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ABSTRACT: The multiscale computational method with asymptotic analysis and reduced-order homogenization
(ROH) gives a practical numerical solution for engineering problems, especially composite materials. Under the ROH
framework, a partition-based unitcell structure at the mesoscale is utilized to give a mechanical state at the macro-scale
quadrature point with pre-evaluated influence functions. In the past, the “I-phase, 1-partition” rule was usually adopted
in numerical analysis, where one constituent phase at the mesoscale formed one partition. The numerical cost then is
significantly reduced by introducing an assumption that the mechanical responses are the same all the time at the same
constituent, while it also introduces numerical inaccuracy. This study proposes a new partitioning method for fibrous
unitcells under a reduced-order homogenization methodology. In this method, the fiber phase remains 1 partition, but
the matrix phase is divided into 2 partitions, which refers to the “I + 2” partitioning scheme. Analytical elastic influence
functions are derived by introducing the elastic strain energy equivalence (Hill-Mandel condition). This research also
obtains the analytical eigenstrain influence functions by alleviating the so-called “inclusion-locking” phenomenon.
In addition, a numerical approach to minimize the error of strain energy density is introduced to determine the
partitioning of the matrix phase. Several numerical examples are presented to compare the differences among direct
numerical simulation (DNS), “1 + I”, and “1 + 2” partitioning schemes. The numerical simulations show improved
numerical accuracy by the “1 + 2” partitioning scheme.

KEYWORDS: Multiscale; reduced-order homogenization; influence tensors; unitcell; fibrous composite material

1 Introduction

Fibrous composite materials with the advantages of high specific strength, specific stiffness, and
corrosion resistance are widely used in many advanced manufacturing sectors, and that leads to the demand
for high-fidelity evaluation of mechanical properties of the composite structures [1-3]. However, the overall
mechanical response of composite materials is complicated because of the large gap between the mechanical
properties of each constituent, especially when the nonlinearities are considered. The various mesoscale
geometric structures of fibrous composite materials and loading patterns also lead to different types of
material failure, such as breakage of fibers, debonding of fiber/matrix interface, or delamination of plies.
Therefore, developing an efficient framework for the constitutive model of composite materials with compre-
hensive consideration of various nonlinear material behaviors is important, and a series of research has been
conducted in this area. Firstly, various homogenized anisotropic damage models of the composite material
were proposed [4-6] and applied in engineering. Meanwhile, based on the high-resolution modeling,
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many investigations were conducted to capture the failure mechanism on the mesoscale [7-9]. In these
homogenized damage models, the loss of microscale information usually leads to a loss of accuracy and
generalizability; the increasing complexity of the homogenized model also requires extensive calibration. On
the other hand, the orders of magnitude gap between the characteristic length of the mesoscale model and
composite structure gives rise to unacceptable computation costs. Therefore, the so-called multiscale method
based on continuum mechanics, also labeled as an upscaling method, has been developed rapidly to balance
fidelity and computation efficiency. A series of works on direct multiscale methods, such as the multilevel
finite element (FE*) approach [10], the first-order nonlinear computational homogenization methods [11],
and the higher-order homogenization [12], have made significant improvements in addressing this dilemma
of scales. However, the number of unknown variables within a single unitcell is still too large for engineering
applications. This required further model simplification or model reduction at the mesoscale, leading to the
proposal of reduced-order models for heterogeneous continua.

Transformation field analysis (TFA) is a typical reduced model proposed by Dvorak for the analysis of
elastic composite [13] and then extended for the inelastic cases [14]. The scale transitions of strain and stress
in heterogeneous structures were expressed explicitly by this approach, where plastic strain and thermal
expansion were treated as eigenstrain. In TFA, the transformation influence functions and concentration
factors are precomputed based on the mechanical parameters of different phases and the geometric structure
of the composite. The number of variables was reduced significantly due to the assumption of piecewise
uniform fields. Therefore, this approach was utilized and developed for the analyses of composite structures
by many scholars over the past three decades [15-17]. However, some deficiencies of classical TFA were
recognized in practice. First, the prediction of macroscopic stress is usually too stiff due to the assumption
of piecewise uniform plastic strain [18,19]. In addition, expectedly, the accuracy of the two-phase system
in inelastic analysis is unsatisfactory when following the principle of so-called “I-phase-1-partition”. That
leads to the finer division of each individual phase, in other words, a larger number of internal variables in
overall constitutive relations [20]. Instead of finer division in the space domain of each phase, decomposing
the plastic strain into a finite combination set of plastic modes, the so-called nonuniform transformation
field analysis (NTFA) [21,22], is another option for reaching higher precision. However, the extra work for
calibrating empirical laws and extensive exploration of the deformation space under plastic deformation can
counteract the advantage of NTFA on computational efficiency.

Liu et al. proposed the self-consistent clustering analysis (SCA) method [23] to overcome the limitations
of TFA and its derivatives. In the SCA method, the constituents of composites are divided into a specific num-
ber of subdomains by k-means clustering based on the linear response of the unitcell, while a self-consistent
implicit scheme is adopted for updating the macroscopic tangent modulus. Due to the high computation
efficiency on heterogeneous materials, SCA is absorbing great attention and has been developed for a series
of inelastic response analyses, including elastoplasticity, strain-softening, fatigue-strength prediction, and
so on [24-27]. The extensions of SCA were also proposed for local mechanical analysis of composites
and simplification of implementation [28,29]. In addition, k-means clustering is also combined with other
reduced-order methods, such as NTFA [30,31]. On the other hand, other cluster-discretization methods,
including the virtual clustering analysis (VCA) [32] and the FEM clustering analysis (FCA) [33], were
developed as optional solutions of interaction tensors. Naturally, these cluster-discretization methods have
been utilized for the research of machine learning-based multiscale modeling, especially in the generation of
databases. SCA was applied for data mining and uncertainty analysis in a unified data-driven computational
framework to design and model materials and structures [34]. A reduced-order model involving three scales
was developed for woven composites using a data-driven SCA x SCA multiscale simulation framework [35].
Li et al. built a framework in which cluster-discretization methods are applied to develop a material behavior
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database for training neural networks, including feed-forward neural networks (FFNN) and convolutional
neural networks (CNN) [36]. They presented its application on multiscale topology optimization.

