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ABSTRACT

Recent engineering applications increasingly adopt smart materials, whose mechanical responses are sensitive to
magnetic and electric fields. In this context, new and computationally efficient modeling strategies are essential to
predict the multiphysic behavior of advanced structures accurately. Therefore, the manuscript presents a higher-
order formulation for the static analysis of laminated anisotropic magneto-electro-elastic doubly-curved shell
structures. The fundamental relations account for the full coupling between the electric field, magnetic field, and
mechanical elasticity. The configuration variables are expanded along the thickness direction using a generalized
formulation based on the Equivalent Layer-Wise approach. Higher-order polynomials are selected, allowing for
the assessment of prescribed values of the configuration variables at the top and bottom sides of solids. In
addition, an effective strategy is provided for modeling general surface distributions of mechanical pressures and
electromagnetic external fluxes. The model is based on a continuum-based formulation which employs an analytical
homogenization of the multifield material properties, based on Mori & Tanaka approach, of a magneto-electro-
elastic composite material obtained from a piezoelectric and a piezomagnetic phase, with coupled magneto-electro-
elastic effects. A semi-analytical Navier solution is applied to the fundamental equations, and an efficient post-
processing equilibrium-based procedure is here used, based on the numerical assessment with the Generalized
Differential Quadrature (GDQ) method, to recover the response of three-dimensional shells. The formulation is
validated through various examples, investigating the multifield response of panels of different curvatures and
lamination schemes. An efficient homogenization procedure, based on the Mori & Tanaka approach, is employed
to obtain the three-dimensional constitutive relation of magneto-electro-elastic materials. Each model is validated
against three-dimensional finite-element simulations, as developed in commercial codes. Furthermore, the full
coupling effect between the electric and magnetic response is evaluated via a parametric investigation, with useful
insights for design purposes of many engineering applications. The paper, thus, provides a formulation for the
magneto-electro-elastic analysis of laminated structures, with a high computational efficiency, since it provides
results with three-dimensional capabilities with a two-dimensional formulation. The adoption of higher-order
theories, indeed, allows us to efficiently predict not only the mechanical response of the structure as happens in
existing literature, but also the through-the-thickness distribution of electric and magnetic variables.
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1 Introduction

Recent advancements in many engineering applications adopt smart materials [1] that can
respond to external actions and environmental conditions, depending on design requirements. In this
context, structural components characterized by either sensor or actuator functions become important
[2–4]. In literature, there is increased attention to structural elements sensitive to environmental
changes, known as smart structures, as demonstrated by the large applications in manufacturing
industries involving smart composites, such as sensors, actuators, and energy harvesting systems [5–
7]. These smart materials are characterized by a high stiffness-to-weight ratio similar to traditional
heterogeneous composites, typically consisting of an isotropic medium reinforced by short or long
fibers. Moreover, piezoelectric phases are increasingly used in composite applications due to their
high mechanical stiffness and ability to respond to electric fields [8,9]. When considering a smart
composite material, the interaction between the constituent phases likely produces a field coupling not
present in each phase. More specifically, combining a piezoelectric material and a component with an
elevated thermal expansion coefficient can generate pyroelectricity in the overall composite [10,11].
Similarly, combining a piezoelectric phase with a piezomagnetic material has been shown to produce
a magnetoelectric coupling effect [12–15]. This means that in magnetoelectric composites, an external
magnetic field can induce an electric field within the solid, and, conversely, an external electric field
may produce a magnetic response. Among the literature, increased interest has been recently observed
on multifield effects [16], caused by a product tensor property [17]. Starting from the most studied
connectivity schemes such as particulate composite, laminate composite, and fiber composite [18],
several sensor technical applications have been derived, including Alternating Current (AC) and Direct
Current (DC) magnetic field sensors, magneto-electric current sensors, transformers, and gyrators, as
well as tunable devices, magneto-electric filters, and phase shifters, among others [19–21].

Numerous studies address the experimental characterization and numerical investigation of mag-
netoelectric composites made of barium titanate and cobalt ferrite [22–25]. Analyzing the magneto-
electro-composites requires both analytical and numerical methods to predict their multifield con-
stitutive properties. This prediction is based on the constitutive equations for each phase of the
heterogeneous material, where the geometric configuration of the Reference Volume Element (RVE)
is derived in References [26–28]. In practical applications, magneto-electro-elastic composite materials
frequently consist of fibrous and laminated composites. To this end, Reference [29] provides an
analytical expression for the homogenized properties of magneto-electro-elastic materials, which are
modeled with transversely isotropic symmetry. This homogenization technique is derived from the
well-known Mori & Tanaka mean field approach [30].

