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ABSTRACT: Since the initial observation of carbon nanotubes (CNTs) and graphene platelets (GPLs) in the 1990 and
2000s, the demand for high-performance structural applications and multifunctional materials has driven significant
interest in composite structures reinforced with GPLs and CNTs. Incorporating these nanofillers into matrix materials
markedly enhances the mechanical properties of the structures. To further improve efficiency and functionality, func-
tionally graded (FG) distributions of CNTs and GPLs have been proposed. This study presents an extensive review of
computational approaches developed to predict the global behavior of composite structural components enhanced with
CNT and GPL nanofillers. The analysis focuses on key structural elements, such as plate-type configurations, cylindrical
and curved shells, and beams, emphasizing the computational techniques utilized to simulate their mechanical behavior.
The utilization of three-dimensional elasticity theories and equivalent single-layer (ESL) frameworks, which are widely
employed in the modeling and analysis of these composites, is comprehensively discussed. Additionally, the paper
examines various mechanical performance aspects, including static, buckling, post-buckling, vibrational, and dynamic
responses for the mentioned structures. The unique features of hybrid nanocomposites, combining CNTs and GPLs,
are also analyzed. Furthermore, the study delves into the fabrication and processing techniques of these materials, with
a particular focus on strategies to mitigate nanofiller agglomeration. The review extends to cover thermal and electrical
properties, durability under environmental exposure, fatigue resistance, and vibration-damping characteristics. In
conclusion, the paper underscores the necessity for ongoing advancements in computational modeling to facilitate
improved design, analysis, and optimization of nanocomposite structures. Future research opportunities in this rapidly
advancing domain are also outlined.

KEYWORDS: Graphene platelets; carbon nanotubes; functionally graded materials; hybrid composites; mechanical
analyses; plates; shells; beams

1 Introduction
There has been a continuous pursuit of advanced materials and structures, particularly for composites.

Advances in scientific research and manufacturing techniques have led to the development of modern
composite materials with enhanced mechanical properties. The field of nanoscience, nanotechnology, and
nanocomposites has flourished in recent years with the incorporation of carbon-based nanofillers. The signif-
icance of these materials has grown across various applications, including automotive, aerospace, packaging,
electronics, biotechnology, flexible sensors, and numerous other sectors [1]. Following the discovery of the
buckyball, a spherical molecule composed of pure carbon atoms, by Kroto et al. in 1985 [2], carbon nanotubes
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(CNTs) and graphene platelets (GPLs) emerged as prominent materials. Since the first report of a new type
of finite carbon structure consisting of needle-like tube (Carbon nanotube) by Iijima in 1991 [3,4] and flat
monolayer of carbon atoms tightly packed into a 2D honeycomb lattice (Graphene) by Novoselov et al. in
2004 [5,6], many researchers have explored various mechanical, physical, electrical, structural, and thermal
properties of these new forms of carbon. Among the main carbon nanoparticles, graphene platelets (GPLs)
and carbon nanotubes (CNTs) have attracted the most attention [7]. The superlative mechanical properties
of CNT and GPL make them the best choice for composite reinforcement, significantly enhancing the base
matrix when integrated as strengthening elements [8].

CNTs can be classified into two major types: single-walled carbon nanotubes (SWCNTs) and multi-
walled carbon nanotubes (MWCNTs). SWCNTs consist of a single sheet of graphene rolled seamlessly to
form a cylinder, with diameters around 1 nm and lengths up to centimeters. MWCNTs consist of multiple
concentric cylinders; each separated by 0.35 nm and typically have diameters ranging from 2 to 100 nm and
lengths of up to tens of microns. Graphene is a type of carbon allotrope composed of sp2-bonded carbon
atoms, forming a two-dimensional hexagonal lattice that can be viewed as an unzipped SWCNT. Khoshraftar
et al. [9] confirmed the previously discussed findings. As shown in Fig. 1, SWCNTs can be visualized as a
single graphene sheet rolled into a continuous cylinder. On the other hand, MWCNTs consist of multiple
concentric cylindrical layers of graphene sheets, aligned coaxially. These layers are held together by van
der Waals forces between neighboring sheets, creating a hollow core. This unique structure differentiates
SWCNTs from MWCNTs.

Figure 1: A schematic illustration showing the relationship and configuration of graphene, graphite, SWCNTs, and
MWCNTs; Reprinted from Khoshraftar et al. [9], Nature, 2024, licensed under CC BY 4.0

CNTs possess an exceptionally high Young’s modulus of 1 TPa, comparable to that of diamond (1.2 TPa),
and have strengths 10–100 times greater than steel. Additionally, they exhibit electrical conductivities as high
as 105 to 107 S

m , enabling them to transform an insulating polymer into a conductive composite at very low
loadings [10]. Graphene is renowned for its exceptional properties, including Young’s modulus of 1 TPa, a
fracture strength of 130 GPa, and electrical and thermal conductivities comparable to those of copper [11].
The excellent electronic properties, thermal conductivity, high stiffness, strength, and resilience of GPLs [12]
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and CNTs [13,14], combined with their low density, offer significant opportunities for developing nanofiller-
reinforced composite materials. Despite certain challenges and the fact that carbon nanotube/polymer
composites may excel in specific performance areas, graphene/polymer composites hold broad potential
applications. This is due to graphene’s exceptional properties and its availability in large quantities at a
relatively low cost [15].

The concept of functionally graded materials (FGMs) has modernized the application of nanofiller-
reinforced composites. In FGMs, the weight fraction and distribution of the reinforcing material change
gradually from the innermost to the outermost layers, offering enhanced performance compared to con-
ventional composite materials. Given their high structural performance, carbon-based composite materials
are highly sought after for modern smart engineering applications, including aerospace [7], marine sci-
ence, water treatment [16], automotive [17], sports, and biomechanics. Due to their numerous beneficial
properties and diverse applications, many researchers have explored various aspects of these valuable
carbon-based nanofillers.

Several comparative studies have examined the characteristics of CNTs and GPLs reinforced compos-
ites. Li et al. [18] conducted a study comparing the mechanical properties of polymer composites reinforced
with CNTs and graphene sheets. They found that composites reinforced with graphene sheets exhibited
approximately 18% higher Young’s modulus, 8.7% higher tensile strength, and 5% higher surface crack energy
compared to those reinforced with carbon nanotubes. Rafiee [19] investigated various mechanical properties,
including Young’s modulus, ultimate tensile strength, fracture toughness, fracture energy, and fatigue crack
propagation rate. Their results demonstrated that GPLs significantly enhance the mechanical properties
of epoxy nanocomposites. Specifically, the Young’s modulus of a 0.1 wt.% GPL nanocomposite was 31%
greater than that of pure epoxy, compared to a 3% increase for SWCNT composites. The ultimate tensile
strength of the pristine epoxy improved by 40% with GPLs, while MWCNTs resulted in a 14% enhancement.
Additionally, the fracture toughness of the GPL nanocomposite was 53% higher than that of the pristine
epoxy, whereas MWCNTs provided only a 20% increase.

Given the growing interest in CNT and GPL-reinforced structures, numerous review articles have exam-
ined their various characteristics, including mechanical features [12,13,20–22], theoretical modeling [23,24],
physical properties [25–27], agglomeration causes and solutions [8,28], fabrication methods [10,16], and
thermal and electrical applications [29,30]. However, this paper focuses specifically on the structural
mechanics of plate-type structures, beams, and cylindrical or curved shells reinforced with CNT and
GPL nanoparticles. A schematic representation of each structural component is provided in Fig. 2. This
review article, by tabulating the type of analysis, employed methodologies, and reinforcement types, serves
as a valuable resource and database for the mechanics of carbonaceous nanocomposites. It covers their
static and dynamic mechanical behavior, buckling and post-buckling responses, as well as free and forced
vibration characteristics. Due to the wide range of analyses and geometries explored, the literature review
is structured according to both geometric shape and type of analysis. Additionally, the paper presents a
detailed comparison of computational methods used in these analyses, such as 3D elasticity and equivalent
single layer (ESL) theories. Hybrid nanocomposites reinforced with a combination of CNTs and GPLs
are also discussed. Moreover, the main processing techniques for preparing CNT- and GPL-reinforced
composites and the significant production challenge, namely the agglomeration phenomenon, are explored.
Further discussions cover the significance of CNTs and GPLs over porous structures, thermal and electrical
properties, durability and resistance to environmental factors, fatigue behavior, as well as damping and
vibration attenuation characteristics.
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Figure 2: General geometries of structural components: a) Plate, b) Cylindrical shell, c) Beam, d) Annular and annular
sector plate

2 Functionally Graded Materials (FGMs)
FGMs are advanced engineering materials designed for applications where conventional composites

fall short and higher performance is required. In FGMs, which the concept was first introduced in 1984, the
volume and distribution of the reinforcing material gradually change from the innermost to the outermost
layers, offering advantages over traditional composites. Stress concentration typically arises at the interfaces
of conventional laminate composites, often resulting in structural failure. FGMs address this issue by
providing a continuous variation of material properties from one surface to another, effectively eliminating
the stress concentration observed in traditional laminated composites [24]. FGMs provide opportunities
to control material responses to static deformation, buckling and post-buckling, vibrational characteristics,
corrosion, and dynamic loading [31]. The material properties of FG GPLs/CNTs RC elements vary along
the thickness direction due to a layer-wise change in the weight fraction of nanofillers. This variation is
dependent on the structure’s thickness.

Fig. 3 illustrates the five major patterns for nanofiller distribution in FG composites, which can be
uniform, symmetric, or asymmetric. In the uniform distribution (UD) case, all layers have the same
composition. The FG-X symmetric model features increased reinforcement in both the inner and outer
layers. In contrast, the FG-O distribution pattern shows a higher concentration of reinforcement in the
middle layers. The FG-V asymmetrical model includes greater reinforcement near one of the outer layers,
while the FG-A model has a higher amount of reinforcement close to the other outer layer [32].

Figure 3: Various uniform and functionally graded distribution patterns of nanofiller reinforcing elements: a) UD,
b) FG-X, c) FG-O, d) FG-V, e) FG-Λ
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As will be discussed later, under nearly all conditions and for various types of structural analyses—
including static, buckling, post-buckling, and free and forced vibrations—the top and bottom layers generally
have the most significant impact on the stiffness of the structure. Consequently, the FG-X pattern results
in the highest stiffness, while the FG-O pattern yields the lowest value. The UD and FG-V/FG-A patterns
produce intermediate stiffness values, respectively.

3 Matrix Material of CNT or GPL RCs
Various matrices, including polymers, metals, and ceramics, are employed in CNT- or GPL-reinforced

composites, enabling the tailoring of material properties to meet diverse application requirements such as
lightweight structures, thermal management, and high-temperature performance. Polymer Matrix Compos-
ites (PMCs), Metal Matrix Composites (MMCs), and Ceramic Matrix Composites (CMCs) represent the
primary classes of advanced composites, each with unique attributes tailored to specific applications.

PMCs offer excellent flexibility and lightweight characteristics, making them particularly suitable
for aerospace and automotive applications. The incorporation of nanoparticles, such as CNTs or GPLs,
significantly enhances the mechanical properties of PMCs, with improvements in modulus and hardness
being especially notable due to the pronounced stiffness contrast between the polymeric matrix and the nano
reinforcements. This high contrast facilitates efficient stress transfer at the nanoscale, leading to superior
reinforcement efficiency compared to traditional fillers [33].

MMCs provide superior thermal and electrical conductivity, making them highly suitable for structural
and electronic components in demanding environments. When reinforced with CNTs or GPLs, MMCs
exhibit remarkable potential for enhanced mechanical as well as electrical properties. However, critical
challenges must be addressed to fully realize their potential. The homogeneous distribution of fillers within
the metal matrix is essential to avoid agglomeration, which can compromise performance. Additionally, the
interfacial bonding between carbon-based fillers and the metal matrix plays a pivotal role in determining the
composite’s mechanical strength and load transfer efficiency. Controlled interfacial reactions are required
to optimize bonding without degrading the structural integrity of the fillers, ensuring their effectiveness as
reinforcements [34].

CMCs have been developed to address the inherent brittleness and mechanical unreliability of mono-
lithic ceramics, which, despite their high stiffness, strength, and excellent high-temperature stability, often
fall short in demanding applications. By combining the intrinsic advantages of ceramics—such as corrosion
resistance, lightweight properties, and electrical insulation—with reinforcements like CNTs or GPLs, CMCs
exhibit enhanced toughness and thermal stability, making them highly suitable for harsh environments
where metals and polymers fail. Graphene, in particular, offers advantages over CNTs due to its higher
specific surface area and reduced tendency to tangle, enabling easier dispersion into ceramic matrices [35,36].

For CNT-reinforced composites, all three major matrix categories—PMCs, MMCs, and CMCs—have
been extensively explored, each offering distinct advantages tailored to specific applications. In the case of
polymer matrices, various polymers such as polystyrene (PS) [37], polypropylene (PP) [38], polyester [39],
polyimide (PI) [40], polyaniline (PANI) [41], polypyrrole (PPY) [42], and polyvinyl alcohol (PVA) [43]
have been used to incorporate CNTs, significantly enhancing their mechanical, thermal, and electrical
properties while maintaining their lightweight and flexible characteristics. For metal matrices, CNTs have
been successfully integrated into materials like aluminum (Al) [44–46], copper (Cu) [47], nickel (Ni) [48,49],
magnesium (Mg) [50], and titanium (Ti) [51], leveraging their excellent electrical and thermal conductivity to
create composites with superior strength and conductivity, suitable for high-performance structural and elec-
tronic applications. Ceramic matrices, including aluminum oxide (Al2O3) [52], titanium dioxide (TiO2) [53],
magnesium aluminum spinel (MgAl2O4) [54], titanium nitride (TiN) [55], silicon carbide (SiC) [56], and
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silicon dioxide (SiO2) [57], have also been reinforced with CNTs. These combinations enhance the inherent
high-temperature stability, wear resistance, and corrosion resistance of ceramics while addressing their
brittleness, making them ideal for extreme environments and high-performance applications.

For GPL-reinforced composites, similar to CNTs, all three primary matrix types have been widely stud-
ied, offering tailored enhancements for a range of applications. In the polymer matrix category, GPLs have
been integrated into polymers such as polymethyl methacrylate (PMMA) [58], waterborne polyurethane
(WPU) [59], thermoplastic polyurethane (TPU) [60], poly(vinylidene fluoride) (PVDF) [61], polyethylene
terephthalate (PET) [62], and polycarbonate (PC) [63], improving mechanical properties, thermal stability,
and electrical conductivity while maintaining flexibility and ease of processing. For metal matrices, the
incorporation of GPLs has been explored in materials like aluminum (Al) [64,65], copper (Cu) [66,67],
nickel (Ni) [68,69], magnesium (Mg) [70,71], iron (Fe) [72], and nickel aluminide (Ni3Al) [73]. These
combinations enhance the mechanical strength, thermal conductivity, and corrosion resistance of the metal
matrix, making them highly suitable for applications in aerospace, automotive, and structural systems where
performance under high stress and temperature is crucial. In ceramic matrix composites, the integration of
GPLs into materials such as aluminum oxide (Al2O3) [74], silicon dioxide (SiO2) [75], zirconium dioxide
(ZrO2) [76], silicon nitride (Si3N4) [77], silicon carbide (SiC) [78], and boron carbide (B4C) [79] offers
significant improvements in toughness, thermal stability, and wear resistance, addressing the brittleness of
ceramics while maintaining their superior high-temperature performance. These enhanced properties make
GPL-reinforced CMCs ideal for demanding applications such as cutting tools, wear-resistant components,
and structural materials in extreme environments.

Analytical and numerical computational techniques are pivotal in the analysis of composites reinforced
with CNTs and GPLs. These methods are indispensable for accurately estimating mechanical properties,
elucidating stress transfer mechanisms, and evaluating the interfacial bonding between the nanofillers
and the matrix. For instance, molecular dynamics (MD) simulations provide a detailed understanding of
atomic-scale interactions that govern the macroscopic behavior of composites, while FEA offers valuable
insights into the distribution of stress within the material. Furthermore, computational fluid dynamics (CFD)
plays a critical role in refining the processing and production stages by promoting uniform dispersion
of nanoparticles. These computational methodologies and their practical applications make significant
contributions to the development of efficient, high-performance composite materials, while reducing the
need for extensive experimental testing.

3.1 Interfacial Bonding between the Nanoparticles and the Matrix
Interfacial bonding plays a crucial role in determining the mechanical performance of nanoparticle-

reinforced composites, particularly in the case of CNT and GPL reinforcements. The strength of the interface
between the nanofillers and the matrix directly influences how effectively mechanical loads are transferred
across the composite material. To leverage the exceptional Young’s modulus and strength of CNTs and GPLs,
it is essential that the mechanical load is efficiently transmitted from the matrix to the nanofillers, ensuring
the reinforcement properties are fully utilized [13,80].

The reinforcement-matrix stress transfer mechanism and the interfacial strength are critical in enhanc-
ing the composite’s mechanical properties. A strong interfacial bond facilitates efficient stress transfer to the
high-strength fillers, thereby strengthening the composite, but at the cost of reduced ductility. Conversely,
weak interfaces can result in reduced strength and the potential for fillers pullout under low loads due
to interface failure. Ensuring a homogeneous dispersion of CNTs or GPLs within the matrix is vital for
maximizing interfacial contact area and optimizing mechanical properties. In such cases, each nanotube or
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graphene sheet is loaded individually, which allows for better utilization of their mechanical properties and
contributes to toughening mechanisms [35].

In MMCs reinforced with carbon-based nanofillers, challenges arise from the density differences
between the fillers and the matrix, as well as the high reactivity of metals like iron, aluminum, and
titanium. Graphene’s planar structure and extensive interfacial contact area often lead to the formation
of metal carbides during processing, which can negatively impact composite properties if not carefully
controlled. However, pairing graphene with carbides such as B4C or SiC, or combining them with oxides
like Al2O3 or ZrO2, has been shown to improve interfacial bonding and enhance the mechanical properties
of CMCs [81–84].

To better understand and optimize these interfacial interactions, computational methods have become
increasingly important. These techniques simulate stress transfer and evaluate interfacial bond strength,
both of which are critical for enhancing composite performance. Studies have demonstrated how interface
strength impacts the macroscopic behavior of reinforced composites using computational models as well
as experimental investigations [85–88]. For example, molecular dynamics simulations have revealed the
mechanical response and dislocation behaviors in graphene/iron composites, shedding light on the signif-
icant role of interfacial phenomena in determining overall performance [89]. Such findings highlight the
necessity of incorporating interfacial bonding strength into computational models to accurately predict and
improve the properties of nanocomposites.

4 Computational Acquisition of Material Properties
Several important methods are used to determine the effective mechanical properties of structures rein-

forced with GPLs and CNTs. Each method has its own advantages and disadvantages. For example, the rule of
mixtures is a simple and advantageous approach but may lack accuracy and overlook the size of nanoparticles.
The Mori-Tanaka and Halpin-Tsai methods offer better accuracy compared to the rule of mixtures. The
extended Mori-Tanaka approach accounts for the agglomeration effect, which is a significant advantage,
though it does not consider the size effects of nanoparticles, such as length, width, and thickness. On the
other hand, the Halpin-Tsai method includes these dimensions and helps prevent agglomeration by choosing
the maximum weight fraction of nanofillers based on experimental tests. Computational modeling serves as
an essential tool for accurately predicting the material properties of structures reinforced with nanofillers.
These approaches provide valuable insights into the mechanical behavior of nanocomposites, enabling more
precise predictions of their performance under diverse loading scenarios. A detailed examination of these
computational methodologies and their applications will be presented in the subsequent subsections.

4.1 Rule of Mixture
The basic material properties can be estimated using the rule-of-mixture principle, which relies on a few

assumptions. For particle-reinforced composites, it’s assumed that the particles are evenly spread throughout
the matrix [90]. The effective mechanical properties of structures made from isotropic matrices and particle
reinforcements can be assessed using the rule of mixtures as follows [91]:

ρ = VR ρR + Vm ρm (1)

E = VR ER + VmEm (2)

υ = VR υR + Vmυm (3)
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In this context, E, ν, and ρ represent Young’s modulus, Poisson’s ratio, and density for reinforcements
(R) and the matrix (m), respectively. V denotes the volume fraction of each component. For FGMs,
reinforcements in each layer of the resultant composite are typically assumed to be randomly oriented and
evenly distributed. Consequently, the rule of mixtures is often used to estimate properties like Poisson’s ratio
and density. Additionally, other physical properties such as specific heat capacity and thermal expansion
coefficient are approximated using this rule [92].

Because the rule of mixtures has limited accuracy, alternative methods are often used to approximate
the elastic modulus. These methods will be discussed in the following sections.

4.1.1 FG-CNT RC Properties
Material properties of functionally graded carbon nanotube reinforced composites (FG-CNT RC)

have been studied through both experimental and theoretical approaches [26,93–96]. In many mechanical
theoretical analyses, the effective properties of composite materials-comprising an isotropic matrix and
CNTs-are evaluated using the rule of mixtures. It is assumed that CNTs and the polymer are well-bonded
and experience the same strain [97–99].

ρ = VC N ρC N + Vm ρm (4)

E11 = η1VC N EC N
11 + VmEm (5)

η2

E22
= VC N

EC N
22

+ Vm

Em (6)

η3

G12
= VC N

GC N
12

+ Vm

Gm (7)

ν = VC N νC N
12 + Vmνm (8)

where EC N
11 , EC N

22 , GC N
12 and νC N

12 are longitudinal and transverse modulus of elasticity, shear modulus and
Poisson’s ratio of carbon nanotubes, respectively. Also, Em , Gm and νm are the same properties of isotropic
polymer matrix. ρm and ρC N are the mass density of the matrix and CNTs, respectively. VC N is the volume
fraction of CNTs and Vm is the volume fraction of polymer matrix (Vm + VC N = 1). VC N for different
distribution of CNTs are shown in Eq. (9). CNTs efficiency parameters ηi , i = 1, 2, 3 are given in Table 1 [100].
An example of mechanical properties of CNTs and polymeric matrix is tabulated in Table 2 [91]. VC N for
different distribution pattern of CNTs is as below [91]:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

U D∶VC N = V∗cn

FG −X∶VC N = 4V∗cn
∣z∣
h

FG −V∶VC N = V∗cn (1 + 2 ∣z∣
h
)

FG −O∶VC N = 2V∗cn (1 − 2 ∣z∣
h
)

(9)
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Table 1: CNTs efficiency parameters for different values of V∗cn [91]

V∗cn

ηi 0.11 0.14 0.17
η1 0.149 0.15 0.149
η2 0.934 0.941 1.381
η3 0.934 0.941 1.381

Table 2: Mechanical properties of FG-CNT RC [91]

Property name Polymer matrix CNT
E11 2.1 Gpa 5.6466 Tpa
E22 2.1 Gpa 7.08 Tpa
G12

E
2(1+v) 1.9445 Tpa

ν 0.34 0.175
ρ(Kg/m3) 1150 1400

4.2 Mori-Tanaka Approach
The effective mechanical properties of a structure reinforced with nanoparticles, based on the Mori-

Tanaka approach, are determined based on coefficient of elasticity matrix as follows [101]:

Q11 = k + m, Q22 = n, Q12 = l , Q66 = P (10)

K = Em {Emcm + 2kr(1 + υm) [1 + cr (1 − 2υm)]}
2(1 + υm) [Em(1 + cr − 2υm) + 2cm kr(1 − 2υm − 2υ2

m)]
(11)

m = Em {Emcm + 2mr(1 + υm) [3 + cr − 4υm]}
2(1 + υm) [Em(cm + 4cr(1 − υm)) + 2cm mr(3 − υm − 4υ2

m)]
(12)

n = E2
mcm(1 + cr − cm υm) + 2cmcr(kr nr − l 2

r )(1 + υ2
m)(1 − 2υm)

(1 + υm) [2cm kr(1 − υm − 2υ2
m) + Em(1 + cr − 2υm)]

+ Em[2c2
m kr(1 − υm) + cr nr(1 − 2υmcr) + 4cm cr lr υm]

2cm kr(1 − υm − 2υ2
m) + Em(1 + cr − 2υm)

(13)

l =
Em {cmυm[Em + 2kr(1 + υm) + 2cr lr(1 − υ2

m)}
(1 + υm) [Em(1 + cr − 2υm) + 2cm kr(1 − 2υm − 2υ2

m)]
(14)

p = Em[Em cm + 2(1 + cr)pr(1 + υm)]
2(1 + υm)[Em(1 + cr) + 2cm pr(1 + υm)]

(15)

where the subscripts m and r indicate the quantities of the matrix and the reinforcing phase, respectively.
Also, Em , υm and cm are the Young’s modulus, the Poisson’s ratio, and the volume fraction of the matrix,
respectively. Also, kr , mr , nr , lr , pr are the volume fraction and Hill’s elastic modulus of the CNTs.
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4.2.1 Considering Agglomeration in Mori-Tanaka Approach (Modified Mori-Tanaka)
Experimental results show that CNTs have low bending stiffness and high aspect ratios. These char-

acteristics cause them to concentrate in spherical regions, termed ‘inclusions’, which have distinct elastic
properties compared to the surrounding areas. Therefore, assuming a uniform distribution of CNTs within
the matrix material is inaccurate. The total volume of CNTs, denoted by Vr , can be defined as follows [101]:

Vr = V incl usion
r + V m

r (16)

where V incl usion
r and V m

r are the volume of carbon nanotubes in the spherical inclusions and matrix material,
respectively. To describe the agglomeration of carbon nanotubes into spherical inclusions, the following
relationships are used:

ξ = Vincl usion

V
, ζ =

V r
inc l usion

Vr
, ξ ≤ 1, 0 ≤ ζ (17)

Here, V is the volume of the representative volume element (RVE), and Vincl usion is the volume of the
inclusions within the RVE. ξ and ζ represent the ratios of the volume of spherical inclusions to the element
volume and the volume of spherical inclusions to the volume of CNTs, respectively.

