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ABSTRACT: In this present work, we propose the expected Bayesian and hierarchical Bayesian approaches to estimate
the shape parameter and hazard rate under a generalized progressive hybrid censoring scheme for the Kumaraswamy
distribution. These estimates have been obtained using gamma priors based on various loss functions such as squared
error, entropy, weighted balance, and minimum expected loss functions. An investigation is carried out using Monte
Carlo simulation to evaluate the effectiveness of the suggested estimators. The simulation provides a quantitative
assessment of the estimates accuracy and efliciency under various conditions by comparing them in terms of mean
squared error. Additionally, the monthly water capacity of the Shasta reservoir is examined to offer real-world examples
of how the suggested estimations may be used and performed.

KEYWORDS: Bayesian estimation; E-Bayesian estimation; H-Bayesian estimation; generalized progressive hybrid;
Kumaraswamy distribution; censoring sample; maximum likelihood estimation

1 Introduction

Kumaraswamy [1] created a novel two-parameter distribution with hydrological concerns in mind
because the conventional probability distributions functions such as beta, normal, log-normal, Student-t, and
other empirical distributions do not suit hydrological data well. For further details on how the Kumaraswamy
distribution fits well with several natural occurrences, including engineering modeling, daily rainfall, water
flows, and other pertinent fields, see [2-4], and [5]. This is particularly true for results that have upper and
lower boundaries, such as economic statistics, test scores, human height, and air temperatures. Although the
Kumaraswamy distribution has a closed form cumulative distribution function (CDF) in the closed interval
[0, 1], it is comparable to the beta distribution. The probability density function (PDF) of the Kumaraswamy
distribution, CDE, reliability function (RF), and hazard rate function (HRF) can be written in exponential
form, respectively, as follows:

-1
f(zA,0) = 162°71 (1_25)A—1 = /XI(S_ZZS exp [Aln (1—25)],0 <z <1, 1)
F(z1,8)=1-(1-2°) =1-exp[AIn(1-2°)],0 < z < 1, )
R(t) = (1- )" =exp[AIn(1-£)],£ > 0 3)
A8t
H(t) = W,t > 0, (4)
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where A and § are non-negative, shape and scale parameters, respectively. In recent years, estimation for
the Kumaraswamy distribution has increasingly come to the attention of academics, see for more informa-
tion [6-10]. Fig. la—d shows the PDE, CDF, RF and HRF for the Kumaraswamy distribution, respectively,
with different values for shape and scale parameters.
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Figure 1: The PDE CDEFE RF and HRF for the Kumaraswamy distribution with different values of shape and scale
parameters

Due to time, cost, and resource limitations, quality assessments that use lifetime data may encounter
issues in practice. To address these problems, censoring schemes (CSs) have been employed. The progressive
censoring schemes (PCSs) technique has become the norm due to its versatility and the range of data it
provides. PCS states that in an experiment on n experimental units, the R; surviving items are randomly
selected from (7 — 1) surviving items at the moment of the first failure in the test. Also, at the moment of
the second failure in the test, R, surviving items are randomly selected from (n — R; — 2) surviving items.
The procedure keeps going until the mth failure time; at the mth failure, every last surviving R, item is
arbitrarily eliminated from the experiment. The m ordered observed failure times will be designated by
(zh .z ..., ZR» ) and referred to as progressively censored samples of size m from a sample of
size n with PCS (Ry, Ry, ..., Ry), m < n. The use of PCS is often motivated by practical considerations,
such as cost constraints or limited resources, where it may not be feasible or efficient to monitor the
subjects continuously or until the failure occurs. Data analysis using PCS poses challenges as the censoring
mechanism relies on observed failure times, which may be long, and the time intervals between successive
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observations may vary. This requires the development of specialized statistical methods for estimation and
inference. A generalized progressive hybrid censored scheme (GPHCS) was recently presented by Cho
et al. [11]. He may handle the complete test duration inside the allocated time after determining the proper
total test time T. Fig. 2 shows the three different cases of GPHCS.
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Figure 2: The Layout representation of generalized progressive hybrid censoring scheme

In the recent years, GPHCS has gained a lot of attention in reliability and survival analysis. Based on
GPHCS from various distributions, Bayesian estimation has been studied by Nagy et al. in [12,13], and Nagy
etal. in [14].

Bayesian estimation involves updating prior beliefs with observed data to obtain a posterior distribution.
In expected Bayesian (E-Bayesian), we impose certain restrictions on our hyperparameters; it provides
more stable and reliable estimates, especially in situations with uncertainty about the appropriate prior
specification. The hierarchical Bayesian (H-Bayesian) method is more robust because it entails a two-stage
process for constructing the prior distribution. However, a drawback of this approach lies in the intricate
integrals within the estimator expression. These integrals often necessitate resolution through numerous
numerical approximation techniques, making calculations tedious and time-consuming.

In the recent past, E- and H-Bayesian estimations have been considered for the parameters and the
reliability characteristics under different censored data. Han [15] discussed the E-Bayesian and H-Bayesian
estimations of the parameter derived from the Pareto distribution under different loss functions. Okasha
et al. [16] discussed the E-Bayesian estimation for geometric distribution. Yousefzadeh [17] considered
the E- and H-Bayesian estimates for Pascal distribution. Rabie et al. [18] discussed the Bayesian and E-
Bayesian estimation methods of the parameter and the reliability function of the Burr-X distribution based
on a generalized Type-I hybrid censoring scheme. Yaghoobzadeh [19] conducted research on E-Bayesian
and H-Bayesian estimation of a scalar parameter in the Gompertz distribution under type-II censoring
schemes based on fuzzy data. Their study focused on developing estimation techniques that account for
uncertainty and imprecision in the data. Nassar et al. [20] conducted research on E-Bayesian estimation
and associated properties of the simple step-stress model for the exponential distribution based on type-II
censoring. Their study focused on developing estimation methods that account for the censoring scheme
employed and investigating the properties of the estimated parameters. Nagy et al. [21] provided an E-
Bayesian estimation for an exponential model based on simple step stress with Type I hybrid censored data.
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They developed estimation methods to obtain reliable parameter estimates considering the specific censoring
scheme employed. Balakrishnan et al. [22] discussed the best linear unbiased estimation (BLUE) and
maximum likelihood estimation (MLE) techniques for exponential distributions under general progressive
type-II censored samples. They provided statistical methodologies for parameter estimation under this
type of censoring scenario. They developed methodologies to analyze this specific censoring scheme and
its impact on the estimation of the distribution’s parameters. Mohie El-Din et al. [23] proposed an E-
Bayesian estimation approach for the parameters and HRF of the Gompertz distribution using type-II
PCS. Their research aimed to provide reliable estimation techniques for this specific censoring scheme and
demonstrated the application of these methods in practical scenarios.

Recent research has demonstrated that E- and H-Bayesian estimates are more effective than both
classical and Bayesian approaches. To the best of our knowledge, no article can be found in the literature
having both E- and H-Bayesian estimation for the Kumaraswamy distribution under GPHCS. Motivated by
the effectiveness of E- and H-Bayesian estimates, the usefulness of the GPHCS, and the importance of the
Kumaraswamy distribution in reliability applications. Our main objective in this paper is to estimate the
shape parameter and the HRF of the Kumaraswamy distribution based on GPHCS using E-Bayesian and
H-Bayesian approaches, which we believe would be of profound interest to applied statisticians and quality
control engineers.

The structure of the article is as follows: Section | provides an introduction, outlining the research
problem and objectives. Section 2 focuses on the MLE and Bayesian estimation techniques for the shape
parameter and HREF, considering different loss functions. Section 3 presents the derivation of E-Bayesian
estimators for the shape parameter under different loss functions. In Section 4, H-Bayesian estimators
are obtained, again considering different loss functions. To assess the performance of the estimators, a
simulation study is conducted in Section 5, where different loss functions are considered and the estimators
are compared. Section 6 presents the analysis of a real-life data to demonstrate the practical application of the
proposed estimators. In Section 7, the article concludes by summarizing the key findings and implications
of the study. Finally, the properties of the E- and H-Bayesian estimators are discussed in the Appendix A of
this paper.

2 Maximum Likelihood and Bayesian Estimation

In this section, we estimate the shape parameter A and HRF H(t) of the Kumaraswamy distribution
using the MLE method. Let Z = (2", ,Z% L2 Y= (Z1, 2y, ..., Zye ) where Z]If;*m = Z;, for

Lin*:n> “2in*n’* n*in*:mn
simplicity of notation, be the ordered observed failure times based on GPHCS follow from absolutely

continuous PDF F(.) and RF R(.), the joint PDF is given by

*
n m
=1

fz(z) = [H

i=1 j=i

(R] +1)] Hf (Zmeon) [R(zimwan) ] [R(T)]™ 5)

0<z1<z3<...<zZy+ <00,

where R is the jth value of the vector R™.

I:(zla Rl); cees (Zs’ Rs)a (Zs+1> 0)) e (zk—la 0)) (Zka RZ =n- k - ZIR])] > Case-I,
J:

[(ZI’RI)’---a(ZS’Rs)]) CaSe-II,

[(21,R1),...,(Zm,Rm)], CaSC-III,

[z, R*] = (6)
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and R’ is the number of units eliminated at time T, as determined by

0, Case-I,

s k  Case-],
R:={n-s- Y R;, Casell, andn*={s Case-I, (7)
=]
0 Case-111 m Case-III.

Let (Zy, 2, ..., Zy) be the observed ordered data under the GPHCS follow from the Kumaraswamy
distribution with PDF and RF as in Eqs. (1) and (3), the likelihood function of A, § can be derived by Eq. (5),
as

n* —1

L(),82) = C(16)" H

5 exp[-AD(4,2)], (8)
J

*

where C = nH f (R]* + 1) and D (4,z) = - [HZ (R]* + l)ln (1 - z}s) +RIIn (1 - T‘s)]. Taking log of Eq. (8),
. =1
we ge

* *

log L(A|z) o< n* log (A8) + (& - I)ZIng] Zlog(l— )= AD(6,2).
j=1

We differentiate the above equation with respect to A and equating to zero, as

dlnL (A, 8)z) n*

= — — D 6’ =
51 T ~D(0.2)

—~ n*
AmrL = : 9

M7 D6, 2) ©)

The ML estimate of H(t) for given § is given as

_ Apap 1%
st = D! w

2.1 Bayesian Estimation

In calculating statistical inference and estimation of scale parameters using the Bayesian method, this
is done through integrations of non-closed formulas. Then, calculating the inference and estimation of these
parameters using the E- and H-Bayesian approaches is a more complex integral formula. Therefore, methods
are used to approximate these quantities, which often lead to large errors. Therefore, in this manuscript,
we calculate the estimate of the shape parameter for the Kumaraswamy distribution because the Bayesian
estimate of this parameter is a closed form. Therefore, calculating the estimates using the E- and H-Bayesian
approaches is more accurate and efficient. Here, we have developed Bayesian estimators for the shape
parameter A and the HRF of the Kumaraswamy distribution using various loss functions. These loss functions
include the squared error loss function (SELF), entropy loss function (ELF), weighted balance loss function
(WBLF), and minimum expected loss function (MELF).

