 0.0512 0.9227 3.7600 0.0251 0.3238 2.2286
o 0.0811 0.1890 1.6743 0.0810 0.1073 1.2439 0.0751 0.0479 0.8057 0.0710 0.0912 1.1506
100 B 0.0676 0.0241 0.5485 0.0671 0.0944 11755 0.0354 0.0213 0.5550 0.0355 0.0698 1.0265
A 0.0987 0.9799 3.8610 0.1000 0.2029 1.7215 0.0944 0.4183 2.5080 0.0932 0.1926 1.6813
) y 0.0056 0.7410 3.3743 0.0070 0.3019 2.1538 0.0048 0.5977 3.0304 0.0068 0.2932 2.1223
o 0.0561 0.1604 1.5545 0.0558 0.0687 1.0040 0.0511 0.0269 0.6114 0.0502 0.0396 0.7551
150 B 0.0526 0.0189 0.4980 0.0525 0.0582 0.9227 0.0261 0.0173 0.5048 0.0281 0.0474 0.8466
A 0.0739 0.9703 3.8504 0.0735 0.1347 1.4095 0.0612 0.3411 2.2768 0.0649 0.1255 1.3653
y 0.0044 0.5983 3.0322 0.0045 0.2349 1.8998 0.0042 0.5351 2.8673 0.0041 0.2307 1.8829
o 0.0517 0.1318 1.4087 0.0514 0.0465 0.8205 0.0335 0.0191 0.5256 0.0334 0.0292 0.6565
200 B 0.0202 0.0179 0.5180 0.0199 0.0344 0.7225 0.0200 0.0152 0.4770 0.0142 0.0304 0.6813
A 0.0605 0.9409 3.7951 0.0607 0.1007 1.2211 0.0601 0.2454 1.9274 0.0500 0.0912 11675
y 0.0030 0.5484 2.9028 0.0031 0.1537 15367 0.0021 0.4277 2.5637 0.0029 0.1521 1.5285
Table 11: MLE and MPS based on progressive censoring scheme: o = 2.5, =1.5,1=0.8,y = 0.5
r 0.7 0.9
MLE MPS MLE MPS
Scheme n Abias MSE LACI Abias MSE LACI Abias MSE LACI Abias MSE LACI
o 0.1371  0.0752 0.9310 0.1361 0.1288 1.3018 0.0945 0.0631 0.9124 0.0960 0.0838 1.0705
50 B 0.1994 0.1413 12493 0.2057 0.2056 1.5838 0.0845 0.1310 1.3795 0.0839 0.1312 1.3811
A 0.1976  0.1947 15463 0.1978 0.2676 1.8737 0.0936 0.1353 13946 0.0692 0.1684 1.5857
y 0.0654 0.0109 0.3201 0.0695 0.0143 0.3810 0.0437 0.0101 0.3541 0.0435 0.0109 0.3713
o 0.0891 0.0364 0.6612 0.0892 0.0404 0.7065 0.0775 0.0251 0.5409 0.0774 0.0363 0.6822
100 B 0.1735 0.0930 0.9830 0.1735 