Among the literature, several papers applied various formulations focusing on structures made of
magneto-electro-elastic materials. In this way, it is possible to easily investigate the multifield response
of smart materials under external static loads. For instance, a three-dimensional (3D) solution has been
derived in Reference [31] for the static analysis of functionally graded magneto-electro-elastic plates,
taking into account an exponential variation in the material properties along the thickness direction.
In the same way, Reference [32] provides an analytical study of magneto-elastic rotating cylinders
in a thermal environment characterized by a power-law variation of the material properties along
the radial direction. Finally, in Reference [33], a two-dimensional (2D) analytical model is provided
for the study of magneto-electro-elastic cantilever beam structural elements with rectangular cross-
sections. In all these papers, when the magneto-electric effect is not ignored, additional terms must be
included in the computation of the system’s total energy, to account for the coupling effect of these
fields. This reverts to a fully coupled theoretical model, where the fundamental governing equations of
each physical problem are solved simultaneously [34–38]. On the other hand, to obtain an analytical
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solution, several simplifications must be introduced within the model. For this reason, approximate
numerical results are preferred for practical applications. When a classical Finite Element Method
(FEM) is adopted, the results may be less accurate, especially with linear triangular and hexahedral
discretizations. As a result, a Smoother FEM (S-FEM) in its Cell-based S-FEM (CS-FEM) and Edge-
based S-EEM (ES-FEM) can be introduced in 3D and 2D problems to overcome such limitations. For
multifield simulations, the Coupled multifield CS-FEM methodology is adopted for accurate results,
as shown in References [39,40].

A theoretical formulation with coupled physics can be highly demanding from a computational
standpoint when deriving a numerical solution, due to the high number of Degrees of Freedom (DOFs)
involved. Such complexity, however, can be overcome by using refined 2D solutions instead of 3D
formulations. For instance, in Reference [41], a refined higher-order theory is adopted for magneto-
electro-elastic cross-ply shell structures in a hygro-thermal environment, while in Reference [42] a 2D
formulation has been provided to investigate the mechanical response of laminated curved panels in a
thermal environment under prescribed thermal flux and temperature values. Finally, in Reference [43],
the mechanical problem of generally anisotropic shell structures with variable thickness is investigated
through refined 2D theories.

Among 2D theories, two different methodologies are commonly employed: the Layer-Wise (LW)
approach and the Equivalent Single Layer (ESL) approach. According to LW, the fundamental
equations are solved within each layer of laminated structures, with the unknown DOFs distributed
along the thickness direction. On the other hand, in ESL problems, the governing equations are solved
for the entire structure, and the DOFs are located on the reference surface at the mid-thickness of the
solid [44–46]. In addition to ESL and LW, the Equivalent Layer-Wise (ELW) approach [47,48] is a
hybrid method that combines the ESL expansion of unknown variables along the thickness direction
[49] with the polynomials used in LW theories [50]. As a consequence, ELW theory can be viewed as a
particular case of ESL theories, allowing to prescribe arbitrary values for the configuration variables at
the top and bottom surfaces of the panel. This approach enables the solution of mechanical elasticity
equations and electrostatic or magnetostatic problems within the same model, without any restriction
on the through-the-thickness distribution of both electrostatic and magnetostatic potentials. This
aspect is crucial for thick structures, where the profile of the electrostatic potential depends on the
stacking sequence [51–53]. On the other hand, in the case of thin structures, a linear profile provides
sufficiently accurate numerical predictions [54,55]. In ESL, LW, and ELW theories, the accuracy of the
solution depends on the selection of the expansion for the configuration variables along the thickness
direction. A significant milestone in this field is the generalized formulation proposed for the first
time in the pioneering research by Washizu [56] and Reddy [57], which enables an arbitrary through-
the-thickness expansion of the unknown field. This generalized theory is, thus, derived regardless of
the specific expression of the selected thickness function, embedding various theories in a unified
manner [58], including classical approaches like the Classical Plate Theory (CPT), the First Order
Shear Deformation Theory (FSDT) and the Third Order Shear Deformation Theory (TSDT) [59]. In
ESL and ELW theories, the interaction between adjacent laminae is modeled using zigzag functions
[60]. The pioneering work by Murakami [61] provides a straightforward evaluation of the zigzag effect
based on the slope variation of the thickness function at each interface. On the other hand, the refined
zigzag theory [62–64] derives the thickness function from the mechanical properties of the stacking
sequence of the structure. However, this theory is primarily suitable for classical composite materials.
As a consequence, various papers can be found in the literature that explore various analytical
expressions for the kinematic model, from trigonometric [65,66] to polynomial [67–70] functions.
In the case of structures with very complex shapes, the thickness function set can depend, also, on
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the geometry parameters of the structure [71]. As a consequence, an accurate methodology must be
adopted to describe the geometry of the structure. To this end, several works employ the main results of
differential geometry [72–75]. It has been shown in various papers that the most efficient methodology
for describing the geometry of a doubly-curved shell involves its parametrization with curvilinear
principal coordinates [76,77]. This approach facilitates the definition of the fundamental equations of
a structural problem. However, for arbitrarily shaped structures, a coordinate change must be adopted
through mapping procedures.