We are using gamma distribution as the prior distribution of A as it is a conjugate prior. The gamma
prior distribution with shape and scale parameters a and b, respectively, has the following PDF:

baka—l

P(Ma.b) = s

e ™), a,b > 0. (11)
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Here the hyper-parameters a and b have been chosen based on a formula, which can be found in Dutta
etal. [24]. Using the likelihood function and the prior in Eq. (11), the posterior distribution for the parameter
A becomes

L(A|z)P(Ala, b)
Jy L(Az)P(A|a, b)dA
g1 (8.2)]" A0+ L exp [-Ag, (3,2)]

) [(n*+a) ’ 12)

P*(Mz) =

where g1(8,z) = b + D(6,z) and we will write it as g for simplicity of notation.
2.2 Bayesian Estimate with SELF
The Bayes estimator of A under the squared error loss function (SELF) ;1\3 s, is given by
Aps = E[Az], (13)

provided if E[A|z] exists and finite. Then, by using Eqs. (12) and (13) with the sample z = (z;, - - -, 2+ ), the
Bayes estimator of A under SELF is given by

n*+a

Tos = E[z] = [ AP* (Niz)d - (14)

The Bayes estimate of H(t) for given § is given as

/XBS 5191

1-1t9 15

HBS ( t) =
2.3 Bayesian Estimate with ELF

Dey et al. [25] discussed the ELF and the Bayes estimator of A under ELF App, is given by
Xpz = E[17)2]7, (16)

provided if E[A7!|z] ™! exists and finite. Then, by using Eqs. (12) and (16) with the sample z = (zy, - -+, Z+ ),
the Bayes estimator of A under ELF is given by

Ty = E[A 2] = /‘°° P*(Alz)dA _n*+a- 1. 1)
0 A g
The Bayes estimate of H(t) for given § under ELF is given as
_ Appdto!
Hgp(t) = BlE——t@ (18)

2.4 Bayesian Estimate with WBLF
The WBLF can be expressed as (see Nasir et al. [26]) where the Bayes estimator of A under WBLF XBW,
is given by
~ _E[N|]
o EDM]

(19)



Comput Model Eng Sci. 2025;143(1) 191

provided if E[A%|z] and E[A|z] exist and finite. Then, by using Eqs. (12) and (19) with the sample z =
(21, -+, zn* ), we have

(n +a)(n2+a+1) and  E[\z] = n'+a

(1] &

B[Vl = [P (Az)dA -

Hence, the Bayes estimator of A under WBLF is given by

~ n*+a+l
Apw = Q (20)
&
The Bayes estimate of H(t) for given § under WBLF is given as
_ Apw ot
Hpw(t) = Blw——t8 (21)

2.5 Bayesian Estimate with MELF
Tummala et al. [27] defined the MELF where the Bayes estimator of A under WBLF Asar, is given by

7 _ E[A 7]
e =

provided that E[A~!|z] and E[1~?|z] exist and finite. Then, by using Eqs. (12) and (22) with the sample z =
(21, - -+, znr ), we have

[a]" " T(n* +a-2)

, and E[A7Vz]- —&
L(n*+a) [g]" "7 o A7kl

nt+a-1

_ <1
EDel= [ 5P (Mz)dh -

Hence, by using MELFE, the Bayes estimate is obtained as

~ n*+a-2
Ty = ) @3)
F41
The Bayes estimate of H(t) for given § under MELF is given as
_ w0t
HBM ( t) = Blw_—tts (24)

3 E-Bayesian Estimation

According to Han [28], it is recommended to select the prior parameters a and b in such a way that the
prior distribution in Eq. (11) is a decreasing function of A.

d _ (ab) -2) —Aa
Z7P(Aa,b) _WW’ Je M [(b-1) -aA].

Specifically, it is suggested that for 0 < a < land b > 0, the prior distribution becomes a decreasing
function of A. The E-Bayesian estimate of A is given by

— 1 k_
AEB=f f 1sP(A, a,b) dadb.
0 0
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The E-Bayesian estimate of A is then given by the integral of the Bayesian estimate of A, denoted as A5,
multiplied by the prior distribution, over suitable domains for the hyper parameters a and b. The domains
for the first and second integrals correspond to the regions where the prior density function is a decreasing
function of A.

The specific distributions chosen for the hyper parameters a and b are as follows:

2(k - b)

Pi(a,b) = S 0<a<10<bc<k, (25)
Pz(a,b):%, 0<a<l0<bc<k, (26)
and

2
P3(a,b):k—12?, 0<a<1l0<b<k (27)

3.1 E-Bayesian Estimation under SELF

For a sample z = (zy, - - -, 2,+) of the Kumaraswamy distribution, using the Bayesian estimator of A
under SELF in Eq. (14) with the priors given in Eqs. (25)-(27), the E-Bayesian estimators of A under SELF
are given by

~ 2n* +1 k+g(6,z)
Agps = — 3 [(k+82(5’2))108(m —k|,

~ 2n* +1 k+g,(6,2)

A = 1 — |,
EBS, 2k 0og ( % (8, Z)

~ 2n* +1 22(8,2)

A =— 0,z)log| —=————— | +k|. 28
£BS: = 3 [gz( z) og(k+g2(6’l) + (28)

For a time t with Eq. (15), using the priors given in Eqs. (25)-(27), the E-Bayesian estimators of H(t)

under SELF are given by

~ 8t°1 (2n* +1) k+g

HEBSI:l—t‘ST (k+g2)10g ? -k,

= 6t871 (21’1>€ + 1) k + D

Hggs, = 1 ,
BRI 2k 8\ g

= 81071 (2n* +1) e

H = —_— 1 — kl, 29
EBS; 11— 2 & 1og k+g2 + (29)

*

=

where g,(8,2) = D(9,2) = - [ (R]* + 1) In (1 - z;.s) +R¥In(1- T‘S)] and we will write it as g, for simplic-

j=1
ity of notation.
3.2 E-Bayesian Estimation under ELF

For a sample z = (23, - - -, 2+ ) from the Kumaraswamy distribution, using the Bayesian estimator of A
under SELF in Eq. (17) with the priors given in Eqs. (25)-(27), the E-Bayesian estimators of A under ELF are
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given by
=~ 2n* -1 k+g
/\EBEl 27[(k+g2)10g( o )-k:l,

-~ 2n* -1 k+
AEBEZ = log( gz)’

2k §%)

=~ 2n* ~1 o)
= — 1 .
AEBE3 2 |:gZ Og(k+g2)+k:| (30)

For a time ¢ with Eq. (18), using the priors given in Eqs. (25)-(27), the E-Bayesian estimators of H(t)
under ELF are given by

—~ o0 (2n* -1 k+
HEBE1: w[(k-kgz)log( ggz)—k:I,
2

1-t0 k2
(Sts_l (21’1* - 1) k + 9
Hege, = 1 ,
BETTTe 20 g
= 8o (2n* -1) &
H 1 k|. 31
T N Vs GV

3.3 E-Bayesian Estimation under WBLF

For a sample z = (zj, - - -, 2+ ) from the Kumaraswamy distribution, using the Bayesian estimator of A
under WBLF in Eq. (20) with the priors given in Eqs. (25)-(27), the E-Bayesian estimators of A under WBLF
are given by

2n* +3 k+ + &
2 T2 1 k|,
o[ ersms(2)

-~ 2n* +3 k+g2
Aesw, = log| —=2,
EBW, 2k og( @ )

-~ 2n* +3 §'§)
AEBW3 =T.[gzlog(k+ )+k:| (32)

D

AEBw, =

For a time t with Eq. (21), using the priors given in Eqs. (25)-(27), the E-Bayesian estimators of H(t)
under WBLF are given by

— 5t°1 (2n* +3) k+g
HEBW1 = (1_ t8) k |:(k+g2)10g( o -k N

—~ 8t (2n* +3) k+g
Higw, = log [ =221,
R CETT Y *® ( el
— 5t°1 (2n* +3) e
H = | .
EBW; - 2 [gz og ( K+ o +k (33)

3.4 E-Bayesian Estimation under MELF

For a sample z = (zy, - -+, z,+ ) of the Kumaraswamy distribution, using the Bayesian estimator of A
under MELF in Eq. (23) with the priors given in Eqs. (25)-(27), the E-Bayesian estimators of A under MELF
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are given by
-~ 2n* -3 k )
/\EBMl :T[(k+g2)log( o )-k:l,

- 2n* -3 k+ D
A = 1 ,
EBM, 2k og( @ )

-~ 2n* -3 O
A _ 1 kl|. 34
EBM; = B [gz og(k+g2)+ ] (34)

For a time ¢ with Eq. (24), using the priors given in Eqs. (25)-(27), the E-Bayesian estimators of H(t)
under MELF are given by

~ 8t°t (2n* -3 k +
HEBM1: wl:(k-i—gz)log( ggz)—k],

1-10 k2 )
8t%1 (2n* - 3) k+g
Hepu, = 1 ,
EBM: T T ok B\ g
—~ o101 (2n*-3) &
H gl k|. 35
s ke |8 % kg ()

4 H-Bayesian Estimation

In this part, the H-Bayesian estimates of the shape parameter of the Kumaraswamy distribution are
obtained using different loss functions, namely SELF, ELE, WBLE, and MELE Following the methodology
proposed by Lindley et al. [29], we introduce hyper parameters denoted as a and b in the prior distribution
Prior(A|a, b) as given in Eq. (11). The hyper prior distributions of a and b are defined in Eqs. (25)-(27). Then
the corresponding hierarchical prior distributions of A are derived based on these hyper priors.

P4(/1):flka(Ma,b)Pl(a,b)dbda:flfkb;?u)l p(- b/\)z(k %) dbda, (36)
Py(1) = f f P(Ala, b)Ps(a, b)dbda_f f brAT lexp(—bA)Edbda, (37)

and

Ps(A) = f f P(Ma, b)Ps(a, b)dbda—f fkba A b)t)—dbda (38)

Using Bayes theorem, likelihood function and Eqs. (36)-(38), the hierarchical posterior distributions
of A can be written as

b _
I(a) exp[-Ag1] dbda
Jo Jo (e=b)——

1 rk
Loey Do)
[ L(AlZ)P(A) dA

Pi(Ae) = b® T(n*+a) Ibda ’
r( ) [ ]n *+a

L(Alz)Ps()) ~ /0 /0 F( AT Yexp[-Ag1] dbda

Jo L(Al)Ps(A) dA /! fo"rl(’a)r(”]ff? e

Py(Alz) =
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and
kbt
lapr) P T
/OOOL(/\|Z)P6()L) dA k b T(n* +a)
fO /0 r(a) [gl]n*+u

— A" lexp[-Agi] dbda
P3(Alz) =

dbda

4.1 H-Bayesian Estimation Based on SELF

Using SELF and the H- posterlor distributions which are defined respectively in Eqs. (13), (36)—(
H-Bayesian estimates B HBS,» B HBS,» B Has, of A can be defined as

XHBSJ- =E[(Mz)];j=1,2,3.

Here,
Jo I« bt K xa*l) b
Tuns, = ELMD)] = [ AR(M2) dA = W;) Egl]n ‘ |
' /0 fo (k- b)F( )%dbda

1
k b T(n*+a+1)

dbd
_ oo ./0 (a) [gl]n *+a+l a
Tuns, = E[OV)] = [~ AR (g) dd = ——— ol oo
———~dbd
/O /O r(a) [ ]n +a a
k b T(n* +a+1)
. 0o fO /0 r(a) gn *+a+l dbda
Xuss, = ElAR)] = [ APs(AJ2) d - TG
0 k b7 I(n* +a) Ibda

fO fO r(a) gn*+

1

For a time ¢, the H-Bayesian estimators of H(¢) under SELF are given by

8t81 b T(n*+a+1)
- - dbda
. f6) /0 /0 r(a) [gl]” +a+l
Hiigs, = f f (k- ) b* T(n*+a) Ibda ’
0Jo ( ) [ ]n +a
k b* T(n*+a+1)
R t8) fo fo T'(a) [gl]n TaTl dbda
o ff" GIIGET PR
0JO r(a) [ ]n*+a
k b T(n* +a+1)
. tB) /0 0 F(a) [gl]n *+a+1 dbda
Hpyps, =

k b T(n* +a)

@ (o dbda

fo s

195

38), the

(39)

(40)
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4.2 H-Bayesian Estimation Based on ELF

Using ELF and the H- posterlor distributions which are defined respectively in Eqs. (16), (36)-(38), the
H-Bayesian estimates B HBE,> P HBEy» B HBe, of A can be defined as

Ausr, = E[(A7'[2)] 75/ =1,2,3.