Other machine learning-based multiscale techniques have also been developed as an important direc-
tion of model reduction. Zhang et al. [37] developed a reduced-order model of the hierarchical deep-learning
neural networks (HiDeNN) based on a tensor decomposition (TD). A reduced-order machine learning
finite element method based on proper generalized decomposition (PGD) reduced HiDeNN presents a
good performance in the multiscale analysis of composite materials, topology optimization, and additive
manufacturing [38]. Fish et al. [39,40] proposed a data-physics-driven reduced-order homogenization
(dpROH) approach, which significantly improves the accuracy of physics-based reduced-order homogeniza-
tion (pPROH) by combining data generated from high-fidelity models with Bayesian inference. The artificial
neural network (ANN) and deep material network (DMN) were also applied to homogenize the nonlinear
mechanical properties of heterogeneous materials [41,42]. Masrouri et al. [43] utilized generative Al to
predict the stress distribution of bicontinuous composites with complex irregular distribution.

The motivation of the present work is to develop a reduced-order homogenization (ROH) multiscale
method [44-47] for fibrous composite material, in which the overestimation of strength due to “I-phase-
l-partition” is improved while no extra internal variables of the constitutive model of each phase are
introduced; in addition, simple and explicit partitioning of the subdomains of constituents is preferred over
to the complicated and implicit partitioning of cluster-discretization methods. Therefore, a framework of
constitutive model based on the ROH method is proposed, in which an adaptive method for partitioning
the matrix phase is involved. This model can capture the stress concentration on the mesoscale and predict
the overall response of fibrous composite with better precision since the matrix phase is divided into inner
and outer matrix partitions with an independent nonlinear evolution process. The volume fraction of the
inner matrix partition is predicted by a numerical calculation method, whose object function targets the
minimization of error in strain energy density compared to the results from a modified Eshelby method
[48-51]. In addition, the influence functions of elastic strain and eigenstrain are calculated analytically so
that the offline computation is simplified drastically. In this manuscript, the framework of reduced-order
homogenization is briefly introduced in Section 2; the mathematical manipulation of the analytical solution
of influence functions for 1 + 2 partitions is presented in Section 3, along with the numerical calculation
method for partitioning of the matrix phase; the numerical results for the verification of new model under
different volume fractions of fiber are exhibited in Section 4; finally, the discussion of the numerical results
and the corresponding conclusions are provided in Sections 5 and 6, respectively.

2 Reduced-Order Homogenization

The multiscale computational homogenization method based on the unitcell discretized by finite
elements is usually computationally prohibitive for general macroscopic structures. It requires averaging
and homogenization procedures over a converged unitcell problem at every macroscopic integration point
during each NEWTON-RAPHSON iteration. In addition, the unitcell problem involving material nonlinearities
needs to be solved using a NEWTON-RAPHSON iterative method. Model reduction technique is necessary
to reduce the degrees of freedom by applying a specific distribution of mechanical response over phases
at the mesoscale. The reduced-order homogenization (ROH) approach is a typical multiscale method
with low computational cost, adopting a piecewise constant approximation of mechanical quantities over
each partition.

In addition, the concept of eigenstrain is introduced to consider the material nonlinear response that
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where M is the number of partitions, M(*) = [Mf;;c)l] is the compliance coefficient tensor for the a-th
partition. The reduced-order homogenization method assumes that the material response, including the
strain, stress, and state variables, keeps the same within one partition all the time and thus introduces the
following reduced equilibrium equations (see Chapter 4 of the book [52]):

M
B _ Zp(ﬁa) . ‘u(‘x) S GO B=12-,M (2)
a=1

where E(%) = [Efjl(“)],a =1,2, .-+, M are the elastic strain influence functions for the a-th partition,

and PP = [Pikjl(ﬁ a)], a,f=1,2,---, M are the eigenstrain influence functions measuring the interaction
between the a-th and f-th partitions, and &° is the macroscopic strain.

The elastic strain influence functions satisfy the following two constraints:

M
S B =1 3)
a=1
M
ML E® = Le (4)
a=1

with ¢, the volume fraction of a-th partition, and L = [Licj ;1) the linear homogenized elastic stiffness tensor.
By (3) and (4), it can derive analytical results for the elastic strain influence functions when M = 2 with a
given L (Chapter 4 of the book [52]):

M Lo oy (qe_1L@

E o (IL L ) : (L L ) (5)
(2) L@ oyt (qe_Lo

E 5 (]L L ) : (]L . ) (6)

A two-partition unitcell model can be used for a general inclusion-matrix heterogeneous material under
the assumption that each phase material always keeps the same response. Thus, it significantly reduces
computational costs compared to the so-called direct-homogenization.

3 Fibrous Unitcell with 1 + 2 Partitions

The “I-phase-1-partition” reduced-order homogenization (ROH) method significantly decreases com-
putational cost. However, under general multi-axial deformation, the distribution of material status within
one phase is not uniform, which can give a stiffer material response than the direct-homogenization method
due to the over-constraint of the material points. This study takes a fibrous unitcell as an example, as
depicted in Fig. 1, and the matrix phase is partitioned into the inner and outer partitions. It visualizes the
stress distribution under different loading modes, including uniaxial tension in longitudinal (Fig. 2a,b) and
transverse (Fig. 2¢,f) directions, shear in the longitudinal-transverse plane (Fig. 2¢,d) and transverse plane
(Fig. 2g,h). These numerical results show different stress magnitudes between the inner and outer partitions
at the matrix phase.

This study uses the ROH method for the fibrous unitcell with two partitions at the matrix phase. We
define this partition as a “1 + 2” partition. Due to the transverse isotropy symmetry of fibrous composite
material, this study divided the matrix phase into the inner and outer partitions, as depicted in Fig. 1c,d,
respectively. In the rest of the paper, the properties and status associated with the fiber phase, matrix phase,
inner matrix partition, outer matrix partition, unitcell (mesoscale), and coarse (macroscopic) scale are
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denoted as OF, O™, 0%, 0°, 0", and O°, respectively. This study aims to obtain analytical formulations for
the elastic strain and eigenstrain influence functions of the “1 + 2” partitions.