Closed-form analytical solutions of differential structural theories can be derived only for specific
geometries, material symmetries, and boundary conditions, including clamped [78] and simply-
supported [79–83], as happens for instance in the 3D theory proposed in References [84,85]. However,
the reconstruction of the 3D configuration variables, as well as primary and secondary variables from
the 2D semi-analytical solution, may be inaccurate because this formulation does not consider the
equilibrium equations along the thickness direction. Therefore, in the post-processing stage, primary
and secondary variables often require some adjustment. This requires a post-processing procedure that
employs a numerical technique to solve 3D equilibrium equations starting from the solution derived
from the 2D theory [86,87]. The computational demand of this procedure to yield accurate solutions
can be high when using approaches like the FEM numerical technique, especially for lamination
schemes with many layers [88–91]. For this reason, the Generalized Differential Quadrature (GDQ)
is adopted frequently [92–94] in this context, because it allows for the use of a reduced number of
sampling points for an efficient definition of numerical derivatives [95,96]. The GDQ method has
been extensively applied to analyze laminated panels of various shapes and materials, including those
with lattice and honeycomb cores [97,98], Variable Angle Tow composites, porous materials, and three-
phase materials reinforced by Carbon Nanotubes [99], among others. The GDQ method approximates
the derivatives using a quadrature rule, with Lagrangian interpolating polynomials as basis functions.
The Taylor-based Differential Quadrature (TDQ) and Harmonic Differential Quadrature (HDQ)
methods, instead, adopt Taylor’s series and Fourier’s series, respectively, as basis functions [100–102].
In addition, the Generalized Integral Quadrature (GIQ) [103] is a numerical technique that combines
the fundamental integration theorem with the GDQ method, enabling an accurate evaluation of the
integral of a function with a limited number of sampling points.

In this work, a novel higher-order ELW formulation is presented for laminated anisotropic
magneto-electro-elastic shell structures with double curvatures. The geometry of the panel is described
using differential geometry principles with principal coordinates. Displacement components, along
with electrostatic and magnetostatic potentials, are expanded using higher-order polynomials. A spe-
cific set of basis functions is selected to enforce pre-determined values of configuration variables of the
problem. The fundamental relations are derived for a stationary configuration of the total energy of the
system, considered as a potential functional, accounting for the coupling effects between mechanical
elasticity and electrostatic and magnetostatic equations. Furthermore, the formulation includes the
magneto-electric coupling within the solid. A two-parameter elastic foundation, based on the Winkler-
Pasternak theory, is modeled at the top and bottom surfaces of the panel. A semi-analytical Navier
solution is derived for laminated panels with constant curvatures and cross-ply lamination schemes.
Then, a post-processing technique is used to recover the primary and secondary variables from
the 3D multifield balance equations, which are solved numerically using the GDQ method. Several
examples are presented to validate the model against 3D finite-element-based numerical solutions, as
developed in commercial codes. The results demonstrate that the proposed formulation yields highly
accurate results with a reduced computational effort compared to highly demanding simulations,
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even for complex structures and loading conditions. Furthermore, the influence of the magneto-
electric coupling within the model is investigated. This theory is demonstrated to be a valuable tool
for exploring new design possibilities of magneto-electro-elastic components in various sustainable
engineering applications. In this perspective, the elements of the novelty of this research rely on the
computational efficiency of the theory while preserving the high accuracy level. The adoption of
higher-order theories, indeed, allows for an efficient prediction of the 3D response of the structure
despite the 2D nature of the theory. Furthermore, the description of the structure through differential
geometry principles enables a generalized version of the magneto-electro-elastic theory which can be
steadily applied to various geometries by simply adopting different values of the geometric parameters
of the panel.

The refined 2D formulation presented in the paper is based on some assumptions regarding the
lamination scheme, the geometry of the structure, and the kinematic assumption along the thickness
direction. In particular, a generalized kinematic model is adopted for the description of the unknown
field variables. Their through-the-thickness distributions are described by using arbitrary thickness
functions, thus introducing generalized configuration variables for each order of kinematic expansion.
In this way, the 3D solid is reduced to its reference surface, located at the middle thickness. A general
shape of external surface loads is applied to the panels, which are simply supported at its four
edges. The constitutive behavior of each lamina of the panel accounts for the full coupling between
mechanical elasticity, electricity, and magnetostatics. More specifically, the constitutive relationship
considers the direct and converse piezoelectric and piezomagnetic effects. Furthermore, additional
coupling terms are introduced which couple electricity and magnetostatic equations. In this way, the
multifield response can be easily derived not only for structures made of classical piezoelectric and
piezomagnetic effects but also for panels with smart materials that exhibit the whole coupling between
these physical phenomena.

2 Geometric Description of a Doubly-Curved Shell

The present theory starts with the geometric description of a laminated doubly-curved shell panel.
Following the ESL approach, a reference surface is determined in the middle thickness of the solid. In
this way, the position vector of an arbitrary point in the doubly-curved shell solid, denoted by R, can
be derived from the following relation [48]:

R (α1, α2, ζ ) = r (α1, α2) + h (α1, α2)

2
zn (α1, α2) (1)

The previous equation, r (α1, α2) represents the position vector of the reference surface. This vector
is expressed in terms of curvilinear principal coordinates α i = α1, α2, defined in the closed interval[
α0

i , α
1
i

]
, with α0

i < α1
i . The dependence on the thickness coordinate ζ is expressed in terms of the

dimensionless quantity z = 2ζ/h, where h is the total thickness of the shell for an arbitrary point
located at (α1, α2) within the rectangular physical domain

[
α0

1 , α1
1

]×[α0
2 , α1

2

]
. Furthermore, the outward

unit vector n (α1, α2) is evaluated as follows [48], setting r,i = ∂r/∂αi with i = 1, 2 the partial derivatives
of the reference surface equation with respect to the principal coordinates α1, α2:

n (α1, α2) = r,1 ∧ r,2∣∣r,1 ∧ r,2

∣∣ (2)

In the same way, the principal radii of curvature Ri = R1, R2 along α1 and α2, respectively, can
be evaluated as follows, setting r,ij = ∂2r/