Here,
1 rk ba F(n*+a )
dbd
. X 0o PI(A,|Z) fO fO ( r(a) [gl]n +a-1 a
Anpr, = E[(A” |Z)]=f =~ d) = ,
' 0 A //(—)br(n+a)dbda
0Jo F(a) [ ]n +a
//k b T(n*+a- Ddbda
1 =P(z) ;77 T@) [
Xuse, = (O] = [ 2 = * :
0 A k b T(n*+a)
fo fo T(a) deda
ffk b T(n* +a- )dbda
Xuss, = E(O0 )] = [ a1 - (4n
0 A k b T(n* +a)
fo fo (@) 7 e dbda
For a time ¢, the H-Bayesian estimates of H(t) under ELF are given by
8t5 ! b T(n*+a)
- ——————dbda
R ta) fO /0 ( )r( ) [ ]n +a
HBE ,
' 1 b* T(n*+a-1)
- dbda
f() fO ( r(a) [gl]n +a-1
z“Sl r b° F(n +a)
HHBEZ - f fk b r(n +a-— ) dbda )
0JO r(a) [gl]n*+a—l
l“S ! k b T(n* +a)
R ) fo fo @) (o] .~ dbda
Hygg, = (42)

© bt I(n*+a-

.[() fO r(a) [gl]n *+a-1

4.3 H-Bayesian Estimation Based on WBLF

Assuming WBLF as defined in Eq. (19) and using the priors defined in Eqgs. (36)-(38), the H-Bayes
estimates Aygw,> Ausw,> Augw, of A are

(V)]
A8 = (W)

D dbda

j=12,3.
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Here,

1k b T(n*+a+2)
fo fo (k_b)r(a) [gl]n*+a+2 dbda

Aupw, = ,
HEW, b* T(n* +a+1)

1 rk
fo fo (k_b)r(a) [gl]n*+a+1 dbda

k b T(n*+a+2)

fO fO r(a) [gl]n*+a+2

dbda

Augw, = ,
HBW, k b* T(n*+a+1)

,[O [0 r(a) [gl]n*+a+l dbda

Kk b T(n* +a+2)

.[O .[0 r(a) [gl]rl*+a+2

dbda
(43)

1\ =
HEWS k b T(n* +a+1)

: .
2" dbda
0 .[0 r(a) [gl]}’l +a+1

For a time t, the H-Bayesian estimates of H(¢) under WBLF are given by

Stk o\ b T(n"+a+2)
(1_t6) fO /0 (k b)r(a) [gl]n*+a+2

HBW: = b* T(n*+a+1) ’

1 rk
fO /0 (k_b) r(a) [gl]n*+a+l dbda

dbda

b T(n*+a+2)
(a) [gl]n*-%—u-%—?.

1k b T(n*+a+1) ’
/0 fO I‘(a) [gl]n*+a+l dbda

dbda

AL
(1_ ta) fO fO T

Hpypw, =

8tk b T(n* ra+2)

(1_ té‘) /0 [0 r(a) [gl]”u“z dbda

ﬁHBW3 = (44)

k b T(n* +a+1)

fo .[0 T'(a) [gl]n*mﬂ dbda

4.4 H-Bayesian Estimation Based on MELF

Assuming MELF as defined in Eq. (22), and using the priors defined in Eqs. (36)-(38), the H-Bayesian
estimates Apga,» Agpm,> Augm, of A are

-~ E[((A )] .
Aipy, = o B g 5 3
HBM,; E[(A2)] J

Then, we get

1k b T(n*+a-1)
fo [0 (k_b)r(a) [gl]n’w—a—l dbda

Xrsm, = ,
HEM: b* T(n* +a-2)

1 rk
fO fO (k_b)r(a) [gl]n*+a—2 dbd&l
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k b T(n*+a-1)

N dbda

0 F(a) [gl]n*+a—1

Arp, = Z % s
e
[(a) [&]
a+l1 * _
fol fok KA :*fafll) dbda
Aripa, = r@) [a] (45)
HBM; = bt T(n* _9 :
Lk (" *+3-2) hpda
0JO0 I‘(a) [gl]n +a-2
Also, the H-Bayesian estimates of H(¢) under MELF are given by
oot b* T(n*+a-1)
— (k-b) ————dbda
S . L O NP
HBM, = a P ;
SE - p LI a2 g,
Ia) [g]
otk b° [(n*+a-1)
: dbda
EHBM = (- ts) fO f() I'(a) [gl]n e
TR et dbda
[(a) [&]
S0 4 kb T(n* +a-1)
(1- %) Jo Jo I(a) a1 dbda
a7 _ (1]
HHBM3 = (46)

k b T(n* +a-2)

/0 fO F(a) [gl]n*+a—2

dbda

In the Appendix A of this paper, we review the properties of E-Bayesian and H-Bayesian estimators of
parameter A and HRF H(t).

5 Simulation Study

In this section, Monte Carlo simulation study is performed to compare the performance of the proposed
estimates based on GPHCS for the Kumaraswamy distribution. The simulation study has been conducted
using the R software. To generate the data, the initial true values of A and f3 are assumed as 2 and 3, and
k = 1. Here, the value of HRF H(t = 0.5) is considered. In this simulation study, 10,000 GPHCS data from
Kumaraswamy distribution for a given sets of n(40, 60, 80), m = (20, 30, 40), k = (10, 20, 30), T = (0.3, 0.5,
1.0) have been generated by using the following three progressive scheme:

e Schemel: R; =1forall i;
e Scheme2:R; =2ifiisodd and R; = 0 if i is even;
e Scheme3:R; =0ifiisoddandR; =2ifiiseven.

The GPHCS has been generated by using the algorism in Nagy et al. [13]. Using gamma prior, the Bayes,
E-Bayes and H-Bayes estimates are obtained under four different loss functions, as SELE, ELE, WBLE, and
MELE. For these gamma priors, the hyperparameters (a, b) is considered as (0.5, 0.5). The performance of
the proposed estimates has been assessed using the values of the average estimates (AEs) and the values of
the mean squared error (MSE). Tables 1-4 show the values of AE and MSE for parameter A, while Tables 5-8
show the values of AE and MSE for HRF H(t). From the tables, the following conclusions have been made:



Comput Model Eng Sci. 2025;143(1)

o Asthe values of n, m, and T increases, the MSE decreases.
o The Bayesian, E-Bayesian and H-Bayesian estimates outperform MLE in terms of MSE.
» For any fixed loss function, the E-Bayesian estimates have smaller MSE than the Bayesian and H-

Bayesian estimates.

o For fixed value of n, when m or T increases, AEs come closer to their true value.

199

« In most of the cases, the estimates under ELF performs better than the estimates using other loss func-

tions.

« In most cases, Scheme 3 have minimum mean square error compared to Schemes 1 and 2 at the same

time T.

Table 1: The values of AE and MSE for ML, Bayesian, E-Bayesian, and H-Bayesian estimates of A under SELF based on

the different GPHCSs

(n,m, k) T Schemes Ay

ABs

E-Bayesian

H-Bayesian

AEBSI

AEBSZ

AEBS?’

/\HBSI

AHBSZ

AHBSS

AE

2.0332
2.0379
2.0335
2.0028
2.0124
1.9975
2.0072
2.0138
2.0095

(30,20,10) 0.3

0.5

W N = W N = W

2.0183
2.0340
2.0296
2.0004
2.0097
1.9951
2.0051
2.0136
2.0075

2.0158
2.0214
2.0043
2.0001
1.9807
1.9924
2.0049
2.0115
2.0034

1.9984
2.0167
1.9872
1.9854
1.9664
1.9780
1.9920
2.0094
1.9906

1.9811
1.9990
1.9700
1.9708
1.9520
1.9634
1.9791
1.9963
1.9778

2.0119
2.0227
2.0132
1.9900
1.9917
1.9846
2.0081
2.0116
2.0041

2.0110
2.0218
2.0123
1.9913
1.9930
1.9859
2.0075
2.0110
2.0033

2.0094
2.0203
2.0107
1.9921
1.9938
1.9867
2.0063
2.0098
2.0023

(45,30,15) 0.3 1.9910
1.9884
1.9958
1.9956
1.9955
1.9890
1.9780
1.9786

1.9777

0.5

W N = W N = W =

1.9894
1.9822
1.9943
1.9943
1.9942
1.9878
1.9770
1.9777
1.9768

1.9824
1.9851
1.9864
1.9782
1.9929
1.9877
1.9731
1.9757
1.9759

1.9712
1.9739
1.9752
1.9682
1.9826
1.9776
1.9640
1.9666
1.9668

1.9600
1.9626
1.9639
1.9581
1.9725
1.9674
1.9549
1.9575
1.9577

1.9848
1.9787
1.9812
1.9917
1.9959
1.9837
1.9828
1.9742
1.9717

1.9858
1.9796
1.9822
1.9912
1.9952
1.9828
1.9834
1.9750
1.9725

1.9864
1.9803
1.9829
1.9903
1.9943
1.9822
2.0296
1.9755
1.9730

(60,40,20) 0.3 2.0308
2.0281
2.0357
2.0355
2.0354
2.0288
2.0175
2.0182

2.0172

0.5

W N = W= W -

2.0292
2.0219
2.0342
2.0342
2.0341
2.0276
2.0166
2.0172
2.0163

2.0220
2.0248
2.0261
2.0178
2.0328
2.0275
2.0126
2.0153
2.0154

2.0106
2.0134
2.0147
2.0076
2.0223
2.0171
2.0033
2.0060
2.0061

1.9992
2.0019
2.0032
1.9972
2.0119
2.0068
1.9940
1.9967
1.9968

2.0245
2.0183
2.0208
2.0316
2.0358
2.0233
2.0224
2.0137
2.0111

2.0255
2.0192
2.0219
2.0310
2.0351
2.0224
2.0231
2.0145
2.0119

2.0261
2.0199
2.0225
2.0301
2.0342
2.0219
2.0702
2.0150
2.0125

(Continued)
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Table 1 (continued)

E-Bayesian H-Bayesian

(n,m, k) T Schemes Ay Ags Apss1  Appsz Apmss  Ampsi  Amssz  AHBs3
MSE

0.0978 0.0939 0.0913 0.0869 0.0831 0.0931 0.0930 0.0927
0.0986 0.0959 0.0926 0.0920 0.0891 0.0942 0.0939 0.0933
0.0966 0.0941 0.0916 0.0906 0.0868 0.0931 0.0919 0.0872
0.8115 0.0749 0.0729 0.0700 0.0673 0.0693 0.0694 0.0695
0.0828 0.0787 0.0779 0.0752 0.0728 0.0729 0.0730 0.0732
0.0801 0.0761 0.0746 0.0717 0.0693 0.0851 0.0854 0.0855
0.0710 0.0679 0.0671 0.0646 0.0624 0.0689 0.0686 0.0651
0.0801 0.0733 0.0714 0.0695 0.0679 0.0717 0.0718 0.0686
0.0695 0.0666 0.0657 0.0633 0.0611 0.0659 0.0645 0.0640

(30,20,10) 0.3

0.5

W N~ W~ WN R~

(45,30,15) 0.3 0.0636 0.0612 0.0539 0.0523 0.0508 0.0549 0.0550 0.0550
0.0569 0.0548 0.0598 0.0581 0.0564 0.0559 0.0560 0.0560
0.0580 0.0558 0.0615 0.0596 0.0580 0.0636 0.0637 0.0638
0.0611 0.0590 0.0539 0.0525 0.0512 0.0557 0.0551 0.0535
0.0534 0.0527 0.0507 0.0506 0.0498 0.0525 0.0524 0.0513
0.0532 0.0526 0.0521 0.0506 0.0493 0.0531 0.0519 0.0508
0.0491 0.0476 0.0446 0.0436 0.0426 0.0474 0.0474 0.0475
0.0499 0.0484 0.0468 0.0457 0.0446 0.0516 0.0516 0.0517

0.0480 0.0465 0.0448 0.0437 0.0427 0.0429 0.0429 0.0429

0.5

W N~ W~ W~

(60,40,20) 0.3 0.0623 0.0599 0.0528 0.0512 0.0498 0.0538 0.0539 0.0539
0.0557 0.0537 0.0586 0.0569 0.0553 0.0548 0.0549 0.0549
0.0568 0.0547 0.0603 0.0584 0.0568 0.0623 0.0624 0.0625
0.0598 0.0578 0.0528 0.0514 0.0501 0.0545 0.0540 0.0524
0.0523 0.0516 0.0497 0.0496 0.0488 0.0514 0.0513 0.0502
0.0522 0.0515 0.0511 0.0496 0.0483 0.0521 0.0509 0.0498
0.0481 0.0467 0.0437 0.0427 0.0417 0.0465 0.0465 0.0466
0.0489 0.0474 0.0458 0.0447 0.0437 0.0506 0.0506 0.0507

0.0470 0.0456 0.0439 0.0428 0.0418 0.0420 0.0420 0.0420

0.5

W N = W N = W -

Table 2: The values of AE and MSE for Bayesian, E-Bayesian, and H-Bayesian estimates of A under ELF based on the
different GPHCSs