The average volume fraction of CNTs in the matrix is defined as cr = Vr
V . Assuming a random

distribution of CNTs, the effective bulk modulus K and shear modulus G are defined as follows:

K = Kout

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 +
ξ ( Kin

Kout
− 1)

1 + α (1 − ξ) ( Kin

Kout
− 1)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

(18)

G = Gout

⎡⎢⎢⎢⎢⎢⎣
1 +

ξ ( Gin
Gout

− 1)

1 + β (1 − ξ) ( Gin
Gout

− 1)

⎤⎥⎥⎥⎥⎥⎦
(19)

where

Kin = Km + (δr − 3Km χr) cr ζ
3 (ξ − cr ζ + cr ζ χr)

(20)

Kout = Km + cr (1 − ζ) (δr − 3Km χr)
3 [1 − ξ + cr χr (1 − ζ) − cr (1 − ζ)] (21)

Gin = Gm + (ηr − 3Gm βr) cr ζ
2 (ξ − cr ζβr + cr ζ) (22)

Gout = Gm + cr (1 − ζ) (ηr − 3Gm βr)
2 [1 − ξ + cr βr (1 − ζ) − cr (1 − ζ)] (23)

α = (1 + υout)
3 (1 − υout)

, β = 2 (4 − 5υout)
15 (1 − υout)

(24)

In which δr , χr , ηr , βr and υout are expressed as [102]:

δr =
1
3
[(2kr + lr) (3Km + 2Gm − lr)

kr +Gm
+ nr + 2lr] (25)
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χr =
kr − lr + 3 (Km +Gm)

3 (Km +Gm)
(26)

ηr =
1
5
[2

3
(nr − lr) +

8Gm pr

(Gm + pr)
+ 2 (kr − lr) (2Gm + lr)

3 (Kr +Gm)
+ 8Gmmr (3Kr + 4Gm)

3Km (mr +Gm) +Gm (7mr +Gm)
] (27)

βr =
1
5
{ 4Gm

(Gm + pr)
+ 4Gm + kr + lr

3 (Kr +Gm)
+ 2 [Gm (3Km +Gm) +Gm (3Km + 7Gm)]

Gm (3Km +Gm) + mr (3Km + 7Gm)
} (28)

vout =
3Kout − 3Gout

6Kout + 2Gout
(29)

Km and Gm represent the bulk and shear moduli of the matrix material and can be expressed as follows:

Km = Em

3 (1 − 2vm)
(30)

Gm = Em

3 (1 + vm)
(31)

Therefore, the Young’s modulus and Poisson’s ratio of the CNT-RC structure are given by:

E = 9KG
3K +G

(32)

v = 3K − 2G
6K + 2G

(33)

4.3 Halpin-Tsai Approach
4.3.1 Laminated FG-GPL RC Structure

To obtain mechanical properties of graphene reinforced laminated structures temperature depen-
dent [103,104] and temperature independent [105] formulations is used. To determine the effective material
properties of the laminated functionally graded graphene platelets reinforced composite (FG-GPL RC)
structure, the Halpin-Tsai relations can be applied as follows [106,107]:

E1 = η1
1 + 2(aG/hG)γG

11VG

1 − γG
11VG

Em (34)

E2 = E3 = η2
1 + 2(aG/hG)γG

22VG

1 − γG
22VG

Em (35)

γG
11 =

EG
11/EM − 1

EG
11/EM + 2aG/hG

(36)

γG
22 =

EG
22/EM − 1

EG
22/EM + 2aG/hG

(37)

G12 = η3
1

1 − γG
12VG

Gm (38)
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γG
12 =

GG
12/GM − 1
GG

12/GM (39)

G13 = G23 =
G12

2
(40)

υ12 = υ13 = VG υG
12 + Vmυm = VG υG

12 + (1 − VG) υm (41)

ρC = ρG VG + ρm (1 − VG) (42)

υi j

Ei
=

υ ji

E j
(43)

In the above equations, aG , bG and hG represent the length, width, and thickness of the GPLs,
respectively. EG

i j is the Young’s modulus of the GPLs, υG
i j is their Poisson’s ratio, VG is the volume fraction, and

ρG is the density of the GPLs. Additionally, ηi is the correction coefficients listed in Table 3. Furthermore,
Em , Gm , Vm and ρm are Young’s modulus, shear modulus, volume fraction and mass density of matrix,
respectively. Note that the mass density and Poisson’s ratio of the nanocomposite shell are calculated using
the rule of mixtures.

Table 3: Values of ηi for different volume weight fraction of GPLs [105]

VG η1 η2 η3

0.03 2.929 2.855 11.842
0.05 3.068 2.962 15.944
0.07 3.013 2.966 23.575
0.09 2.647 2.609 32.816
0.11 2.311 2.260 33.125

Using the above equations, the elastic constants for a single-layer GPL RC with zigzag reinforcement
(0-ply) can be determined for a specific volume fraction of GPLs. Additionally, for a composite material
with armchair reinforcement of graphene (90○-ply), the matrix of elastic constants for the FG-GPL RC with
90○-ply can be obtained using transfer matrices [105].

Also, the thermal expansion coefficients in the longitudinal and transverse directions can be expressed
as [104]:

α11 =
VG EG

11 αG
11 + VmEmαm

VG EG
11 + VmEm (44)

α22 = (1 + νG
12)VG αG

22 + (1 + νm)Vmαm − ν12α11 (45)

where αG
11 , αG

22 and αm are thermal expansion coefficients of the GPLs and matrix, respectively. It has
been reported that the material properties of both GPLs and the matrix are functions of temperature (T).
Therefore, the Young’s modulus, shear modulus, and thermal expansion coefficients of GPL RCs are also
temperature-dependent.
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To achieve a graded pattern for material properties, the FG-X type features a mid-plane symmetric
graded distribution of graphene reinforcements, specified as [0.11/0.09/0.07/0.05/0.03]s. For the FG-O
type, the graphene volume fractions are arranged as [0.03/0.05/0.07/0.09/0.11]s. Additionally, a uniformly
distributed (UD) Graphene Reinforced Composite (GRC) laminated plate with the same thickness is used
as a comparator, where each ply has a constant graphene volume fraction of VG = 0.07, as examined
in studies [105,108]. For FG-V pattern with the same number of layers, the lamination configuration is
considered as [(0.11)/(0.11)/(0.09)/(0.09)/(0.07)/(0.07)/(0.05)/(0.05)/(0.03)/(0.03)]T.

Shen [108] evaluated the values for ηi by comparing the Young’s moduli and shear moduli of GRCs
predicted by the Halpin–Tsai model with those obtained from molecular dynamics (MD) simulations, as
shown in Table 4.

Table 4: Comparisons of Young’s and shear moduli for graphene/PMMA nanocomposites predicted by the Halpin–Tsai
model and molecular dynamics [108]

MD Halpin–Tsai model

T VG E11 (GPa) E22 (GPa) G12 (GPa) E11 (GPa) η1 E22 (GPa) η2 G12 (GPa) η3

300 K 0.3 36.538 35.613 11.388 12.470 2.929 12.470 2.855 0.962 11.842
0.5 59.544 57.479 15.655 19.410 3.068 19.410 2.962 0.982 15.944
0.7 80.096 78.843 23.644 26.580 3.013 26.580 2.966 1.003 23.575
0.9 90.023 88.750 33.635 34.010 2.647 34.010 2.609 1.025 32.816
0.11 96.388 94.265 34.713 41.710 2.311 41.710 2.260 1.048 33.125

400 K 0.3 32.639 31.750 11.572 10.960 2.977 10.960 2.896 0.831 13.928
0.5 53.462 51.661 12.919 17.090 3.128 17.090 3.023 0.848 15.229
0.7 71.698 70.928 19.574 23.430 3.060 23.430 3.027 0.867 22.588
0.9 81.035 78.091 25.566 30.010 2.701 30.000 2.603 0.886 28.869
0.11 88.557 86.063 26.735 36.820 2.405 36.820 2.337 0.906 29.527

500 K 0.3 31.926 31.854 11.700 9.424 3.388 9.420 3.382 0.700 16.712
0.5 52.171 50.225 11.450 14.720 3.544 14.710 3.414 0.715 16.018
0.7 69.960 67.453 17.106 20.210 3.462 20.200 3.339 0.730 23.428
0.9 79.218 76.019 22.202 25.900 3.058 25.890 2.936 0.746 29.754
0.11 87.039 84.743 23.478 31.820 2.736 31.800 2.665 0.763 30.773

4.3.2 Multilayer FG-GPL RC Structures
The multilayer FG-GPL RC structure consists of NL isotropic layers, with each layer having a different

volume fraction of reinforcements. The volume fraction VGPL of the k-th layer for various GPL distribution
patterns is given by [109]:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

U D∶V (k)
GPL = V∗GPL

FG − X∶V(k)
GPL = 2V∗GPL

∣2k − NL − 1∣
NL

FG − O∶V (k)
GPL = 2V∗GPL (1 − ∣2k − NL − 1∣

NL
)

FG − V ∶V(k)
GPL = 2V∗GPL

2k − 1
NL

(46)
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V∗GPL is the average volume fraction of GPLs and can be calculated based on the weight fraction of GPLs
(WGPL), the density of the matrix (ρm), and the density of the reinforcement (ρGPL).

V∗GPL =
WGPL

WGPL +
ρGPL

ρm
− (1 −WGPL)

(47)

The subscripts (m) and (GPL) refer to the matrix and GPLs, respectively. The effective elastic modulus of
the resulting nanocomposite can be estimated using the Halpin-Tsai model, which depends on the geometry
of the platelets.

The elastic modulus of the k-th layer, denoted by E(k), is given by:

E(k) = 3
8
⎛
⎝

1 + ξGPL
L ηGPL

L V (k)
GPL

1 − ηGPL
L V (k)

GPL

⎞
⎠

Em + 5
8
⎛
⎝

1 + ξGPL
W ηGPL

W V (k)
GPL

1 − ηGPL
W V (k)

GPL

⎞
⎠

Em (48)

The two parameters ηGPL
L and ηGPL

W in the above equation depend on both the elastic properties of the
components and the geometry of the platelets. These parameters are defined as follows:

ηGPL
L = EGPL − Em

EGPL + ξGPL
L Em

(49)

ηGPL
W = EGPL − Em

EGPL + ξGPL
W Em

(50)

The other two parameters, ξGPL
L and ξGPL

W , depend on the geometrical dimensions of the reinforcing
elements and are defined as below:

ξGPL
L = aGPL

tGPL
(51)

ξGPL
W = bGPL

tGPL
(52)

where aGPL , bGPL and tGPL is assumed to be length, width and thickness of nanofiller platelets, respectively.
The simple rule of mixtures is used to estimate the Poisson’s ratio and mass density of the k-th layer of

the resulting composite structure.

v(k) = vGPLV (k)
GPL + vmV (k)

m (53)

ρ(k) = ρGPLV (k)
GPL + ρmV (k)

m (54)

V (k)
m = 1 − V (k)

GPL (55)

Additionally, the rigidity modulus G(k) of the k-th layer is given by:

G(k) = E(k)

2(1 + v(k))
(56)
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In most cases, GPL nanofillers have basic dimensions of length aGPL = 2.5 μm, width bGPL = 1.5 μm and
thickness tGPL = 1.5 nm. The mechanical properties of the components are tabulated in Table 5.

Table 5: Mechanical properties of epoxy matrix and the GPL reinforcement [110]

Material property PMMA GPL
Modulus of elasticity (Gpa) 3 1010

Poisson’s ratio 0.34 0.186
Density (kg/m3) 1200 1062.5

5 Theories for the Computational Modelling and Analysis of CNT and GPL RCs
For the analysis of composite plates and shells, both three-dimensional (3D) elasticity theory and

equivalent single-layer (ESL) theories are commonly applied. While 3D elasticity theory provides a detailed
representation of stress and strain distributions through the thickness, the ESL theories can be derived by
making proper assumptions about these distributions. This simplification assumes equivalent properties
for the entire layer, enabling efficient modeling with reduced computational complexity [111]. In this
section, various established theories for analyzing composite plates and shells will be introduced, including
Equivalent Single Layer theories—such as Classical Plate Theory (CPT), First-Order Shear Deformation The-
ory (FSDT), Third-Order Shear Deformation Theory (TSDT), Higher-Order Shear Deformation Theories
(HSDTs), simplified approaches, and mixed theories—as well as three-dimensional elasticity theories and
unified formulations.

The analysis of composite plates and shells often involves computational methods that balance accuracy
and efficiency, particularly when addressing complex geometries and loading conditions. Finite element
formulations based on Equivalent Single Layer theories, such as FSDT or HSDTs, are widely adopted for their
reduced computational cost and ability to approximate global response effectively. However, these methods
may exhibit limitations when capturing localized phenomena, such as through-thickness stress variations,
delamination, or stress concentrations near discontinuities. In contrast, three-dimensional (3D) elasticity
theory, which eliminates simplifying assumptions about through-thickness stress and strain distributions,
provides a more comprehensive and accurate representation of these effects [112–114]. Despite its superior
accuracy, 3D elasticity is computationally demanding, particularly for large-scale problems or complex
geometries. This limitation often necessitates trade-offs between resolution and computational resources.
Nonetheless, advancements in numerical techniques and computing power are making 3D elasticity increas-
ingly viable, enabling its application to problems where ESL theories fall short, such as thick laminates or
structures with significant heterogeneities [115–118].

Hereinafter, a comparative discussion of the features of the 3D elasticity and equivalent single-layer
theories will be presented. Additionally, studies that have employed these theories to examine the mechanical
properties of composite structures reinforced with CNTs or GPLs are summarized in tables according to
each section. This compilation provides a valuable reference for assessing the applicability of these theories
in the analysis of mechanical characteristics in composite materials.

5.1 3D Elasticity Theories
Numerous researchers have studied the mechanical behavior of structures by employing various theo-

ries, including 2D and 3D elasticity theory. While 3D elasticity theory provides higher accuracy, it also incurs
significant computational costs and increased implementation complexity. To address these challenges,
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the ESL theory has been proposed as a more efficient alternative. The 3D elasticity approach, though
robust, often involves intricate and laborious mathematical formulations. To simplify these complexities,
the plate and shell problems can be reduced to a 2D problem by assuming one dimension to be sufficiently
smaller than the others, allowing for more practical computations while maintaining an acceptable degree
of accuracy [20,119].

Three-dimensional (3D) elasticity theory is indispensable in addressing scenarios where through-
thickness stress variations, interlaminar phenomena, or localized effects are critical to structural integrity
and performance [120,121]. In mechanics, its rigorous formulation allows for precise characterization of
stress singularities near geometric discontinuities, such as edges or cutouts, and accurate prediction of
failure mechanisms like delamination and matrix cracking in composite structures. For thick laminates
or structures subjected to complex loading, the inadequacies of ESL theories, including their reliance
on predefined kinematic assumptions, often result in significant inaccuracies in the predicted response.
Recent theoretical advancements, such as enriched finite element methods and variational multi-scale
techniques, have enhanced the computational efficiency of 3D elasticity formulations while maintaining
their accuracy [122,123]. Moreover, the integration of high-fidelity computational frameworks, such as
isogeometric analysis and multi-resolution schemes, has provided a means to resolve fine-scale features
without an excessive increase in computational cost. These advancements position 3D elasticity not only as
a validation tool but also as a practical approach for solving complex engineering problems that demand a
deeper understanding of the mechanics of composite materials and structures.

5.2 Equivalent-Single-Layer (ESL) Theories
As previously discussed, ESL theories are formulated by applying certain simplifying assumptions to the

three-dimensional elasticity theory. These assumptions aim to reduce the complexity of the mathematical
models while still capturing essential structural behavior. ESL theories streamline the analysis of composite
structures by assuming a uniform distribution of stresses and strains across the thickness, allowing for
more efficient computations without significantly compromising accuracy. This reduction is particularly
beneficial when dealing with thin-walled structures, where the effects of shear and normal deformations can
often be considered negligible. By leveraging these assumptions, ESL theories facilitate practical engineering
applications, enabling the effective design and analysis of advanced materials such as functionally graded
plates and shells.

5.2.1 Classical Plate Theory (CPT)
CPT, also referred to as Kirchhoff theory, represents the most basic ESL model, as it neglects both

shear and normal deformation effects, making it suitable primarily for thin plates and shells. Based on the
Kirchhoff-Love hypothesis, CPT assumes that straight lines normal to the midplane remain straight and
perpendicular even after deformation. This simplified theory disregards shear and normal strains, as well
as deformations, and is therefore applicable only in cases where these effects are negligible, such as in the
analysis of thin structures.

Among ESL models, CPT is widely employed to predict the behavior of thin plates or shells due to its
simplicity. Despite its limitations in accounting for shear and normal deformations, CPT can easily incor-
porate the effects of temperature variations, initial geometric imperfections, and geometric nonlinearities,
making it versatile for various applications. While CPT may not capture shear and normal deformation
effects, it still yields sufficiently accurate predictions for thin structures where these deformations play a
minimal role, making it an efficient choice for such analyses [24,124].
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5.2.2 Shear Deformation Theories
Among the shear deformation theories, the FSDT and the TSDT have been extensively utilized for the

modeling and analysis of GPL or CNT reinforced composite plates and shells.
First-order shear deformation theory (FSDT)
FSDT, developed by Mindlin [125], considers a linear variation of in-plane displacements through the

thickness, thus accounting for shear deformation effects. This theory requires a shear correction factor, which
is influenced by geometric parameters, load conditions, and boundary constraints. Similar to Mindlin’s FSDT,
the theory proposed by Reissner [126,127] also incorporates shear deformation effects, often referred to as
“Reissner-Mindlin plates” or the “FSDT of Reissner.” However, it is important to note that Reissner’s theory is
distinct from Mindlin’s approach [24]. Wang et al. [128] demonstrated that the bending relationships between
Mindlin and Reissner quantities for general plate problems indicate that referring to Reissner’s theory as
FSDT is misleading, as it implies a linear displacement variation through the thickness, which is not entirely
accurate. Moreover, the inclusion of normal stress in Reissner’s theory distinguishes it from Mindlin’s theory,
which omits normal stress effects. This difference highlights the nuanced complexities between these two
shear deformation theories, emphasizing the need for careful application in structural analyses of plates and
shells [129].

Higher-order shear deformation theory (HSDT)
The shear correction factor referenced in the FSDT subsection presents significant challenges in

determination; therefore, HSDTs serve as an effective alternative. HSDTs are developed by expanding the
displacement components in a power series along the thickness direction. By incorporating a sufficient
number of terms in this series, HSDTs can yield accurate solutions for a wide range of structural problems.
These theories take into account higher-order variations of both in-plane and transverse displacements,
which allows for a more comprehensive representation of shear deformation, as well as the effects of normal
deformation. This characteristic enables HSDTs to function as quasi-3D theories, offering enhanced accuracy
for the analysis of plates and shells compared to first-order approaches. HSDTs can be formulated using
either polynomial or non-polynomial shape functions, providing flexibility in modeling different material
behaviors and geometries. This adaptability makes HSDTs particularly valuable for analyzing complex
structures, such as functionally graded materials, where precise predictions of mechanical responses are
crucial for effective design and application [24].

Third-order shear deformation theory (TSDT)
Reddy’s TSDT [130] is widely utilized for modeling plate and shell structures due to its advantageous

combination of simplicity and accuracy. This theory incorporates the effects of transverse shear deformation
and satisfies the zero-traction boundary conditions on the top and bottom surfaces of a plate, thereby
eliminating the necessity for a shear correction factor. The displacement field formulated in Reddy’s
theory closely resembles that of Levinson’s theory [131]; however, the governing equations of motion differ
significantly. This divergence stems from Levinson’s reliance on the equilibrium equations of the FSDT, which
are variationally inconsistent with the equations derived by Reddy. Consequently, Reddy’s TSDT provides
a more comprehensive framework for accurately capturing the mechanical responses of plate and shell
structures, especially in scenarios where shear deformation is a critical factor. This makes TSDT a preferred
choice in engineering applications that require precise analysis of structural behavior [130,131].

5.2.3 Simplified ESL Theories
It is widely recognized that HSDTs and quasi-3D theories, which are formulated by expanding dis-

placement fields in a power series related to the thickness coordinate, are often computationally demanding.
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Each additional power of the thickness coordinate introduces an extra unknown variable into the model,
thereby increasing the complexity of the analysis. Therefore, there is a critical necessity to simplify the existing
HSDTs and quasi-3D theories or to devise new, more straightforward models that utilize fewer unknowns.
Examples of simplified ESL theories include the simplified FSDT [132,133], the simplified TSDT [134], and the
Refined Plate Theory (RPT) [135–138]. Other simplified approaches comprise four-unknown HSDTs [139–
141], simplified nth-order shear deformation theories [142], four-unknown quasi-3D theories [143,144],
five-unknown quasi-3D theories [145–149], and six-unknown quasi-3D theories [150]. These advancements
seek to strike a balance between precision and computational efficiency, rendering them valuable alternatives
for the analysis of plate and shell structures reinforced with advanced materials.

5.3 Mixed Theories
Mixed theories are developed to enhance the precision and accuracy of structural analysis while simul-

taneously reducing computational demands. One notable approach is the Principle of Virtual Displacements
(PVD) [151,152], which treats the displacement components as primary variables. In this framework, the
stress components are derived from the displacement components using strain-displacement relationships
and constitutive equations. The Reissner Mixed Variational Theorem (RMVT) [153,154] was introduced by
Reissner, positing two independent fields for displacements and transverse stresses. A key advantage of the
RMVT over the PVD is its inherent ability to ensure the compatibility of displacements and the equilibrium
conditions between adjacent layers. This “natural” satisfaction of compatibility and equilibrium is crucial for
accurate modeling. Research indicates that mixed theories based on the RMVT tend to outperform those
derived from the PVD in predicting the overall responses of FG plates, particularly regarding transverse
stresses. This is attributed to the treatment of transverse stresses as primary variables in RMVT-based models,
which contributes to more reliable predictions in structural performance [24].