(
∂αi∂αj

)
the second-order derivative of the reference surface
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equation with respect to α i, α j with i, j = 1, 2 [48]:

Ri (α1, α2) = −r,i · r,i

r,ii · n
(3)

The reference surface of the shell is characterized by the Lamè parameters Ai = A1, A2, defined
according to the following equation:

Ai (α1, α2) = √
r,i · r,i (4)

Finally, the curvilinear variation dsi = ds1, ds2 of a parametric line of the reference surface is
related to the infinitesimal variation of principal coordinates dα i = dα1, dα2 as follows:

dsi = Aidαi (5)

where s i ∈ [0, Li], and Li denotes the total length of the rectangular physical domain along the α i

principal direction. In some cases, it is possible to derive a simple form of the integral version of
Eq. (5). More specifically, it is assumed that the Lamé parameters Ai = A1, A2, in Eq. (4), and the
principal radii of curvature Ri = R1, R2 of Eq. (3), assume a uniform value throughout the entire
physical domain. In other words, their derivatives of the (n + m)-th order along α1, α2 or equivalently
s1, s2 assume a null value:

A1 = cost ⇒ ∂n+mA1

∂sn
1∂sm

2

= 0, A2 = cost ⇒ ∂n+mA2

∂sn
1∂sm

2

= 0,

R1 = cost ⇒ ∂n+mR1

∂sn
1∂sm

2

= 0, R2 = cost ⇒ ∂n+mR2

∂sn
1∂sm

2

= 0 (6)

As a consequence, the lengths L1 and L2 of the parametric curves along the α1 and α2 principal
directions are calculated from the following relations:

L1 = s1
1 − s0

1 = (α1
1 − α0

1

)
R1

L2 = s1
2 − s0

2 = (α1
2 − α0

2

)
R2

(7)

where α0
1 , α1

1 and α0
2 , α1

2 denote the extremities, along α1 and α2, of the rectangular physical domain,
respectively, while the quantities s0

1, s1
1 and s0

2, s1
2 are defined as sj

i = α
j
i R i with i = 1, 2 and j = 0, 1. In

case of a cylinder obtained from the translation of a circumference with generatrix corresponding to
the α2 axis, the relations R1 = +∞ and R2 = R are assumed. As a consequence, the quantities L1, L2

are evaluated as follows:

L1 = s1
1 − s0

1 = α1
1 − α0

1

L2 = s1
2 − s0

2 = (α1
2 − α0

2

)
R

(8)

On the other hand, if the generatrix is assumed to be the α1 axis, one gets:

L1 = s1
1 − s0

1 = (α1
1 − α0

1

)
R

L2 = s1
2 − s0

2 = α1
2 − α0

2

(9)
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Finally, in the case of a rectangular plate, the principal radii assume an infinite value, namely
R1 = +∞ and R2 = +∞, therefore it gives:

L1 = s1
1 − s0

1 = α1
1 − α0

1

L2 = s1
2 − s0

2 = α1
2 − α0

2

(10)

As far as the thickness direction is concerned, a doubly-curved shell solid can be characterized,
moving from Eq. (3), by means of the geometric scaling parameters Hi with i = 1, 2, which are defined
at each point of the 3D solid, namely Hi (α1, α2, ζ ) = 1+ζ/Ri. When ζ = 1, one gets Hi = 1. Recalling
that the structure is obtained from the superimposition of l laminae, the total thickness h (α1, α2) can be
calculated as the sum of the thickness hk of each k-th lamina of the stacking sequence with k = 1, . . . , l,
leading to the relation reported below, derived from more general theoretical remarks reported in
Reference [48]:

h (α1, α2) =
l∑

k=1

hk (α1, α2) =
l∑

k=1

(ζ k+1 − ζ k) (11)

Here, ζ k and ζ k+1 denote the through-the-thickness location of the top and bottom surface,
respectively, of an arbitrary k-th lamina of the lamination scheme.

3 Magneto-Electro-Elastic Definition Equations

In the present section, the vector �(k)
(α1, α2, ζ ) is introduced throughout the entire doubly-curved

3D solid for each k = 1, . . . , l, which contains the configuration variables of the magneto-electro-
elastic 3D formulation. These variables include the displacement field components U (k)

1 , U (k)

2 and U (k)

3

with respect to the principal axes α1, α2, ζ , along with the variations of electrostatic and magnetostatic
potentials Δφ(k) = φ(k) − φ0 and Δψ(k) = ψ(k) − ψ0, respectively. Note that φ0 and ψ0 denote the values
of these scalar quantities associated with the reference state of the solid, characterized by a stress-free
condition. In particular, the vector �(k) assumes the following extended form:

�(k)
(α1, α2, ζ ) = [U (k)

1 U (k)

2 U (k)

3 ��(k) ��(k)
]T

(12)

In this work, the configuration variables of Eq. (12) are expressed according to the well-known
International Standards (SI). Therefore, the displacement field components U (k)

1 , U (k)

2 , U (k)

3 are defined
in meters (m), while the electrostatic potential is in volt (V). On the other hand, the magnetostatic
potential is expressed in ampere (A). Following a generalized approach, the 3D configuration variables
vector �(k) can be expressed in terms of generalized expansion of configuration variables defined in the
2D physical domain of the problem [48], collected in vector δ

(τ )
(α1, α2) = [u(τ )

1 u(τ )