E-Bayesian H-Bayesian
(n, m, k) T Schemes IBE xEBEl xEBEz IEBE3 XHBEI IHBEZ IHBEs
AE
(30, 20, 10) 0.3 1 1.9110 1.9453 1.9444 1.9278 1.9438 1.9452 1.9461
2 1.9678 1.9677 1.9507 1.9335 1.9542 1.9566 1.9566
3 1.9386 1.9481 1.9444 1.9612 1.9450 1.9465 1.9474

(Continued)
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Table 2 (continued)

E-Bayesian H-Bayesian

(n, m, k) T Schemes IBE ’XEBEI xEBEz xEBEs xHBEl IHBEz xHBEs
0.5 1 1.9153 1.9444  1.9436 1.9295 1.9341 1.9354 1.9362

2 1.9110 1.9535 1.9379 1.9273 1.9357 1.9370 1.9378

3 1.9222 1.9470 1.9393 1.9364 1.9288 1.9301 1.9309

1 1 1.9560 1.9553 1.9427 1.9380 1.9587 1.9579 1.9569

2 1.9726 1.9679 1.9598 1.9470 1.9621 1.9614 1.9603

3 1.9582 1.9540 1.9414 1.9393 1.9547 1.9540 1.9529

(45,30,15) 0.3 1 1.9330 1.9492 1.9435 1.9430 1.9413 1.9422 1.9429
2 1.9305 1.9442 19409 1.9378 1.9353 1.9362 1.9369

3 1.9318 1.9507 1.9429 1.9390 1.9378 1.9387 1.9394

0.5 1 1.9549 1.9490 1.9481 1.9473 1.9510 1.9518 1.9525

2 1.9461 1.9534 1.9434 19464 19549 1.9559 1.9564

3 1.9560 1.9483 1.9461 1.9414 1.9444 1.9439 1.9430

1 1 1.9375 1.9457 1.9417 1.9416 1.9469 1.9477 1.9482

2 1.9427 1.9451 1.9442 1.9399 1.9387 1.9395 1.9400

3 1.9403 1.9484  1.9620 1.9414 1.9455 1.9464 1.9468

(60,40,20) 0.3 1 1.9716 1.9882 1.9824 1.9818 1.9801 1.9810 1.9817
2 1.9691 1.9830 1.9797 1.9765 1.9740 1.9749 1.9756

3 1.9704 1.9897 1.9817 1.9777 1.9765 1.9775 1.9782

0.5 1 1.9940 1.9879 1.9870 1.9862 1.9901 1.9909 1.9915

2 1.9850 1.9924 1.9822 1.9853 1.9940 1.9950 1.9955

3 1.9951 1.9873 1.9850 1.9802 1.9833 1.9828 1.9818

1 1 1.9763 1.9846 1.9805 1.9804 1.9858 1.9866 1.9871

2 1.9816 1.9840 1.9830 1.9787 1.9775 1.9783 1.9788

3 1.9791 1.9874 2.0012 1.9802 1.9844 1.9853 1.9857

MSE

(30,20,10) 0.3 1 0.0878 0.0865 0.0836  0.0831 0.0846 0.0847 0.0847
2 0.0912 0.0878 0.0826 0.0848 0.0876  0.0875 0.0864

3 0.0870 0.0845 0.0823 0.0805 0.0832 0.0843 0.0838

0.5 1 0.0693 0.0673 0.0649 0.0641 0.0658 0.0647 0.0647

2 0.0735 0.0722  0.0718 0.0706  0.0712 0.0713 0.0735

3 0.0707 0.0694 0.0689 0.0664 0.0690 0.0691 0.0691

1 1 0.0627 0.0619 0.0604 0.0591 0.0623 0.0622 0.0620

2 0.0679  0.0671 0.0651 0.0633 0.0659 0.0658 0.0658

3 0.0613 0.0607 0.0592 0.0579 0.0619 0.0608 0.0607

(45,30,15) 0.3 1 0.0575 0.0509 0.0501 0.0493 0.0507 0.0507 0.0508
2 0.0565 0.0554 0.0545 0.0516 0.0552  0.0553  0.0553

3 0.0580 0.0569 0.0559 0.0543 0.0581 0.0582  0.0582

0.5 1 0.0554 0.0514 0.0505 0.0497 0.0492 0.0504 0.0499

(Continued)
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Table 2 (continued)

E-Bayesian H-Bayesian

(n, m, k ) T Schemes ABE AEBE1 AEBE2 AEBE3 AHBEL AHBE2 AHBE3

0.0546  0.0540 0.0529  0.0519 0.0547 0.0547 0.0536
0.0499 0.0492 0.0482 0.0474 0.0505 0.0485 0.0487
0.0455 0.0427 0.0421 0.0417 0.0449 0.0451 0.0451
0.0462 0.0447 0.0440 0.0435 0.0547 0.0547 0.0536
0.0444 0.0422 0.0421 0.0417 0.0442 0.0442 0.0442

—
W N = W N

0.0564 0.0499 0.0490 0.0483 0.0497 0.0497 0.0498
0.0554 0.0543 0.0534 0.0506 0.0541 0.0542 0.0542
0.0568  0.0557 0.0548 0.0533 0.0569 0.0570  0.0570
0.0543 0.0503 0.0495 0.0487 0.0482 0.0494 0.0489
0.0535  0.0529  0.0519 0.0509 0.0536  0.0536  0.0525
0.0489 0.0482 0.0472 0.0465 0.0495 0.0475 0.0478
0.0446  0.0418 0.0413 0.0409 0.0440 0.0442 0.0442
0.0453  0.0438 0.0431 0.0426 0.0536  0.0536  0.0525
0.0436  0.0414 0.0413 0.0409 0.0433 0.0433  0.0433

(60,40,20) 0.3

0.5

W N = W N = W N -

Table 3: The values of AE and MSE for Bayesian, E-Bayesian, and H-Bayesian estimates of A under WBLF based on the
different GPHCSs

E-Bayesian H-Bayesian
(n, m, k) T Schemes wa XEBWI xEsz XEBW3 XHBWI IHBWZ ists
AE

(30, 20,10) 0.3 1 2.0839 2.0762 2.0584 2.0406 2.0775 2.0773  2.0766
2 2.1012 21000  2.0829 2.0645 2.0888 2.0878 2.0864

3 2.0956  2.0700 2.0523 2.0799  2.0781 1.9465  2.0765

0.5 1 2.0563 2.0563  2.0413 2.0263 2.0461 2.0474  2.0482

2 2.0660  2.0365 2.0218 2.0069 2.0478  2.0491 2.0498

3 2.0509 2.0485 2.0336 2.0186 2.0404 2.0417 2.0424

1 1 2.0586  2.0544 2.0411 2.0280 2.0584 2.0569 2.0576

2 2.0725 2.0670  2.0591 2.0456 2.0612 2.0605 2.0595

3 2.0567 2.0530 2.0398 2.0266  2.0534  2.0527 2.0515

(45,30,15) 0.3 1 2.0329 2.0261 2.0146  2.0032 2.0284 2.0293 2.0300
2 2.0293  2.0288 2.0173 2.0058  2.0222  2.0232  2.0237

3 2.0379 2.0301 2.0186 2.0071  2.0248 2.0257  2.0263

0.5 1 2.0336 2.0173 2.0071 2.0311 1.9510 2.0306  2.0297

2 2.0336  2.0323 2.0219 2.0115 2.0353 2.0352  2.0339

3 2.0285  2.0270 2.0167  2.0063 2.0229  2.0223 2.0214

1 1 2.0125 2.0114 2.0021 1.9928 2.0183 2.0190 2.0196

2 2.0132 2.0114 2.0021 1.9928  2.0097 2.0106 2.0103

3 2.0114 2.0115 2.0023 19929 2.0072 2.0080 2.0085

(Continued)
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Table 3 (continued)

E-Bayesian H-Bayesian

(n, m, k) T Schemes xBW XEBWI XEBWZ IEBWS IHBWI xHsz XHBWS
(60,40,20) 0.3 1 2.0736  2.0666 2.0549 2.0432 2.0690 2.0699 2.0706
2 2.0699 2.0694 2.0577 2.0459 2.0626 2.0637 2.0642

3 2.0786  2.0707  2.0590 2.0472  2.0652 2.0662 2.0668

0.5 1 2.0743  2.0577  2.0472  2.0717 1.9901 2.0712  2.0703

2 2.0743  2.0729  2.0623 2.0517  2.0760  2.0759  2.0745

3 2.0691 2.0675 2.0570 2.0464 2.0634 2.0627 2.0618

1 1 2.0528 2.0516  2.0422 2.0326 2.0586 2.0594 2.0599

2 2.0534  2.0516  2.0422 2.0326 2.0499 2.0508  2.0505

3 2.0516 2.0517  2.0423  2.0328 2.0473  2.0481 2.0487

MSE

(30,20,10) 0.3 1 0.1126 0.1089 0.1026  0.0968 0.0111 0.1091 0.1096
2 0.1187 0.1086 0.1117 0.1051 0.1062  0.1064 0.1053

3 0.1062 0.1086 0.1025 0.0969  0.1037 0.1041 0.1032

0.5 1 0.0849 0.0827 0.0785 0.0747 0.0781 0.0784  0.0785

2 0.0894 0.0866 0.0827 0.0791 0.0821  0.0823  0.0825

3 0.0857 0.0839 0.0799 0.0762 0.0846 0.0838  0.0839

1 1 0.0751 0.0755 0.0721 0.0689 0.0760 0.0759  0.0758

2 0.0835 0.0827 0.0795 0.0758 0.0805 0.0801 0.0791

3 0.0750 0.0739 0.0705 0.0673 0.0745 0.0747 0.0737

(45,30,15) 0.3 1 0.0672 0.0593 0.0570 0.0549 0.0605 0.0606 0.0607
2 0.0605 0.0657 0.0631 0.0608 0.0623 0.0624 0.0625

3 0.0619 0.0675 0.0649 0.0626 0.0661 0.0662 0.0663

0.5 1 0.0646 0.0584 0.0564 0.0547 0.0564 0.0563 0.0562

2 0.0646 0.0628 0.0606 0.0585 0.0633 0.0633  0.0619

3 0.0593 0.0571  0.0550 0.0531 0.0543 0.0542 0.0531

1 1 0.0514 0.0481 0.0465 0.0452 0.0514 0.0515 0.0545

2 0.0523  0.0504 0.0488 0.0474 0.0553 0.0554 0.0556

3 0.0503 0.0484 0.0469 0.0454 0.0462 0.0463 0.0463

(60,40,20) 0.3 1 0.0659 0.0581 0.0558 0.0538 0.0593 0.0594 0.0595
2 0.0593 0.0644 0.0619 0.0596 0.0610 0.0611 0.0612

3 0.0607 0.0662 0.0636 0.0613 0.0648 0.0649 0.0650

0.5 1 0.0633  0.0572 0.0553 0.0536  0.0553  0.0552 0.0551

2 0.0633 0.0616 0.0594 0.0573 0.0620 0.0620 0.0607

3 0.0581  0.0559  0.0539 0.0521 0.0533 0.0531 0.0521

1 1 0.0503 0.0471 0.0456 0.0443 0.0503 0.0505 0.0534

2 0.0512 0.0494 0.0479 0.0465 0.0542 0.0543 0.0544

3 0.0493 0.0474 0.0459 0.0445 0.0453 0.0454 0.0454
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Table 4: The values of AE and MSE for Bayesian, E-Bayesian, and H-Bayesian estimates of A under MELF based on the
different GPHCSs

E-Bayesian H-Bayesian
(n, m, k) T Schemes xBM xEBMl XEBMZ xEBM?a xHBMl xHBMZ xHBM3
AE

(30,20,10) 0.3 1 1.8634 1.8779 1.8624 1.8593 1.8803 1.8794 1.8780
2 1.8810 1.9010 1.8950 1.8810 1.8905 1.8896 1.8881

3 1.8642 1.8729 1.8828 1.8798 1.8816 1.8807 1.8792

0.5 1 1.8779 1.8987 1.8847 1.8707 1.8782 1.8794 1.8802

2 1.8946 1.8974 1.8834 1.8695 1.8798 1.8810 1.8818

3 1.8976 1.9001 1.8860 1.8721 1.8729 1.8742 1.8750

1 1 1.8814 1.9058 1.8936 1.8864  1.9092 1.9074 1.9085

2 1.8860 1.9227 1.9102 1.8977 1.9126 1.9119 1.9107

3 1.8801 1.9045 1.8923 1.8816 1.9053 1.9046 1.9035

(45,30,15) 0.3 1 1.8894 1.9083 1.8846 1.8740 1.8976 1.8987 1.8993
2 1.9001 1.9109 1.8871 1.8764 1.8919 1.8928 1.8935