5.4 Unified Formulation
The unified formulation introduced by Carrera [155–157] for composite structures represents a hierar-

chical approach that provides a comprehensive method for describing and implementing various plate and
shell theories, as well as finite elements, in a cohesive manner. This methodology relies on a few fundamental
nuclei, allowing for the straightforward development of multiple theories within the framework of the
Carrera Unified Formulation (CUF). In the CUF, displacement variables are expanded in the thickness
coordinate using Taylor’s series expansions of N-order, where N serves as a free parameter. This flexibility
enables the formulation to encompass a wide range of plate and shell theories, facilitating their integration
and application. The CUF has been extensively applied in the analysis of FG plates, leveraging both
the Principle of Virtual Displacements (PVD) and the Reissner Mixed Variational Theorem (RMVT) as
foundational approaches. This adaptability and breadth of application make the CUF a valuable tool in
advancing the understanding and performance prediction of complex composite structures [158–160].

5.5 Comparison of Computational Methods
A comprehensive comparison of computational methods used for modeling and analyzing composite

plates and shells highlights key trade-offs between precision and computational efficiency. 3D elasticity
theory delivers the highest level of accuracy by thoroughly capturing stress variations throughout the
thickness and addressing local phenomena such as delamination and stress concentrations. However,
its computational demands and complexity render it less practical for large-scale problems or intricate
geometries, unless coupled with advanced numerical approaches such as isogeometric analysis or multi-
resolution methods. While these innovations enhance computational efficiency, they still do not achieve
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the speed of more straightforward methods. Conversely, ESL theories, including CPT, FSDT, and HSDTs,
offer a compromise between computational efficiency and accuracy. ESL methods simplify the problem by
assuming a uniform distribution of stress and strain across the thickness, making them highly efficient for
thin structures or scenarios where shear deformation is not critical. Although ESL models are more effective
in capturing shear deformations, they are less accurate in modeling through-thickness stresses or local effects,
especially in thicker laminates or under complex loading conditions. Mixed theories provide a balanced
solution by combining the strengths of both ESL and 3D elasticity. These methods introduce independent
fields for displacements and stresses, improving accuracy without significantly increasing computational
costs. Lastly, unified formulations, such as the CUF, offer a hierarchical framework that enables the modeling
of multiple theories within a single structure. This flexibility makes unified formulations a promising
choice for complex composite material analysis, allowing for customized solutions that align with the
specific requirements of structural complexity and accuracy. Ultimately, the selection of a computational
method depends on various factors, including the intricacy of the structure, the desired precision, and the
computational resources available.

6 Structural Behavior and Computational Methods for Plates
In plates and shells theory, plates are flat, two-dimensional structural elements with a thickness much

smaller than their other dimensions. They are designed to bear both out-of-plane and in-plane loads. Plate
structures are crucial in mechanical engineering, commonly used for their ability to support loads and
provide structural stability in bridges, buildings, aircraft, and machinery. Proper design and analysis of
plate structures are essential to ensure they can handle intended loads without excessive deformation or
failure. Table 6 summarizes numerous studies that investigate different aspects of CNT or GPL reinforced
composite plates, focusing on their theoretical approaches.

Table 6: The literatures analysed mechanical behaviours of CNT- and GPL-RC plates

Reference Year Nanofiller Theoretical approach Description
Lei et al. [161] 2016 CNT FSDT and element-free

kp-Ritz method
Normal stress and central

deflection
Shen [97] 2009 CNT HSDT and von

Kármán-type of
kinematic

nonlinearity-two step
perturbation

technique-Galerkin
procedure

Nonlinear bending

Alibeigloo [162] 2013 CNT Three-dimensional
theory of elasticity- Finite

Element Method
(FEM)-Fourier series
expansion-state space

technique

Stress and displacement
-influence of

piezoelectric layer

Zhu et al. [163] 2012 CNT FEM and FSDT Bending responses,
natural frequencies and

mode shapes

(Continued)
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Table 6 (continued)

Reference Year Nanofiller Theoretical approach Description
Malekzadeh
et al. [102]

2015 CNT Navier-layer wise and
Differential Quadrature

Method (DQM)

Natural frequencies,
displacement and stress

components
Natarajan
et al. [164]

2014 CNT HSDT-Lagrange’s
equation of

motions-FEM

Stress, displacement and
fundamental frequency

Alibeigloo
et al. [165]

2015 CNT DQM-state-space
technique

Deflection and natural
frequency

Onvani et al. [166] 2022 CNT Carrera unified
formulation

(CUF)-variable
kinematic method

Bending and free
vibration analysis with

FG-CNT faces

Hung et al. [167] 2023 CNT Modified strain gradient
theory (MSGT)-four
variable refined plate

theory (RPT) –
isogeometric analysis

(IGA)

Bending and free
vibration analyses of

magneto-electric-elastic
microplates

Cho et al. [168] 2022 CNT 2D Natural element
method-von Kármán

nonlinear

Nonlinear large
deflection bending

analysis
Van Do et al. [169] 2022 CNT Bézier extraction-based

IGA-FEM-Quasi-3D
shear deformable plate

theory

Nonlinear thermal and
mechanical bending

analysis

Li et al. [170] 2024 CNT Smoothed Particle
Hydrodynamics

(SPH)-Mindlin theory

Thermomechanical
bending

Kumar et al. [171] 2024 CNT ANSYS Finite Element
Analysis (FEA) software

Bending Analysis of
Smart FG Plate with

piezoelectric constituents
Song et al. [172] 2018 GPL FSDT-Navier solution Static deflection and

critical buckling load
Thai et al. [173] 2019 GPL NURBS formulation

based on four variables
refined plate theory

Free vibration, buckling
and static bending

García-Macías
et al. [174]

2018 GPL and
CNT

FSDT-FEM Bending and vibrational
behaviour

(Continued)
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Table 6 (continued)

Reference Year Nanofiller Theoretical approach Description
Shen et al. [175] 2017 GPL HSDT and the general

von Kármán
assumptions-Two-step
perturbation technique

Nonlinear bending

Gholami et al. [176] 2017 GPL Sinusoidal shear
deformation plate theory

and von Kármán
nonlinear

relations-principle of
virtual work –

Generalized Differential
Quadrature Method

(GDQM)

Nonlinear bending

Zhao et al. [177] 2019 GPL FEM-ABAQUS-
minimum potential

energy

Temperature
effect-trapezoidal

plates-nonlinear bending
Guo et al. [178] 2023 GPL Virtual work-TSDT-von

Kármán type of
nonlinearity

Nonlinear
thermal–mechanical
bending of laminated

plate with shallow arches
Zou et al. [179] 2023 GPL Nonlocal elasticity

theory-quasi-3D plate
theory-Navier solution

Vibrations of Nonlocal
Polymer-GPL Plates at

Nanoscale
Lei et al. [180] 2016 CNT FSDT-meshless kp-Ritz

method-kernel particle
approximation

Buckling load

Lei et al. [181] 2013 CNT Element-free kp-Ritz
method-FSDT-mesh-free
kernel particle functions

Buckling load

Zhang et al. [182] 2015 CNT Element-free IMLS-Ritz
method-FSDT-IMLS-

Ritz
method

Buckling load – Skew
plate

Zhang et al. [183] 2017 CNT Reddy’s HSDT-IGA Buckling behaviour of
rhombic plates with
varying skew angles

Thang et al. [184] 2017 CNT Classical plate theory-
von Karman-type of

nonlinearity-Galerkin
method-Airy stress

function

Nonlinear static buckling
of imperfect plate

(Continued)
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Table 6 (continued)

Reference Year Nanofiller Theoretical approach Description
Kiani [185] 2018 CNT FSDT-von Kármán type

of nonlinearity-Energy
method-Conventional

Ritz method

Thermal post-buckling of
temperature dependent
plates with Functionally
Graded CNT Reinforced
Composite (FG-CNTRC)

face sheets
Hu et al. [186] 2023 CNT Analytic symplectic

superposition
method-Hamiltonian

system-based symplectic
space-Symplectic eigen

expansion

Buckling of
non-Lévy-type CNTs

Ipek et al. [187] 2023 CNT FSDT-Galerkin method Buckling Behaviour in
Elastic and Thermal

Environments
Moradi Haghighi

et al. [188]
2023 CNT TSDT-Hamilton

principle-DQM
Thermal buckling and

vibrational analysis
Das et al. [189] 2024 CNT Analytical solution-Airy’s

stress
functions-Galerkin’s

procedure

Buckling analysis with
nonuniformly
compression

Song et al. [190] 2017 GPL FSDT-von Kármán-type
nonlinear- two-step

perturbation technique

Buckling and
post-buckling behaviours

Geng et al. [191] 2021 GPL FSDT-minimum total
potential energy
principle-FEM

Buckling analysis of
plates with a circular hole

Shen et al. [108] 2017 GPL HSDT-two-step
perturbation technique

Thermal buckling and
post-buckling

Wu et al. [192] 2017 GPL FSDT-principle of virtual
displacements-

differential
quadrature-based

iteration technique

Thermal buckling and
post-buckling

Kalhori et al. [193] 2023 GPL TSDT-FEM Buckling analysis
Noorozi et al. [194] 2020 GPL Meshfree radial point

interpolation method
based on HSDT

Critical buckling load
and fundamental

frequency
Arefi et al. [195] 2019 GPL Modified strain gradient

theory- TSDT-Sinusoidal
shear deformation theory

Thermo-mechanical
buckling behaviour

(Continued)
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Table 6 (continued)

Reference Year Nanofiller Theoretical approach Description
Kiani [196] 2018 GPL TSDT of

Reddy-non-uniform
rational B-spline
(NURBS) based

isogeometric FEM

Thermal post-buckling
analysis

Kalhori et al. [110] 2023 GPL TSDT and FEM Buckling response
Jiao et al. [197] 2024 GPL Semi-analytical

method-transverse shear
deformation plate theory

Post-buckling with initial
geometric defects

subjected to non-uniform
compression loads in
thermal environment

Xu et al. [198] 2023 GPL Celebrated Dubner and
Abates’

approach-equivalent
Fourier series expansion

Poroelastic plate under
pre-buckling and thermal

shock loading

Bo et al. [199] 2023 GPL CALMOPOA
optimization method-

FSDT-von-Kármán
nonlinearity

Nonlinear dynamic
buckling and
optimization

Selim et al. [200] 2016 CNT Reddy’s HSDT-The
element-free kp-Ritz

method

Free vibration behaviour
in thermal environment

Zhang et al. [201] 2017 CNT Reddy’s
HSDT-element-free
IMLS-Ritz method

Natural frequency
analysis

Hung et al. [202] 2021 CNT FSDT-pb2-Ritz method Free vibration analysis
Lei et al. [203] 2015 CNT FSDT-kp-Ritz method Free vibration analysis

Mehar et al. [204] 2016 CNT HSDT-Green-Lagrange
nonlinearity-FEM

Nonlinear free vibration
responses

Bendenia
et al. [205]

2020 CNT FSDT – Hamilton’s
principle

Deflections, stresses and
free vibration studies

Wang et al. [206] 2012 CNT Reddy’s HSDT-von
Kármán-type

equations-Two-step
perturbation technique

Large amplitude
vibration and the

nonlinear bending

Sharif Zarei
et al. [207]

2017 CNT Hamilton’s
principle-Navier’s

solution

Temperature and
humidity-free vibration

analysis
Singh et al. [208] 2019 CNT Iso-geometric analysis

(IGA) based on HSDT
Natural frequency

(Continued)
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Table 6 (continued)

Reference Year Nanofiller Theoretical approach Description
Wang et al. [209] 2011 CNT HSDT-perturbation

technique
Nonlinear vibration in
thermal environment

Ansari et al. [210] 2016 CNT FSDT-DQM Natural frequencies
Malekzadeh
et al. [211]

2014 CNT FSDT-DQM Free vibration behaviour

Avey et al. [212] 2023 CNT Mathematical modelling
converting PDEs to NL-
ODE-FSDT-Galerkin’s

method

Nonlinear vibration

Hoseinzadeh
et al. [213]

2023 CNT FSDT-Galerkin method Size-dependent vibration
submerged in fluid

medium
Song et al. [214] 2017 GPL FSDT-Navier

solution-based technique
Fundamental frequency –

deflection response
Jafari et al. [215] 2021 GPL Quasi 3D shear and

normal deformable plate
model-Navier solution

Free vibration

Wang et al. [58] 2021 GPL FSDT and meshless
method

Multiscale analysis on
free vibration

Reddy et al. [216] 2018 GPL FSDT-FEM Natural frequencies and
their percentage change

Saiah et al. [217] 2022 GPL FSDT-Lagrange’s
equation-FEM

Free vibration behaviour

Bayat et al. [32] 2023 GPL TSDT-FEM Natural frequencies
Kiani [218] 2018 GPL TSDT-von Kármán type

of kinematic
assumptions-non-

uniform rational B-spline
(NURBS) based

iso-geometric FEM

Large amplitude free
vibration response

Javani et al. [219] 2021 GPL Generalized differential
quadrature element

(GDQE) method-FSDT-
Hamilton’s

principle-GDQ

Frequency response and
corresponding mode

shapes

Zhang et al. [220] 2023 GPL L-shaped folded plate
divided into three

rectangular
plates-Mindlin-Reissner
plate theory-Hamilton’s

principle -GDQM

Free vibration of
L-shaped folded plate

(Continued)
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Table 6 (continued)

Reference Year Nanofiller Theoretical approach Description
Zhang et al. [221] 2016 CNT FSDT-element-free

IMLS-Ritz
method-Newmark-β

method

Elastodynamic analysis of
plates subjected to
transverse sudden

dynamic load
Selim et al. [222] 2017 CNT Element-free IMLS-Ritz

model-Reddy’s
HSDT-modified

non-linear Hertz contact
law-Newmark time
integration method

Impact analysis

Phung-Van
et al. [223]

2015 CNT IGA-HSDT-NURBS
functions

Static and dynamic
behaviour

Wang et al. [224] 2012 CNT HSDT-von Kármán-type
of kinematic

nonlinearity-two-step
perturbation technique

Nonlinear dynamic
response in thermal

environments

Xue et al. [225] 2023 CNT Reddy’s TSDT-FEM Vibration and dynamic
analysis of piezo
laminated plates

Kumar et al. [226] 2023 CNT FSDT-Hamilton’s
principle-dynamic
stiffness method

Vibration response

Kiani [227] 2022 GPL Ritz method-Chebyshev
polynomials-Newmark
time marching scheme

Forced vibration
response-moving load

Yang et al. [228] 2022 GPL Hamilton’s
principle-Single

spring-mass
model-Duhamel

integration

Low-velocity impact
response

Lu et al. [229] 2024 GPL Galerkin and multiscale
methods-Hamilton’s

principle-von Kármán
deformation theory

Subharmonic resonances
of axially moving plate

Zhang et al. [230] 2024 GPL Radial point
interpolation method-

FSDT-Hamilton’s
principle-Karhunen–

Loève expansion
method

Dynamic response of
plate subject to a moving

load

(Continued)
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Table 6 (continued)

Reference Year Nanofiller Theoretical approach Description
Tian et al. [231] 2023 GPL Refined sinusoidal shear

deformation theory-von
Kármán nonlinearity-

semi-analytical
method-fourth-order

Runge–Kutta approach

Nonlinear dynamic plate
under moving mass

Computational techniques are integral to understanding the complex behavior of composite plate
structures subjected to various loading conditions. Methods such as 3D elasticity and equivalent single-layer
(ESL) theories are widely employed to model static, dynamic, and buckling responses, achieving a balance
between computational efficiency and accuracy. When combined with numerical methods, such as FEM,
and analytical solution strategies, these approaches yield comprehensive insights into stress distributions,
deformations, and stability, even in plates with intricate geometries or material heterogeneities. While ESL
theories provide simplified yet effective models, 3D elasticity offers higher precision, albeit with increased
computational requirements. Advances in numerical techniques and computational power are further
enhancing the applicability of these methods to larger-scale and more complex problems. Applications of
these computational approaches will follow in subsequent sections.

6.1 Static Response of Plates
6.1.1 Static Response of CNT RC Plates

Several papers have examined the static responses of MWCNT and SWCNT reinforced composite
plates [232–235]. The experimental results from Jamal-Omidi et al. [236] show that the Young’s modu-
lus of nanocomposites with 0.1 and 0.25 wt.% SWCNTs increased by 10% and 18%, respectively. Ruan
et al. [237] observed a significant improvement in the toughness of high-strength and high-modulus ultra-
high molecular weight polyethylene (UHMWPE) films with the addition of 1 wt.% MWCNTs. Specifically,
there was a 150% increase in strain energy density, a 140% increase in ductility, and up to a 25% increase in
tensile strength.

Lei et al. [161] used the FSDT and the element-free kp-Ritz method to study the static bending
responses of laminated SWCNT reinforced composite plates. They found that, compared to the effects of
CNT volume fractions, plate width-to-thickness ratios, plate aspect ratios, and boundary conditions, the
distribution of CNTs has minimal influence on the central deflections. Shen [97] investigated the impact
of transverse uniform or sinusoidal loads in thermal environments on the nonlinear bending responses of
simply supported FG SWCNT RC plates. Their findings confirm that the nonlinear bending characteristics
are significantly affected by temperature rise, the nature of in-plane boundary conditions, transverse shear
deformation, plate aspect ratio, and nanotube volume fraction. Alibeigloo [162], considered the static analysis
of FG-CNT RC plates embedded in piezoelectric layers using the theory of elasticity, and observed that the
effect of CNTs is more significant on the transverse quantities than on the in-plane quantities. Zhu et al. [163]
introduced a numerical procedure using the FEM for analyzing the natural frequency and static bending of
FG-CNT plates under various boundary conditions, applying the FSDT. Malekzadeh and Heydarpour [102]
examined the static bending responses and natural frequencies of simply supported composite plates with
FG-CNT RC layers, using the Navier-layer wise and Differential Quadrature Method (DQM). Natarajan
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et al. [164] employed HSDT and normal deformable plate theory for the static and natural frequency
analysis of FG-CNT RC plates and sandwich plates with CNT-reinforced face sheets. Alibeigloo et al. [165]
investigated the natural frequency and static bending behavior of FG CNT rectangular plates subjected to
transverse uniform pressure under various boundary conditions, utilizing the DQM.

6.1.2 Static Response of GPL RC Plates
Song et al. [172] demonstrated in their bending analyses of FG-GPL RC plates that adding just 1.0 wt.%

GPLs resulted in a central deflection of the FG-X plate that is only 17% of that of the pure epoxy plate. Thai
et al. [173] also reported similar findings. They used a NURBS formulation based on four-variable refined
plate theory, and observed that with a 1% addition of GPLs, the deflection decreased significantly by more
than 80%, as shown in Fig. 4. García-Macías et al. [174] confirmed that, in the case of uniform distributions,
polymers doped with 1% graphene nanoparticles can result in a reduction of over 85% in central deflection
compared to the pristine polymer.
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Figure 4: Impact of GPL weight fraction on the percentage change in plate deflection; Adopted from Thai [173]

Shen et al. [175] studied the thermal bending of a GRC plates using HSDT across different tempera-
tures. They found that foundation stiffness, temperature increase, in-plane boundary conditions, and the
magnitude of the initial compressive load significantly influence the nonlinear bending behavior of FG
GRC laminated plates. Gholami et al. [176] performed a large deflection geometrically nonlinear analysis of
multilayer FG-GPL RC rectangular plates using sinusoidal shear deformation plate theory. They discovered
that the FG-X distribution pattern more effectively utilizes GPLs because the top and bottom surfaces
experience greater bending. This results in enhanced overall plate stiffness and a reduction in maximum
deflection. Zhao et al. [177] conducted a FE analysis on the nonlinear bending of FG nanocomposite
trapezoidal plates reinforced with GPLs. They observed that increasing either of the two bottom angles of the
trapezoidal plates reduces the nonlinear deflection. However, thermal loading negatively impacts nonlinear
bending performance, particularly in the FG-X pattern.
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6.2 Buckling and Post Buckling Response of Plates
6.2.1 Buckling Response of CNT RC Plates

Lei et al. [180,181] investigated the buckling behavior of FG-CNT RC plates under uniaxial and biaxial
compression, using FSDT and a meshless kp-Ritz method to derive the buckling solutions. Their findings
indicate that the buckling load parameters are enhanced by increasing the volume fraction and the plate
length-to-thickness ratio. Additionally, the distribution type of CNTs also has a significant impact on the
buckling strength of CNT RC plates. Zhang et al. [182,183] investigated the buckling behavior of skew
plates reinforced with CNTs. In their first study [182], they established formulations based on FSDT and
solved the governing equations using the element-free Improved Moving Least Squares-Ritz (IMLS-Ritz)
method. They found that the skew angle significantly affects the intensity factors of the buckling load. In
their second study [183], they utilized Reddy’s HSDT to examine the impact of the CNT orientation angle on
the buckling load of a single-ply polymer-based CNT reinforced skew plate. Using carbon nanotubes as face
sheets significantly affects the hydrothermal performance of the structure. Thang et al. [184] analyzed the
thermal buckling behavior of sandwich plates and investigated how the nanocomposite face sheets influence
the critical buckling load of these structures.

6.2.2 Buckling Response of GPL RC Plates
While investigating the biaxially compressed buckling and post-buckling behaviors of FG-GPL RC

plates, Song et al. [190] observed that dispersing just 1.0 wt.% GPLs resulted in critical buckling loads for the
FG-X plate that were up to 5.55 times higher than those of the neat epoxy plate. Their theoretical formulations
were based on FSDT and von Kármán-type nonlinear kinematics, utilizing a two-step perturbation technique
to determine the asymptotic post-buckling solutions. Geng et al. [191] examined the effect of circular
cutouts on the buckling behavior of FG-GPL RC plates using FSDT, the minimum total potential energy
principle, and a FE approach. Their results indicated that increasing the volume fraction of GPLs and the hole
diameter enhanced the stability of the structure and increased the buckling load parameters. Shen et al. [108]
investigated the effect of Pasternak and Winkler elastic foundations on the thermal buckling and post-
buckling behavior of FG GRC laminated plates. Their results demonstrated that FG graphene reinforcement
enhances both the buckling temperature and thermal post-buckling strength of the plates. Additionally, they
found that the plate aspect ratio and foundation stiffness significantly influence the buckling behavior.

Wu et al. [192] studied the thermal buckling and post-buckling behavior of FG-GPL nanocomposite
plates using FSDT and the principle of virtual displacements, solving the problem with a differential
quadrature-based iteration technique. They examined the effects of the GPL width-to-thickness ratio and
aspect ratio, finding that the width-to-thickness ratio has a more pronounced impact on behavior than
the aspect ratio. Additionally, they investigated how the distribution pattern and weight fraction of GPL
reinforcements affect the thermal buckling temperature of FG-GPL RC plates, as illustrated in Fig. 5. Kalhori
et al. [193] employed TSDT and FEM to study the buckling behavior of orthogonally stiffened FG-GPL
RC plates with a central circular cutout, embedded on elastic supports and subjected to in-plane normal
and shear loads. They concluded that incorporating a set of stiffeners made from the same polymer as the
PMMA matrix increased the critical buckling load by 41.8% while only adding 10.3% to the structure’s weight.
Noorozi et al. [194] presented a mesh-free radial point interpolation method for the vibration and buckling
analysis of FG-GPL RC perforated plates with central circular, square and elliptical cutouts under in-plane
loading, based on HSDT.