2 u(τ )

3 φ(τ) ψ(τ)
]T

with τ = 0, . . . , N + 1:

�(k) =
N+1∑
τ=0

F(k)

τ
δ

(τ ) (13)
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Employing an expanded notation, Eq. (13) can be expressed as:⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

U (k)

1

U (k)

2

U (k)

3

Δφ(k)

Δψ(k)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
N+1∑
τ=0

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

F (k)α1
τ

0 0 0 0

0 F (k)α2
τ

0 0 0

0 0 F (k)α3
τ

0 0

0 0 0 F (k)α4
τ

0

0 0 0 0 F (k)α5
τ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

u(τ )

1

u(τ )

2

u(τ )

3

φ(τ)

ψ(τ)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(14)

The generalized expansion of Eqs. (13)–(14) is performed by means of the generalized thickness
functions F (k)αi

τ
= F (k)αi

τ
(ζ ) with i = 1, . . . , 5, defined for each τ = 0, . . . , N + 1 expansion

order, depending on the thickness coordinate ζ . In this way, it is possible to derive a generalized
formulation embedding various kinematic assumptions for the present multifield problem, including
classical theories like CPT, FSDT and TSDT of the mechanical case. A different selection of thickness
functions determines a different level of refinement in the model. In particular, refined models are
obtained from Eq. (13) by selecting higher-order polynomials up to the N-th order. In addition, the
term corresponding to τ = N + 1 is associated with zigzag functions, facilitating an accurate and
straightforward prediction of the interaction between adjacent laminae. Indeed, the zigzag functions
induce an abrupt slope variation of the through-the-thickness profile of each configuration variable in
the interlaminar region between an arbitrary k-th layer and the k+1-th lamina. The following relation
is adopted for τ = N + 1, setting i = 1, . . . , 5 [48]:

F (k)αi
N+1 (ζ ) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(−1)
k �

zk = − ζ − ζ1

ζ2 − ζ1

for k = 1

(−1)
k zk = (−1)

k

(
2

ζ − ζk

ζk+1 − ζk

− 1
)

for k = 2, . . . , l − 1

(−1)
k �

zk = (−1)
l ζ − ζl+1

ζl+1 − ζl

for k = l

(15)

In line with the ELW approach [48], the following relations are adopted for τ = 0, . . . , N, where
z̃ = z ∈ [−1, 1] is already defined in Eq. (1):

F (k)αi
τ

(ζ ) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1 − z̃
2

for τ = 0

z̃τ+1 − z̃τ−1 for τ = 1, . . . , N − 1

1 + z̃
2

for τ = N

(16)

As observed in Eq. (16), the thickness functions assume a null value at ζ = h/2 and ζ = −h/2
when τ = 1, . . . , N − 1, while F (k)αi

τ
= 1 and F (k)αi

τ
= 0 at the bottom surface of the shell when

τ = 0 and τ = N, respectively. On the other hand, F (k)αi
τ

= 1 at the top surface for τ = N, while
F (k)αi

τ
= 0 when τ = 0. As a consequence, the arbitrary element δ

(τ)

i of the vector �(τ ) associated with
τ = 0 and τ = N + 1 kinematic orders is equal to the corresponding element of the 3D vector �(k) of
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the configuration variables at the top and bottom surfaces, respectively [48]:

Δ(1)

i

(
α1, α2, ζ = −h

2

)
= δ(0)

i (α1, α2)

Δ(l)
i

(
α1, α2, ζ = h

2

)
= δ(N)

i (α1, α2) (17)

A proper nomenclature is adopted to denote the various kinematic models that can be employed
in Eq. (14). More specifically, when the zigzag functions of Eq. (15) are used in the formulation, the
acronym ELDZL−N is adopted, otherwise the kinematic model is described with the acronym ELD−
N. Here, “EL” means that the kinematic model adopted in the theory follows the ELW approach, and
“D” indicates that the unknown variables of the problem are the displacement field components, along
with the electrostatic and the magnetostatic potentials. Finally, N is the maximum kinematic expansion
order adopted in Eq. (13).

Moving from the ELW description of the unknown field variables, the definition equations are
derived for the magneto-electro-elastic formulation in curvilinear principal coordinated. To this end,
the vectors ε(k), E(k) and H(k) are introduced at each point of the 3D solid, with their extended form
reported below:

ε(k) = [ε(k)

1 ε
(k)

2 γ
(k)

12 γ
(k)

13 γ
(k)

23 ε
(k)

3

]T

E(k) = [E (k)

1 E (k)

2 E (k)

3

]T

H(k) = [H(k)

1 H(k)

2 H(k)

3

]T
(18)

The vectors ε(k), E(k) and H(k) are conveniently arranged in vector π (k) = [
ε(k)T E(k)T H(k)T

]T
of the

primary variables of the magneto-electro-elastic formulation, defined at each point of the 3D solid.
As a consequence, it is possible to provide a matrix form of the definition equations of the problem,
as follows:

π (k) = D�(k) = Dζ DΩ�(k) (19)

where D is a proper differential operator presented in detail in Reference [48]. As visible from
the previous equation, this operator is split into two sub-operators Dζ and DΩ, accounting for the
derivatives with respect to ζ and α1, α2, respectively. These operators can be written in an extended
form according to the following relations:

Dζ =
⎡
⎣Dζ (1) 0 0

0 Dζ (2) 0
0 0 Dζ (2)

⎤
⎦ (20)
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Here, the matrices Dζ (1) and Dζ (2) are defined as follows:

Dζ (1) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
H1

0 0 0 0 0 0 0 0

0
1

H2

0 0 0 0 0 0 0

0 0
1

H1

1
H2

0 0 0 0 0

0 0 0 0
1

H1

0
∂

∂ζ
0 0

0 0 0 0 0
1

H2

0
∂

∂ζ
0

0 0 0 0 0 0 0 0
∂

∂ζ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Dζ (2) =

⎡
⎢⎢⎢⎢⎢⎢⎣

1
H1

0 0

0
1

H2

0

0 0
∂

∂ζ

⎤
⎥⎥⎥⎥⎥⎥⎦

(21)

As far as the operator DΩ is concerned, the definition reported below can be introduced:

DΩ =
⎡
⎣DΩ(1) 0 0

0 DΩ(2) 0
0 0 DΩ(2)

⎤
⎦ (22)

where the sub-vectors DΩ(1) and DΩ(2) assume the following extended form [48]:

DΩ(1) = [Dα1

Ω
D

α2

Ω
D

α3

Ω

]

DΩ(2) =
[

− 1
A1

∂

∂α1

− 1
A2

∂

∂α2

− 1
]T

(23)

The quantities D
α1

Ω
, D

α2

Ω
, D

α3

Ω
introduced in the previous definitions can be expressed in curvilinear

principal coordinates as:

D
α1

Ω
=
[

1
A1

∂

∂α1

1
A1A2

∂A2

∂α1

− 1
A1A2

∂A1

∂α2

1
A2

∂

∂α2

− 1
R1

0 1 0 0
]T

D
α2

Ω
=
[

1
A1A2

∂A1

∂α2

1
A2

∂

∂α2

1
A1

∂

∂α1

− 1
A1A2

∂A2

∂α1

0 − 1
R2

0 1 0
]T

D
α3

Ω
=
[

1
R1

1
R2

0 0
1

A1

∂

∂α1

1
A2

∂

∂α2

0 0 1
]T

(24)

Finally, the differential operator DΩ is conveniently expressed as the sum of five different matrices,
as follows:

DΩ =
5∑

i=1

Dαi
Ω

(25)
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where the definition operators Dαi
Ω

with i = 1, . . . , 5 are reported below, setting D
α4

Ω(2)
= D

α5

Ω(2)
= DΩ(2):

Dα1
Ω

=
⎡
⎣D

α1

Ω
0 0 0 0

0 0 0 0 0
0 0 0 0 0

⎤
⎦ , Dα2

Ω
=
⎡
⎣0 D

α2

Ω
0 0 0

0 0 0 0 0
0 0 0 0 0

⎤
⎦ , Dα3

Ω
=
⎡
⎣0 0 D

α3

Ω
0 0

0 0 0 0 0
0 0 0 0 0

⎤
⎦ ,

Dα4
Ω

=
⎡
⎣0 0 0 0 0

0 0 0 D
α4

Ω
0

0 0 0 0 0

⎤
⎦ , Dα5

Ω
=
⎡
⎣0 0 0 0 0

0 0 0 0 0
0 0 0 0 D

α5

Ω

⎤
⎦ (26)

In the generalized ELW setting, the 3D Eq. (19) are expressed by defining the configuration
variables vector �(k) using the kinematic model of Eq. (13), i.e., [48]:

π (k) = D�(k) = Dζ DΩ�(k) = Dζ

5∑
i=1

Dαi
Ω
�(k) =

=
N+1∑
τ=0

5∑
i=1

Dζ D
αi
Ω

F(k)

τ
�(τ ) =

N+1∑
τ=0

5∑
i=1

Dζ F (k)αi
τ

Dαi
Ω
δ

(τ ) =
N+1∑
τ=0

5∑
i=1

Z(kτ)αi Dαi
Ω
δ

(τ ) =
N+1∑
τ=0

5∑
i=1

Z(kτ)αiπ (τ )αi (27)

In the previous equation, the vector π (k) has been expanded with the generalized primary variables
vector π (τ )αi , introduced for each τ = 0, . . . , N + 1 and i = 1, . . . , 5. In other words, the following
generalized definition equation is obtained:

π (k) =
N+1∑
τ=0

5∑
i=1

Z(kτ)αiπ (τ )αi ⇔
⎡
⎣ε(k)

E(k)

H(k)

⎤
⎦ =

N+1∑
τ=0

5∑
i=1

⎡
⎣Z(kτ)αi

1 0 0
0 Z(kτ)αi

2 0
0 0 Z(kτ)αi

2

⎤
⎦
⎡
⎣ε(τ )αi

E(τ )αi

H(τ )αi

⎤
⎦ (28)

More specifically, the generalized vectors ε(τ )αi , E(τ )αi , H(τ )αi are introduced, accounting for the
elasticity, electrostatic and magnetostatic definition equations in curvilinear principal coordinates.
These vectors assume the following extended form [48]:

ε(τ )αi (α1, α2, t) = [ε(τ)αi
1 ε

(τ)αi
2 γ

(τ)αi
1 γ

(τ)αi
2 γ

(τ)αi
13 γ

(τ)αi
23 ω

(τ)αi
13 ω

(τ)αi
23 ε

(τ)αi
3

]T

E(τ )αi (α1, α2, t) = [E (τ )αi
1 E (τ )αi

2 E (τ )αi
3

]T

H(τ )αi (α1, α2, t) = [H(τ )αi
1 H(τ )αi

2 H(τ )αi
3

]T
(29)

Finally, the ELW definition matrices Z(kτ)αi
m = Z(kτ)αi

1 , Z(kτ)αi
2 with m = 1, 2 are defined in each k-th

layer of the stacking sequence as follows:

Z(kτ)αi
m = Dζ (m)F (k)αi

τ
(30)

4 Constitutive Relation

In this section, the ELW approach is employed to derive the constitutive equations for the
magneto-electro-elastic theory of laminated doubly-curved shells made of anisotropic materials.
Referring to the geometric reference system of the panel O′α1α2ζ , the following relation is considered
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at each point of an arbitrary k-th lamina of the 3D solid:

χ (k) = �
(k)

π (k) (31)

where χ (k) is the vector of the secondary variables, while �
(k)

is the magneto-electro-elastic constitutive
matrix, expressed in the geometry reference system. In a more expanded form, the previous relation
can be written as follows:⎡
⎢⎢⎣

σ (k)

D(k)

B(k)

⎤
⎥⎥⎦ =

⎡
⎢⎢⎢⎣

�
(k)

C −�
(k)T

P −�
(k)T

Q

�
(k)

P �
(k)

L �
(k)

D

�
(k)

Q �
(k)

D �
(k)

M

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎣

ε(k)

E(k)

H(k)

⎤
⎥⎥⎦ (32)

being �
(k)

C the mechanical elastic stiffness matrix, �
(k)

P the matrix of the direct piezoelectric effect and �
(k)

Q

the piezomagnetic matrix, which accounts for the coupling between the mechanical elasticity problem
and the magneto-electric equations. In addition, �

(k)

L and �
(k)

M are square matrices containing the
electrostatic and magnetostatic conductivity coefficients of the k-th layer. Finally, �

(k)

D matrix enables
the full coupling between electrostatic and magnetostatic 3D equations. The vectors of 3D secondary
variables are instead defined as follows:

σ (k) = [σ (k)

1 σ
(k)

2 τ
(k)

12 τ
(k)

13 τ
(k)

23 σ
(k)

3

]T

D(k) = [D(k)

1 D(k)

2 D(k)

3

]T

B(k) = [B(k)

1 B(k)

2 B(k)

3

]T
(33)

In case of completely anisotropic materials with polarization direction along the outward normal
shell vector n, the 3D constitutive matrices in Eq. (32) assume the following forms:

�
(k)

C =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C
(k)

11 C
(k)

12 C
(k)

16 C
(k)

14 C
(k)

15 C
(k)

13

C
(k)

12 C
(k)

22 C
(k)

26 C
(k)

24 C
(k)

25 C
(k)

23

C
(k)

16 C
(k)

26 C
(k)

66 C
(k)

46 C
(k)

56 C
(k)

36

C
(k)

14 C
(k)

24 C
(k)

46 C
(k)

44 C
(k)

45 C
(k)

34

C
(k)

15 C
(k)

25 C
(k)

56 C
(k)

45 C
(k)

55 C
(k)

35

C
(k)

13 C
(k)

23 C
(k)

36 C
(k)

34 C
(k)

35 C
(k)

33

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�
(k)

M =

⎡
⎢⎢⎣

m(k)

11 m(k)

12 m(k)

13

m(k)

12 m(k)

22 m(k)

23

m(k)

13 m(k)

23 m(k)

33

⎤
⎥⎥⎦ , �

(k)

L =

⎡
⎢⎢⎢⎢⎣

l
(k)

11 l
(k)

12 l
(k)

13

l
(k)

12 l
(k)

22 l
(k)

23

l
(k)

13 l
(k)

23 l
(k)

33

⎤
⎥⎥⎥⎥⎦ , �

(k)

D =

⎡
⎢⎢⎢⎢⎣

d
(k)

11 d
(k)

12 d
(k)

13

d
(k)

12 d
(k)

22 d
(k)

23

d
(k)

13 d
(k)

23 d
(k)

33

⎤
⎥⎥⎥⎥⎦
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�
(k)

P =

⎡
⎢⎢⎣

p(k)

11 p(k)

12 p(k)

16 p(k)

14 p(k)

15 p(k)

13

p(k)

21 p(k)

22 p(k)

26 p(k)

24 p(k)

25 p(k)

23

p(k)

31 p(k)

32 p(k)

36 p(k)

34 p(k)

35 p(k)

33

⎤
⎥⎥⎦

�
(k)

Q =

⎡
⎢⎢⎣

q(k)

11 q(k)

12 q(k)

16 q(k)

14 q(k)

15 q(k)

13

q(k)

21 q(k)

22 q(k)

26 q(k)

24 q(k)

25 q(k)

23

q(k)

31 q(k)

32 q(k)

36 q(k)

34 q(k)

35 q(k)

33

⎤
⎥⎥⎦ (34)

The fully-coupled constitutive Eq. (32) is referred to the curvilinear principal axes α1, α2, ζ of the
shell. However, it is useful to express this relationship with respect to the material reference axes of
each k-th lamina, denoted by α̂

(k)

1 , α̂(k)