3 1.9071 1.8992 1.8884 1.8769 1.8942 1.8953 1.8959

0.5 1 1.8954 1.9257 1.9158 1.9059 1.9131 1.9126 1.o17

2 1.8870 1.9140 1.9080 1.9035 1.9170 1.9165 1.9170

3 1.8894 1.9160 1.8992 1.8979 1.9053 1.9048 1.9039

1 1 1.9061 1.9020 1.8933 1.8845 1.9113 1.9120 1.9126

2 1.8989 1.9045 1.8958 1.8870 1.9031 1.9040 1.9045

3 1.9007 19046 1.8959 1.8871 1.9098 1.9106 1.9111

(60,40,20) 0.3 1 1.9272 1.9464 1.9223 1.9114 1.9356 1.9366 1.9373
2 1.9381 1.9491 1.9248 1.9139 1.9297 1.9307 1.9313

3 1.9452 1.9372 1.9261 1.9145 1.9321 1.9332 1.9338

0.5 1 1.9333 1.9642 1.9541 1.9440 1.9513 1.9508 1.9499

2 1.9247 1.9523 1.9462 1.9415 1.9553 1.9548 1.9553

3 1.9272 1.9543 1.9372 1.9358 1.9434 1.9429 1.9420

1 1 1.9442 1.9401 1.9312 1.9222 1.9495 1.9503 1.9508

2 1.9369 1.9426 1.9337 1.9247 1.9411 1.9421 1.9426

3 1.9387 1.9427 1.9338 1.9248 1.9480 1.9488 1.9494

MSE

(30,20,10) 0.3 1 0.0876  0.0818 0.0827 0.0865 0.0845 0.0845 0.0834
2 0.0934 0.0834 0.0847 0.0912 0.0915 0.0916  0.0897

3 0.0874 0.0833 0.0840 0.0826 0.0826 0.0836 0.0825

0.5 1 0.0700 0.0682 0.0653 0.0650 0.0652 0.0652 0.0652

2 0.0754 0.0730 0.0726  0.0724  0.0671 0.0671  0.0671

3 0.0717  0.0696 0.0680 0.0678 0.0790 0.0790 0.0790

1 1 0.0615 0.0589 0.0594 0.0604 0.0596 0.0585 0.0584

2 0.0605 0.0583 0.0595 0.0604 0.0589 0.0585 0.0573

(Continued)
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Table 4 (continued)

E-Bayesian H-Bayesian

(n, m, k) T Schemes XBM XEBMI XEBMZ IEBMS xHBMl XHBMZ IHBM3
3 0.0586 0.0563 0.0572 0.0583 0.0570 0.0582  0.0579

(45,30,15) 0.3 1 0.0586  0.0517 0.0514 0.0502  0.0513 0.0513 0.0513
2 0.0561  0.0557 0.0553 0.0550 0.0528 0.0527 0.0527

3 0.0575 0.0571  0.0565 0.0562 0.0596 0.0595  0.0595

0.5 1 0.0525 0.0499 0.0505 0.0506 0.0504 0.0502 0.0493

2 0.0473 0.0452 0.0454 0.0452 0.0459 0.0460 0.0460

3 0.0482 0.0457 0.0462 0.0483 0.0480 0.0484 0.0485

1 1 0.0461 0.0428 0.0424 0.0424 0.0447 0.0443 0.0441

2 0.0480 0.0454 0.0441 0.0440 0.0493 0.0492 0.0491

3 0.0451 0.0436  0.0424 0.0422 0.0437 0.0437 0.0437

(60,40,20) 0.3 1 0.0575 0.0507 0.0503 0.0492 0.0502 0.0502 0.0502
2 0.0550 0.0545 0.0542 0.0539 0.0517 0.0516 0.0516

3 0.0564 0.0559 0.0554 0.0551 0.0584 0.0583 0.0583

0.5 1 0.0514 0.0489 0.0495 0.0496 0.0494 0.0492 0.0483

2 0.0464 0.0443 0.0445 0.0443 0.0450 0.0451 0.0451

3 0.0472 0.0447 0.0453 0.0473 0.0470 0.0474 0.0475

1 1 0.0452  0.0419 0.0415 0.0415 0.0438 0.0434 0.0432

2 0.0470 0.0445 0.0432 0.0431 0.0483 0.0482 0.0481

3 0.0442 0.0427 0.0415 0.0414 0.0428 0.0428 0.0428

Table 5: The values of AE and MSE for ML, Bayesian, E-Bayesian, and H-Bayesian estimates of H(¢) under SELF based

on the different GPHCSs
E-Bayesian H-Bayesian
(n,m, k) T Schemes Hy; Hps Hgpsi Hgps: Hgpss Hupsi Hups:  Husss
AE
(30, 20, 10) 0.3 1 1.8299 1.8164 1.8142 1.7985 1.7830 1.8107 1.8099 1.8085
2 1.8341 1.8306 1.8192 1.8150 1.7991 1.8204 1.8196 1.8183
3 1.8301 1.8266 1.8039 1.7885 1.7730 1.8119 1.8110 1.8096
0.5 1 1.8025 1.8004 1.8000 1.7868 1.7737 1.7910 17922 1.7929
2 1.8112 1.8087 1.7826 1.7697 1.7568 1.7926 1.7937 1.7944
3 1.7977 17956 1.7931 1.7802 1.7671 1.7861 1.7873 1.7880
1 1 1.8065 1.8046 1.8044 1.7928 1.7812 1.8073 1.8067 1.8057
2 1.8124 1.8122 1.8103 1.8085 1.7967 1.8105 1.8099 1.8088
3 1.8086 1.8067 1.8031 1.7915 1.7800 1.8037 1.8030 1.8020
(45, 30, 15) 0.3 1 1.7919 1.7905 1.7841 17741 17640 1.7864 1.7872 1.7878
2 1.7895 17840 1.7866 1.7765 1.7663 1.7809 1.7817 1.7823
3 1.7962 17949 1.7878 1.7777 1.7675 1.7831 1.7840 1.7846
0.5 1 1.7961 1.7949 1.7804 17714 1.7623 1.7926 1.7921 1.7913

(Continued)
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Table 5 (continued)

E-Bayesian H-Bayesian
("> m, k) T Schemes HML FIBS ﬁEBSl HEBSZ FIEBS?, HHBSI FIHBSZ HHBS3
2 1.7960 1.7948 17936 1.7844 17752 17963 17957 1.7949
3 17901 17890 17889 1.7798 17707 17853 17845 1.7840
1 1 1.7802 1.7793 17758 17676 1.7594 1.7845 17851 1.8266
2 1.7807 1.7799 17782 17700 17618 17768 1.7775 17779
3 1.7799 17791 17783 17701 17619 17745 1.7752 17757
(60, 40, 20) 0.3 1 1.8277 1.8263 1.8198 1.8096 1.7993 1.8221 1.8229 1.8235
2 1.8253 1.8197 1.8223 1.8121 18017 18165 1.8173 1.8179
3 1.8321 1.8308 1.8235 1.8133 1.8029 1.8187 18197 1.8203
0.5 1 1.8320 1.8308 1.8160 1.8068 1.7975 1.8284 1.8279 1.8271
2 1.8319 1.8307 1.8295 1.8201 1.8107 1.8322 1.8316 1.8308
3 1.8259 1.8248 1.8247 1.8154 1.8061 1.8210 1.8202 1.8197
1 1 1.8158 1.8149 1.8113 1.8030 17946 1.8202 1.8208 1.8631
2 1.8164 18155 1.8137 1.8054 17970 18123 1.8130 1.8135
3 1.8155 1.8147 18138 1.8055 1.7971 18100 1.8107 1.8112
MSE
(30, 20, 10) 0.3 1 0.0218 0.0223 0.0209 0.0199 0.0190 0.0212 0.0218 0.0213
2 0.0248 0.0233 0.0212 0.0221 0.0210 0.0231 0.0233 0.0221
3 0.0222 0.0208 0.0217 0.0208 0.0199 0.0218 0.0216 0.0217
0.5 1 0.0180 0.0172 0.0167 0.0160 0.0154 0.0161 0.0164 0.0160
2 0.0189 0.0180 0.0178 0.0172 0.0166 0.0169 0.0168 0.0167
3 0.0184 0.0174 0.0171 0.0164 0.0158 0.0183 0.0176  0.0177
1 1 0.0173 0.0155 0.0153 0.0147 0.0143 0.0155 0.0156 0.0156
2 0.0239 0.0170 0.0168 0.0162 0.0155 0.0174 0.0173  0.0172
3 0.0171 0.0152 0.0150 0.0144 0.0140 0.0143 0.0142 0.0141
(45, 30, 15) 0.3 1 0.0145 0.0140 0.0123 0.0120 0.0117 0.0127 0.0129 0.0130
2 0.0130 0.0125 0.0136 0.0133 0.0129 0.0128 0.0129 0.0130
3 0.0132 0.0128 0.0141 0.0136 0.0132 0.0144 0.0145 0.0146
0.5 1 0.0140 0.0135 0.0123 0.0120 0.0117 0.0129 0.0130 0.0131
2 0.0122 0.0118 0.0131 0.0128 0.0124 0.0128 0.0129 0.0131
3 0.0122 0.0118 0.0119 0.0116 0.0112 0.0119 0.0120 0.0118
1 1 0.0112 0.0109 0.0101 0.0099 0.0097 0.0108 0.0109 0.0011
2 0.0114 0.0111 0.0107 0.0105 0.0102 0.0117 0.0118 0.0119
3 0.0110 0.0107 0.0102 0.0100 0.0098 0.0107 0.0108 0.0109
(60, 40, 20) 0.3 1 0.0142 0.0137 0.0121 0.0118 0.0114 0.0124 0.0126  0.0127
2 0.0127 0.0123 0.0134 0.0131 0.0127 0.0125 0.0126  0.0127
3 0.0129 0.0125 0.0138 0.0134 0.0129 0.0141 0.0142 0.0143
0.5 1 0.0137 0.0133 0.0121 0.0118 0.0114 0.0126 0.0127 0.0128
2 0.0120 0.0115 0.0128 0.0125 0.0122 0.0125 0.0126  0.0128

(Continued)
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Table 5 (continued)

E-Bayesian H-Bayesian
(n, m, k) T Schemes ﬁML HBS FIEBSI ﬁEBSZ HEBS3 HHBSI HHBSZ HHBS3
3 0.0120 0.0115 0.0116 0.0113 0.0110 0.0116 0.0118 0.0115
1 1 0.0110 0.0107 0.0099 0.0097 0.0095 0.0106 0.0107 0.0011
2 0.0112 0.0109 0.0105 0.0102 0.0100 0.0114 0.0115 0.0116
3 0.0108 0.0105 0.0100 0.0098 0.0096 0.0105 0.0106 0.0107