(b) (©

Figure 1: A sketch of a three-partition fibrous unitcell with finite element discretization: (a) fibrous unitcell; (b) fiber
phase; (c) inner matrix partition; and (d) outer matrix partition

(d)

Figure 2: A sketch of von Mises stress of Ist and 2nd matrix partition under different loading modes: (a and b) uniaxial
tension along the longitudinal direction; (c and d) simple shear at the longitudinal-transverse plane; (e and f) uniaxial
tension along the transverse direction; and (g and h) simple shear at the transverse plane

3.1 Elastic Strain Influence Functions

From the point of view of macroscopic elastic strain energy density, the following can be obtained:

1 1
(LIC=EGC:£C=58°:ILC:£C (7)
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On the other hand, the mesoscale partitions give the elastic strain energy density that

U = 1cfaf et + lcaaa ce% + lcbab gl = lcfsf (L et lca.*sa (LM e® + 1cbab (L™ gP (8)

2 2 2 2 2 2

Under elastic response, the averaged strains at partitions are given as follows:

ef —Rf: e e =2 : %, 6" =P : ¢° 9)
Substituting (9) into (8) yields

Uu“ = %CffciEf :LE :Ef:sc+%casc :E* L™ :Ea:sc+%cbsc:Eb:Lm (EP ;g (10)
Comparing (7) and (10) and asking for T = U holds for arbitrary ¢; yield

ceBE LB Ef 4 B2 L™ :E2 + ¢, E°: L":EP = L° (11)

In addition, recall the equations for the elastic strain influence functions (3) and (4) for the fibrous
unitcell that

ceEE + B2 + ¢ EP =1 = ¢ Ef + ¢, (C—aEa + C—bEb) -1 (12)
Cm Cm
CeLE RS e L™ ER 4 L™ EP = L° = ¢ LE: B + o L™ (C—aEa + C—bEb) -1 (13)
Cm Cnm

where ¢, = ¢, + ¢, =1 — ¢¢ is the volume fraction of the matrix phase. Thus, a nonlinear system is obtained
regarding the elastic strain influence functions E',+ = £, a,b. First, from (12) and (13), the following can be
derived:

o Ef = (LF-1") " : (L°-L7) (14)

In addition, define

BN = (L7 -L5) ¢ (L° - LF) (15)
so that
caEa:Lm:Ea+cb@:Lm::]Lc—cfEf:]Lf:Ef (16)

ca + cb = cpE" (17)

where boxed tensors are to be determined. Substituting (17) into (16) and eliminating {Eb} yields

Caco {E*} T {L"} {E?} + [ca {E®} — ca {E™}]" {L"} [ca {E®} - c {E™}]
= ¢ {IL°) - coce {BF} {LF} {E} (18)

Rearranging (18) yields

[{E*} - {E™}]"{L"} [{E®} - {E"}] = L (L%} - ce {EF} {17} {B7} - e (B} (L™} {B}]  (19)
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Similarly, substituting (17) into (16) and eliminating {E*} yield
[{E°} —{E"}] (L7} [{E") - {E™)] - Ca/ 2oy - ce (B} {LE) (B} - co (B} {L"} {E™}] (20)

The right-hand-side term in (19) and (20) can be proved as semi-positive-definite. The proof is given
in Appendix A. Suppose

{AL} = {L°} - e {E} (L} {E"} - u (B} (L™} {E™) = {R}" {R} (21)

where {R} is obtained through singular value decomposition (SVD). The first row and column of { AL} are
all zeros. Defining that

{AE®} = {E*} - {E"}
{{AEb}={Eb}—{Em} 22

For any macroscopic strain {£°} = [£,0,0,0,0,0]T, the following equation can always be fulfilled:

{e°} (AL} {e°}

- S (o) (AB°Y (L) (4B} (5°)

= 2 (e} {AEP) (L) {ARP) {°)

(23)

=0
Due to the positive definiteness of {1}, the first columns of { AE} and { AE® } are all zeros. In addition,
the strain along the longitudinal direction within the matrix should be uniform. That yields that the first

rows of {E"}, {E*}, and {E”} are the same so that the first rows of {AE®} and { AE® } are also zeros. Then
{AE#*} and {A]Eb} can be written as follows:

{AE®} = [g AOI;] {AEP} = [0 AO;] (24)

where AE® and AE® are 5 x 5 matrices to be solved. Finally, without losing generosity, it obtains the solution
for {E*} and {E”} that

(E*) = (E") + Cb/ (v} (R)

(25)
(B} - (B} - Ca/ (v} (R}

where ¢, = ¢, + ¢ is substituted and the detailed process of calculation for {V™} and {R} is given
in Appendix B.
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3.2 Eigenstrain Influence Functions

For the fibrous unitcell with 1 + 2 partitions, the reduced-order system of equations is derived from (2)
that

Sf—Pff:ﬂf—Pfa:‘ua—be:‘uszfzsc (26)
sa_Paf:”E_Paa:‘ua_]}pab:‘ub:Ea:sc (27)
sb_be:”f_Pba:”a_IP)bb:‘ub:Eb:SC (28)

The eigenstrain influence tensors satisfy the following constraints (Chapter 4 of the textbook [52]):

Pt 4 pfe L PR = [ - EF (29)
Paf + PR 4 Pab = -E2 (30)
PPf L PP2 L PPP - EP (31)

This constructs two special cases with perfect plastic yielding at selected partition(s) to solve the
eigenstrain influence functions. For Case I, it asks that the outer partition of the matrix gets perfect plastic
yielding while the inner partition of the matrix and the fiber phase remain elastic. For Case II, it assumes
that the whole matrix phase gets perfect plastic yield while the fiber is still elastic. A sketch of two cases is
depicted in Fig. 3.

elastic
response

perfect
plastic
yielding [

Case | Case I1

Figure 3: Sketch of two cases with perfect plastic yielding at selected partition(s)

3.2.1Case I

In the first case, under macroscopic strain &°, the strains at the fiber phase and the inner partition of
the matrix phase are given as follows:

=1 -vf -vf 00 O]T-eﬁz[l elf’I]T-slcl (32)
T T

=1 —vf —vf 0 0 0] -ef=[1 '] -& (33)

respectively, with

£ £ cago(l—ZVm)(vm—vft)

= 34

L Y 2ce(1=v) + ca(1+ @(1-2v")) (34)
1—2y™ m_ . f + T m_ . f

o QIR a e (are)(-0) )

2c:(1-v") +ca(l+@(1-2v"))  «ca e 2ce(1—v™) +ca(1+ @(1-2v7))

The derivation of the vector components can be seen in Appendix C.
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Thus, it can define the so-called perfect plastic influence function for the fiber phase and the inner
partition of the matrix phase that

ey [ 1 0F

B = e o, (36)
and

oy |1 07

B = e o, (37)

respectively, with O, is a full 0 matrix with size n x n. The “perfect plastic” emphasizes that the strain
influence functions are associated with specific material yielding status. The strain influence function for the
outer partition of the matrix phase is first written as follows:

i 1 of
{E>'} = L?,I Eb,x] (38)