Arefi et al. [195] presented the thermo-mechanical buckling behavior of FG-GPL RC micro plates and
studied the size effect of graphene nanoplatelets based on modified strain gradient theory (MSGT).
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Figure 5: Impact of GPL distribution pattern on the thermal buckling behavior of FG-GPL RC plates; Adopted from
Wu et al. [192]

6.3 Vibrational Response of Plates
6.3.1 Vibrational Response of CNT RC Plates

Various studies have been conducted on the vibrational characteristics of CNT RC plates [238–240].
Selim et al. [200] and Zhang et al. [201] investigated the free vibration of FG-CNT RC plates using Reddy’s
HSDT and an element-free method, focusing on thermal [200] and mechanical effects [201], respectively.
Hung et al. [202] utilized FSDT and the pb2-Ritz method for the free vibration analysis of laminated CNT
RC plates. They found that increasing the carbon nanotube content in the polymeric matrix leads to higher
plate frequencies. Additionally, they demonstrated that the effect of CNT volume fraction on fundamental
frequencies is more significant in thin plates compared to thick plates. Lei et al. [203] analyzed the free
vibration of laminated FG-CNT RC plates using FSDT and the kp-Ritz method. They concluded that CNTs
distributed near the top and bottom surfaces are more effective in enhancing the stiffness of the structure
than nanofillers located near the mid-plane of the composite material. Mehar et al. [204] investigated the
free vibration of FG-CNT RC flat panels under a uniform thermal field, using temperature-dependent
material properties along with HSDT, Green-Lagrange nonlinearity, and FEM. They observed that the
nonlinear frequency responses decreased with increasing temperature load, as the stiffness of the FG-CNT
RC panel diminishes with temperature rise. Bendenia et al. [205] reported on the deflections, stresses, and
free vibration analysis of FG-CNT reinforced sandwich plates resting on a Pasternak elastic foundation, based
on FSDT.

Wang et al. [206] conducted an investigation into the vibration and nonlinear bending of a sandwich
sheet reinforced with carbon nanotubes, resting on a Pasternak foundation in a thermal environment. Their
findings showed that the volume fraction of CNTs in the face sheets and the core-to-face sheet thickness
ratio significantly affect the natural frequencies and the load–bending moment curves of the plate. Sharif
Zarei et al. [207] utilized Mori-Tanaka’s approach to estimate the material properties of the face sheets and
to account for the effect of carbon nanotube agglomeration in their study of the free vibration analysis
of a nanocomposite sandwich plate resting on an orthotropic Pasternak foundation. Wang et al. [209]
studied the nonlinear vibration of CNT-RC plates in thermal environments based on HSDT and employed
a perturbation technique to solve the governing equations. Ansari et al. [210] conducted a natural frequency
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analysis of FG-CNT RC quadrilateral plates in thermal environments using elasticity theory. They found
that the natural frequency decreases more significantly with a uniform temperature rise compared to a non-
uniform temperature increase. Malekzadeh et al. [211] studied the vibration characteristics of composite
plates with FG-CNT layers of arbitrary quadrilateral shape using FSDT and the DQM.

6.3.2 Vibrational Response of GPL RC Plates
This section presents several papers on the vibrational characteristics of FG plates reinforced with

GPLs [241–243]. Song et al. [214] investigated the free and forced vibrations of FG-GPL RC plates using
FSDT and a Navier solution-based technique. They found that the fundamental natural frequency of the
plate with a 1.2% weight fraction of GPLs is approximately 160% higher for the FG-X distribution compared
to that of the pristine epoxy plate. Additionally, they demonstrated that dispersing more square-shaped
GPLs with fewer single graphene layers near the top and bottom surfaces of the plate is the most effective
method for reinforcing the plate, leading to increased natural frequencies and significantly reduced dynamic
deflections. Jafari et al. [215] studied the free vibration response of composite plates using a quasi-3D plate
model. They demonstrated that a multilayer plate with at least 10 layers can be an excellent candidate for a
multilayer FG material plate with continuous variation of properties. Reddy et al. [216] investigated the effect
of various boundary conditions on the free vibration response of FG-GPL RC plates. They concluded that
for a plate with 1% GPL reinforcement and simply supported boundary conditions using FG-X distribution,
the percentage change in fundamental natural frequency increased from 121% for thick plates to 149% for
thin plates. Conversely, for FG-O distribution, the percentage change decreased from 63% for thick plates
to 54% for thin plates. Wang et al. [58] employed a molecular dynamics-based (MD) multiscale analysis to
investigate the free vibration of laminated GRC, spanning from the atomic scale to macroscopic behavior.
They confirmed that the elastic properties of graphene, including Young’s modulus, shear modulus, and
Poisson’s ratio, are influenced by the chirality and size of the graphene. Saiah et al. [217] utilized FSDT,
Lagrange’s equation, and FEM to demonstrate that FG-X laminated plates with a lower number of plies are
the most effective for enhancing performance. In contrast, for FG-V, FG-Λ, or FG-O laminated plates, they
suggested that a higher number of plies is the most effective approach for achieving improved performance.
Bayat et al. [32] investigated the natural frequency analysis of orthogonally stiffened FG-GPL RC plate with
circular cutout utilizing TSDT and FEM to achieve the desired solution. Kiani [218] studied the natural
frequencies of FG-GPL RC laminated plates in thermal environments using a non-uniform rational B-spline
(NURBS) formulation. Javani et al. [219] employed FSDT and DQM to investigate free vibration of FG-GPL
RC T-shaped plates. In a comparative study, García-Macías et al. [174] demonstrated that adding graphene
at a volume fraction of 0.05 increases the fundamental frequency of simply supported composite plates by
up to five times that of the neat polymer, while CNTs only double this value.

6.4 Dynamic Instability of Plates
A limited number of studies have been conducted on the dynamic analysis of CNT [221,222] and

GPL [228,244] reinforced composite plates under transient loads. Zhang et al. [221] analyzed the dynamic
behavior of quadrilateral FG-CNT RC plates subjected to a transverse sudden dynamic load using FSDT and
an element-free method. Their parametric study revealed that geometric and material properties—such as
CNT distribution, volume fractions, side angles, area of the quadrilateral plates, width-to-thickness ratios,
and various boundary conditions—primarily influence the vertical central displacement of the quadrilateral
CNT RC plates. Selim et al. [222] investigated the impact behavior of FG-CNT RC plates based on Reddy’s
HSDT using an element-free IMLS-Ritz model. They found that FG-X and FG-V types exhibit nearly the
same peak contact force, which is the highest among the four considered distributions, while the FG-O
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type has the smallest peak contact force and the longest contact duration. Phung-Van et al. [223] studied
the static and dynamic bending responses of FG-CNT RC plates with various boundary conditions using
HSDT and iso-geometric analysis methods. Wang et al. [224] investigated the nonlinear dynamic bending
behavior of FG-CNT plates supported on an elastic medium in thermal environments, based on von Karman
assumptions and HSDT of plates. Kiani [227] investigated the effect of GPLs on the forced vibration response
of composite plates subjected to a moving load, utilizing Ritz and Newmark methods.

7 Structural Behavior and Computational Methods for Shell Structures
Shells are curved, three-dimensional structural elements with a thickness relative to their other

dimensions, designed to efficiently distribute loads. Unlike flat plates, shells can be cylindrical, spherical,
or hyperbolic, enabling them to handle complex loading conditions effectively. Their curvature provides
significant strength and stiffness, allowing them to withstand both in-plane and out-of-plane forces with
minimal material use. Shells are commonly used in aerospace structures, pressure vessels, domes, and
ship hulls, where weight and material efficiency are crucial. Studying shells involves distinct mathematical
modelling to predict their behaviour under various loading conditions, ensuring safety and performance
while optimizing design for engineering applications. Table 7 lists the literatures that studied the structural
behavior of FG-CNT or GPL reinforced composite shells.

Table 7: The literatures analysed mechanical behaviors of CNT- and GPL-RC shells

Reference Year Nanofiller Theoretical approach Description
Zghal et al. [245] 2017 CNT Discrete double directors

shell finite element
Central deflection and

axial stress
Ansari et al. [246] 2019 CNT FEM based on TSDT Bending analysis

Mehrabadi
et al. [247]

2014 CNT TSDT-2D GDQM Stress analysis

Huang et al. [248] 2021 CNT Seven-unknown shear
deformation theory

combined with a
non-classical

approach-virtual work of
Hamilton statement

Static stability-buckling

Djilali et al. [249] 2022 CNT Simple integral HSDT Large cylindrical
deflection analysis

Tornabene
et al. [250]

2017 CNT HSDT-GDQM Central deflection, strain
and stress components

Ebrahimi
et al. [251]

2023 CNT FSDT-virtual
work-Galerkin’s method

Static stability analysis

Mallek et al. [252] 2023 CNT FSDT-FEM -Enhanced
Assumed Strain (EAS)

method

Bending and free
vibration analyses

considering
agglomeration effects

(Continued)



1382 Comput Model Eng Sci. 2025;142(2)

Table 7 (continued)

Reference Year Nanofiller Theoretical approach Description
Shokrollahi
et al. [253]

2024 CNT Principle of the
stationary potential
energy-harmonic

DQM-FEM

Deformation analysis
with CNT reinforced

faces

Van Do et al. [254] 2020 GPL NURBS based
IGA-HSDT based on the

Reddy’s shell theory

Static bending and free
vibration analysis

Safarpour
et al. [255]

2020 GPL Theory of elasticity-DQM
with state-space

technique

Static and free vibration
analysis of truncated

conical shell
Arefi et al. [256] 2021 GPL FSDT-Minimum total

potential energy
principle-Hooke’s

law-Euler equation

Radial and axial
displacements and

components of stress

Van Do et al. [257] 2021 GPL IGA-NURBS
formulation-virtual work
principle -higher order

shell theory

Nonlinear bending and
instability analysis

Cho [258] 2023 GPL DQM-FEM-2D planar
meshfree method-based

nonlinear numerical
method-FSDT-von-

Kármán
nonlinearity

Large amplitude vibration
of conical shell panel

Hajlaoui
et al. [259]

2019 CNT Modified FSDT-parabolic
shear strain distribution

through the shell
thickness

Buckling behaviour
under external pressure
and axial compression

Thang et al. [260] 2019 CNT Donnell shell theory and
Galerkin procedure

Nonlinear buckling
behaviour

Ninh [261] 2018 CNT Von Karman-Donnell
sense within the classical

thin shell theory

Nonlinear thermal
torsional post-buckling

Nam et al. [262] 2020 CNT Donnell’s shell theory,
von Kármán nonlinearity

Nonlinear torsional
buckling

Shen [263] 2014 CNT HSDT-von Kármán-type
of kinematic

nonlinearity-Singular
perturbation technique
along with a two-step

perturbation approach

Torsional post-buckling
in thermal environments

(Continued)
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Table 7 (continued)

Reference Year Nanofiller Theoretical approach Description
Mehar et al. [264] 2019 CNT Mathematical method

using a higher-order
polynomial

displacement-thermal
distortion via

Green-Lagrange strain

Buckling analysis under
thermal loading

Manh et al. [265] 2020 CNT Classical shell theory-von
Kármán’s geometrical

nonlinearity-Airy’s stress
function

Nonlinear post-buckling

Duc et al. [266] 2019 CNT HSDT-von
Karman–Donnell sense

Nonlinear mechanical
and thermal

post-buckling
Chakraborty
et al. [267]

2023 CNT Total potential energy
minimization-Li and

Kardomateas
displacement field

-Galerkin’s
technique-arc-length

approach and iterative
approach

Thermomechanical
buckling and wrinkling

characteristics

You et al. [268] 2024 CNT GDQM-FSDT-Donnell
kinematic assumptions-

von-Kármán geometrical
nonlinearity

Buckling of joined
conical–cylindrical shells

Dong et al. [269] 2023 CNT Donnell shell theory-von
Kármán nonlinearity

assumption

Nonlinear buckling
analysis of stiffened

cylindrical shell subjected
to external pressure in
thermal environment

Wang et al. [270] 2018 GPL FEM-Timoshenko’s
theory

Eigenvalue buckling
analysis

Shen et al. [271] 2018 GPL Reddy’s HSDT-von
Kármán

strain-displacement
relationships

Post-buckling under axial
compression

Shen et al. [272] 2018 GPL Reddy’s HSDT-von
Kármán geometric
nonlinearity model

Post-buckling in thermal
environments

(Continued)
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Table 7 (continued)

Reference Year Nanofiller Theoretical approach Description
Sun et al. [273] 2020 GPL Donnell’s shell

theory-lower-order
Hamiltonian canonical

equations

Exact solution of
torsional bifurcation

buckling

Wang et al. [274] 2018 GPL ABAQUS FEA software Torsional buckling with
cutout

Wang et al. [275] 2018 GPL ABAQUS FEA software Normal buckling with
cutout

Liu et al. [276] 2018 GPL State-space formulation
based on 3D elasticity

theory

Buckling and free
vibration with initially

stresses
Ansari et al. [277] 2020 GPL FSDT-von-Kármán’s

nonlinear
strain-displacement
relations-variational

differential quadrature
method (VDQM)

Post-buckling
characteristics of conical

shells

Liu et al. [278] 2024 GPL Virtual work
principle-FEA-FSDT

Axial buckling of
stiffened cylindrical shell
using rings and stringers

Mollaei et al. [279] 2023 GPL Linear three-dimensional
elasticity-virtual

work-FEM

Torsional buckling of
laminated cylindrical

panel
Abbaspour
et al. [280]

2023 GPL FSDT-modified couple
stress theory-Navier’s

approach-meshless
method

Thermal buckling of
piezoelectric cylindrical

microshells

Cho et al. [281] 2023 GPL 2D extended natural
element method
(XNEM)-FSDT

Buckling behavior of
cracked cylindrical panels

Thomas et al. [282] 2016 CNT Mindlin’s hypothesis-
FEM-tensorial

notation-Rayleigh
damping model

Vibration and damping
characteristics

Song et al. [283] 2016 CNT Reddy’s
HSDT-Hamilton’s

principle

Influences of thermal
effect on the vibration

responses
Kamarian
et al. [284]

2016 CNT FSDT-GDQ Free vibration analysis

(Continued)
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Table 7 (continued)

Reference Year Nanofiller Theoretical approach Description
Kiani et al. [285] 2018 CNT FSDT-Donnell’s

theory-virtual strain and
kinetic

energies-Hamilton’s
principle

Natural frequencies of
conical panels

Tornabene
et al. [286]

2016 CNT CUF-HSDT-GDQ Effect of agglomeration
on the free vibrations of

doubly-curved shells
Banić et al. [287] 2017 CNT CUF-HSDT-GDQ Natural frequencies
Cho et al. [288] 2023 CNT FSDT-2D planar natural

element method (NEM)
Free vibration of conical

shell panels
Sobhani et al. [289] 2023 CNT FSDT-Donnell’s Shell

Theory-Hamilton’s
strategy-GDQM

Vibrational
characteristics of

fastening of a spherical
shell with a coupled

conical-conical shells
Babaei et al. [290] 2024 CNT Love shell

assumptions-classical
shell theory-GDQM

Effect of thermal
environment on the free

vibration of
cylindrical-conical shell

Dong et al. [291] 2018 GPL Donnell’s nonlinear shell
theory-Hamilton’s
principle-Galerkin

approach

Linear and nonlinear free
vibration and dynamic
responses of spinning

shell
Amirabadi
et al. [292]

2022 GPL TSDT-Hamilton’s
principle-GDQM

Free vibration of rotating
truncated conical shell

Baghbadorani
et al. [293]

2021 GPL FSDT-Donnell kinematic
relations-Hamilton

principle

Free vibration analysis

Ghabussi
et al. [294]

2021 GPL Using Taylor’s series
expansion to deduce a 2D

formulation of a 3D
elasticity problem

-Minimum potential
energy-GDQM-

Maxwell’s
equation

Free vibration analysis of
electro-elastic cylindrical

shell

Jamalabadi
et al. [295]

2021 GPL FSDT-the von Kármán
nonlinear kinematic
relations-Hamilton’s
principle – 2D DQM

Nonlinear vibration of
conical panel

(Continued)
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Table 7 (continued)

Reference Year Nanofiller Theoretical approach Description
Bidzard et al. [296] 2021 GPL FSDT-von Kármán

nonlinear geometric
assumptions

Influences of pressure
and thermal environment
on nonlinear vibration of

toroidal panel
Wang et al. [297] 2019 GPL Improved Donnell

nonlinear shell
theory-Hamilton’s
principle-Galerkin

method

Nonlinear vibration of
metal foam matrix shell

Niu and Yao [298] 2021 GPL FSDT-Chebyshev-Ritz
method-Lagrange’s

formulation

Linear and nonlinear
vibrations of tapered
plate and cylindrical

panel subjected to the
transverse excitation

Permoon
et al. [299]

2023 GPL Classical shell
theory-Lagrange

equation-Rayleigh-Ritz
method

Vibration analysis of
cylindrical shells made of

polymer–viscoelastic–
ceramic/metal FG

layers
Saboori et al. [300] 2024 GPL FSDT-von-Karman’s

assumptions-Galerkin’s
method

Nonlinear forced
vibration analysis of
conical shells under

parametric excitation
Kiani [301] 2017 CNT FSDT-Gram-Schmidt

process-Newmark time
marching scheme

Dynamic response
subjected to moving load

on the panel surface
Asadi et al. [302] 2017 CNT FSDT-Donnell kinematic

theory-the von Karman
geometrical

nonlinearity-Krumhaar’s
modified piston theory

Aeroelastic buckling and
flutter instability of a

pressurized shell
subjected to supersonic

airflow
Jiao et al. [303] 2019 CNT FSDT-von-Kármán

strains-Budiansky-Roth
criterion

Dynamic buckling of
cylindrical shell under
dynamic displacement

load
Arumugam
et al. [304]

2023 CNT HSDT-FEM Dynamic vibration and
damping of shell with
magnetorheological

elastomer core

(Continued)
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Table 7 (continued)

Reference Year Nanofiller Theoretical approach Description
Zhang et al. [305] 2017 CNT Reddy’s

HSDT-Linearized contact
law

Impact responses

Amirabadi
et al. [306]

2024 CNT FSDT-Hamilton’s
principle-DQM

Free vibration of a
rotating truncated
conical shell with

non-uniform thickness
Nguyen et al. [307] 2024 CNT Sinusoidal shear

deformation theory-von
Kármán’s geometric

nonlinearity-Hamilton’s
principle-Galerkin

method-Airy’s stress
function

Nonlinear dynamic
response and vibration of

curved shallow shells

Mellouli et al. [308] 2023 CNT FSDT-Assumed Natural
Strain (ANS)-Enhanced
Assumed Strain (EAS)

Dynamic analysis of
piezo laminated shell

structures
Rahimi et al. [309] 2024 CNT FSDT-dynamic relaxation

(DR) procedure
Nonlinear bending

examination of a shell
exposed to mechanical

load
Wang et al. [310] 2019 GPL Hamilton’s

principle-nonlinear von
Karman

strain–displacement
relationship-HSDT-

Galerkin’s
method

Nonlinear transient
dynamic response of

doubly curved shallow
shells

Shokrgozar
et al. [311]

2022 GPL Nonlocal strain gradient
theory (NSGT)-energy

method-GDQM

Viscoelastic dynamics
and static buckling

responses
Heydarpour
et al. [312]

2020 GPL Transformed differential
quadrature method

(TDQM) and a
multi-step time

integration scheme based
NURBS interpolation

Thermal shock loading
on the rotating truncated

conical shell

Amirabadi
et al. [313]

2023 GPL Hamilton’s
principle-TSDT

Wave propagation in
rotating cylindrical shell

(Continued)
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Table 7 (continued)

Reference Year Nanofiller Theoretical approach Description
Hu et al. [314] 2024 GPL FSDT-spectro-geometric

method
(SGM)-Rayleigh-Ritz

method-FEM

Dynamic analysis of
cylindrical shell with

periodically embedded
dynamic vibration

absorbers
Ding et al. [315] 2023 GPL Reddy’s HSDT-von

Karman’s geometric
nonlinearity-Galerkin

principle

Resonance behaviors of
metal foams conical

shells under axial motion

Computational modeling is crucial in analysing shell structures, providing reliable tools for predicting
their behavior under various loading conditions. These models are widely applied to investigate mechanical
behaviors such as buckling, post-buckling, vibrational responses, and dynamic instability, utilizing either
ESL theories or 3D elasticity to evaluate deflections and stresses in composite shells. These approaches
consider material distribution, loading scenarios, thermal effects, and structural imperfections. ESL theories,
including FSDT, TSDT, and HSDTs, offer efficient solutions through simplified analysis, while 3D elasticity
delivers more detailed and accurate representations of stress and strain distributions. The integration of
these methods with FEM further enhances their predictive capabilities. These computational techniques are
essential for optimizing the design and performance of shell structures in applications such as aerospace,
pressure vessels, and civil infrastructure. Further applications of these methods will be provided in the
following sections.

7.1 Static Response of Shells
7.1.1 Static Response CNT RC Shells

A limited number of studies have been conducted on the static and bending responses of CNT
reinforced cylindrical or curved shells [245–247]. Zghal et al. [245], using a discrete double directors shell
finite element, studied the static behavior of FG-CNT RC shell structures. They claimed that the double
directors shell element model enhances both accuracy and efficiency in predicting the static behavior of
these nanostructures. Ansari et al. [246] performed a bending analysis of FG-CNT RC doubly curved
truncated rhombic cones using TSDT and FEM. Their results indicate that the maximum deflection for
all boundary conditions decreases by nearly 5% when the volume fraction of CNTs changes from 0.11
to 0.14, and a nearly 31% reduction is observed when the volume fraction increases from 0.14 to 0.17.
Mehrabadi et al. [247] studied the stress analysis of FG open cylindrical shells reinforced with agglomerated
carbon nanotubes using TSDT and 2D-GDQM. They found that increasing the volume fraction of CNTs
can reduce the magnitude of radial and circumferential stresses on the inner surface. Huang et al. [248]
applied a seven-unknown shear deformation theory and analytical procedure to investigate the static stability
analysis of CNT reinforced polymeric composite doubly curved micro-shell panels. They demonstrated
that spherical, elliptical, cylindrical, and hyperbolic panels exhibit progressively higher critical buckling
loads. Djilali et al. [249] studied the large cylindrical deflection analysis of FG-CNT RC plates in thermal
environments using HSDT and the minimization of total potential energy. Tornabene et al. [250] investigated
the linear static response of nanocomposite shells reinforced with agglomerated carbon nanotubes using
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several distinct HSDTs and the GDQM. They concluded that the agglomeration of CNTs significantly
influences the linear static response of nanoplates and nanoshells.

7.1.2 Static Response GPL RC Shells
Several papers have been published on the static responses of FG-GPL reinforced cylindrical or curved

shells [254–257]. Van Do et al. [254] examined the static bending responses of multilayered composite
cylindrical and spherical panels reinforced with GPLs using an iso-geometric analysis method combined
with HSDT of shells. Their parametric studies, illustrated in Fig. 6, revealed that both the reinforcing graded
pattern and the GPL weight fraction significantly affect the flexural and vibration behavior.
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Safarpour et al. [255] analyzed the static responses of GPL reinforced truncated conical and cylindrical
shells using the theory of elasticity and the DQM. They concluded that reinforcing the shell with a higher
weight content of GPLs results in lower normal radial stress and displacement, thereby improving the
bending characteristics of the shell. Arefi et al. [256] investigated the radial and axial displacements, along
with various stress components, of GPL reinforced cylindrical shells subjected to thermo-mechanical loads.
They concluded that increasing the weight fraction of GPL reinforcement does not significantly affect stress
for a uniform distribution of reinforcement.