Table 6: The values of AE and MSE for Bayesian, E-Bayesian, and H-Bayesian estimates of H(¢) under ELF based on

the different GPHCSs
E-Bayesian H-Bayesian
(n,m,k) T Schemes H(t)zy H(t)ppp H(t)ppp, H(t)ppps H(t)ypp H(t)ypp, H(t)ypps
AE
(30,20,10) 0.3 1 1.7199 1.7508 1.7500 1.7350 1.7494 1.7507 1.7515
2 1.7710  1.7709 1.7556 1.7401 1.7587 1.7610 1.7610
3 1.7447 17532 1.7500 1.7651 1.7505 1.7519 1.7527
0.5 1 1.7238 1.7500 1.7493 1.7365 1.7407 1.7419 1.7426
2 1.7199  1.7582 1.7441 1.7345 1.7421 1.7433 1.7440
3 1.7300 1.7523 1.7454 1.7427 1.7359 1.7371 1.7378
1 1 1.7604 1.7598 1.7484 1.7442 1.7628 1.7621 1.7612
2 1.7754 1.7711 1.7638 1.7523 1.7659 1.7653 1.7642
3 1.7624  1.7586 1.7473 1.7454 1.7592 1.7586 1.7576
(45, 30, 15) 0.3 1 1.7397 1.7543 1.7492 1.7487 1.7472 1.7480 1.7486
2 1.7375  1.7497 1.7468 1.7440 1.7418 1.7426 1.7432
3 1.7386 1.7556 1.7486 1.7451 1.7440 1.7448 1.7455
0.5 1 1.7594 1.7541 1.7532 1.7525 1.7559 1.7566 1.7572
2 1.7515 1.7580 1.7490 1.7517 1.7594 1.7603 1.7607
3 1.7604 1.7535 1.7515 1.7473 1.7500 1.7495 1.7487
1 1 1.7438 1.7511 1.7475 1.7474 1.7522 1.7529 1.7534
2 1.7484 1.7506 1.7497 1.7459 1.7448 1.7455 1.7460
3 1.7462 1.7536 1.7658 1.7473 1.7509 1.7517 1.7521
(60,40,20) 0.3 1 1.7745 1.7894 1.7841 1.7837 1.7821 1.7829 1.7835
2 1.7722  1.7847 1.7817 1.7789 1.7766 1.7774 1.7780
3 1.7734  1.7907 1.7835 1.7800 1.7789 1.7797 1.7804
0.5 1 1.7946 1.7891 1.7883 1.7876 1.7911 1.7918 1.7924
2 1.7865 1.7932 1.7840 1.7868 1.7946 1.7955 1.7959
3 1.7956 1.7885 1.7865 1.7822 1.7850 1.7845 1.7837
1 1 1.7786 1.7862 1.7825 1.7823 1.7872 1.7880 1.7884
2 1.7834 1.7856 1.7847 1.7808 1.7797 1.7804 1.7809
3 1.7811  1.7887 1.8011 1.7822 1.7859 1.7868 1.7871

(Continued)
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Table 6 (continued)

E-Bayesian H-Bayesian
(n,m,k) T Schemes H(t)gy H(t)ppp H(t)ppp, H(8)ppps H()gpp H(E)upr H()upes
MSE

(30,20,10) 0.3 1 0.0229  0.0198 0.0191 0.0186 0.0191 0.0194 0.0196
2 0.0209 0.0189 0.0201 0.0194 0.0204 0.0207 0.0197

3 0.0213  0.0199 0.0194 0.0188 0.0200 0.0196 0.0190

0.5 1 0.0158 0.0154 0.0150 0.0146 0.0152 0.0153 0.0149

2 0.0165 0.0168 0.0164 0.0162 0.0161 0.0162 0.0163

3 0.0162  0.0158 0.0155 0.0152 0.0161 0.0162 0.0163

1 1 0.0143  0.0134 0.0138 0.0133 0.0135 0.0136 0.0138

2 0.0155 0.0154 0.0149 0.0145 0.0149 0.0152 0.0153

3 0.0140  0.0139 0.0135 0.0132 0.0129 0.0124 0.0125

(45,30,15) 0.3 1 0.0132  0.0117 0.0115 0.0113 0.0130 0.0130 0.0130
2 0.0140  0.0129 0.0127 0.0124 0.0131 0.0130 0.0128

3 0.0141  0.0133 0.0130 0.0128 0.0134 0.0131 0.0129

0.5 1 0.0127  0.0118 0.0116 0.0113 0.0121 0.0125 0.0129

2 0.0105 0.0099  0.0098  0.0095 0.0100 0.0108 0.0101

3 0.0109 0.0097  0.0096  0.0097  0.0092 0.0097 0.0095

1 1 0.0103  0.0098 0.0098 0.0095 0.0102 0.0103 0.0105

2 0.0106  0.0102 0.0100 0.0099 0.0111 0.0114 0.0118

3 0.0101  0.0098  0.0097  0.0095 0.0102 0.0100 0.0103

(60,40,20) 0.3 1 0.0129  0.0115 0.0113 0.0111 0.0128 0.0127 0.0127
2 0.0137  0.0126 0.0124 0.0122 0.0128 0.0127 0.0125

3 0.0138  0.0130 0.0127 0.0125 0.0132 0.0128 0.0126

0.5 1 0.0124  0.0115 0.0113 0.0111 0.0119 0.0123 0.0126
2 0.0103 0.0097  0.0096  0.0093 0.0098 0.0106 0.0099

3 0.0107 0.0095  0.0094  0.0095  0.0091 0.0095 0.0093

1 1 0.0101  0.0096  0.0096  0.0093 0.0100 0.0101 0.0102

2 0.0103  0.0100 0.0098  0.0097  0.0109 0.0112 0.0115

3 0.0099 0.0096  0.0095  0.0093 0.0100 0.0098 0.0101

Table 7: The values of AE and MSE for Bayesian, E-Bayesian, and H-Bayesian estimates of H(¢) under WBLF based on
the different GPHCSs

E-Bayesian H-Bayesian
(n, m, k) T Schemes H(t)gy H(t)ppwi H(O)ppws H(O)ppws H()ppwi H(O)ppws H(O)ppws
AE
(30,20,10) 0.3 1 1.8755 1.8686 1.8526 1.8365 1.8698 1.8695 1.8690
2 1.8911 1.8900 1.8746 1.8581 1.8800 1.8790 1.8777
3 1.8860 1.8630 1.8471 1.8719 1.8702 1.7518 1.8688

(Continued)
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Table 7 (continued)

E-Bayesian H-Bayesian
(n, m, k) T Schemes H(t)py H(t)ppwi H(O)ppw, H(t)ppws H(O)ppwi H(O)ppw, H(E)ppws
0.5 1 1.8507 1.8507 1.8371 1.8237 1.8415 1.8426 1.8433
2 1.8594 1.8328 1.8196 1.8062 1.8430 1.8442 1.8449
3 1.8458 1.8437 1.8302 1.8168 1.8363 1.8375 1.8382
1 1 1.8527 1.8490 1.8370 1.8252 1.8526 1.8512 1.8519
2 1.8652 1.8603 1.8532 1.8410 1.8550 1.8545 1.8535
3 1.8511 1.8477 1.8358 1.8239 1.8480 1.8474 1.8464
(45,30,15) 0.3 1 1.8296 1.8234 1.8131 1.8029 1.8256 1.8264 1.8270
2 1.8264 1.8259 1.8156 1.8052 1.8199 1.8209 1.8213
3 1.8341 1.8271 1.8168 1.8064 1.8223 1.8231 1.8237
0.5 1 1.8302 1.8156 1.8064 1.8280 1.7559 1.8275 1.8267
2 1.8302 1.8291 1.8197 1.8103 1.8318 1.8316 1.8305
3 1.8257 1.8243 1.8150 1.8057 1.8206 1.8201 1.8192
1 1 1.8113 1.8102 1.8019 1.7935 1.8164 1.8171 1.8176
2 1.8119 1.8102 1.8019 1.7935 1.8087 1.8095 1.8093
3 1.8102 1.8103 1.8020 1.7936 1.8065 1.8072 1.8077
(60,40,20) 0.3 1 1.8662 1.8599 1.8494 1.8389 1.8621 1.8629 1.8635
2 1.8629 1.8624 1.8519 1.8413 1.8563 1.8573 1.8578
3 1.8708 1.8636 1.8531 1.8425 1.8587 1.8596 1.8602
0.5 1 1.8668 1.8519 1.8425 1.8646 1.7911 1.8641 1.8633
2 1.8668 1.8656 1.8561 1.8465 1.8684 1.8683 1.8671
3 1.8622 1.8607 1.8513 1.8418 1.8570 1.8565 1.8556
1 1 1.8475 1.8464 1.8380 1.8294 1.8528 1.8535 1.8539
2 1.8481 1.8464 1.8380 1.8294 1.8449 1.8457 1.8455
3 1.8464 1.8465 1.8381 1.8295 1.8426 1.8433 1.8438
MSE
(30,20,10) 0.3 1 0.0257 0.0250 0.0235 0.0230 0.0244 0.0242 0.0245
2 0.0272 0.0249 0.0244 0.0241 0.0259 0.0260 0.0261
3 0.0249 0.0243 0.0234 0.0222 0.0239 0.0249 0.0241
0.5 1 0.0194 0.0189 0.0179 0.0171 0.0176 0.0182 0.0185
2 0.0205 0.0198 0.0189 0.0180 0.0188 0.0188 0.0189
3 0.0196 0.0193 0.0183 0.0174 0.0199 0.0206 0.0207
1 1 0.0174 0.0162 0.0156 0.0157 0.0163 0.0157 0.0161
2 0.0191 0.0190 0.0180 0.0174 0.0191 0.0182 0.0185
3 0.0172 0.0164 0.0161 0.0154 0.0162 0.0161 0.0164
(45,30,15) 0.3 1 0.0154 0.0135 0.0130 0.0125 0.0134 0.0138 0.0140
2 0.0161 0.0151 0.0144 0.0140 0.0139 0.0140 0.0141
3 0.0156 0.0154 0.0149 0.0143 0.0163 0.0155 0.0157
0.5 1 0.0150 0.0133 0.0129 0.0125 0.0134 0.0131 0.0129
2 0.0147 0.0139 0.0133 0.0134 0.0138 0.0141 0.0139
3 0.0132 0.0131 0.0125 0.0121 0.0117 0.0113 0.0116
1 1 0.0118 0.0110 0.0107 0.0103 0.0118 0.0116 0.0117
2 0.0120 0.0116 0.0111 0.0108 0.0127 0.0129 0.0130
3 0.0114 0.0110 0.0107 0.0103 0.0103 0.0106 0.0107
(60,40,20) 0.3 1 0.0151 0.0133 0.0127 0.0123 0.0132 0.0135 0.0137

(Continued)



210 Comput Model Eng Sci. 2025;143(1)

Table 7 (continued)

E-Bayesian H-Bayesian
(n,m, k) T Schemes H(t)gy H(t)gpwi H(H)ppw, H(t)ppws H(O)ppwi H()ppws, H(E)ppws
2 0.0157 0.0148 0.0141 0.0137 0.0136 0.0137 0.0138

0.0118 0.0113 0.0109 0.0106 0.0124 0.0126 0.0127
0.0112 0.0108 0.0105 0.0101 0.0101 0.0103 0.0105

3 0.0153 0.0151 0.0146 0.0140 0.0160 0.0152 0.0154
0.5 1 0.0147 0.0130 0.0126 0.0123 0.0132 0.0128 0.0126

2 0.0144 0.0136 0.0130 0.0132 0.0135 0.0138 0.0136

3 0.0129 0.0128 0.0123 0.0119 0.0114 0.0111 0.0113
1 1 0.0115 0.0108 0.0105 0.0101 0.0115 0.0113 0.0114

2

3

Table 8: The values of AE and MSE for Bayesian, E-Bayesian, and H-Bayesian estimates of H(¢) under MELF based on
the different GPHCSs

E-Bayesian H-Bayesian
(n,m, k) T Schemes H(t)gy H(t)pppy H()ppye H()ppus H()ppan H(Oppye H() gpus
AE
(30,20,10) 0.3 1 1.6771 1.6901 1.6761 1.6733 1.6923 1.6915 1.6902
2 1.6929 1.7109 1.7055 1.6929 1.7014 1.7006 1.6993
3 1.6778 1.6856 1.6945 1.6918 1.6935 1.6926 1.6912
0.5 1 1.6901 1.7088 1.6963 1.6836 1.6904 1.6915 1.6922
2 1.7052 1.7076 1.6951 1.6826 1.6918 1.6929 1.6936
3 1.7078 1.7101 1.6974 1.6849 1.6856 1.6868 1.6875
1 1 1.6932 1.7152 1.7042 1.6978 1.7183 1.7166 1.7177
2 1.6974 1.7304 1.7192 1.7080 1.7213 1.7207 1.7197
3 1.6921 1.7141 1.7031 1.6935 1.7148 1.7142 1.7131
(45,30,15) 0.3 1 1.7005 1.7174 1.6961 1.6866 1.7078 1.7088 1.7094
2 1.7101 1.7198 1.6984 1.6888 1.7027 1.7035 1.7041
3 1.7164 1.7093 1.6995 1.6892 1.7048 1.7057 1.7063
0.5 1 1.7059 1.7331 1.7242 1.7153 1.7218 1.7213 1.7205
2 1.6983 1.7226 1.7172 1.7131 1.7253 1.7248 1.7253
3 1.7005 1.7244 1.7093 1.7081 1.7148 1.7143 1.7135
1 1 1.7155 1.7118 1.7040 1.6960 1.7201 1.7208 1.7213
2 1.7090 1.7141 1.7062 1.6983 1.7128 1.7136 1.7141
3 1.7107 1.7142 1.7063 1.6984 1.7188 1.7195 1.7200
(60,40,20) 0.3 1 1.7345 1.7518 1.7301 1.7203 1.7420 1.7430 1.7436
2 1.7443 1.7542 1.7323 1.7226 1.7368 1.7376 1.7382
3 1.7507 1.7434 1.7335 1.7230 1.7389 1.7399 1.7405
0.5 1 1.7400 1.7678 1.7587 1.7496 1.7562 1.7557 1.7549
2 1.7322 1.7570 1.7516 1.7474 1.7598 1.7593 1.7598
3 1.7345 1.7589 1.7435 1.7423 1.7491 1.7486 1.7478
1 1 1.7498 1.7461 1.7381 1.7300 1.7545 1.7553 1.7557
2 1.7432 1.7483 1.7403 1.7322 1.7470 1.7479 1.7483
3 1.7449 1.7485 1.7405 1.7323 1.7532 1.7539 1.7544
MSE
(30,20,10) 0.3 1 0.0216 0.0190 0.0193 0.0194 0.0191 0.0194 0.0193
2 0.0219 0.0198 0.0194 0.0190 0.0204 0.0218 0.0207