For the fiber-dominated mode, i.e., the longitudinal direction, ™' is determined by the constraint
condition (3) that

1

vt = lreeelt—cae] < [0 b 0 0 o) 9
b

with

W= Cevg + V" cace (9 —-1)(1-2V") (V" - vy)

! o cr 2cs(1=v™) +co(1+ 9(1-2v™)) (40)
Ct 1 s +Cq (ce +Ca)("m—v§t)
- —In

h e 2c:(1=-v") +ca(1+ @(1-2v"))

.ol . . . . «: .
The sub-matrix E " defined in (38) is calculated by the effort of eliminating the so-called “inclusion-
locking” phenomenon. With arbitrary macroscopic incremental strain Ae® with Aef; = 0, it asks for the
contribution of the fiber phase and inner partition of the matrix phase to the macroscopic stress is 0, i.e.,

LC: Ae® = L™ : A = ¢, L™ : BT : Ag© (41)

with the arbitrariness of Ae® with Aef} = 0, it can obtain B through (41) satisfying

0 0
A£22 0
1(ID)! INNCGOHII 0" Ags; 0 ..

. —¢ | m . =71, VAei,ij=22,33,23,13,12 42
{[11 L Co I " ei”l P! Aess 0 Eij> 1] 33,23,13 (42)
A813 0
_A812_ _0_

Once the perfect plastic influence functions for all partitions are determined, the eigenstrain influence
functions P°°, P2, and P*£ can be computed one after another. The reduced-order model is supposed given
by an incremental macroscopic strain A&®. By the assumption that the fiber and the inner partition of the
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matrix phase remain elastic while the outer partition of the matrix phase gets yield, it has Ap® = Au® = 0,
and Ae® = ApP®. Accordingly, (26)-(28) are rewritten as follows:

Aet —P: Ae” =EF : Ae® (43)
Ae® — P : Ag® =E?: Ae® (44)
A€ — PP : Ag® = EP : Ae® (45)

From (45), it can find
Asb:(]I_]P)bb)—l:Eb:Asc:}Eb,l:Asczpbb:H_Eb:(Eb,l)—l (46)

Through (43) and (44), it can obtain

Agf = (PP BRI+ EF) : Ae® = E5T: Ae® = PP = (RS - EF) : (EPT)! (47)
and

Ae? = (P :EPT + B2) : Ae® = B®1: Ae® = PP = (B> - E?) : (B> (48)
respectively.

3.2.2 Case II

Case I is studied, where the whole matrix phase gets perfect plastic yield while the fiber is still elastic.
Similarly, under macroscopic strain &°, the strains at the fiber phase and the inner partition of the matrix
phase are given as follows:

=1 -vif —vf 0 0 O]T-sflz[l ef’H]T-slcl (49)

sa:[l - -v§ 0 0 O]T-sflz[l ela’H]T-slcl (50)

respectively. The effective Po1ssoN’s ratio vf; and v can be derived similarly but ¢ = 0 as (34) and (35),
respectively, that

Vifl = veft (51)
PR ce(1=2v")(v™ = vi) e et (ce +ca)(V™=vE) (52)
I 2cs(1=v™) + ¢4 Ca ce 2c:(1—v™) + ¢y

Thus, it can define the perfect plastic influence function for the fiber phase and the inner partition of
the matrix phase that

~emy | 1 0" ]
{E"1) = o5 0| (53)
and

caany _[ 107
{E>"} = 2 05 (54)
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The strain influence function for the outer partition of the matrix phase is first written as follows:
) 1 o0F
E>1Y = - b,I1 (55)
{ } el B>

For the fiber-dominated mode, i.e., the longitudinal direction, > is determined by the constraint
condition (3) that

1 T
e>!l = - (—cfef’n - cae?’n) = [ -vZ =2 0 0 0 ] (56)
b
with
P _cfvft + V™ cace (1=2v™)(v™—vE) _Ceq Gt e (ce+ca)(V™=vE) (57)
I IR o 2c:(1-v") +cqy IR ce 2¢e(1=v™) + ¢4

. mbll . . e . «: .
The sub-matrix E~~ defined in (38) is calculated by the effort of eliminating the so-called “inclusion-
locking” phenomenon. With arbitrary macroscopic incremental strain Ae® with Aef, = 0, it asks for the
contribution of the fiber phase and inner partition of the matrix phase to the macroscopic stress is 0, i.e.,

L : Ae® = L™ : Ae® = o, L™ : B> : Ag® (58)
with the arbitrariness of Ae® with Ae{} = 0, it can obtain B through (58).

3.3 Volume Fraction of Inner and Outer Matrix Partitions

The purpose of searching for the optimum volume fraction of inner matrix partition c, is to minimize
the average error of strain energy density within the matrix phase domain between 1 + 2 partition ROH
model and Eshelby tensor solution in a given unit macroscopic strain loading space, written as £. The average
of squared error of strain energy density within matrix domain D, under given ¢, and macroscopic strain
loading &° is expressed as follows:

Duleare) = oo | [ (W) - T (core)Pd0 s [ (U (xe%) T (car6))d0 | 59)
where

U (x, %) = %sm(x,sc) L (%, 6%), xe@F (60)
T (0 ) = 5e° 5 B2 () s L7 B2 (eg) 1 6° (6)
U (care®) = B (ea) s LS B () 6 (6

U™ (x, £°) is the strain energy density distribution within the matrix domain. U  and U are the
average strain energy densities of inner and outer matrix partitions, respectively, obtained through the 1 +
2 partition ROH model. The strain distribution within the matrix phase domain " (x) is calculated by an
Eshelby tensor method for finite-domain problems [48]:

£(x) = € + €0(x) = £ + (S"(x) + ST (x)) 1 &', x€ O (63)
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S* and S™(x) (x € ®™) are classical Eshelby tensors of the fiber domain and matrix domain, respectively,
for cylindrical inclusion problem based on infinite matrix assumption, and S®¥(x) is the modified tensor
for the finite matrix domain condition. Their non-zero components are given in Appendix D. €™ (x) is the
strain disturbance within the matrix phase. £* is the uniform equivalent eigenstrain within the fiber domain
induced by inhomogeneity. The study assumes that component ¢;; = 0. As the uniform strain field within the
fiber domain can be obtained directly by the elastic strain influence functions, the strain disturbance within
fiber £ and £* can be calculated by the following equation:

(S*+ (SBF(X))G)f) et =P =gl "= [Ef (E™) 7 - ]I] tE" (64)

Then (64) yields &* = A : €™

The average D, (¢, £°) within loading space £ is written as follows:

— 1 —

-@u a :_[ Dy(cas c £ce aQ 65
()= f, Dolewleen, (65)

Therefore, the optimum inner matrix partition volume fraction can be calculated by solving the
following equation numerically to obtain the extreme point of %, (¢, ):

a-@u(ca) :O (66)
dcg

This study investigates the nonlinear behaviors of the fibrous composite due to transverse loadings and
chooses the following macroscopic strain loading space to search the optimum c;:

L£={ee°(A) = {L} ' [VAe? + V1-16°], 1 € [0,1]} (67)

where

T

2U
0 0
=40,0, ,0,0,0 68
£ { T, } (e
T

‘ 2U
¢?=10,0,0, ® 0,0 (69)
{ {Me}

and U, is unit strain energy density, so the corresponding macroscopic strain energy densities of any
loadings in £ are the same.

The average strain energy densities of inner and outer matrix partitions under a given global strain
loading £° can be written as follows:

T = (e} (B0} {10} (B} (e}

= ey (B Ly (T

o ({RY {ve)T (L) {E") + {B®)T (L) (V7 (R)) (70)

Ca /Cm

- S Ry (LI () (R )
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U =1 (e} (B} (L) (B2} {0}

2
1

e [y ey f2
- S Ry (V)L () {R}] =)

{RY (V") {L"} {E™} + (B} {L"} {V"} {R}) (7D

Since the integrals of S™(x) within domains of ® and @® vanish to zero-tensor, substituting (63), (70),
and (71) into (59) yields

Di(ear (1))
®1m [[(fum(x £°))2d0 + 0 (T ) + O (U°)?
ST () B (0 L+ (A" [ {57} de (L)

(L7} [ {5} de (a)+ (A) [ (B()}de (a}) (E"} () (72)
ST EY (00 L+ ()" [ {8 ) de (L)
L) [ {5 }de (a) + (a)" [ (B} de(4)) (") (=7)]

where

{(B(x)} = {S"(x)}" {L"}{S"(0)} + {S"(x)} " {L"} {S* (%)}
+ {87 ()} LTS ()} + {S (%)} {7} {7 (%)} (73)

Then (66) can be written as follows:

07.(ca) _ 0Jy Dolcare®(V))dA _ s 0D, (care"(V))

: 74
aCa aCa aCa ( )
while
8ca
" en a - -
- ()T (B (L) B (e }(—wa—@_w LS )
tm ‘m Ca Ca

()" [ (s} de L7y [ {5} de (a)
)" [ (Bede (a}) (B (=)

JE7ATUC J. ( (T o {SZZX)} 10 ey + Lo {S;;(X)} L w 75)




2906 Comput Model Eng Sci. 2025;142(3)

¢ gt o B d0

{A}) () (e°)

aa(i; {2} (BT ({A}T f@b {SBF(X)}T de {L"} +{L"} f@b (% (x)} d@ {A}

)" [ (B} de (a}) (E") (%)

10 fo. {S¥ (x)}" dO
dcy

®)) &) (=)

0 [o- {S¥*(x)} dO
dcy

U e (Y ({A} {7} +{L"} {A} (75)

)T 9 [or {B(x)} d©

A
+ dcg

After solving (66) numerically, the optimum c, can be obtained.

4 Numerical Example

This section predicts the optimum volume fractions of inner matrix partition c, for transverse loading
problems of the fibrous unitcell by the numerical method presented in Section 3.3, and then the influ-
ence functions of elastic strain and eigenstrain are solved analytically through the framework presented
in Sections 3.1 and 3.2. The accuracy of the 1 + 2-partition ROH model with predicted c, is verified by
comparing it to DNS in this section. Meanwhile, the results of the ‘I-phase-1-partition’ ROH method, denoted
as the 1 + I-partition ROH method in the following part, are also presented to show the improvement of the
new partitioning scheme for the ROH method. The honeycomb fibrous unitcell is adopted for DNS, while
the results of 1 + 2-partition and 1 + 1-partition ROH methods are obtained from a one-element model that
shares the same size as the DNS unitcell. The results of three fiber volume fractions are presented, including
35%, 50%, and 65%. Four YouNG’s moduli E™ = 2000, 4000, 6000, 8000 [MPa] and three Po1ssoN’s ratios
v = 0.375, 0.40, 0.425 are chosen to cover the value range of the elastic properties of a matrix of fibrous
composite material in engineering. The corresponding relative volume fractions of the inner matrix partition
Ca/cn are exhibited in Fig. 4.
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— v"=0.375 0384 —=—v"=0375
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Figure 4: (Continued)
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Figure 4: Numerical relative volume fraction c, /¢, of different fiber volume fractions: (a) 35%; (b) 50%; (c) 65%

The mechanical fiber properties are given in Table 1. In this section, the yielding and ultimate strength
of the matrix phase is 50 [ MPa].

Table 1: Elastic properties of fiber

Ef 2.51E+02 [GPa] YounG’s modulus in axial direction
Ef 1.48E+01[GPa] Young’s modulus in transverse direction
v, 1.50E-02[-]  PoIssON’s ratio in axial-transverse plane
vf  3.00E-01[-] Po1ssoN’s ratio in the transverse plane
ut  1.50E+04[-]  shear modulus in axial-transverse plane

4.1 Verification under Transverse Uniaxial Tension Loading

Fig. 5 exhibits that the global response of 1 + 2-partition ROH under transverse uniaxial tension matches
well with DNS and perfect plastic yielding can also be reproduced accurately. Figs. 6 and 7 indicate that
the matrix phase starts yielding at the inner partition while the outer matrix partition remains elastic;
after the outer matrix partition starts yielding, the equivalent plastic strain of the matrix only increases with
€2, in the outer partition while equivalent plastic strain in inner matrix partition remains unchanged.