7.2 Buckling and Post Buckling Response of Shells
7.2.1 Buckling Response of CNT RC Shells

Axial [259,260,316] and torsional [261–263] buckling of CNT reinforced cylindrical shells have been
investigated in several sources. Hajlaoui et al. [259] studied the buckling behavior of FG CNT reinforced
shells using a solid-shell element based on a modified FSDT. Thang et al. [260] conducted a nonlinear
buckling analysis of FG-CNT RC cylindrical shells with initial geometric imperfections using Donnell shell
theory and the Galerkin procedure. They demonstrated that for the imperfect shell, the equilibrium paths
begin to deflect as soon as the compressive load is applied. Ninh [261] investigated the thermal torsional post-
buckling characteristics of FG-CNT reinforced cylindrical shells with surface-bonded piezoelectric layers
using von Karman assumptions and the Galerkin method. Nam et al. [262] studied the nonlinear torsional
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buckling of FG CNT orthogonally reinforced cylindrical shells in a thermal environment. They found that the
torsional load-bearing capacity of CNT orthogonally reinforced cylindrical shells is generally stronger than
that of CNT longitudinally reinforced cylindrical shells. Shen [263] examined the torsional post-buckling
behavior of SWCNT-reinforced cylindrical shells in thermal environments using a singular perturbation
method combined with a two-step perturbation approach. Their findings reveal that the percentage reduction
is approximately 57% for the thin FG-CNT RC shell when the temperature rises from T = 300 K to T =
500 K, maintaining the same nanotube volume fraction (VC N = 0.17). Mehar et al. [264] explored the thermal
buckling of FG-CNT RC sandwich shell structures subjected to thermal loading, featuring CNT-reinforced
face sheets. They employed higher-order polynomial displacement, the variational principle, and FEM to
determine the buckling load parameters. Their results indicate that increasing the CNT volume fraction and
plate thickness results in elevated critical buckling temperatures. Manh et al. [265] investigated the nonlinear
post-buckling behavior of CNT-reinforced sandwich composite annular spherical shells. Their study aimed
to leverage the exceptional mechanical properties of CNTs in the face sheet layers and to provide insights
for manufacturing and optimizing the annular spherical shell structures. Duc et al. [266] introduced an
analytical method for analyzing the nonlinear mechanical and thermal post-buckling of nanocomposite
double-curved shallow shells reinforced with CNTs. They found that the Pasternak elastic foundation has a
significantly greater impact on the mechanical and thermal post-buckling behavior compared to the Winkler
elastic foundation.

7.2.2 Buckling Response of GPL RC Shells
This section presents available papers on the normal [270–272,317] and torsional [273,274,279] buckling

of GPL RC cylindrical shells. Wang et al. [270] investigated the eigenvalue buckling of FG cylindrical shells
reinforced with GPLs using FEM. They discovered that the normalized buckling load is more sensitive
to the length-to-thickness ratio of the shells than to other geometric ratios. Shen et al. studied the post-
buckling behavior of FG-GPL RC laminated cylindrical panels under axial compression [271] and external
pressure [272] in thermal environments. Their findings indicate that the GRC laminated cylindrical shell
maintains a stable post-buckling equilibrium path under external pressure, while it exhibits an unstable path
under axial compression. Sun et al. [273] studied the torsional buckling of FG-GPL RC cylindrical shells
using Donnell’s shell theory and found that the effects of boundary conditions on the buckling behavior
are highly dependent on the shell lengths, while they are nearly independent of the shell thicknesses. Wang
et al. examined the torsional [274] and axial [275] buckling responses of FG-GPL RC cylindrical shells with
cutouts using FEM. Fig. 7 shows how the weight fraction of GPLs, along with the distribution pattern, affects
the critical buckling torque of FG-GPL RC cylindrical shell panels.

Liu et al. [276] investigated the buckling and free vibration of initially stressed FG-GPL RC cylindrical
shells using both 2D and 3D elasticity theories. Their study, which made no assumptions about the
deformation of the functionally graded graphene platelets reinforced composite (FG-GPLRC) cylindrical
shells, appears to be highly accurate. Ansari et al. [277] conducted a post-buckling analysis of axially-loaded
FG-GPL RC conical shells based on the FSDT and von Karman’s geometrically nonlinear relation, employing
the variation differential quadrature method (VDQM) and Fourier series. Their results show that increasing
the semi-vertex angle decreases the linear buckling loads.

7.3 Vibrational Response of Shells
7.3.1 Vibrational Response of CNT RC Shells

Several sources are available regarding the vibrational responses of conical, cylindrical, and curved
shells [282–285]. Thomas et al. [282] analyzed the vibration characteristics of FG-CNT RC shell structures
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using Mindlin’s hypothesis. They concluded that incorporating CNTs enhances vibration and damping
properties, as well as the overall dynamic performance of the structure. Song et al. [283] conducted a vibration
analysis of FG-CNT RC cylindrical shells in thermal environments using Reddy’s HSDT and Hamilton’s
principle and found that as the volume fraction of CNTs increases, the vibration amplitude of the FG-CNT
reinforced cylindrical shell decreases. Kamarian et al. [284] performed a free vibration analysis of CNT RC
conical shells based on the FSDT and GDQ technique. Their results indicate that when the volume fraction
of CNT increases from 10% to 20%, the impact of the increasing mass on the system frequencies becomes
more significant than that of the increasing stiffness, leading to an overall decrease in the natural frequencies
of the structure. Kiani et al. [285] analyzed the free vibration characteristics of composite conical panels
reinforced with FG-CNTs using FSDT and Donnell’s theory and found that the volume fraction of CNTs,
the angles of embrace, and the boundary conditions significantly influence the fundamental frequencies of
the structure. Tornabene et al. [286] explored the impact of agglomeration on the natural frequencies of FG-
GPL RC doubly-curved shells using the CUF. They found that both the mass fraction and concentration of
the agglomerated CNTs impact the stiffness of the structure. Banić et al. [287] examined the influence of
Winkler-Pasternak foundations on the vibrational behavior of plates and shells reinforced with agglomerated
carbon nanotubes, utilizing shear deformation theory and applying the GDQM. Their study explored various
analytical methods to describe distinctive through-the-thickness volume fraction distributions, including
power law, exponential, and Weibull functions.
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7.3.2 Vibrational Response of GPL RC Shells
The vibrational behavior of GPL RC shells has been explored in several studies [318]. Liu et al. [276]

examined the free vibration characteristics of initially stressed FG-GPL RC cylindrical shells and found
that incorporating 1.5 wt.% of GPLs increased the natural frequency by 113% to 170% for the FG-X plate
compared to a neat epoxy plate, depending on the shell’s inner radius. One of their cases is illustrated in Fig. 8,
showing the effects of varying GPL weight fractions and distribution patterns on the percentage change in
natural frequency.
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Dong et al. [291] presented an analytical study on the free vibration characteristics and dynamic
responses of spinning FG-GRC thin cylindrical shells subjected to axial loads, based on Donnell’s nonlinear
shell theory and Hamilton’s principle. Their results indicated that incorporating 1.0 wt.% of GPLs increases
the nonlinear frequencies of forward-traveling waves in the cylindrical shell by 59.0% for the FG-X plate.
Amirabadi et al. [292] scrutinized the free vibration behavior of rotating FG-GPL RC truncated thick conical
shells using TSDT and GDQM. Their numerical examples indicated that GPLs with a larger surface area
are more effective at reinforcing the structure. Baghbadorani et al. [293] studied the free vibration responses
of FG-GPL RC cylindrical shells using FSDT and Donnell’s kinematic relations and found that an increase
in shell length and a decrease in shell thickness lead to a reduction in frequencies. Ghabussi et al. [294]
conducted a free vibration analysis of an electro-elastic GPL RC cylindrical shell surrounded by a viscoelastic
foundation using a modified length-couple stress parameter.

Wang et al. [297] studied the nonlinear vibration of FG-GPL reinforced metal foam (GPLRMF) cylin-
drical shells using Hamilton’s principle and the Galerkin method. They found that the porosity coefficient,
porosity distribution, and GPL patterns significantly impact the nonlinear vibration behavior of GPLRMF
circular cylindrical shells. Jamalabadi et al. [295] conducted a nonlinear vibration analysis of FG-GPL conical
panels supported by an elastic medium, using FSDT and GDQM. They demonstrated that for thicker panels,
the effect of the elastic medium on the nonlinear response is more pronounced, significantly reducing the
frequency ratio. Bidzard et al. [296] presented the effects of pressure and thermal environments on the
nonlinear vibration characteristics of multilayer FG-GPL toroidal panels on a nonlinear elastic foundation,
utilizing FSDT and employing FEM. Niu et al. [298] utilized the FSDT in conjunction with the Chebyshev-
Ritz method to investigate the linear and nonlinear vibrations of GPL RC tapered plates and cylindrical
panels. They concluded that, compared to the FG-O distribution pattern, the chaotic motion is delayed in
the case of the FG-X distribution pattern.

7.4 Dynamic Instability of Shells
7.4.1 Dynamic Response of CNT RC Shells

The available sources on the dynamic behavior of CNT RC cylindrical shells are presented below [319].
Kiani [301] studied the dynamics of FG-CNT RC cylindrical panels subjected to moving loads using FSDT,
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the Ritz method, and the Gram-Schmidt process. Their findings indicate that a desired central deflection
of the cylindrical panel can be achieved by using an appropriate distribution and volume fraction of CNTs.
Asadi et al. [302] investigated the dynamic stability of a pressurized FG-CNT RC cylindrical shell interacting
with supersonic airflow. They found that increasing the CNT volume fraction from 0.12 to 0.28 results
in a significant increase of approximately 105% in the critical freestream static pressure. Jiao et al. [303]
conducted dynamic buckling analyses of FG-CNTRC cylindrical shells under axial power-law time-varying
displacement loads. Arumugam et al. [304] using HSDT and FEM investigated the damping characteristics
of laminated composite cylindrical sandwich shells with a carbon nanotube-reinforced magnetorheological
elastomer (CNT-MRE) core. Zhang et al. [305] examined the influence of impact loads on the dynamic
responses of CNT RC cylindrical shells using Reddy’s HSDT and a linearized contact law.

7.4.2 Dynamic Response of GPL RC Shells
Several papers have examined the dynamical characteristics of GPL RC cylindrical and curved

shells [320,321]. Wang et al. [310] investigated the nonlinear transient response of doubly curved shallow
shells reinforced with GPLs subjected to blast loads, accounting for thermal effects using Hamilton’s
principle, the nonlinear von Karman strain-displacement relationship, and HSDT. They found that the
central deflection and shock resistance of the shell are significantly influenced by the weight fraction of GPLs.
Shokrgozar et al. [311] analyzed the viscoelastic dynamic responses of a GPL RC cylindrical micro-shell
using nonlocal strain gradient theory (NSGT) and GDQM. They found that at higher values of GPL weight
fraction, the effect of the length scale factor on stability is more significant than at lower weight fractions. Guo
et al. [320] examined the dynamical behavior of rotating matrix-cracked FG-GPL RC cylindrical shells using
the element-free IMLS-Ritz method. Safarpour et al. [255] addressed the static and dynamic behavior of
GPL RC truncated shell and plate structures within the frameworks of the theory of elasticity and the DQM.
Heydarpour et al. [312] analyzed the effects of thermal shocks on rotating truncated conical shells reinforced
with GPLs. Amirabadi et al. [313] presented a study on wave propagation in rotating FG-GPL-reinforced
cylindrical shells based on TSDT.

8 Structural Behavior and Computational Methods for Beams
Beams are structural elements designed to support both axial and bending loads, with their length being

significantly greater than their other dimensions. Their primary function is to resist bending moments and
shear forces as well as axial load when utilized as columns and transferring loads from the point of application
to their supports. The design and analysis of beams involve understanding their deflection, strength, and
stability to ensure they can handle applied loads without failure. Buckling analysis of beams or columns under
axial load is also crucial. The references on the structural responses of CNT- and GPL-RC beams, along with
their corresponding computational methods and analysis types is provided in Table 8.

Table 8: The literatures analysed mechanical behaviours of CNT- and GPL-RC beams

Reference Year Nanofiller Theoretical approach Description
Mayandi

et al. [322]
2015 CNT ANSYS FEA software Bending, buckling and

free vibration behaviours
under non-uniform

thermal loads

(Continued)
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Table 8 (continued)

Reference Year Nanofiller Theoretical approach Description
Vodenitcharova

et al. [323]
2006 CNT Simple beam theory-Airy

stress-function method
Pure bending and

bending-induced local
buckling

Talebizadehsardari
et al. [324]

2020 CNT Timoshenko beam
theory-higher-order

strain gradient theory

Static bending response
curved beams

Kumar et al. [325] 2023 CNT ABAQUS FEA software Static stability analysis of
beams with hollow
trapezoidal layer as

imperfections
Kumar et al. [326] 2022 CNT ANSYS FEA software Bending and vibration

combined with
piezoelectric layer

Shen et al. [327] 2013 CNT HSDT-Euler–Bernoulli
assumptions-von

Kármán-type nonlinear
strain–displacement

relationships-two-step
perturbation technique

Large amplitude
vibration, nonlinear
bending and thermal

post-buckling

Wuite et al. [328] 2005 CNT Classical laminate
theory-1D assumption

Deflection and stress
behaviour

Babar et al. [329] 2024 CNT Hamilton’s
principle-Navier’s
solution technique

Static, buckling, and free
vibration analysis

Babar et al. [330] 2024 CNT Secant function-based
shear deformation theory

(SFSDT)-Hamilton’s
principle-Navier’s
solution technique

Static, buckling, and free
vibration responses

Malekimoghadam
et al. [331]

2023 CNT Refined Zigzag Theory
(RZT)-FEA

Bending analysis of CNT
coated–fiber multi-scale

beams
Wang et al. [332] 2019 GPL TSDT-Chebyshev–Ritz

method
Bending displacement,

stress state, and vibration
frequency

Feng et al. [333] 2017 GPL Timoshenko beam
theory-von Kármán

nonlinear
strain-displacement

relationship-Ritz method

Nonlinear bending
behaviour

(Continued)
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Table 8 (continued)

Reference Year Nanofiller Theoretical approach Description
Tam et al. [334] 2020 GPL ANSYS FEA software Nonlinear bending with

crack in thermal
environment

Karamanli
et al. [335]

2021 GPL Shear and normal
deformation theory
(SNDT)-Hamilton’s

principle

Bending, vibration and
buckling analysis

Arshadi et al. [336] 2023 GPL Modified couple stress
theory (MCST)-

quasi-3D trigonometric
shear deformation beam

theory-energy
method-Navier’s method

Free vibration and
bending analyses of a
sandwich microbeam

Songsuwan
et al. [337]

2023 GPL Reddy’s TSDT-von
Kármán type nonlinear

strain-displacement
relationship-Gram-

Schmidt-Ritz
method

Linear and nonlinear
bending

Haghani
et al. [338]

2024 GPL Principle of virtual
work-FSDT-von Kármán

strain field

Nonlinear bending,
thermal buckling and

post-buckling in
exposure to temperature

changes
Murmu et al. [339] 2009 CNT Nonlocal

elasticity-Timoshenko
beam theory-DQM

Critical buckling loads

Nejati et al. [340] 2016 CNT 2D elasticity
theory-Hamilton’s
principle-GDQM

Buckling and vibration
analysis

Madenci
et al. [341]

2023 CNT Timoshenko beam
theory-Hamilton’s

principle-experimental
methods

Buckling behaviour

Bensaid et al. [342] 2019 CNT Minimum total potential
energy

principle-Euler-Bernoulli
model

Thermal buckling
response

(Continued)
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Table 8 (continued)

Reference Year Nanofiller Theoretical approach Description
Babaei et al. [343] 2021 CNT First-order, third-order,

and sinusoidal shear
deformation

theories-two-step
perturbation technique

Thermal buckling and
post-buckling

Shafiei et al. [344] 2017 CNT Euler-Bernoulli beam
theory-energy

method-Hamilton’s
principle-von Kármán’s

strain-displacement
assumptions-variational
iteration method (VIM)

Nonlinear free vibration
and post-buckling

analysis

Wu et al. [345] 2017 CNT FSDT-von-Kármán
geometric

nonlinearity-DQM

Thermal post-buckling
behaviour

Houalef et al. [346] 2024 CNT Lagrange’s
principle-refined higher

order beam theory
Differential quadrature
finite element method

(DQFEM)

Vibration and buckling
behaviors with

agglomerated CNTs

Sahu et al. [347] 2023 CNT Variational Asymptotic
Method (VAM) –

nonlinear
FEA-Geometrically exact

beam theory

Nonlinear buckling
behavior

Remil et al. [348] 2023 CNT Two variables
trigonometric shear
deformation beam

theory-Galerkin method

Buckling behaviour

Yang et al. [349] 2017 GPL FSDT-DQM Buckling and
post-buckling behaviour

Song et al. [350] 2019 GPL FSDT-von Kármán
geometric

nonlinearity-rotational
spring model-DQM

Thermal buckling and
post-buckling with

edge-cracked

Song et al. [351] 2019 GPL FSDT-DQM Free vibration and
buckling analyses of

edge-cracked

(Continued)
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Table 8 (continued)

Reference Year Nanofiller Theoretical approach Description
Wang et al. [352] 2019 GPL Timoshenko beam

theory-von Kármán
nonlinear

strain-displacement
relationship-principle of

virtual work-DQM

Buckling and
post-buckling of
dielectric beam

Eyvazian
et al. [353]

2023 GPL Timoshenko beam
theory-von-Karman
strain displacement
relations -modified

couple stress theory-Ritz
technique and Chebyshev
orthonormal polynomial

set

Thermal buckling and
post-buckling analyses of

rotating beam

Guo et al. [354] 2023 GPL Chebyshev–Ritz
scheme-Ritz

method-Timoshenko
beam theory

(TBT)-von-Karman’s
nonlinear relations

Nonlinear thermal
buckling of rotating beam

Patil et al. [355] 2024 GPL Timoshenko
beam-Hamilton’s

principle-Ritz method

Buckling and vibration of
beams under axially

varying load
Lv et al. [356] 2023 GPL Virtual work principle-

FSDT-DQM-two-step
perturbation method

(TSPM)

Thermal buckling and
postbuckling

Zhang et al. [357] 2023 GPL Variational
principle-Hamilton

principle -Timoshenko
beam theory

Static, dynamic and
buckling responses

Heshmati
et al. [358]

2015 CNT Timoshenko beam
theory-FEM

Comprehensive study on
the vibrational behaviour

Vo-Duy et al. [359] 2019 CNT FSDT-FEM Free vibration analysis
Wang et al. [360] 2006 CNT Timoshenko and Euler

beam model-DQM
Free vibration analysis

Lin et al. [361] 2014 CNT Hamilton’s
principle-p-Ritz

method-first order and
third order beam theories

Free vibration analysis

(Continued)
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Table 8 (continued)

Reference Year Nanofiller Theoretical approach Description
Lin et al. [362] 2014 CNT Hamilton’s principle-von

Kármán sense-p-Ritz
method-first-order and

third-order beam
theories

Nonlinear vibration
frequencies

Ke et al. [363] 2010 CNT Timoshenko beam
theory-von Kármán

geometric
nonlinearity-Ritz method

Nonlinear vibration
frequencies

Ansari et al. [364] 2014 CNT Timoshenko beam
theory-von Kármán

geometric
nonlinearity-Hamilton

principle-GDQM

Nonlinear forced
vibration analysis

Chahadhari
et al. [365]

2016 CNT HSDT-von-Karman
nonlinear

kinematics-Hamilton
principle

Nonlinear free vibration
analysis in thermal

environment

Ghandehari
et al. [366]

2024 CNT FSDT-GDQM Thermal frequency
analysis

Alimoradzadeh
et al. [367]

2023 CNT Von Kármán
nonlinearity-Euler-

Bernoulli beam
theory-Hamilton’s

principle-Galerkin’s
decomposition technique

Nonlinear free vibration
analysis

Sibtain et al. [368] 2023 CNT Euler-Bernoulli beam
theory-Hamilton
principle-modal

decomposition technique

Vibrations of axially
travelling beams

Masoodi
et al. [369]

2024 CNT FSDT-GDQM Natural frequency
response of coupled

curved beams in thermal
conditions

Barati et al. [370] 2020 GPL Euler–Bernoulli and
refined higher-order
beam theories-FEM

Forced vibration and
dynamic deflection in
thermal environments

Shahrjerdi
et al. [371]

2018 GPL Theory of Timoshenko
beam-FSDT-minimum

potential energy

Temperature-dependent
vibration analysis

(Continued)
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Table 8 (continued)

Reference Year Nanofiller Theoretical approach Description
Song et al. [372] 2020 GPL FSDT-von Kármán-type

geometric
nonlinearity-massless

rotational spring
model-DQM

Nonlinear free vibration
of edge-cracked beam

Wang et al. [373] 2019 GPL Timoshenko beam
theory-Hamilton’s

principle-nonlinear von
Kármán

strain–displacement
relationship-DQM

Nonlinear free vibration
of dielectric beam

Feng et al. [374] 2017 GPL Hamilton’s
principle-Timoshenko

beam theory-von
Kármán nonlinear

strain-displacement
relationship

Nonlinear free vibration

Zhang et al. [375] 2024 GPL MSGT- Reddy beam
theory

- Hamiltonian
principle-Navier method

Free vibration of
microbeam on elastic

foundation

Bahranifard
et al. [376]

2024 GPL FSDT-von Kármán
nonlinear geometric

assumptions-Ritz method
with Chebyshev

polynomials-Newmark
and Newton–Raphson

methods

Large amplitude vibration
of beams with GPLRC
face sheets and porous

core under moving load

Bourada
et al. [377]

2020 CNT FSDT-Hamilton’s
principle-Navier method

Dynamic buckling and
vibrational behaviours

Yas et al. [378] 2012 CNT Timoshenko and
Euler–Bernoulli beam

theory-Hamilton’s
principle-FEM

Vibrational properties
under the actions of

moving load

Ke et al. [379] 2013 CNT Timoshenko beam
theory-DQM-Bolotin’s

method

Dynamic stability
analysis

Abdelrahman
et al. [380]

2023 CNT TSDT-Hamilton’s
principle-Navier’s

procedure

Dynamic analysis resting
on elastic foundation
under moving load

(Continued)
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Table 8 (continued)

Reference Year Nanofiller Theoretical approach Description
Eghbali et al. [381] 2023 CNT HSDT-Hamilton

principle
Dynamic response under

moving harmonic load
Wattanasakulpong

et al. [382]
2024 GPL TSDT-von Kármán

assumption-Jacobi-Ritz
method

Nonlinear dynamic
response induced by two
successive moving loads

Ban et al. [383] 2024 GPL Timoshenko beam
theory-nonlinear von

Kármán
strain–displacement

relationship-FEM-DQM

Damped nonlinear
vibration of cracked

dielectric beam

The analysis of structural behavior in reinforced composite beams relies heavily on computational
methods, which address a wide range of responses, including static, buckling, vibrational, and dynamic
behaviors. Numerical and analytical approaches provide robust frameworks for simulating these advanced
materials. These computational techniques enable precise modeling of mechanical behaviors, including
deflection, stress distribution, and thermal effects, under diverse loading conditions. Numerical solutions,
such as FEA integrated with beam theories, effectively capture nanoscale phenomena like strain gradients
and boundary effects, which are essential for accurate mechanical analysis. By employing these methods,
researchers can optimize material configurations, corroborate experimental findings, and reliably predict the
performance of CNT- and GPL-RC beams.

8.1 Static Response of Beams
8.1.1 Static Response of CNT RC Beams

This section mentions papers investigating the bending responses of CNT-RC beams. Mayandi
et al. [322] investigated the bending characteristics of FG-CNT reinforced polymer composite beams under
non-uniform thermal loads. Vodenitcharova et al. [323] performed a bending analysis of a nanocomposite
beam reinforced with a SWCNT using Euler-Bernoulli theory and the Airy stress-function method. They
discovered that the inclusion of SWCNTs in the matrix leads to an increase in the radial deformation
of the SWCNTs for the same bending angle. Talebizadehsardari et al. [324] examined the static bending
response of a functionally graded polymer matrix composite (FG-PMC) curved beam reinforced with CNTs
under sinusoidal and uniform loads, employing Timoshenko beam theory, higher-order strain gradient
theory, and the Navier solution procedure. They concluded that higher axial stresses were achieved with
uniform loadings compared to sinusoidal loadings. Kumar et al. [325] utilized ABAQUS software to study
the stability behavior of curved FG-CNT beams with imperfections. Bending and vibration study of FG-
CNT reinforced smart composite beams is presented by Kumar et al. [326]. Shen et al. [327] investigated
the free vibrations, nonlinear bending, and post-buckling behavior of beams made of FG-CNT RC resting
on an elastic foundation, utilizing HSDT under thermal conditions. Their results indicate that the CNT
volume fraction significantly affects the load–deflection curves of beam bending, while its impact on the
nonlinear-to-linear frequency ratios and thermal post-buckling load–deflection curves of CNTRC beams is
less pronounced. Wuite et al. [328] analyzed the transient deflection and stress of composite beams reinforced
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with CNTs using Euler-Bernoulli theory. They discovered that applying a low volume fraction of nanotubes
with a uniform distribution significantly increased the stiffness of these beams.