(Continued)
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Table 8 (continued)

E-Bayesian H-Bayesian

(n,m, k) T Schemes H(t)gy H(t)ppyy H(O)ppye H()ppus H(O)upyn H(Oppye H(E) ppus

3 0.0195 0.0193 0.0195 0.0191 0.0190 0.0189 0.0187

0.5 1 0.0164 0.0151 0.0151 0.0149 0.0152 0.0147 0.0150
2 0.0182 0.0166 0.0166 0.0166 0.0165 0.0167 0.0172

3 0.0182 0.0156 0.0155 0.0156 0.0174 0.0169 0.0173

1 1 0.0150 0.0138 0.0135 0.0134 0.0144 0.0149 0.0138
2 0.0149 0.0146 0.0144 0.0142 0.0135 0.0147 0.0142

3 0.0135 0.0133 0.0133 0.0131 0.0128 0.0134 0.0128
(45,30,15) 0.3 1 0.0140 0.0127 0.0125 0.0129 0.0131 0.0121 0.0128
2 0.0139 0.0128 0.0130 0.0125 0.0128 0.0130 0.0125

3 0.0139 0.0131 0.0130 0.0129 0.0135 0.0136 0.0133

0.5 1 0.0119 0.0116 0.0114 0.0113 0.0117 0.0116 0.0114
2 0.0120 0.0119 0.0119 0.0118 0.0123 0.0127 0.0131

3 0.0111 0.0110 0.0109 0.0102 0.0120 0.0999 0.0112

1 1 0.0105 0.0099 0.0097 0.0091 0.0100 0.0105 0.0101
2 0.0107 0.0103 0.0101 0.0100 0.0112 0.0111 0.0112

3 0.0102 0.0090 0.0098 0.0096 0.0101 0.0100 0.0099
(60,40,20) 0.3 1 0.0137 0.0124 0.0123 0.0126 0.0128 0.0119 0.0125
2 0.0136 0.0125 0.0127 0.0123 0.0125 0.0127 0.0123

3 0.0136 0.0128 0.0127 0.0126 0.0133 0.0134 0.0130

0.5 1 0.0116 0.0113 0.0112 0.0111 0.0114 0.0113 0.0112
2 0.0118 0.0116 0.0116 0.0115 0.0121 0.0124 0.0128

3 0.0109 0.0108 0.0107 0.0100 0.0118 0.0979 0.0110

1 1 0.0102 0.0097 0.0095 0.0089 0.0098 0.0102 0.0099
2 0.0105 0.0101 0.0099 0.0098 0.0110 0.0109 0.0110

3 0.0100 0.0088 0.0096 0.0094 0.0099 0.0098 0.0097

Combining all the above results, it is recommended to use the E-Bayesian technique to estimate the
parameters and the HRF for GPHCS based on ELF, due to the better performance than other estimates in
terms of MSE.

6 Applications to Real Data

This section uses a real-world dataset as an example to analyze the applicability of the suggested
estimation techniques. The following dataset, which spans the years 1975 to 2016, displays the monthly water
capacity of the Shasta reservoir between the months of August and December. Some statisticians, including
Kohansal [30] and Tu et al. [31], have previously exploited these data. We shall use these data to consider the
following PCS: Suppose n = 42, m = 28, k = 14, and different values of T = 0.3, 0.5, and 1.0, with R using as
the following three different PCS,

e Schemel: R;j=0 forall j=1,2,...,m—1and Ryg = 14;
e Scheme 2: R;=1 if j is odd and R;j=0 if i is even;
+ Scheme 3: R; = 0if jis odd and R; = 1if i is even.

Table 9 shows the ML, Bayesian, E-Bayesian, and H-Bayesian estimates for the unknown parameter A
and HRF H(t) based on the GPHCS.
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Table 9: The values of ML, Bayesian, E-Bayesian, and H-Bayesian estimates for A and H(¢) under different loss functions
based on the different GPHCSs from real data

Estimator Scheme 1 Scheme 2 Scheme 3
T=03 T=05 T=08 T=03 T=05 T=08 T=03 T=05 T=0.8
’XML 3.0376  3.1895 31288  2.8857  3.0300 29723  2.8250 29662  2.9097
//\\BS 3.0895 3.2440 3.1822 29350  3.0818 3.0231 2.8732 3.0169  2.9594
’/1\5331 3.0638  3.2170 3.1557 29106  3.0562 29979  2.8493 29918 29348
;1\5352 3.0662  3.2195 3.1582 29129  3.0585 3.0003 2.8516 29942  2.9371
15333 3.0623 3.2155 3.1542 2.9092 3.0547 2.9965 2.8480 29904 29334
XHBM 3.0332  3.1848  3.1242 2.8815  3.0256 29680 2.8208 29619  2.9055
’)CHBSZ 3.0355 3.1873 3.1266 2.8838 3.0280 2.9703 2.8231 2.9642  2.9078
’/\\HBS3 3.0317 3.1833 3.1227 2.8801  3.0241 29665 28195 29605 2.9041
’XBE 31502  3.3077  3.2447 29927 31423  3.0825 29297 3.0762  3.0176
AeBEl 31245 32807 32182 29683 31167  3.0573 29058  3.0511  2.9929
’XEBEZ 3.0622  3.2153 3.1540 29091  3.0545 2.9963  2.8478  2.9902  2.9333
;\\5353 3.1230 3.2791 3.2167 29668  3.1152 3.0558 29044 3.0496  2.9915
’XHBEI 3.0932  3.2479 31860 29386  3.0855 3.0267 2.8767  3.0205  2.9630
:\\HBEZ 3.0315 3.1831 3.1225 2.8800 3.0240 2.9664  2.8193 29603  2.9039
/XHBB 3.0918  3.2463  3.1845 29372  3.0840 3.0253  2.8753 3.0191 2.9616
//\\BW 2.9681 3.1165 3.0571 2.8197 2.9607 2.9043 2.7603 2.8983 2.8431
ZX\EBWI 29425 3.0896 3.0307 2.7953 29351 2.8792 27365 2.8733  2.8186
/XEBWZ 3.0634 3.2166 3.1553 2.9103 3.0558 2.9976 2.8490 2.9915 2.9345
’XEBW3 2.9411 3.0881  3.0293  2.7940 29337 2.8778 27352  2.8719 2.8172
/A\HBWl 2.9130 3.0587 3.0004 2.7674 2.9058 2.8504 2.7091 2.8446  2.7904
xHBWZ 3.0328  3.1844  3.1238 2.8812  3.0252 29676  2.8205 29615  2.9051
’A\ngg 2.9117 3.0572 2.9990 2.7661 2.9044 2.8491 2.7078 2.8432 2.7891
XBM 3.0881 3.2425  3.1807  2.9337  3.0804  3.0217 2.8719 3.0155 2.9581
/XEBMI 3.0618  3.2148 3.1536 29087  3.0541 2.9959 2.8474 29898  2.9329
’XEBMZ 3.0323  3.1839 3.1233 2.8807  3.0247 29671 2.8201 2.9611 2.9047
/)L\EBM3 3.0273  3.1787 3.1182 2.8760  3.0198 29623  2.8154 29562  2.8999
’A\EBMl 3.0311 3.1827 3.1221 2.8796 3.0236 2.9660 2.8190 2.9599 2.9035
XEBMZ 3.0020  3.1521 3.0921 2.8519 29945 29374 2.7919 29314  2.8756
/A\EBM3 2.9971 3.1469 3.0870 2.8472 2.9896 2.9326 2.7873 2.9266 2.8709
ﬁML 2.3468 2.8856 2.5559 2.6005 2.8856 2.4171 2.2294 2.7413 2.4281
Hps 2.3708  2.6392  2.1938 2.6446  2.6392 21401 22522 25072 2.0841
ﬁEBSl 2.3511 2.6123 2.2116 2.6225 2.6123 2.1247 2.2335 2.4817 2.1011
Hegsa 2.3529  2.6168 22169  2.6247  2.6168 2.1275 2.2353  2.4860  2.1060
Hegss 2.3499  2.6130 2.2141 2.6214  2.6130 2.1251 22324  2.4824 21034
Hygs: 23276  2.5862  2.1895 2.5963 25862  2.1035 2.2112 2.4569  2.0801
Hugs» 2.3294 25907 21947 25984 25907 21062 2.2129 2.4611  2.0850

(Continued)
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Table 9 (continued)

Estimator Scheme 1 Scheme 2 Scheme 3
T=03 T=05 T=08 T=03 T=05 T=08 T=03 T=05 T=0.8

ﬁHBS3 2.3264 2.5869 2.1920 2.5952 2.5869 2.1038 2.2101 2.4576 2.0824

HBE 2.4173 2.6861 2.2540 2.6966 2.6861 2.1647 2.2965 2.5518 2.1413
HEBE1 2.3976 2.6663 2.2449 2.6744 2.6663 2.1545 2.2777 2.5330 21327
ﬁEBEz 2.3498 2.6077 2.2080 2.6212 2.6077 2.1214 2.2323 2.4773 2.0976
HEBE3 2.3965 2.6651 2.2446 2.6734 2.6651 2.1535 2.2766 2.5319 2.1324
HHBEI 2.3736 2.6397 2.2224 2.6477 2.6397 2.1330 2.2550 2.5077 2.1113
HHBEZ 2.3263 2.5816 2.1860 2.5950 2.5816 2.1002 2.2100 2.4525 2.0767
ﬁHBB 2.3725 2.6385 2.2222 2.6466 2.6385 2.1319 2.2539 2.5066 2.1110
ﬁBW 2.2776 2.5255 2.1603 2.5407 2.5255 2.0762 2.1637 2.3992 2.0523

Hgpwi 2.2579 25057 21505 25186  2.5057  2.0661 2.1451 2.3804  2.0430
Heawo 2.3508  2.6253  2.2289  2.6223  2.6253  2.1342 22332 2.4941 2.1174
Hepws 2.2569  2.5098 21544 2.5176 25098  2.0689 21440  2.3843  2.0467
Husw: 2.2354 24807  2.1290 24934 24807 2.0454 21236 23566  2.0225
Huswo 2.3273 25991 22066  2.5961 2.5991 2.1129 22109  2.4691  2.0962
Hupws 2.2343 24847 21329 24924 24847  2.0482 21226 23604  2.0262

Hpw 23697  2.6440 2.2384  2.6433  2.6440  2.1441 2.2512 2.5118 2.1265
Hesm 23495  2.6242  2.2283 2.6215 2.6242 21330 22320  2.4929 2.1169
Hesme 23269 25878  2.1989 2.5958  2.5878 2.1114 22105  2.4584  2.0890
Hepums 2.3231 2.5862 2.2011 2.5915 2.5862 21111 22069 24569  2.0910
Hesm 23260 25979 22060 25952  2.5979 2.1116 2.2097 24680  2.0957
Hesme 23036  2.5619 2.1769 25698  2.5619  2.0902 21884  2.4338  2.0681
Hepums 22998 25604 21791 25656 25604 2.0900 2.1849 24324  2.0701

7 Conclusions

This paper proposes E-Bayesian and H-Bayesian estimations using GPHCS for the unknown shape
parameter and HRF of the Kumaraswamy distribution. To obtain the Bayesian, E- and H-Bayesian estimates,
the squared error, entropy, weighted balance, and minimum expected loss functions are introduced. A Monte
Carlo simulation study has been performed to compare the performance of the estimates of parameters
such as the shape parameter and HRF. In terms of AE and MSE, the simulation study yields that E-Bayesian
estimates outperform all other estimates. Finally, a real data set has been analyzed to illustrate the applicability
of the proposed estimates. After analyzing this data, it is concluded that E-Bayesian estimates for the
parameters and the HRF perform better than other estimates; the sample size n as well as the observed sample
size m are very important factors for determining the efficiency of the estimators. The E- and H-Bayesian
estimation approach for the scale parameter and reliability function of the Kumaraswamy under GPHCS
using different loss functions is done through more complex integral formulas so that it is interesting and
difficult work that needs more time. We are currently addressing this problem as part of our future research.
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Appendix A Properties of E-Bayesian and H-Bayesian Estimation of A

In this section, the properties of E-Bayesian estimates and the relations among the E-Bayesian and H-
Bayesian estimates are discussed.