The results of the ultimate strength of the fibrous unitcell under transverse uniaxial tension obtained
through DNS, 1+ 2-partition ROH, and 1 + 1-partition ROH are presented in Figs. 8-10. The 1 + 2-partitioning
scheme exhibits accuracy superiority compared to the 1 + 1-partition scheme in almost all calculation
examples, especially for the cases with high fiber volume fractions. The relative errors of the 1 + 2-partition
ROH method are all less than 7.3% and less than 5% in most calculation examples. On the other hand, the
strength of the 1 + I-partition ROH method always tends to be overestimated, which is a typical deficiency
of the “I-phase-1-partition” method. The accuracy of 1 + l-partition ROH is only satisfactory when E™ =
8000 [MPa]. The error expands with the increase of fiber volume fraction and PorssoN’s ratio of the matrix
phase and the reduction of YounGg’s modulus of the matrix phase.
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Figure 5: Stress 0, of fibrous unitcell under transverse uniaxial tension: ¢ = 50%, E™ = 8000 [MPa], v" = 0.4
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2909
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Figure 6: Comparison of the evolution of equivalent plastic strain in matrix phase under transverse uniaxial tension
when the loading is &5, = 0.012, &5, = 0.0216, and &5, = 0.03 and ¢* = 50%, E™ = 8000 [MPa], v™ = 0.4: (a) DNS; (b)
Inner matrix partition; (c) Outer matrix partition
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Figure 7: Evolution of equivalent plastic strains at inner and outer matrix partitions under transverse uniaxial tension:
¢t =50%, E™ = 8000 [MPa], v" = 0.4
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Fig. 11 presents the global responses of DNS and 1 + 2-

at the interface, and then the yield area expands and grows together. Similarly, the equivalent plastic strain

of the inner partition stops increasing soon after the outer partition starts yielding.

4.2 Verification under Transverse Shear Loading
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The results of ultimate strength are presented in Figs. 14-16. In the transverse shear loading problem,
1 + 2-partition ROH still presents an overall advantage over 1 + 1-partition ROH on calculation accuracy.
However, the relative errors are larger than transverse uniaxial tension cases. The largest error is about 20%;
in most cases, the error varies within the range 0£10%-20%. On the other hand, the accuracy of 1 + 1-partition
ROH is unsatisfactory in most cases. Similarly, the strengths of 1 + 1-partition ROH are all overestimated.
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Figure 11: Stress 7,3 of fibrous unitcell under transverse shear: ¢t = 50%, E™ = 8000 [MPa], v™ = 0.4
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Figure 12: (Continued)
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Figure 12: Comparison of the evolution of equivalent plastic strain in matrix phase under transverse shear when the
loading is 23 = 0.012, y,3 = 0.0216, and y,3 = 0.03and ¢* = 50%, E™ = 8000 [MPa], ™ = 0.4: (a) DNS; (b) Inner matrix
partition; (c) Outer matrix partition
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Figure 13: Evolution of equivalent plastic strains at inner and outer matrix partitions under transverse shear: cf =

50%, E™ = 8000 [MPa], v" = 0.4
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5 Discussion

In this study, the 1 + 2-partitioning scheme ROH method shares the same constitutive models of fiber
and matrix with the 1 + I-partition ROH method and DNS. At the expense of an acceptable increase in

the internal variables of the overall constitutive model and computation cost, the accuracy of the transverse

loading problems of fibrous unitcells improves significantly compared to the typical 1 + 1-partition ROH
method [44,47]. In most cases, the relative errors of the 1 + 2 partitioning method are less than 5%
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under transverse uniaxial tension and less than 20% under transverse shear loading, demonstrating overall
improvement in accuracy compared to the 1 + I-partition ROH method. Compared to DNS, the computation
time of the 1 + 2-partition ROH method is still three orders of magnitude lower. More internal variables or
partitions for the ROH method lead to higher fidelity. The 1 + 2-partition ROH method can exhibit more
information on the nonlinear evolution process in a single element, as presented in Figs. 6 and 12. The benefit
of the switch from 1 + I-partition to 1 + 2-partition is considerable.

In the ROH method, the number of influence functions to be solved is M(M + 1), where M denotes the
number of partitions. Increasing the number of partitions will result in a growth in offline stage computation
when influence functions are calculated numerically. In addition, finer partitioning leads to smaller character
lengths and more degrees of freedom in the mesoscale model. As exhibited in Fig. 17, the number of elements
in the unitcell expands significantly as mode partitions are added. For the 1 + 1-partition unitcell, the number
of elements is about 300,000; for the 1 + 12-partition unitcell, the value is over 1,500,000, while the thickness
of each layered partition is 5% of the fiber radius. The calculation time for influence functions on the offline
stage also grows noticeably. Fig. 18 presents the global responses of unitcells calculated by ROH with different
partitionings under transverse loadings. Increasing partitions helps the ROH results approach the DNS
results, but the accuracy benefits from increasing the number of radial partition layers decrease as the number
of partitions grows, and the extra cost of offline and on-line stage computation outweighs the benefits.
The proposed analytical solution for influence functions effectively alleviates this issue. The mathematical
manipulation of the eigenstrain influence function also visually illustrates the interaction mechanism among
the three partitions more visually.

(@) (b) (©)

(d) (e)

Figure 17: A sketch of fibrous unitcell finite element models with different partitionings (cs = 30%): (a) 1 + 1-partition;
(b) 1+ 2-partition; (c) 1 + 4-partition; (d) 1 + 8-partition; and (e) 1 + 12-partition



Comput Model Eng Sci. 2025;142(3) 2915

70 5
30 5
PP B L B I S B N Y B
LU i Ar
25 - f
o] /
/ /
/ ” 20
= 40 4 f —=— ROH (I+]-partition) =
fa | s +Derartith o
= 4 { R phition) > / —— ROH (1+1-partition)
bt I —— ROH {1+4-partition} = 154 / o
£ an | 7 ] / —=— ROH (1+2-partition)
&' 30 / —— ROH (1+8-partition) K3 4 § P
g / —— ROH (1+4-partition)
f —— ROH (1+12-partition) o
/ o DNS i ff —— ROH (1+8-partition)
204 | 2 / —+— ROH (1+12-partition)
| / --=--DNS
10 / 54/ ’
.'! /
‘,f ;P
0 Y T : T . T Y T . T . T d 0 . T : T . T . T T T
0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.000 0.005 0.010 0.015 0.020 0.025 0.030
£33 Ya3
(a) (b)

Figure 18: Global responses of fibrous unitcell under transverse loadings of different partitionings with c* = 30%, E™
8000 [MPa], v™ = 0.4: (a) transverse uniaxial tension; (b) transverse shear

In addition, the influence of partitioning on computational time should also be considered. A beam
model with 1000 elements is established and presented in Fig. 19, whose ROH constitutive models are
obtained from the unitcells in Fig. 17 to make the impact of the number of partitions more apparent.
When the beam is under uniaxial tension along the x-axis, while the longitudinal direction is along the
z-axis, Fig. 20 exhibits the variation of computational time with the number of partitions. As the number
of partitions increases, the computation time rises significantly. Therefore, it is not advisable to arbitrarily
increase the number of partitions. The partitioning strategy for the unitcell should be comprehensively
considered to achieve the balance between computation resolution and computation cost, and the proposed

partitioning scheme is an ideal solution for fibrous unitcells.