8.1.2 Static Response of GPL RC Beams
Several sources examining the bending of GRC beams are presented here. Wang et al. [332] utilized

an improved TSDT and the Chebyshev-Ritz method for the bending analysis of FG-GPL RC beams.
Feng et al. [333] scrutinized the nonlinear bending of polymer nanocomposite beams reinforced with
non-uniformly distributed GPLs using Timoshenko beam theory and the von Karman nonlinear strain-
displacement relationship. They found that dispersing more square-shaped GPLs with fewer single graphene
layers near the top and bottom surfaces of the beam is the most effective approach to reducing bending
deflections. Tam et al. [334] examined the impact of an open edge crack on the nonlinear bending of
elastically restrained FG-GPL RC beams using FEM. They demonstrated that an increase in the crack depth
ratio (CDR) and a rise in temperature weaken the structure, resulting in larger deflections. Karamanli
et al. [335] performed a comparative analysis of the static bending responses of beams reinforced with GPLs
vs. CNTs. Fig. 9 illustrates the effects of CNT volume fraction, GPL weight fraction, and the distribution
patterns of CNTs and GPLs on the deflections of simply supported FG beams under uniform loads. The
results show that increasing VC N T and WGPL significantly reduces the beam’s deflection.
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Figure 9: Impact of CNT volume fraction, GPL weight fraction, and distribution patterns on the dimensionless
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qL4 ) of CNT-RC and GPL-RC beams; Adopted from Karamanli et al. [335]
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8.2 Buckling and Post Buckling Response of Beams
8.2.1 Buckling Response of CNT RC Beams

Several notable studies on the buckling characteristics of CNT RC beams [384,385] are summarized
below. Vodenicharova et al. [323], using the Airy stress-function method, studied the local buckling of a
nanocomposite beam reinforced by SWCNTs. They discovered that in thicker matrix layers, the SWCNT
buckles locally at smaller bending angles and greater flattening ratios. Fattahi et al. [386] investigated the
buckling behavior of CNT RC beams, considering both short and long SWCNT reinforcements. Mayandi
et al. [322] analyzed the buckling response of FG-CNT reinforced polymer composite beams under non-
uniform thermal loads using FEM. They found that the critical buckling temperature is significantly
influenced by the nature of the temperature variation and the type of functional grading of the CNTs. Murmu
et al. [339] conducted a buckling analysis of a SWCNT embedded in Winkler and Pasternak elastic media
using non-local elasticity and Timoshenko beam theory, applying the DQM. They found that, unlike the
Winkler foundation model, the increase in critical buckling load is linear with the Pasternak foundation
model. Nejati et al. [340] conducted a buckling and vibration analysis of FG-CNT RC beams under axial
load. They found that both the critical buckling load and natural frequency increase when the concentrated
spherical volume zone is enlarged or when the severity of the concentrated nanotube distribution is reduced.

Madenci et al. [341] analyzed the buckling response of FG CNT-reinforced polymer composite beams
using both experimental and analytical methods. An improvement in the thermal buckling response of
FG-CNT RC beams with temperature-dependent material properties resting on elastic foundations was
reported by Bensaid et al. [342]. They demonstrated that the impact of the Pasternak layer on FG beams
is more significant than that of the Winkler layer. Babaei et al. [343] developed a perturbation method
for the thermal post-buckling analysis of shear-deformable FG-CNT RC beams with various boundary
conditions. They showed that while the critical buckling temperature for pinned–pinned and clamped–roller
beams is identical, their post-buckling responses are markedly different. Shafiei et al. [344] investigated
the nonlinear free vibration and post-buckling behavior of FG-CNT RC beams on a nonlinear foundation.
They emphasized the importance of performing a nonlinear analysis to accurately capture these behaviors.
Imperfection sensitivity of thermal post-buckling behavior of FG-CNT RC beams was presented by Wu
et al. [345]. They found that the location of imperfections significantly influences the sensitivity of thermal
post-buckling to these imperfections.

8.2.2 Buckling Response of GPL RC Beams
Several examples of the buckling characteristics of GPL-reinforced beams are mentioned below. Yang

et al. [349] analyzed the buckling and post-buckling behavior of FG-GPL RC beams using the FSDT of
beams and a nonlinear algebraic system with the DQM. Their results demonstrated that GPLs with a large
surface area and fewer single graphene layers offer better reinforcing effects. However, when the GPL aspect
ratio and width-to-thickness ratio exceed 4 and 1000, respectively, both the critical buckling load and
post-buckling path remain almost unchanged despite further increases in these ratios. Song et al. analyzed
the buckling of edge-cracked FG multilayer graphene nanocomposite beams based on FSDT, including
von Kármán geometric nonlinearity [350], and employed the differential quadrature method [351]. Wang
et al. [352] studied the buckling and post-buckling behaviors of GPL-reinforced dielectric beams subjected
to electrical voltage by employing Timoshenko beam theory and von Kármán nonlinearity. They found
that these behaviors depend on the combined effects of the mechanical and dielectric properties of the
composites, which are significantly influenced by the characteristics of GPLs and the applied electrical
field. Eyvazian et al. [353] used the Chebyshev approach to analyze the thermal buckling and post-buckling
behavior of rotating Timoshenko microbeams reinforced with graphene platelets. They found that, at the
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same temperature, increasing the rotational velocity leads to a higher post-critical deflection in the rotating
GPLRC microbeam with clamped-simply (CS) boundary condition. Guo et al. [354] conducted a nonlinear
thermal buckling instability analysis of a rotating nanocomposite beam reinforced with GPLs, utilizing the
Chebyshev–Ritz scheme. Their study examined the effects of rotational velocity and distribution pattern on
the beam’s performance.

8.3 Vibrational Response of Beams
8.3.1 Vibrational Response of CNT RC Beams

The vibrational behavior of CNT RC beams has been studied in several papers. Heshmati et al. [358]
conducted a comprehensive study on the vibrational behavior of SWCNT RC beams using Timoshenko beam
theory and FEM. They concluded that, due to the substantial impact of agglomeration phenomena, a uniform
distribution of randomly oriented CNTs provides the most effective reinforcement. Vo-Duy et al. [359]
employed FEM for the free vibration analysis of laminated FG-CNT RC beams. They demonstrated that
the FG-X distribution results in the highest frequency, while the FG-O distribution leads to the lowest
frequency in laminated FG-CNT RC beams. Wang et al. [360] employed the Timoshenko and the Euler
beam theories for the vibration analysis of MWCNTs. Their comparison revealed that Euler beam theory
significantly overpredicts frequencies, especially for small length-to-diameter ratios and higher vibration
modes. They found that the Timoshenko beam model provides a more accurate representation in these cases.
Lin et al. [361,362] investigated the vibration of CNT RC beams using first- and third-order beam theories.
They found that the frequency parameters of the beams increase significantly when the CNT volume fraction
varies from 0.12 to 0.17, while there is only a slight increase in frequency parameters when the CNT volume
changes from 0.17 to 0.28.

Ke et al. [363] employed the Ritz method to study the nonlinear analysis of free vibrations of FG-CNT
Timoshenko beams with linear and nonlinear CNT distribution in the thickness direction. Ansari et al. [364]
analyzed the forced nonlinear vibrations of FG-CNT RC Timoshenko beams using the GDQM. They found
that the amplitude peak decreases with increasing nanotube volume fraction or dimensionless damping
parameter, while it increases with higher slenderness ratios or dimensionless transverse forces. Chahadhari
et al. [365] provided a nonlinear analytical solution for the free vibrations of FG-CNT RC beams with various
boundary conditions, using HSDT and supported by an elastic foundation in thermal environments. They
demonstrated that incorporating an elastic foundation result in lower frequency ratios.

8.3.2 Vibrational Response of GPL RC Beams
Several available sources discuss the vibrational characteristics of GPL RC beams. Barati et al. [370]

analyzed the forced vibration of nanocomposite beams reinforced with different distributions of GPLs
in thermal environments by developing a higher-order refined beam element. They concluded that the
resonance frequency decreases as the temperature increases.

Shahrjerdi et al. [371] studied the free vibration analysis of FG GRC beams with temperature-dependent
properties using a spectral numerical method. They demonstrated that increasing beam thickness, graphene
weight percentage, and the length and width of graphene platelets, as well as optimizing the distribution
pattern, leads to higher vibrational frequencies. Song et al. [372] investigated the nonlinear free vibration of
cracked FG-GPL RC beams in thermal environments using the framework of FSDT. They proved that the
elastic rotational spring method is reliable for modeling the cracked sections of FG GPL RC laminated beams.
Nonlinear natural frequencies of GPL-RC dielectric beams were performed by Wang et al. [373]. They found
that increasing the electrical voltage results in an enhanced frequency ratio. Feng et al. [374] investigated the



1404 Comput Model Eng Sci. 2025;142(2)

nonlinear free vibration of FG-GPL RC beams based on Hamilton’s principle, Timoshenko beam theory, and
the von Kármán nonlinear strain-displacement relationship. They demonstrated that, for the same weight
fraction, GPLs with a larger surface area and fewer single graphene layers provide better reinforcing effects.

8.4 Dynamic Responses of Beams
Bourada et al. [377] used FSDT to analyze the stability and dynamic responses of CNT-reinforced

concrete beams resting on an elastic foundation. Yas et al. [378] investigated the dynamic analysis of FG-CNT
RC beams under moving loads, utilizing Timoshenko and Euler–Bernoulli beam theories. They employed
the Mori-Tanaka model to model the material properties of the resultant composite beam. Their study
examined the effects of nanotube orientation, material distribution, moving load velocity, and different
boundary conditions on the vibration analysis of the beams. Shen et al. [327] investigated the dynamic
stability of FG-CNT RC beams. They derived the governing equations based on FSDT and converted them
into a linear equation system using the squares difference method. Subsequently, they studied the effects of
various factors, such as the volume fraction of carbon nanotubes, length-to-thickness ratio, and boundary
conditions, on the dynamic stability of the beams.

9 Structural Behavior and Computational Methods for Annular Plates
Annular plates and disks are specialized types of circular plate structures, each serving unique functions

in engineering applications. Annular plates, characterized by their ring-like shape with a central hole, are
used in scenarios requiring support around a central void, such as in flanges, bearings, or circular supports.
They are analysed for their ability to manage radial and tangential stresses while accommodating the effects
of the central opening. On the other hand, disks are solid, flat circular plates that are often employed in
components where uniform load distribution across a circular area is essential, such as in flywheels, brake
discs, and pressure vessel components. Both annular plates and disks require precise structural analysis
to ensure they can handle applied loads effectively, optimizing performance and safety in their respective
applications. Table 9 provides an overview of studies that have investigated the mechanical responses of
annular plate structures reinforced with CNT or GPL nanofillers.

Table 9: The literatures analysed mechanical behaviours of CNT- and GPL-RC annular plates

Reference Year Nanofiller Theoretical approach Description
Babaei et al. [91] 2020 CNT Kelvin-Voight

model-Hamilton
principle-FSDT-FEM

Static, dynamic and
natural frequency

analyses
Keleshteri
et al. [387]

2019 CNT TSDT-nonlinear von
Karman strain
field-GDQM

Nonlinear bending
analysis

Sadeghian
et al. [388]

2023 CNT FSDT-HSDT-nonlinear
von Karman
strains-DQM

Nonlinear static analysis

Ranjbar-
Roeintan [389]

2023 CNT Epresentative volume
element

(RVE)-FSDT-Ritz
method-Lagrangian

mechanics

Low-velocity impact
(LVI) output of circular

plates, considering
agglomeration size effect

(Continued)
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Table 9 (continued)

Reference Year Nanofiller Theoretical approach Description
Sobhy [390] 2021 GPL Refined four-variable

theory-virtual
work-nonlocal strain

gradient theory-DQM

Axisymmetric bending
analysis

Gholami et al. [391] 2019 GPL Principle of virtual
work-variational

differential quadrature
(VDQ) method-Reddy’s

plate theory

Nonlinear bending
response

Yang et al. [392] 2017 GPL Three-dimensional
elasticity

theory-generalized Mian
and Spencer method

Axisymmetric bending

Al-Furjan
et al. [393]

2021 GPL 3D refined higher-order
shear deformation theory

(3D-RHOSDT)-
Hamilton’s

principle-DQM

Bending responses

Ansari et al. [394] 2018 CNT TSDT-variational
formulation

In-plane and shear
buckling analysis

Ansari et al. [395] 2017 CNT VDQ-FSDT-2D-GDQM Buckling and vibration
analysis under thermal

loading
Torabi et al. [396] 2020 CNT HSDT-VDQM In-plane mechanical

buckling
Gholami

et al. [397]
2021 CNT HSDT-VDQM Thermal buckling and

post-buckling
Akbulut et al. [398] 2024 CNT ANSYS FEA software Numerical and

experimental buckling
loads for circular plates

Zhang et al. [399] 2020 GPL HSDT-Hamilton’s
principle-GDQM

Buckling and free
vibration analysis

subjected to nonlinear
temperature gradient and

mechanical load
Allahkarami [400] 2022 GPL FSDT-Hamilton’s

principle-Mathieu–Hill
equations-GDQM-

Bolotin’s
technique

Dynamic buckling in
thermal environment

(Continued)
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Table 9 (continued)

Reference Year Nanofiller Theoretical approach Description
Wu et al. [401] 2023 GPL FSDT-von Kármán

geometric nonlinearity-
GDQM-modified
Newton–Raphson

iteration

Axisymmetric thermal
post-buckling with

imperfections

Yang et al. [402] 2021 GPL FSDT-von Kármán’s
nonlinearity-Hamilton’s
principle-Maxwell static

electricity
equation-DQM

Vibration and symmetric
thermal buckling

Yang et al. [403] 2022 GPL FSDT-von Kármán’s
nonlinearity-DQM-

pseudo-arclength
continuation algorithm

Symmetric and
asymmetric thermal

buckling and
post-buckling of rotating

annular plate
Javani et al. [404] 2020 GPL von Kármán type of

geometrical nonlinearity-
FSDT-GDQM

Thermal buckling

Wang et al. [405] 2023 GPL Hamilton’s
principle-classical

theory-von Kármán
strain field

Buckling of circular plate

Nguyen et al. [406] 2023 GPL HSDT-nonlinearities of
von Kármán-Ritz energy

method

Thermo-mechanical
buckling of circular plates

Zhou et al. [407] 2024 GPL Classical nonlinear von
Karman plate

theory-Hamilton
principle-shooting

method

Nonlinear buckling and
postbuckling of circular

plates

Allahkarami
et al. [408]

2023 GPL Mindlin plate
theory-GDQM

Axisymmetric
postbuckling of annular

plate in thermal
environment

Civalek et al. [409] 2018 CNT FSDT-discrete singular
convolution (DSC)

Free vibration behaviour

Beni [410] 2019 CNT CUF-Principle of Virtual
Displacements

(PVDs)-GDQM

Asymmetric free
vibration analysis

(Continued)
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Table 9 (continued)

Reference Year Nanofiller Theoretical approach Description
Zhong et al. [411] 2018 CNT Modified Fourier series-

FSDT-Ritz-variational
energy method

Vibration analysis

Keleshteri
et al. [412]

2017 CNT FSDT-von Karman
geometrical

nonlinearity-Hamilton
principle-GDQM

Large amplitude vibration
with piezoelectric layers

Al-Furjan
et al. [413]

2022 CNT FSDT-Hamilton’s
principle-GDQM

Frequency analysis of
imperfect honeycomb

core disk with multiscale
hybrid nanocomposite

(MHC) face sheets
Al-Furjan
et al. [414]

2021 CNT HSDT-Hamilton’s
principle-GDQM

Frequency responses of
disk with a lactic core,
Shape-Memory Alloy

(SMA) fibre and
multi-scale hybrid

nanocomposite (MHC)
Emdadi et al. [415] 2023 CNT HSDT-DQM-MCST-

Hamiltonian
principle

Vibration of annular
microplate

Habibi et al. [416] 2022 GPL HSDT-Hamilton’s
principle-Kelvin-Voigt
viscoelasticity-GDQM

Vibrational
characteristics of

viscoelastic annular plate
Tao et al. [417] 2021 GPL Four-variable HSDT-von

Kármán large deflection
assumption-MCST-
principle of virtual

work-NURBS-based
iso-geometric analysis

Nonlinear free vibration

Wang et al. [418] 2022 GPL HSDT-Hamilton’s
principle-GDQM

Thermal vibration
analysis

Javani et al. [419] 2021 GPL FSDT-nonlinear
strain-displacement

relations-GDQM

Nonlinear free vibration

(Continued)
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Table 9 (continued)

Reference Year Nanofiller Theoretical approach Description
Yang et al. [420] 2023 GPL Von Karman’s

geometrical
nonlinearity-Galerkin

method-GDQM-
incremental harmonic

balance
(IHB) method and
pseudo-arclength

continuation algorithm
(PACA)

Free and forced
vibrations of a rotating

annular plate subjected to
the complex external
excitation in thermal

environment

Zhou et al. [421] 2024 GPL Mindlin’s theory of
moderately thick

plates-DQM

Vibration analysis of
shearable annular plates

Frikha et al. [422] 2018 CNT Linear discrete double
directors FEM-high-
order-distribution of

displacement field

Dynamic forced vibration
analysis

Arshid et al. [423] 2024 CNT and
GPL

Hamilton’s principle –
FSDT –

MCST-first-order piston’s
theory (FPT)-GDQM

Aerodynamic stability
and free vibration of

annular sector
microplates exposed to

supersonic flow
Liu et al. [424] 2022 GPL TSDT-von Karman

nonlinear shell
model-Hamilton

principle-GDQM-
perturbation

method

Large-amplitude
dynamical behaviour

under
thermo-mechanical

loadings

Ma et al. [425] 2022 GPL Hamilton’s principle-von
Karman nonlinear

theory-GDQM-
perturbation

approach

Chaotic behaviour under
harmonic excitation

Zhang et al. [426] 2023 GPL FSDT-von-Kármán’s
nonlinearity

Nonlinear transient
response of metal foams

annular plate considering
rotating motion and

initial geometric
imperfection

The structural behavior of annular plates, particularly those reinforced with CNTs or GPLs, has
been extensively studied through advanced computational approaches. Analytical and numerical methods,
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including FEM combined with ESL or 3D elasticity frameworks, are utilized to analyse their static, vibra-
tional, buckling, and dynamic responses. These computational techniques enable detailed examinations of
the influence of parameters such as temperature, geometry, and material distribution on the performance of
these structures under thermal and mechanical loading conditions. This underscores the critical importance
of computational methods in advancing the design and optimization of nanocomposite structures.

9.1 Static Response of Annular Plates
9.1.1 Static Response of CNT RC Annular Plates

The deflection responses of CNT RC annular and annular sector plates have been studied in limited
papers. Babaei et al. [91] studied the static responses of FG-CNT RC annular sector plates resting on a
viscoelastic foundation, applying Hamilton’s principle based on FSDT and FEM. Their results indicated that
increasing the volume fraction of carbon nanotubes VC N from 0.11 to 0.17 leads to a decrease in deflection of
more than 36%. Keleshteri et al. [387] utilized TSDT, GDQM, and the Newton-Raphson iterative method to
study the nonlinear bending analysis of FG-CNTRC annular plates with variable thickness. They concluded
that increasing the CNT volume fraction from 0.12 to 0.28 significantly reduces the maximum in-plane
displacement by a factor of 2.2. Sadeghian et al. [388] used first and higher-order shear deformation theories
along with the DQM to study nonlinear static analysis. They compared deflection results obtained from
HSDT and FSDT, highlighting the significance of using higher-order models for more accurate predictions.

9.1.2 Static Response of GPL RC Annular Plates
Several sources have studied the static bending characteristics of GPL RC annular sector plates [390–

393,427]. Sobhy [390] conducted a piezoelectric bending analysis of GPL RC annular and circular sandwich
nanoplates using DQM. They concluded that the solid circular plate experiences greater deflection than
the annular plate. Additionally, they demonstrated that increasing the outer radius or reducing the inner
radius widens the plate, resulting in increased deflection. Gholami et al. [391] studied the nonlinear bending
response of polymeric composite annular plates reinforced with GPLs under transverse uniform and
biharmonic loadings. They utilized the principle of virtual work, the variational differential quadrature
(VDQ) method, and Reddy’s plate theory for their analysis. Yang et al. [392] utilized the Mian and Spencer
method to obtain analytical solutions for investigating the 3D thermo-mechanical bending of FG-GRC
circular and annular plates. They demonstrated that an increase in the total content of GPLs from 0% to 1%
significantly reduces deflection and moderately increases radial stress, particularly in thin plates. Al-Furjan
et al. [393] presented a non-polynomial framework for analyzing the bending responses of FG-GPL RC disks
based on three-dimensional refined higher-order shear deformation theory (3D-RHOSDT) and DQM. They
showed that the GPL RC disk exhibits superior bending and static behavior under a sinusoidal load pattern,
while it demonstrates weaker performance under a uniform load pattern.

9.2 Buckling and Post Buckling Response of Annular Plates
9.2.1 Buckling Response of CNT RC Annular Plates

Several available literatures on the buckling responses of CNT RC annular and annular sector
plates [394–397] are listed below. Ansari et al. [394] conducted in-plane and shear buckling analysis of
FG-CNT RC annular sector plates based on TSDT using a numerical approach. They observed that plates
with larger sector angles exhibit lower buckling loads, while those with a higher inner-to-outer radius ratio
have higher buckling loads. Additionally, they demonstrated that an FG-X distribution plate with a CNT
volume fraction (VC N ) of 0.12 increases the in-plane buckling load by more than 7% compared to a uniform



1410 Comput Model Eng Sci. 2025;142(2)

distribution, while this improvement reaches about 14% for VC N of 0.28. Torabi et al. [396] conducted
mechanical buckling analyses of sandwich annular plates with FG-CNT RC face sheets resting on an elastic
foundation based on HSDT. They found that the Pasternak coefficient of the elastic foundation has a more
significant effect on the stability of the structure compared to the Winkler coefficient. Gholami et al. [397]
investigated the thermal post-buckling behavior of temperature-dependent FG-CNT RC annular sector
plates using HSDT, the principle of virtual work, and the VDQ approach. They observed that the impact
of temperature on CNT material properties leads to a greater difference between temperature-dependent
and temperature-independent results as the CNT volume fraction increases. Fig. 10 illustrates one of their
findings, showing how temperature rise and CNT volume fraction affect the maximum deflection of CNT
RC annular sector plates.