Appendix A.1 The Relations between the E-Bayesian Estimates under Different Loss Functions
Theorem Al: It follows from Eq. (28) that
¢)) j[EBs} < /XEBSZ < 7lezsp
(2) limg, o0 Agps, = limg, o0 Agps, = limg, oo Ags,,
(3) limyg, oo Agps, = 0,j=1,2,3.
Proof: (1) From Eq. (28), we have
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OIEGIEn
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where0<ﬁ<l. Thus,
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which yields that, ’XEBS3 < /XEBSZ < ’XEle .
(2) From (1), we get
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So it can be easily obtained that limy, ., o ’A\EBSI = limg, o ’A\EBSZ = limg, o0 1\5353.

(3) From Eq. (28) and from the proof of (1), we have
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Using (2), we get limgzmiEst =0,j=1,2,3.0

Theorem A2: It follows from Eq. (30) that

(1) XesE, < Aepe, < AesE,»

(2) limg, o0 AgpE, = limg, o0 AgpE, = limg, o0 AzpE,,

(3) limyg, o0 Agpe, = 0,/ =1,2,3.

Proof: (1) From Eq. (30), we have
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2 3 4 0o : i k
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which yields that, ;\\EBE3 < /XEBEZ < ’XEBEl .
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(3) From Eq. (30) and from the proof of (1), we have

- Cooamr-1f1f kY 1(kY 1 (kY 1 (k)
lim Agpg, = lim -1—]--1—)+=1—] -—=—]) +:---|=0.
82700 8200 k 2 §'4) 6 D 12 f'¢) 20 §'5)
Using (2), we get limy, oo A g5, = 0,j=1,2,3.0
Theorem A3: It follows from Eq. (32) that
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Proof: (1) From Eq. (32), we have
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gzglgo( EBW; EBWZ) gzl_I}?)o ( EBW, EBW;) p * gzlf}m 12 g, o)

3k4( sk) ]
+——1-=——]+---].
40g2 9g2
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This yields that, limgz_,oo /\EBWI = limgz_,oo /1]5]31,\/2 = limgz_,oo AEBW3-

(3) From Eq.(32) and from the proof of (1), we have limgz_)oojfggwl =0 Using (2), we get
limgz_,oo )tEBWj =0, fOI’j =1,2,3.0

Theorem A4: It follows from Eq. (34) that

(1) xEBM; < ’XEBMZ < ’XEBMla

(2) limg, o0 Agpy, = liMg, oo Agpy, = liMg, o0 Azpar,»
(3) limyg, oo Agpar, = 0,/ = 1,2,3.

Proof: (1) From Eq. (34), we have

XEBMI —7[;1331\42 = % [(k + ) log (1 + ﬁ) - k] _(@n7+3) [log (1 n ﬁ)]
&2

2k § 4]
k D k 2

and

~ ~ (2n* -3) k (2n* -3) k
Tennt, = Nemns, = 2 =2 og 14+ =) |- B2 20 oy k
EBM, — AEBM; Y og|l+ S % &2 10g K+ +

= —(Zrl*k— 3) [log(1+ g_kz) (%2 + %) —1:|,

—~ —~ — —~ 2n* -3 k 1
Agsm, — AeBM, = AEBM, — AEBM, = % [log (1 + —) (& + —) - 1:| .
@) \k

For -1 < t < 1, we have
4

In(l+8)=t-5+ 8040 =92 (1)L,

Lett= % when0 < k < 22,0 < ko 1, we get
82 F'¢)

sl )5 +2) - (2] (6) 36 -
)3 G 66
)36 o) 40 ]
1 B IR

k

where0 < & < 1.
82
Thus,

(e ]

= = -~ -~ 2n* -3 k 1
AeBm, — AeBM, = AEBM, — AEBM; = g [log (1 + —) (& + —) - 1] > 0. (A1)
J4 D k 2
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That is AEBM3 < )LEBMZ < )LEBMI-

(2) From (1), we get
glim (/XEBMI _/XEBMZ) = glim (XEBMZ _}CEBM3)
5 —> 00 72— 00
2n* -3 1 k? kY 3K 8k
=wlim ——|1-— 1-——1]+...]. (A2)
k ga—oo | 12 D §°§) 40 D 9g2
That is, limgz_,oo /XEBMl = limgz_,oo ’XEBMZ = limgz_,oo /XEBMy
(3) From Eq.(34) and from the proof of (1), we have limgz_,oc,’)Lg]_g;\,I1 =0. Using (2), we get
limg, oo Agp, = 0,j=1,2,3.0
Similar relationships holds for the E-Bayesian estimates of H( ) under different loss functions.
Appendix A.2 The Relations between the H-Bayesian Estimates under Different Loss Functions

Theorem A5: It follows from Eq. (39) that limg, o0 ’)IHBSJ =0,for j=1,2,3.

Proof: Based on SELE the H-Bayesian estimate of A can be expressed as

j‘o /‘O (k— ) b* F(n +a+1) dbdﬂ

F((Z) [ ]n *+a+l

Jo Jo (k= b) ?”;fj dbda

—

AHBs, =

Using the result ['(n*+a +1) = (n* + a)['(n*+a), we have

1 k a * 1 k a * *
[ e D g = [ (k) DT
o Jo I'(a) [q] o Jo I'(a) (g]

Asg =b+gy,andForace (0,1),b€(0,q), (n* +a)(b+ gy)" is continuous and r(;) E(”:fﬂ)

> 0 and,

hence, using the generalized mean value theorem, we can find at least one number a, € (0,1) and b, € (0, k)
such that

L rk b? T(n*+a+1) _(n"+ay) b* I'(n*+a)
fO fO (k_b)r(a) [gl]n*+a+1 dbda (b2+g2 f f ( r( ) [ ]n +a dbda.

Therefore,
(n"+az) p® T(n* +a)
-~ (ba+g2) [0 [0 (k b) I‘(a) ]y, *ta dbdﬂ (n,(. " az)
HBS; = P _ '
fo fo (k_b)rl()a) [( ]n++a) dbda (ba+g2)

Takmg limit as g, — oo, it has been noticed that, limg, .. Ahgs, = 0. Similarly, we have limg, o0 Aips, =
limg, 00 )LHBS3 = 0. Thus, lim,, ., o )LHBS =0,for j=1,2,3. 0

Theorem A6: It follows from LEq. (41) that limg, o, /\HBE,- =0, for j=1,2,3.

Proof: Based on ELFE, the H-Bayesian estimate of A can be expressed as

R Jo Jo (k= b) st "2 dbda

HBE;, = e T(n*+a
Jo Jo (k= b) iy T dbda
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Using the result T'(n*+a) = (n* + a - 1)I['(n*+a — 1), we have
1 rk b* I'(n*+a) +a) (n*+a-1)T(n"+a-1)
[0 [0 (k_ r( ) [ n +a da = f f ( - )F(a) [gl]n +a dbda.

Asgi =b+gy,andForae (0,1),b ¢ (0,k), (n* +a-1)(b+g)"is continuous and FE(’ 5 r(;itf_jl) >0

and, hence, using the generalized mean value theorem, we can find at least one number a3 € (0,1) and bs €
(0, k) such that

L D [

Therefore,
(n*+as-1) b® T(n*+a-1)
(k-b) e dbda
A HBE, = (bs + &2 ) [0 fO I(a) [@]"" 1 _ (n* +a3—1)
folfo _ b F(n +a—1) dbda (b3+g2)

F(a) [gl]n*+a—1

Takmg limit as g, — o0, it has been noticed that, limy, . /\HB E, = 0. Similarly, we have limg, . /\HBE2 =
hmgz_wo AHBE3 = 0. Thus, hmgz_wo AHBE =0, fOI'] =1,2,3.0

Theorem A7: It follows from Eq. (43) that limg, . o )LHBWj =0, forj=1,2,3.
Proof: Under WBLE, the H-Bayesian estimate of A can be expressed as

b* T(n*+a+2)

1 rk
/0 fO (k_b r(a) [gl]n*+a+2
Jo Jo (k=)

dbda

Aeimw; = b T(n*+a+1)

r( ) [gl]n *+a+l dbd

Using the result, [(n*+a +2) = (n* +a +1)T(n*+a + 1), we have

L ork b® T(n*+a+2) ~ (n*+a+1)I(n*+a+1)
'/0 _/0 (k_b)r(a) [gl]n*+a+2 dbda f f ( - )r(a) [g1]n *+a+2 dbda.

p* T(n*+a+l)

Asgi=b+gy,andForac (0,1),b¢€ (0,k),(n* +a+1)(b+g)7i r( )~ gran >0

and, hence, using the generalized mean value theorem, we can find at least one number a4 € (0,1) and b, €
(0, k) such that

[Olfok(k—b) be l“(n*+*a+2) dbda (n +a8+1)[ [ (k- b) b° F(n*+*a+1) dbda.

r(a) [gl]n +a+2 (bS +g2 r(a) [gl]n +a+1
Therefore,
(n*+as+1) 1 & b* T(n*+a+1)
[ [, (k-b) - dbda
= (b4+g2) 0JO r(a) n*+a+l * L +1
AHBW, = kil = (n” +as ) (A3)

by T et D) g (bs+g2)
I‘(a) [gl]f’l +a+l
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Taking limit as g, — oo, it has been obtained that limg, . ’/X\HBWI =0. Similarly, we have
limg, 0o Agpw, = limg, 0o Agpw; = 0. Thus, limg, 0o Agpw, = 0, for j=1,2,3.0

Theorem A8: It follows from Lq. (45) that limg, _, XHBMJ. =0,7=12,3.

Proof: Under MELF, the H-Bayesian estimate of A can be expressed as

b T(n*+a-1)

Jo S (k-b = —dbda
;\\ _ 0JO r() [gl] +a-1
HBM, b T(n*+a-2)

1 rk
/0 fo (k_b F( ) [gl]" *t+a-2 dbda

Using the result I'(n*+a —-1) = (n* + a —2)[(n*+a — 2), we have

L ork b* T(n*+a-1) [tk b* (n*+a-2)[(n*+a-2)
L[ O P abda= [ [ (k=0) s e dbda.

p* T(n* +a—2)

Asgi=b+ gy, andForace (0,1),be (0,k), (n* +a-2)(b+g)'i r( R

0 and, hence, using the generalized mean value theorem, we can find at least one number as € (0,1) and
bs € (0, k) such that

L rk b* T(n*+a-1) (n +as—2) b® T(n*+a-2)
I RGDRS o dbda = St NG ey (g dbda

(n* +as-2) b* T(n*+a-2)
b +5 ) [0 .[0 _ r(a) S dbda
Arpm, = & L] = (n+ a5 - 2). (A4)
! 1k b T(n*+a-2) (bs + g2)
Lo [y (k=b dbda

r(a) [gl]n*+a—2

Taking limit as g, — oo, limgz_)oo/)L\HBMl = 0. Similarly, we have lim,, , jl\HBM2 =limg, Loo /A\HBM3 =0.
Thus, limgz_,oo )LHBMj = 0,] =1,2,3.0

Similar relationships holds for the H-Bayesian estimates of HRF under different loss functions.
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