Figure 19: Beam model with multiple elements
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Figure 20: The variation of computation time as the number of partitions increases

The numerical method for determining the inner matrix partition volume fraction is based on a
modified Eshelby method for the finite matrix domain. The c, predicted by this numerical method has
demonstrated satisfactory precision for transverse loading cases. In the future, we hope to develop this
method further to consider the out-of-plane shear loading pattern so that all the main failure modes of the
matrix are involved in this partitioning scheme.

6 Conclusion

This study proposes a new overall constitutive model of the fibrous composite material to provide
better accuracy for the simulation of the nonlinear responses. The matrix phase is partitioned into inner and
outer partitions to capture the stress concentration within the domain of the matrix phase under transverse
loadings, whose optimum volume fraction is decided by a numerical method for minimizing the error
of strain energy density compared to an Eshelby method based on finite matrix domain assumption. The
nonlinear evolution of the inner and outer matrix partitions are also separated so that the failure mechanism
on the mesoscale is exhibited more clearly. In this model, the influence functions of three partitions are
calculated by a newly proposed analytical method, which significantly reduces the computation cost of the
so-called offline stage compared to the classic numerical method. For example, a rate-independent plasticity
model is employed to describe the nonlinear process of the matrix phase, and a series of calculations are
conducted to verify the accuracy of the proposed model when simulating the problems under transverse
loadings. The accuracy of the results calculated by the new model is satisfactory and superior to that of the
1 + I-partition ROH method within the value range in the typical application scenario of fibrous composite
materials, while the increase of computation cost is limited. As the modified Eshelby method for quantifying
the error of strain energy density is limited to transverse load cases, longitudinal shear loading is not involved
in the optimization of inner partition volume fractions. This is the primary limitation of the present model
and an area to be addressed in future improvement.
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Appendix A Proof of the Semi-Positive-Definite Property of { AL}

This section studies
(o] T m m m
(ALY = {1} - ce {EF} " (L) {E} - cn (B} (L") {E") (A1)
and prove that {AL} is semi-positive-definite. Similarly, decompose L.* with CHOLEsSKY decomposition
method into {L*} = {Q*}" {QF).

Through the classic linear homogenization process based on asymptotic expansion and perturbation
method, the linear homogenized elastic stiffness tensor is given as follows:

- 167 JoE0) L) E(y) d (42)

where ® = @(y) is the unitcell domain, E( ) is the point-wise elastic strain influence function. ® = @ U @™
where ®F and ®™ denote the fiber and matrix phase domain, respectively. |®| is the volumetric measurement
of ®. Then

1 1

f m

= — E(y)d®, E"=-— f E(y)do® A3

|®F| f@f () || Jorm () (A3)
With VoIGT notation, (A2) can be rewritten into

s [ EOY @) @ ED} o+ [ E)T@Y(@HEG) do (a9

~jel ©]

By CAUCHY-SCHWARZ inequality, for arbitrary second-order tensor 7 = ", it can obtain

f {n} {E(»)}' {Q} {Q HEW)} {n} d@f 12de

]
> ol s [ EG) ) o [ {0}{EW)} n) de
— T T (T £ ’@ .
_ @f@f{n} ()" d0 (@} {Q} [ {E()} (1) do- o’ (B (L) {E°) {n)
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(A5)
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Then
W' | [, BN (@EON do- (B {LHEY (30, va-n (a0
Repeating the same process for the matrix phase yields
()" AL} - co {BF} {LEH{ES) - o (B} (L") {B"} | {n} >0, V=1 (A7)

Appendix B Solution of {V"}and {R}

As the first row and column of {ALL} are all zeros, it can be written as follows:

T
{AL} - [3 XL] (48)

As the first row and column of {AE?} and {AEb} are also zeros, (19) and (20) can be transformed into
equations about 5 x 5 matrices AE® and AE°. Rewriting {IL"} as follows:

ey =[n @ (49)

Lm

where L™ is also 5 x 5 matrix. Then (19) and (20) can be rewritten as following equations about 5 x 5 matrices:

AETERAER = /% Ap
; Cca 7ccb (A10)
AEP L"AEP = “3/™2 AL
Ca +Cp

As {ALL} is semi-positive-definite real symmetric matrix, AL can be decomposed into AL = vAlzys
through SVD, where X is a non-negative diagonal matrix and can be decomposed further X = VZVZE. Then
R = /ZV* and VX is also a non-negative diagonal matrix. Positive-definite symmetric matrix L™ can also
be decomposed by the same way, then

AL=R"R (A1)

1o = (Qm)TQm (A12)

V2, X, Rand Q" are all 5 x 5 matrices. Substituting (A1l) and (A12) into (A10) and relating (17) yields

QA" - [ el g AE® =\ [ L% (qr) R
Ca+ Cp Ca *+ Cp (A13)
QmAEb - _ ﬂR AEb = — Ca/Cb (Qm) R
V ca+ ¢ Cat+Cp
Then the solutions of {V™} and {R} are obtained

-lo @] ®-l0 %) (A
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The solutions of R and Q™ depend on ordering the singular values in SVD. Due to the transverse isotropy
symmetry of fibrous composite materials, the components of {E*} and {Eb} should satisfy the following
equations:

{E®},, = {E%}s {E°},, = {E"},,
{E*} 3 = {E},, {E°},, = {E°},, (AL5)
{Ea}ss = {Ea}66 {Eb}ss = {Eb}66

Considering the distribution of non-zeros components in AL and L™, the non-zeros components in R
and Q™ can be calculated by following expressions to guarantee the constraints of (A15):

(Rl = [R]:z - \/w

> Al6
[R]21 = —[R]22 = —\/M (AL6)

2

[Rlkk =/ [AL]kk> k =3,4,5

2
m _ m A
[Qm]ZI = —[Qm]zz = - w (A17)

[Q"]kk =V [L"Jkk> k =3,4,5

After substituting (A16) and (A17) into (A14) and substituting obtained {V™} and {R} into (25), the
derived {E®} and {E”} fulfill (A15).