9.2.2 Buckling Response of GPL RC Annular Plates
Several scholars have investigated the buckling and post-buckling responses of GPL RC annular

plates [399–403]. Zhang et al. [399] studied the thermal and mechanical buckling of FG-GPL RC annular
plates using HSDT and GDQM. Their results indicate that an increasing temperature gradient negatively
affects the buckling response of the annular plate due to a decrease in structural stiffness. Allahkarami [400]
examined the dynamic buckling of FG-GPL RC annular plates subjected to a periodic radial compressive load
in a thermal environment using FSDT and Hamilton’s principle. They demonstrated that a rise in temperature
leads to a lower pulsation frequency of the FG-GPL RC multilayer annular plate. Yang et al. [402,403]
investigated the influence of thermal loads and elastic foundations on the buckling responses of GPL RC
annular plates with piezoelectric/GPL RC layers. They found that as the weight fraction of GPLs decreases,
the rise in critical buckling temperature tends to be lower. Based on FSDT and modified Halpin-Tsai
approach, thermal buckling of FG-GPL RC annular sector plates was presented by Javani et al. [404].
They concluded that as the opening angle of the sector plate increases, the difference in critical buckling
temperature diminishes.
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9.3 Vibrational Responses of Annular Plates
9.3.1 Vibrational Responses of CNT RC Annular Plates

The vibrational characteristics of CNT RC annular and annular sector plates [395,409–411] are presented
below. Civalek et al. [409] applied the discrete singular convolution method for the vibration analysis of CNT
RC annular sector plates. Their results indicate that, due to the higher flexural stiffness of the FG-X pattern
compared to other patterns, the FG-X pattern yields higher frequencies for all the studied cases. Beni [410]
studied the free vibration analysis of annular sector sandwich plates with FG-CNT RC face sheets based on
Carrera’s Unified Formulation. They concluded that an increase in the sector angle of the plate results in a
decrease in natural frequencies. Zhong et al. [411] analyzed the vibration responses of FG-CNT RC circular,
annular, and sector plates using the semi-analytical method developed by their research team. This approach
incorporated modified Fourier series, FSDT, and the Ritz-variational energy method. Keleshteri et al. [412]
and Mohammadzadeh-Keleshteri et al. [428] studied the nonlinear vibration response of FG-CNT annular
sector plates with piezoelectric layers using FSDT of plates, von Karman strain-displacement assumptions,
Hamilton’s principle, and the GDQM. The natural frequencies of viscoelastic fully symmetric systems with
imperfect honeycomb core sandwich disks reinforced with multi-phase CNTs was presented by Al-Furjan
et al. [413]. They concluded that increasing the CNT fraction in a multiphase sandwich disk can enhance the
system’s frequency. Al-Furjan et al. [414] investigated the vibration behavior of an imperfect higher-order
sandwich disk with a lactic core using the GDQ method. They demonstrated that incorporating an FG-X
CNT RC laminated layer can significantly boost the frequency of the multiphase sandwich disk.

9.3.2 Vibrational Responses of GPL RC Annular Plates
Several available sources on the vibrational characteristics of GPL RC annular and annular sector

plates [402,416–418,429] are presented in this section. Yang et al. [402] investigated the influence of thermal
loads on the vibrational responses of GPL RC annular plates with piezoelectric/GPL RC layers. They indicated
that imposing stricter boundary conditions at the outer radius or enlarging the inner radius can significantly
increase the natural frequency. Habibi et al. [416] studied the vibrational characteristics of a FG-GPL RC
viscoelastic thick annular plate using the fourth-order Runge-Kutta method and GDQM. They showed that
at high values of the outer radius to inner radius ratio, this parameter significantly influences the frequency
of the nanocomposite annular plate compared to lower values. Tao et al. [417] conducted an iso-geometric
free vibration analysis of GPL RC laminated annular sector microplates based on a four-variable HSDT,
von Karman large deflection assumptions, and modified couple stress theory (MCST). They found that
increasing the sector angle from 30 to 75 degrees results in a significant decrease of approximately 51% in
the fundamental frequency of the FG-X annular sector microplate. Wang et al. [418] analyzed the thermal
vibration of FG-GPL RC annular plates under mechanical load using HSDT, Hamilton’s principle, and
GDQM. They recommended applying a sinusoidal temperature rise pattern to mitigate the negative effects of
temperature increase on the plate’s performance. Javani et al. [419] investigated the geometrically nonlinear
free vibration of FG-GPL circular plates on a nonlinear elastic foundation based on FSDT and utilizing
GDQM. They showed that the nonlinear component of the elastic foundation does not affect the linear
frequencies, but as this factor increases, the nonlinear frequencies are enhanced.

9.4 Dynamic Responses of Annular Plates
A few studies have investigated the dynamic responses of annular sector plates reinforced by

CNTs [91,422] or GPLs [400,424,425]. Frikha et al. [422] used a linear discrete double directors FE model
based on a high-order displacement field distribution to compute transient center deflections of the studied
annular structures. Their results indicated that the central deflection of FG-X annular plates decreases by
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approximately 40% when the volume fraction of CNTs increases from VC N = 0.11 to VC N = 0.17. Regarding
the dynamical behavior of GPL RC annular plates, Allahkarami [400] investigated the dynamic buckling
of FG-GPL RC annular plate subjected to a periodic radial compressive load in a thermal environment.
Liu et al. [424] studied the large-amplitude dynamical behavior of multilayer GPL RC annular plates under
thermo-mechanical loadings using TSDT and the von Karman nonlinear shell model. They found that
changes in moisture content have almost no effect on the frequency ratio. Ma et al. [425] employed HSDT,
von Karman nonlinear shell theory, Hamilton’s principle, and GDQM to analyze the chaotic behavior of
GRC annular systems under harmonic excitation. Their results indicated that increases in the aspect ratio
and thickness ratio of GPL nanofiller parameters led to enhanced chaotic responses of the system.

10 Structural Behavior and Computational Methods for Hybrid Composites
Hybrid composite materials are engineered materials that combine two or more types of reinforcement,

such as fibers or fillers, within a single matrix. This unique combination enhances the mechanical properties,
such as strength, stiffness, and toughness, beyond what individual components could achieve. By integrating
different materials, hybrid composites can exhibit tailored characteristics suitable for specific applications,
including improved load-bearing capabilities, reduced weight, and enhanced resistance to environmental
factors. The interplay between the various reinforcements allows for a synergistic effect, maximizing perfor-
mance and expanding the potential uses of these advanced materials in industries like aerospace, automotive,
and construction. In general, hybrid composite materials consist of multiple phases, where at least two
reinforcement elements are integrated into a matrix to enhance the properties of the composite [430]. The
demand for hybrid composites is significantly driven by developments in the automotive and transportation,
aerospace and defense, marine, wind energy, and sporting goods industries [17].

The combination of GPLs and CNTs in polymer matrices leverages their complementary mechanical
characteristics, creating a synergistic reinforcement mechanism that significantly enhances composite
properties. The high aspect ratio and intrinsic stiffness of GPLs synergize with the axial strength and elec-
trical conductivity of CNTs, leading to superior load transfer efficiency and multi-functional performance
improvements. Experimental studies have demonstrated exceptional gains, such as a 950% improvement
in fatigue life with optimized hybrid filler ratios, attributable to enhanced interfacial adhesion and tailored
filler dispersion [431]. However, achieving this synergy is inherently challenging due to the propensity
of nanofillers for agglomeration, driven by van der Waals forces and high surface energy. This necessi-
tates advanced processing protocols, such as surface functionalization, conjugated polymer wrapping, or
hybridization strategies, to mitigate agglomeration, ensure uniform dispersion, and maximize the effective
stress transfer at the filler-matrix interface. Consequently, the fabrication of these hybrid nanocomposites
requires meticulous optimization to balance dispersion quality, filler content, and processing conditions. The
fabrication challenges and methods for preventing agglomeration will be discussed in detail in Section 12.

Due to the aforementioned exceptional chemical and physical properties of CNTs and GPLs—such
as high stiffness, high strength, and low density—along with the proper tensile strength of carbon fibers,
various researchers have explored metal [432] or polymer [433,434] matrix composite materials rein-
forced with CNTs or Carbon Fibers (CFs) [435–439]. On the mechanical characteristics of multilayered
CNT/GPL/fiber/polymer hybrid composite plates several sources are available. Static [440,441] and vibra-
tional [442,443] responses of cylindrical/curved shells and buckling [444] and vibration [445] analyses of
plates is some of the available instances. However, few studies have explored the effect of GPL nanofillers on
multiphase composite materials reinforced with fibers [446,447].
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Figure 11: The schematic of the FG-O model of the hybrid nanocomposite illustrating the incorporation of both CNTs
and GPLs within the same matrix; Reprinted from Zhao et al. [448] with permission from authors

In this section, we discuss hybrid materials that incorporate CNTs or GPLs, the same configuration
shown in Fig. 11. In recent years, hybrid nanocomposites reinforced with a combination of nanofillers, such
as GPLs and CNTs within a matrix, have been developed [92,449,450]. Several researchers have examined
various responses of these hybrid nanocomposites, as tabulated in Table 10. Hosseini [92] proposed a
micromechanical model to determine the mechanical and thermal properties of a reinforced FG multi-
layer hybrid nanocomposite cylinder for thermoelastic wave propagation analysis with energy dissipation,
employing Green–Naghdi theory. To calculate the modulus of elasticity for the hybrid nanocomposite
material, they utilized the Halpin–Tsai micromechanical model, assuming that GPLs are distributed within
a matrix containing CNTs. Additionally, the rule of mixtures was applied to determine the mass density and
Poisson’s ratio of the FG multilayer GPLs-CNTs reinforced hybrid nanocomposite. Ghadiri Rad et al. [451]
employed the element-free Galerkin (EFG) method in conjunction with Carrera’s Unified Formulation
(CUF) as the CUF–EFG method for the buckling analysis of multilayer GPLs-CNTs-reinforced FG plates
with cutouts and found that GPLs is far superior to CNTs in improving the buckling capacity of the
nanocomposite plate. Zhao et al. [448] studied natural frequency characteristics of FG-GPL/CNT RC
cylindrical shell based on FSDT of shells, Hamilton’s principle and FEM. As illustrated in Fig. 12, they found
that the modulus of elasticity obtained from the case reinforced by only 0.5% of GPLs (WC N T = 0) is 101.1%
higher compared with that reinforced by just 0.5% of CNTs (WGPL = 0), while this amount exceeded 159.6%
for 1.0 wt.% of reinforcements.

Table 10: The literatures analysed mechanical behaviors of hybrid CNT/GPL RC structures

Reference Year Nanofiller Theoretical approach Description
Hosseini [92] 2022 CNT/GPL Energy dissipation using

Green–Naghdi
theory-generalized finite

difference (GFD)
method-Newmark

method

Gaussian thermal
shock-induced

thermoelastic wave
propagation in
cylindrical shell

Ghadiri Rad
et al. [451]

2022 CNT/GPL Element free Galerkin
(EFG) method and CUF

Buckling analysis of
plates with cutout

(Continued)
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Table 10 (continued)

Reference Year Nanofiller Theoretical approach Description
Zhao et al. [448] 2024 CNT/GPL FSDT-Hamilton’s

principle-FEM
Free vibration analysis of

shell panel resting on
Winkler support

Z̈ur et al. [452] 2024 CNT/GPL Euler-Lagrange equations
based on Reddy’s

TSDT-von Karman
strains

Nonlinear dynamic
vibration responses of

beam-like panels

Ghadiri Rad
et al. [453]

2023 CNT/GPL Modified CUF-EFG
method-modified

meshless
implementation-element

free Galerkin (EFG)
method

Dynamic analysis of thick
cylindrical shells under

shock loadings
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Figure 12: The effects of GPLs and CNTs weight fraction on the young modulus (GPa) of the hybrid CNT/GPL/Epoxy
nanocomposite; Reprinted from Zhao et al. [448] with permission from authors

The synergistic effects of CNTs and GPLs have been investigated both experimentally and theoretically
to improve the mechanical [454,455], electrical [456,457], thermal [458,459], and electromagnetic proper-
ties [460] of composites. For example, Wang et al. [461] demonstrated that the synergy arises due to the
flexible nature of CNTs, which construct 3D hybrid architectures with GPLs. This architecture prevents
the face-to-face aggregation of GPLs, thereby increasing the surface contact area with the epoxy matrix.
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Additionally, CNTs act as extended “tentacles,” entangling with polymer chains and enhancing the matrix-
reinforcement interaction. Such hybrid structures provide significant mechanical reinforcement, including
improvements in interfacial energy in filler composite laminates [461,462]. In the context of electrical
conductivity, the hybridization of CNTs and GPLs has shown synergistic effects as well, with the electrical
resistivity decreasing by up to three orders of magnitude when a homogenous dispersion of CNTs and GPLs is
achieved in cementitious composites [463]. However, existing models face limitations, such as oversimplified
assumptions regarding particle dispersion and matrix-interface interactions, which may not capture the
complexities of real hybrid systems.

As demonstrated, computational approaches play a crucial role in analyzing the behavior of hybrid
composites, particularly those incorporating CNTs and GPLs within a matrix. Both numerical and analytical
methods enable precise predictions of mechanical, thermal, and dynamic properties, providing a compre-
hensive assessment of the material’s performance and characteristics. These techniques also address key
challenges such as filler dispersion, particle agglomeration, and matrix-filler interactions, which are essential
for optimizing the functionality of hybrid composites. By utilizing advanced computational tools, researchers
can gain deeper insights into the responses of hybrid composites under varying loading conditions and
environmental factors.

11 Porous Structures Reinforced by GPLs or CNTs
Porous materials are characterized by the presence of numerous voids or pores within their structure,

which can significantly influence their physical and mechanical properties. These materials can be found
in a wide range of applications, from construction and filtration to biomedical devices and insulation. The
porosity allows for the absorption and transmission of fluids and gases, making porous materials ideal for
applications such as water filtration, sound absorption, and thermal insulation. Within this category, porous
functionally graded materials (P-FGMs) are a specialized type that exhibits a gradual variation in composi-
tion and microstructure, leading to a corresponding change in properties across the material. This gradient
allows for enhanced performance in specific applications, such as thermal management, where different
regions of the material can exhibit varying degrees of heat resistance or thermal conductivity. By carefully
engineering the size, distribution, and connectivity of the pores, porous FGMs can be tailored to meet specific
requirements, enhancing functionality while reducing weight and material usage in various industries.

Due to their valuable properties, including heat resistance, lightweight design, and excellent energy
absorption, porous structures have been widely utilized in various engineering applications and pollutant
sorption [464]. However, while the stiffness of porous structures significantly decreases due to the presence
of internal cavities, incorporating carbon-based nanofillers [465] into the porous medium can considerably
enhance the effective mechanical properties of the structure. To boost the efficiency and performance
of structures, the concept of functionally graded porous structures reinforced with GPLs or CNTs is
highly beneficial.

Porosity distribution patterns include functionally graded porosity distributions such as P-UD, P-X, P-
O, P-V, and P-Λ. Their schematic geometrical characteristics is shown in Fig. 13. P-UD denotes a uniformly
distributed porosity throughout the thickness of a structural member. In contrast, P-X and P-O represent
symmetrical porosity distributions, with maximum and minimum porosity near the surfaces, respectively.
Additionally, P-V and P-Λ are asymmetric porosity distribution patterns where one surface exhibits the
lowest porosity, while the opposite surface has the highest porosity [466]. Many scholars have presented
different analyses on functionally graded porous structural members reinforced by GPLs namely plates and
annular plates [467–471], beams [472–474], and shells [475–478]. In general, the P-O porosity distribution
exhibits the highest stiffness, while the P-X distribution demonstrates the lowest stiffness. The P-UD and
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P-V/P-Λ distributions yield intermediate stiffness values. It is evident that the stiffness of the structure has a
direct relationship with its bending, buckling, and free vibration characteristics. Yas et al. [479] conducted
a thermal buckling analysis of porous functionally graded nanocomposite beams reinforced with graphene
platelets using the generalized differential quadrature method. Chen et al. [480] investigated the nonlinear
vibration and post-buckling behavior of FG-GPL reinforced porous nanocomposite beams, employing
Timoshenko beam theory and the Tsai-Halpin approach.

Figure 13: Porosity distributions and GPL dispersion patterns; Reprinted from Kiarasi et al. [465] with permission
from authors

As seen, computational techniques are essential for elucidating the complex behavior of porous struc-
tures reinforced with carbon-based nanofillers, offering valuable insights into their mechanical, thermal,
and vibrational properties. These approaches enable accurate predictions and optimization of material
performance across a wide range of applications. Numerical and analytical methods, employing ESL theories
or 3D elasticity, are utilized to model the behavior of functionally graded porous nanocomposites. These
techniques allow for the investigation of various porosity distribution patterns and their influence on
properties such as stiffness, bending, buckling, and vibration characteristics. Moreover, computational
models provide a comprehensive understanding of how filler dispersion and porosity gradients affect overall
material behavior under different loading and environmental conditions, contributing to the refinement and
enhancement of material performance for engineering applications.

12 Other Characteristics and Applicability of CNTs and GPLs
The addition of CNTs and GPLs to composites enhances a wide range of properties, including

mechanical strength, thermal conductivity, electrical conductivity, fatigue resistance, and durability. Both
nanomaterials improve damping capabilities, impact resistance, and overall performance, making the
composites more efficient, resilient, and suitable for demanding applications. Compared to traditional
composites, those enhanced with GPLs and CNTs exhibit significantly improved thermal, electrical, and
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environmental properties. Traditional composites typically have low thermal conductivity, limiting their
ability to dissipate heat, whereas GPLs and CNTs offer much higher thermal conductivity, enabling better
heat distribution and thermal management. This makes composites with these nanomaterials ideal for
high-performance applications where heat control is crucial. In terms of electrical properties, traditional
composites are generally insulating or have poor conductivity, while the inclusion of CNTs, with their con-
ductive networks, and GPLs, which enhance electron mobility, significantly improve electrical conductivity.
This makes the modified composites more suitable for electronic and energy applications. Environmentally,
both GPL- and CNT-enhanced composites are lighter than traditional composites, reducing overall weight
and energy consumption in industries such as automotive and aerospace. Furthermore, these nanomaterials
are more resistant to degradation than traditional fibres, offering improved durability and sustainability over
time. In contrast to conventional composites, which are often limited by lower strength and conductivity,
GPL- and CNT-modified composites demonstrate a marked performance improvement, although they may
introduce challenges in processing and cost. In the following subsections, we provide a detailed review of the
characteristics and applications of CNT- and GPL-reinforced composites that have received less attention in
the field of structural mechanics and computational modelling.

In computational studies of CNT- and GPL-reinforced composites, various methods are utilized to
model and predict the behavior of these advanced materials under diverse conditions. FEA is extensively
employed to simulate mechanical, thermal, and electrical properties, enabling predictions of how these
nanomaterials affect the overall composite performance. Additionally, MD simulations are used to investigate
atomic-scale interactions, providing valuable insights into the dispersion, bonding, and stress transfer mech-
anisms between carbon-based fillers and polymer matrices. These simulations offer a deeper understanding
of the molecular-level effects that improve properties such as thermal conductivity, electrical conductivity,
and mechanical strength. Computational techniques also support the analysis of more complex behaviors,
including vibration, damping, and fatigue resistance, within these nanocomposites. Furthermore, these
approaches are essential for optimizing the distribution and alignment of CNTs and GPLs within the
matrix, as the effectiveness of the fillers is significantly influenced by factors like orientation, dispersion,
and aspect ratio. These computational tools are indispensable for designing high-performance composites
tailored to meet the specific requirements of various applications, eliminating the need for costly trial-and-
error experiments.

12.1 Thermal and Electrical Characteristics
As previously mentioned, GPLs and CNTs exhibit exceptional electrical and thermal properties, which

are beneficial for reinforced materials. Both GPLs and CNTs possess electrical and thermal conductivities
comparable to those of copper, making them particularly attractive for high-performance composite mate-
rials [11]. For example, their electrical conductivity can reach values as high as 105 to 107 S

m (siemens per
meter), enabling the transformation of an insulating polymer into a conductive composite with minimal
filler content [10]. Owing to these properties, nanocomposites reinforced with GPLs and CNTs can achieve
superior thermal and electrical conductivity, making them ideal for applications in electronics, thermal
management, and energy storage systems [481]. In the following sub-sections, the thermal and electrical
characteristics of these nanocomposites will be explored in detail.

12.1.1 Electrical Conductivity
Thermoplastic or thermoset polymers can be transformed into electrically conductive materials by

incorporating conductive fillers, such as single- or multi-walled CNTs as well as GPLs. These fillers create
conductive pathways within the polymer matrix, enabling the material to transition from an insulator
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to a conductor at a critical filler content [482]. In GPL- and CNT-reinforced polymer nanocomposites,
this electrical transition is influenced by factors such as the dispersion state of the fillers, their aspect
ratio, processing methods, curing conditions, temperature, filler structural quality, and loading content.
Additionally, the overall electrical behavior depends on the distribution of individual fillers, the type of
polymer used, the manufacturing process, and the presence of external electrical or magnetic fields [481,483–
486]. Despite the promising potential of these fillers, blending CNTs and GPLs into polymers presents
significant challenges when using traditional manufacturing techniques due to issues like agglomeration
and uneven dispersion [487]. However, advancements in additive manufacturing (AM) have opened new
possibilities for overcoming these challenges, enabling the production of electrically conductive parts with
enhanced precision and control. Recent studies have demonstrated the successful application of CNT-
based [488–492], graphene-based [493–495], and hybrid nanofillers [496–498] in producing conductive
components, especially with advancements in additive manufacturing technologies [499,500].

12.1.2 Thermal Conductivity
Thermal conductivity is a critical property that can be significantly enhanced in polymer nanocompos-

ites by incorporating high-thermal-conductivity nanofillers such as GPLs and CNTs. These carbon-based
nanofillers can transform thermally insulating polymers into materials with improved thermal conduction
capabilities. The covalent bonds formed between the nanofillers and the epoxy matrix facilitate effective
phonon transport, which is essential for enhancing thermal conductivity [501]. Key geometrical features,
including the interface thickness and the length of the reinforcements, also play a crucial role in determining
the thermal properties of the final nanocomposite [501,502]. Among CNTs, MWCNTs tend to achieve
the highest thermal conductivity in nanocomposites due to their relatively low interfacial area, which
minimizes surface scattering and allows better heat transfer. In contrast, SWCNTs, with their larger surface
area, suffer from greater electron and phonon boundary scattering, leading to a lower enhancement in
conductivity [483]. The larger aspect ratio and diameter of MWCNTs make them more suitable for improving
the thermal conductivity of nanocomposites, as they exhibit less surface scattering at the CNT–polymer
interface. Most polymers exhibit thermal conductivities below 0.5 W/mK due to their amorphous structure,
which leads to numerous phonons scattering events and, consequently, poor thermal conductivity [30].
However, by incorporating carbon-based nanofillers like graphene and CNTs, the thermal conductivity of
these polymers can exceed that of metals such as copper at ambient temperatures, making them viable
candidates for applications in thermal management systems [503].

12.2 Durability and Resistance to Environmental Effects
One of the main challenges with neat epoxy resins is their low damage tolerance, which affects

their long-term durability under service conditions [504]. However, the addition of carbon-based fillers,
such as CNTs and GPLs, has been shown to significantly enhance the durability of these composites by
improving mechanical performance and resistance to environmental conditions [505]. Several methods are
available to analyze the durability of polymer composites, including hygrothermal aging (which accounts
for temperature, time, and water or solution ingress), as well as physical and chemical aging. The retention
of tensile strength under various environmental conditions can also be assessed. In general, mechanical,
electrochemical, and durability degradation accelerates at elevated temperatures and is particularly pro-
nounced under acidic conditions [506]. To address these issues, coatings made from CNT- or GPL-reinforced
resin composites offer improved durability and resistance to harsh environments [507]. In addition to
polymer matrices, CNT and GPL reinforcements have proven effective in enhancing the durability of various
other composite systems. For example, metal matrix composites, such as Fe/steel reinforced with CNTs,
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demonstrate low maintenance costs, corrosion resistance, and improved mechanical properties like ductility
and strength [508]. Cement-based composites reinforced with CNTs show enhanced dimensional stability
(e.g., reduced shrinkage and creep) and durability against freezing, thawing, and corrosion [509]. Natural
rubber composites incorporating CNTs and graphene oxide (GO) exhibit superior fatigue and durability
properties [510,511], while graphene-reinforced aluminum matrix composites provide excellent corrosion
resistance alongside high mechanical performance [512]. These examples confirm the efficiency of CNTs and
GPLs in improving the durability and performance of reinforced composites in various applications.