Appendix C Solution of the Axisymmetric Elastic Problem with Bi-Material

Consider that the fiber phase and the inner partition of the matrix phase remain elastic while the second
partition loses stiffness. In this case, the fibrous unitcell only has stiffness in the longitudinal direction. This
section derives the displacement and strains at the fiber phase and the inner partition of the matrix phase
under macroscopic strain {&°} = [1,0,0,0,0,0]".

Due to the axisymmetric of the geometry and boundary condition, it only must solve the displacement
along the radius direction u, through the governing equation:

82u7+18u, ur+ 1 8<8u,+ur)_0 0<r<r
or2 ror r* 1-2vEor\or r oSN
azu,+18ur U, 1 0 (8u,+ur

or2 ror 12 1-2vmor\ or r

(A18)

)zO, re<r<rg+ty=ry

with continuity condition for the displacement u, and the stress ¢,, at r = r¢ that

ur’r—wg = 1’lr|r—>r;r (A19)
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and
Ef u
1-vEvE .
Q+vE)(1-vE-2vinE) [( Al oy
E 0
= [(1—vm) A +vmﬂ+vm]
(1+vm)(1-2vm) or r rort

Fat V:a)_ +vE(1+ v} )]
inef] (A20)

respectively. In addition, it requires the traction-free boundary condition at r = r, that

Em r r
[( —v)au R i +v]
or r .

(1+ v™) (1- 2vm) =0 (A21)

r¢ is the radius of the fiber, ¢, is the thickness of the inner partition of the matrix phase.

The radii r¢ and r, are related with volume fraction c¢ and ¢, that
ce = mre, cq = (r: —r}) (A22)
with the area of the transverse cross-section of the unitcell is 1, so that

Cbzl_Cf_Cazl_ﬂri (A23)

A piecewise function of u, can be derived that

C; (A24)

Clr, 0<7’<1’f
U, =
Cor+—, re<r<ry
r

with C;, i = 1,2, 3 are the constants to be determined by the boundary condition and continuity conditions
that

(Cr+vE) = (Ca+v™) — — =5 —v"
re
Ef E" E" C
——————(C+v) - (Cr+ V™) + —— 23 =0 (A25)
1-vE-2vivi (1+v)(1-2v") 1+ v™ rs
(Cr+v™) - (1- vm)r—j =0
which gives
cap(1=2v") (V" - vg) £
Cl == —Vat
2c:(1=v™) + ca(1+ ¢(1-2v"))
1_ 2 m m f
C, - ce(1=2v") (V" = vy) o, (A26)
2ce(1-v™) +ca(1+ (p(l -2v))
C (ce+ca) (V" = vg) 2
P 2 (l-v) rca(lr p(1—20m)) F

with non-dimensional constant

9= (1+vm)(1— vm)/(l-vt 20F vta) (427)
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¢ is the ratio of the transverse bulk modulus of the matrix phase with respect to the fiber phase. Thus
@ = (A" + u™)/k*", with k* the HiLL’s constant representing the transverse bulk modulus for the fiber phase,
and A™ and ™ the LAME constant for the matrix phase.

Accordingly, within the fiber phase, the normal strain along the radius direction gives

. 2 1= 2™ m _ . f
L ) e b | Gl ) M (A28)
2cs(1=v") + ca(1+ @(1-2v7))

and for the matrix phase,

ou, C; V- i r2
T TR T 2Cf(1—vm)+ca(l+(p(l 20m)) [Cf( V)= lee )rZ] (429)

The averaged normal strain along the radius direction for the inner partition of the matrix phase gives

1 Ta 1 Ta C3
g2 E—Zﬂ[ ard —Zﬂf (C - ) d
Err n(r2 —r2) re Er AT = n(r2 —r2) re S rar

m yr —V m f Cf + Ca
=- 1-2v7) - _ A30
d ZCf(l—vm)+ca(1+go(l— ™)) [Cf( ) ca s ] (430)

Appendix D Expression of Eshelby Tensors for Cylindrical Inclusion within Finite Matrix Domain

Based on the work by Ma et al. [48], the expressions of non-zero components of Eshelby tensors for a
cylindrical inclusion in a finite elastic matrix are given in the following part. In these expressions, i, j, k, [ =
2,3 and xg =cos 0, xg = sin 0, and r¢ is the radius of the fiber. The axis of the fiber is the axis of cylindrical
coordinates.

49" -1 3—4y"
£ _ 2V T o A
Sijkl_ 8(1—Vm) z]8k1+8(1 )(5,k811+8,16]k)
Sifljl = Z‘Sijm (A31)
£ %
Sijll = m&‘j
e

Siik1(r,0) :W [(4vmr2 =217 +12)08:;0k + (—4v™r? + 2" + 1) (801 + 8110 k)
- (2v"r 2oy r%)&klx(-) 04 4(r rf)é,Jxkxl
+4(v"'r? —rf)(é‘,kx x) + 511x xp+ 8x)x] + 8;x)xy) +8(3rf — 217 )x)x Ox,?x?]
2
,
Sﬂjl(r,B) = 4—:2(5,] —ZX?JC;)

o r%

2(1—-v)r?

(A32)

Sf}ll(r 0) = (8ij - Zx?x;)
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ce[6¢ir? = 3ce (2r2 +17) + 6(Cf — 1)egr?(2v™ = 1) cos 26 + 212 (8(v™)* —16v™ + 9) |
rz [4(vm)? — 7y + 3]
ce [6¢2r% = 3cs (2r2 +72) + 6(cf —1)cer?(2v™ - 1) cos 20 +2r% (8(v™)? - 8v™ + 3) |
r2 [4(v™)2 — 7y + 3]
ct [—6c%r +3ce (2r7 +12) + 6(Cf —1)cer?(2v™ — 1) cos 260 — 2r2 (8(v™)? — 8™ + 3)]
8r2 [4(v™)2 — 7v™ + 3]
ce [-6c2r% +3ce (2r% + %) + 6(cs — 1)cer?(2v™ — 1) cos 26 — 2r (8(v™)2 — 16v™ +9) |
8r2 [4(v™)2 — 7v™ + 3]
3(cs —1)cir*sin26(2v" - 1)
4r2 [4(v™)2 — 7v™ + 3]
[6cfr — 3¢t (27’2 + r%) +4r? (4(vm)2 —6v™ + 3)]

2222(7 ) =-

2233(7’> 0) =

S3B3F22(ra 0) =~

3333(” 0) =
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(A33)
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