12.3 Fatigue Behaviour
Fatigue, defined as the progressive and localized damage that occurs when a material is subjected to

cyclic axial, torsional, or flexural loading, is one of the primary causes of catastrophic failure in structural
materials. Such failures can have serious, even tragic, consequences [513]. Improving the fatigue life of
polymer composites is essential for enhancing their utility in various applications, particularly where long-
term durability is required. However, epoxies, while widely used, have improper fracture toughness and
fatigue resistance, which limits their reliability and service life [514,515]. While the influence of CNTs and
GPLs on fatigue resistance is still underexplored in some areas [516,517], their potential for enhancing
fatigue life is becoming evident. Engineering structures like wind turbines, which are subject to cyclic,
random mechanical, thermal, and environmental loads, require materials that can sustain these stresses while
maintaining stiffness and structural integrity [518]. The addition of CNTs and GPLs as nanofillers has been
shown to significantly improve the fatigue life of polymer nanocomposites by preventing crack propagation,
which slows down fracture in both impact and fatigue loading conditions [22,29,517,519].

Dai et al. [518] applied Paris’s law to study the fatigue behavior of CNT RCs, finding that CNTs positively
affect shear and compressive strength, fracture toughness, and fatigue resistance. Ren et al. [520] also showed
that SWCNTs outperformed carbon fiber-RC in terms of fatigue performance. Boroujeni et al. [521] reported
an impressive 150% improvement in the fatigue life of carbon fiber-reinforced polymers (CFRPs) with
patterned growth of MWCNTs. Similarly, Loos et al. [522] demonstrated a 1550% increase in the fatigue life
of epoxy with a small amount of CNTs in the high-cycle, low-stress amplitude regime.

When comparing CNT RCs and GPL RCs, studies suggest that GPL-RC exhibit superior fatigue
performance [22,523]. For instance, one report noted that the fatigue life was 27.4 times higher for GPL-RCs
and 24 times higher for CNT-RCs [524]. Tareq et al. [525] showed that incorporating just 0.1 wt.% GPLs in
an epoxy polymer matrix improved both mean and predicted fatigue life by 155% and 190%, respectively.
Bortz et al. [526] observed that graphene-epoxy nanocomposites exhibited a fatigue life increase of 420% and
1580% compared to pure epoxy at stress amplitudes of 40 and 25 MPa, respectively. Shokrieh et al. [431], using
displacement-controlled bending loading at 5 Hz, reported a 27.4-fold improvement in the fatigue life of
nanocomposites with only 0.25 wt% GPLs compared to pristine epoxy. For hybrid nanocomposites, optimal
fatigue performance was achieved with a combination of 0.2 wt.% graphene oxide (GO) and 0.04 wt.%
CNTs, showing a remarkable 950% improvement in fatigue life due to the synergistic effects of GO-dispersed
CNTs [527]. Mentioned studies demonstrate the potential of nanocomposites to further enhance fatigue
resistance and extend the lifetime of polymer composites in demanding structural applications.

12.4 Damping and Vibration Attenuation Properties
Damping and vibration attenuation properties are essential for noise mitigation and vibration control

in machines and structures. Materials used for this purpose need to combine high damping capacity with
light weight and stiffness. In general, damping materials transform vibrations into heat energy [528]. Studies
show that adding CNTs and GPLs to polymeric matrices enhances their damping capacity while retaining
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their mechanical strength [529,530]. Effective vibration damping is crucial for system performance, safety,
and reliability, especially in control systems. While traditional metal matrix composites reinforced with
whiskers or particles offer high strength and stiffness, they suffer from drawbacks such as high weight and
limited damping capacity. Thus, the development of advanced materials that overcome these limitations is
necessary [531]. CNTs and GPLs, due to their rich contacts and multiple energy dissipation pathways, have
shown great potential for creating high-damping materials [532].

By incorporating CNTs and GPLs into polymer matrices, composites with improved damping capacities
can be achieved without compromising mechanical strength or stiffness [533,534]. Experimental results
confirm the positive effect of CNTs on the damping ratio of epoxy-based nanocomposites [535]. Dai
et al. [528] reported more than a 350% increase in damping capacity with CNT additives in pure epoxy
resins. Additionally, factors like the size and alignment of CNTs contribute to greater damping capacity [528].
MWCNTs have proven more effective than SWCNTs, showing up to a 700% increase in damping ratio
compared to plain epoxy beams [534]. Koratkar et al. [536] observed a 200% increase in damping ratio with
MWCNTs added to epoxy. Similarly, the influence of GPLs on the damping properties of polymer matrices is
significant [530]. Rafiee et al. [537] found that the natural frequencies of nanocomposites increased with the
concentration of GPLs, and an additional study by Rafiee et al. [538] reported a 26% increase in damping ratio
for GPL-epoxy composites at 0.4 wt% GPL loading. Erkliğ et al. [539] investigated the vibration damping
behavior of GPL-filled glass/carbon fiber hybrid composites and observed notable improvements based on
varying GPL concentrations. Furthermore, Bulut et al. [540] demonstrated that incorporating GPLs into
basalt/epoxy composites significantly enhanced their damping responses by up to 36%.

In is noteworthy that viscoelastic materials (VEMs) are commonly used for vibration damping,
particularly in vibrating structures. VEMs dissipate energy effectively, though they tend to have low stiffness,
leading to large shear strain. In contrast, CNT-reinforced composites can achieve significant damping
without undergoing such high shear strain, making them advantageous compared to VEMs [541]. Overall,
CNTs and GPLs are highly effective nanofillers for improving damping and vibration attenuation properties
in polymer-based composites.

13 Production of Carbonaceous Nanocomposites
The production of carbon-based nanocomposites, particularly those reinforced with CNTs and GPLs,

has attracted considerable interest due to their ability to enhance the mechanical, electrical, and thermal
properties of polymer matrices. However, achieving uniform dispersion of these nanofillers within the
polymer matrix remains a significant challenge, primarily due to the tendency of the nanofillers to agglom-
erate. Although theoretical expectations suggest that CNTs and GPLs should improve composite properties
through their dispersion, the practical outcomes have been mixed. Some studies report improvements, while
others emphasize the limitations associated with poor dispersion. This section explores the underlying causes
of agglomeration, its effects on nanocomposite properties, and various strategies used to mitigate this issue.
By examining techniques such as solvent-based approaches, mechanical dispersion, and functionalization,
this discussion aims to offer insights into how these methods can optimize the performance of carbon-
reinforced composites while minimizing agglomeration.

Computational methods have become indispensable for optimizing the fabrication processes of carbon-
based nanocomposites, enabling more efficient and cost-effective production. These techniques are essential
for predicting the dispersion, alignment, and interactions of nanofillers within polymer matrices. MD sim-
ulations are commonly employed to investigate the interaction forces between nanofillers and the polymer
matrix at the atomic level, providing valuable insights into how processing parameters—such as temperature
and shear stress—affect dispersion quality and the likelihood of agglomeration. Furthermore, CFD is used to
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model the flow behavior of nanocomposite slurry or melt during processing methods like extrusion, injection
molding, or solution casting, helping to optimize parameters such as viscosity and shear rate to improve
filler distribution. FEA is frequently applied to simulate the mechanical behavior of the composite during
fabrication, predicting stress, strain, and deformation in processes like compression molding or injection
molding. These simulations assist in selecting optimal processing conditions, such as curing temperatures
and mixing speeds, to ensure uniform filler dispersion and minimize defects. Additionally, multi-scale
modeling approaches predict the impact of processing on the macroscopic properties of the composite.
These computational tools offer a more precise approach to nanocomposite fabrication, improving material
performance and supporting the development of advanced materials for various industrial applications.

13.1 Agglomeration Phenomenon and Remedies
Agglomeration remains a significant challenge in the production of CNT- and GPL-reinforced com-

posites, and this section will discuss reasons and methods to prevent this issue. Although the theoretical
assumption is that the incorporation of CNT and GPL nanofillers should lead to uniform dispersion and
improved nanocomposite properties, practical results remain inconclusive. Some studies have reported
enhanced material performance following the addition of nanofillers [542,543], while others have observed
no significant improvements [544,545], and in some cases, even a degradation in properties has been
noted [546,547]. The issue of agglomeration becomes especially prominent when high concentrations of
nanofillers are added, potentially leading to a deterioration in the properties of polymer-based nanocom-
posites [28]. Regardless of the production methods, matrix types, or chemical treatments employed, CNTs
tend to agglomerate within the matrix [8]. Similarly, poor dispersion and the irreversible aggregation of
graphene limit its broader application [548,549]. The reinforcing properties of carbon-based fillers such as
CNTs and GPLs can only be fully realized if they are uniformly dispersed within the polymer matrix, with no
agglomeration. Achieving this uniform dispersion is critical for maximizing the potential benefits of these
nanofillers in composite materials.

The dispersion of carbonaceous nanofillers is a crucial factor that significantly affects the properties of
nanocomposites. These nanomaterials exhibit a strong tendency to agglomerate due to the attractive van
der Waals forces arising from their polarizable extended π-electron systems. Nanofillers such as GPLs and
CNTs are particularly prone to agglomeration when dispersed in a polymer matrix [481]. The agglomerates
formed are challenging to infiltrate with the matrix material, which often leads to potential defects in the
resulting nanocomposite. Additionally, the large surface-to-volume ratio and unique chemical texture of
nanofillers result in high surface energy [550]. When a polymer matrix is reinforced with carbon-based
nanomaterials, this elevated surface energy promotes strong interfacial interactions, which can enhance the
mechanical properties of the composite [551]. However, the presence of defects can actually reduce the van
der Waals forces, thus improving their dispersion and interaction with polar materials [552]. This defect-
induced reduction in agglomeration may enhance the overall performance of the nanocomposite by fostering
better filler-matrix integration. Understanding and controlling the dispersion of these nanofillers is therefore
critical to achieving the desired mechanical and functional improvements in polymer nanocomposites.

The process of breaking down agglomerates and distributing nanomaterials uniformly within matrices
or solvents is known as dispersion [553]. The effectiveness of nanofiller dispersion is influenced by several
key factors, including the length of the nanomaterials, their entanglement density, volume fraction, matrix
viscosity, and the nature of the attractive forces between them. Preventing agglomeration is essential for
achieving uniform dispersion, and several strategies can be employed to address this issue. These include the
use of organic solvents and hybrid fillers to enhance the dispersion state, selecting appropriate dispersion and
production techniques, and functionalizing the nanofillers [481]. Functionalization, in particular, modifies
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the surface chemistry of nanomaterials, reducing the van der Waals forces that cause agglomeration and
promoting better interaction with the matrix. The following subsections will outline the processes that
help prevent agglomeration of fillers, along with their specific advantages. These methods aim to improve
the uniform distribution of nanofillers, which is critical for maximizing the performance and mechanical
properties of nanocomposites.

13.1.1 Solvents
The use of solvents for dispersing nanofillers [554], along with surfactants [555], plays a pivotal role

in achieving well-dispersed nanofiller-reinforced polymer nanocomposites with enhanced properties [556].
Solvents are particularly effective due to their low viscosity, which helps reduce the overall viscosity of
the polymer matrix. This reduction makes it easier to disperse nanofillers uniformly in a low-viscosity
medium during the production process of nanocomposites [481]. While the decreased viscosity generally
improves the dispersion of nanofillers, it may also have adverse effects on the mechanical properties of
the composite. Issues such as reduced fracture strain, lower tensile strength, and a decline in Young’s
modulus have been observed in some cases [557]. As a result, the use of solvents offers both advantages
and disadvantages in terms of the final properties of polymer nanocomposites [558,559]. Achieving an
optimal balance between improved dispersion and the preservation of mechanical characteristics is crucial
for producing high-performance materials.

13.1.2 Dispersion Methods
The physical dispersion method utilizes mechanical techniques to disperse agglomerated nanofillers

without involving chemical reactions [64]. By applying external forces, such as sonication or mechanical
stirring, or by using surfactant complexes, the dispersion of nanofillers within the polymer matrix can
be optimized. Several mechanical dispersion methods, such as sonication [482], calendaring [560], ball
milling [483], high-shear mixing (HSM) [561], and extrusion [561], are widely used to prevent agglomeration.
Sonication is the most common approach, employing high-frequency sound waves to uniformly disperse
both GPLs and CNTs nanofillers in polymer matrices [481,482,562]. Calendaring [563] uses a three-roll
mill where shear forces are applied to disperse, mix, or homogenize viscous materials [481,482], while
ball milling [564] reduces particle sizes to improve the dispersion of fillers [483,565]. High-shear mixing
enhances filler distribution through intense mechanical forces [566,567], and extrusion achieves dispersion
by mixing thermoplastic pellets with nanofillers, utilizing the shear flow generated by twin screws rotating
at high speed [567]. In addition to these, other mechanical dispersion techniques like stirring and melt
compounding are also effective in achieving uniform distribution of nanofillers in nanocomposites [568].
The success of these methods in preventing agglomeration is critical for ensuring that the nanofillers are
well-integrated into the polymer matrix, thereby enhancing the overall properties and performance of the
resulting nanocomposite materials.

13.1.3 Functionalization
Functionalization methods are crucial for improving the dispersion of nanofillers and preventing

agglomeration, which is essential for enhancing the overall properties of nanocomposites. Surface modifi-
cations not only help control the spatial distribution of nanofillers but also facilitate better integration with
matrix materials by enabling homogeneous dispersion [561]. The functionalization of GPLs and CNTs plays
a pivotal role in improving dispersion and fostering stronger interactions between reinforcements and the
polymeric matrix, leading to enhanced composite performance [569]. One critical factor in determining the
properties of nanocomposites is the interfacial bond strength between the nanofillers and the matrix. Due
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to their smooth surfaces, GPLs and CNTs inherently form weak interfacial bonds with polymers, relying
predominantly on van der Waals forces, which are insufficient for effective mechanical load transfer [13].
This weak bonding significantly limits the potential enhancement in mechanical properties that these
nanofillers could provide. To overcome this limitation, various surface modification techniques, including
chemical (covalent) and physical (non-covalent) functionalization, have been employed to enhance interfa-
cial interactions. Chemical or covalent functionalization [566,570], such as the introduction of functional
groups through acidic treatments in liquid phases [571], oxidation with amines [572], and fluorine [573],
improves the chemical bonding between nanofillers and the polymer matrix. Additional methods, such as
plasma [574], microwave irradiation [575], and the use of gas-phase chemicals [576,577], also enable the
incorporation of functional groups that improve compatibility and bonding. On the other hand, physical or
non-covalent functionalization [578–580], which includes techniques like polymer wrapping and surfactant
adsorption, relies on weak but effective non-covalent interactions to disperse nanofillers without altering
their intrinsic properties. These combined approaches lead to more efficient load transfer and significantly
enhanced mechanical, electrical, and thermal properties of the nanocomposites.

13.1.4 Hybrid Nano-Fillers
The use of hybrid nano-fillers represents a promising approach for simultaneously improving the

dispersion of GPLs and CNTs within a polymer matrix, while also enhancing the physical properties
of the resulting hybrid nanocomposites. By combining different nanofillers, such as GPLs and CNTs, a
synergistic effect is achieved, resulting in improved mechanical strength, electrical conductivity, and thermal
stability [566,581]. One notable example of hybrid nano-fillers is the wrapping of nanofillers with conjugated
polymers, which facilitates better dispersion and interaction within the matrix, further contributing to the
enhanced performance of the composite material [582].

13.1.5 Theoretical Occurrence of Agglomerations
Theoretical models for predicting the occurrence of agglomerations and their impact on the mechanical

properties of nanocomposites will briefly be discussed in this section. These frameworks help in under-
standing how interfacial properties between nanofillers influence the overall performance of the composite
material. Several studies have developed theoretical approaches to address the effects of agglomeration on
nanocomposites, particularly focusing on how these clusters of nanofillers alter the reinforcement efficiency
and mechanical behavior. Researchers have applied these theories to various properties, including tensile
and compressive strength [583–587], fracture toughness [588], electrical conductivity [589,590], and creep
behavior [591–593].

13.2 Production and Fabrication
Reinforced polymer composites with nanofillers smaller than 100 nm have garnered significant attention

for various industrial applications. Polymer nanocomposites demonstrate impressive performance and
potential in this regard. They are typically easy to process and require only minimal nanofiller loading,
resulting in property enhancements of the matrix that surpass those of traditional composites by several
orders of magnitude [594]. Dispersion of CNTs and GPLs within a matrix poses significant challenges [595–
600], necessitating the use of various processing methods for preparing carbon-based nanofiller-reinforced
composites [600]. Bhattacharya [601] discussed various functionalization techniques and highlighted the
impressive mechanical, electrical, and thermal properties of polymer matrix composites enhanced with
carbon nanotubes, graphene, and clay as nanofillers. The degree of reinforcement is influenced by several
factors, including the type of filler, the specific functional groups on the filler, the aspect ratio of the filler,
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the filler content, the polymer type, and the processing method. Achieving a uniform distribution of the
nanofiller within the polymer matrix and ensuring strong interactions between the filler and the polymer
are essential for effective reinforcement. However, at higher nanofiller concentrations, the properties of the
composite tend to decline, indicating challenges in properly dispersing the fillers.

To avoid the agglomeration of CNTs caused by van der Waals interactions, Kaseem et al. [10] identified
three processing methods for preparing Polystyrene/Carbon Nanotube (PS/CNT) composites: solution
mixing, melt mixing, and in-situ polymerization. The solution mixing process involves three key steps:
first, dispersing the CNTs in an appropriate solvent; second, combining this dispersion with a polymer
solution; and third, recovering the composite through precipitation or by casting a film [602]. Due to the
significant evaporation of solvent, solution mixing is impractical for large-scale production. In contrast,
melt mixing is a versatile and widely used method for fabricating polymer systems, including polymer
blends and composites. This technique is straightforward and compatible with existing polymer processing
methods, such as extrusion, injection molding, and compression molding, making it suitable for large-scale
industrial applications. For PS/CNT composites, CNTs are dispersed within the polymer matrix through the
rheological shear stress and temperature applied during the compounding process. In-situ polymerization
is another highly effective method for enhancing CNT dispersion and the interactions between CNTs and
the polymer matrix. Typically, CNTs are initially mixed with monomers, and CNT/polymer composites are
formed by polymerizing the monomers under specific conditions. Andrews et al. [603] discovered that in
composites prepared through melt mixing with MWCNTs ranging from 2.5 to 25 vol.%, the Young’s modulus
progressively increased from 1.9 to 4.5 GPa. Notably, significant increases were observed when the MWCNT
content exceeded 10 vol.%. Furthermore, the inclusion of SWCNTs significantly improved the mechanical
properties of PS/SWCNT composites, as shown in Fig. 14. Specifically, incorporating just 0.06 wt.% SWCNTs
resulted in increases of 82% in tensile strength and 78% in Young’s modulus.

Figure 14: (a) Flow stress-strain curves of PS/SWCNT composites with different SWCNT contents [604] and (b)
Young’s modulus of PS/MWCNT composites with respect to MWCNT content [603]; Adopted from Refs. [603,604]

Practical methods for producing graphene-reinforced composites include chemical vapor deposition
(CVD) and the exfoliation of graphite. However, the CVD method is not cost-effective or time-efficient
enough to be commercially viable for large-scale production [605]. Compare to the CVD method, the
exfoliation of graphite is gaining popularity due to its lower cost and reduced time requirements. Similar to
CNT-RCs, the conventional methods used for producing exfoliated graphite-reinforced polymer composites
include in-situ polymerization [606], solution mixing [607], and melt mixing [608]. In-situ polymerization
and solution mixing aided by ultrasonication have demonstrated excellent results in achieving a highly
homogeneous dispersion of graphite nanoplatelets. Roshan et al. [594] presented a cost-effective and efficient
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method for fabricating and characterizing graphene/poly(methyl methacrylate) (PMMA) composite flexible
films using a one-pot alternate stirring sonication (OPASS) process.

In the case of additive manufacturing (AM), the selection of composite powder preparation methods
significantly influences the dispersion quality of nanofillers and the resultant material performance [609].
For CNT-reinforced composites, wet mixing has gained attention due to its cost-effectiveness, though the
dispersion quality can sometimes be limited [610]. Surface coating techniques offer moderate dispersion
of CNTs on powder particle surfaces, which can improve uniformity to some extent [611,612]. Melt-
compounding and ball milling methods [613,614], on the other hand, demonstrate notable advantages
in enhancing laser energy absorption and accelerating powder fusion during processes such as selective
laser sintering (SLS) [615], fused deposition modeling (FDM) [616,617], and vat photopolymerization
(VP) [618]. Dissolution-precipitation methods have also been reported to enhance the thermal and electrical
conductivities of CNT-reinforced composites, contributing to superior multifunctional properties [610,615].

For GPL-reinforced composites, surface coating remains a popular method, although it is solvent-
intensive and may face challenges related to large-scale implementation [619,620]. Ball milling and
melt-compounding approaches are widely adopted for improving dispersion uniformity, resulting in
enhanced mechanical and thermal properties [621,622]. Similar to CNTs, GPL-reinforced composites benefit
from AM techniques like SLS [623], FDM [624,625], and VP [626]. These methods offer varying levels of
control over the structural integrity and distribution of fillers within the matrix. Therefore, understanding
the advantages and limitations of each preparation technique is crucial for selecting an appropriate method
based on specific performance requirements and intended applications [627].

14 Challenges and Future Work
Composite structures reinforced with CNTs or GPLs hold great promise for enhancing lightweight

designs, which are particularly important in aerospace, automotive, marine, mechanical, and various other
engineering applications. While numerous initial research studies have explored this topic, many issues
remain to be addressed. As previously discussed, while there are several sources available on the fabrication
of composite structures reinforced with carbon-based nanofillers, to the authors’ knowledge, no work
has been reported on fabrication processes that facilitate the production of functionally graded structural
elements, such as curved or cylindrical shells. Moreover, most analyses of nanocomposite structures
reinforced with CNTs or GPLs have focused on elastic behaviors, including bending, buckling, post-
buckling, vibrational, and dynamic analyses of beam, plate, and shell-type structures. There is a notable
lack of research on plasticity, failure, and fracture analyses of these structures thus far. Additionally, hybrid
nanocomposites reinforced with CNTs or GPLs present a significant opportunity for further investigation.
Also, future research can explore the agglomeration effects and interactions of CNTs and GPLs in hybrid
nanocomposites, as well as examine the production feasibility by considering interactions between various
nanofiller types, such as fibers and nanofillers. Additionally, integrating agglomeration-related theories with
micromechanical models to derive material properties would be a valuable area of investigation. Also,
the synergistic effects between CNTs and GPLs need to be investigated theoretically to improve material
behavior predictions, enabling optimized designs for structural reinforcement, multifunctional composites,
and conductive materials. Addressing these gaps would be beneficial for the practical design of these
advanced structures.

15 Concluding Remarks
This review paper provides a thorough overview of the current state of structures reinforced with

CNTs and GPLs, covering nearly all key structural aspects in this rapidly advancing field. It explores the
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mechanical behavior of structural components reinforced with GPLs or CNTs, including static loading,
bending, dynamic responses, thermal and mechanical buckling, as well as vibrational properties. The analysis
includes key structural elements such as plates, cylindrical and curved shells, beams, and annular sector
plates. In addition, the paper offers an in-depth examination of studies on composite structures reinforced
with GPLs or CNTs, with particular emphasis on the computational modeling techniques used to analyze
these behaviors. A detailed review of analytical and numerical computational methods is provided, focusing
on 3D elasticity and equivalent single-layer (ESL) theories, and the implementation of these models is also
discussed. The review further covers research on functionally graded materials and the material properties of
CNTs and GPLs. It investigates the role of CNTs and GPLs in improving the mechanics of porous structures
and hybrid nanocomposites, as well as their thermal and electrical properties, environmental durability,
fatigue resistance, and damping and vibration attenuation capabilities, highlighting the computational
models used to predict and enhance these performance attributes. The paper also addresses the production
and fabrication processes, with special attention given to the challenge of nanofiller agglomeration and
solutions for predicting and mitigating this issue. Finally, it identifies key technical challenges, particularly
in computational modeling, and outlines potential future research directions in this field.
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