2 , ζ̂ (k):

χ̂
(k) = �(k)π̂

(k) ⇔

⎡
⎢⎢⎢⎣

σ̂
(k)

D̂
(k)

B̂
(k)

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎣

�(k)

C −�(k)T
P −�(k)T

Q

�(k)

P �(k)

L �(k)

D

�(k)

Q �(k)

D �(k)

M

⎤
⎥⎥⎦
⎡
⎢⎢⎢⎣

ε̂
(k)

Ê
(k)

Ĥ
(k)

⎤
⎥⎥⎥⎦ (35)

In the previous equation, the vectors χ̂
(k), π̂ (k) of primary and secondary variables are defined,

which are referred to the material reference system previously introduced. In Appendix A, further
details are provided regarding the assessment of the magneto-electro-elastic 3D constitutive equations
for a material with full coupling between the magnetic and electric physical problems with the
mechanical elasticity equations. In the present work, it is assumed that for each k = 1, . . . , l, the
material axis ζ̂ (k) is oriented along the thickness direction of the shell, namely ζ̂ (k) = ζ . Therefore,
the geometric planes α̂

(k)

1 − α̂
(k)

2 and α1 −α2 turn out to be parallel. For this reason, an angle denoted by
ϑ(k) is assigned to each layer, which describes the mutual inclination of axes α̂

(k)

1 and α1, or equivalently,
of axes α̂

(k)

2 and α2. At this point, the rotation matrices H(k) and T(k) are defined in each k-th layer in
terms of the quantity ϑ(k). These matrices take the following form, derived from Reference [48], setting
“⊗” the Kronecker product:

H(k) =
⎡
⎣cos ϑ(k) sin ϑ(k) 0

− sin ϑ(k) cos ϑ(k) 0
0 0 1

⎤
⎦ (36)

T(k) = T
(k)

([1,5,4,7,8,9]×[1,5,2+4,3+7,6+8,9]) =
(

H(k)T ⊗ (H(k)
)−1
)

([1,5,4,7,8,9]×[1,5,2+4,3+7,6+8,9])
(37)

In this way, the magneto-electro-elastic 3D stiffness matrix �
(k)

of Eq. (31) can be expressed in
terms of the matrices �

(k)

C , �
(k)

P , �
(k)

Q , �
(k)

L , �
(k)

M and �
(k)

D referred to the material reference system as follows
[48]:

�
(k) =

⎡
⎢⎢⎣

T(k)�(k)

C T(k)T −T(k)�(k)T
P H(k) −T(k)�(k)T

Q H(k)

H(k)T�(k)

P T(k)T H(k)T�(k)

L H(k) H(k)T�(k)

D H(k)

H(k)T�(k)

Q T(k)T H(k)T�(k)

D H(k) H(k)T�(k)

M H(k)

⎤
⎥⎥⎦ (38)
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To evaluate the generalized expansion of the 3D constitutive relation of Eq. (31) according to the
ELW methodology, the virtual variation of the total energy Υ of the system is computed within the
doubly-curved 3D solid, resulting in the following expression:

δΥ =
l∑

k=1

∫
α1

∫
α2

∫ ζk+1

ζk

(
δπ

(k)T
χ (k)
)

A1A2H1H2dα1dα2dζ =

=
l∑

k=1

∫
α1

∫
α2

∫ ζk+1

ζk

(
δε(k)Tσ (k) − δE(k)TD(k) − δH(k)TB(k)

)
A1A2H1H2dα1dα2dζ (39)

where π
(k)T = [

ε(k)T − E(k)T − H(k)T
]T

is the enhanced vector of primary unknowns. If the generalized
definition Eq. (28) are introduced, the expression of δΥ in Eq. (39) takes the following form, setting

π
(τ )αiT =

[
ε(τ )αiT − E(τ )αi T − H(τ )αi T

]T

as the enhanced vector of generalized primary variables [48]:

δΥ =
l∑

k=1

∫
α1

∫
α2

∫ ζk+1

ζk

(
N+1∑
τ=0

5∑
i=1

Z(kτ)αiδπ
(τ )αi

)T

χ (k)A1A2H1H2dζdα1dα2 =

=
N+1∑
τ=0

5∑
i=1

∫
α1

∫
α2

(
δπ

(τ )αi
)T

(
l∑

k=1

∫ ζk+1

ζk

(
Z(kτ)αi

)T
χ (k)H1H2dζ

)
A1A2dα1dα2 =

=
N+1∑
τ=0

5∑
i=1

∫
α1

∫
α2

(
δπ

(τ )αi
)T

	(τ )αi A1A2dα1dα2 (40)

As demonstrated in the previous equation, the adoption of a generalized kinematic model enables
an effective computation of the virtual variation δΥ of total free energy of the shell by introducing the
generalized secondary variables of the problem, defined for each τ = 0, . . . , N + 1 and i = 1, . . . , 5,
which are arranged in vector 	(τ )αi = [S(τ )αiT D(τ )αiT B(τ )αiT

]T
:

	(τ )αi =
l∑

k=1

∫ ζk+1

ζk

(
Z(kτ)αi

)T
χ (k)H1H2dζ (41)

Vectors S(τ )αi , D(τ )αi and B(τ )αi assume the following extended form:

S(τ )αi = [N (τ )αi
1 N (τ )αi

2 N (τ )αi
12 N (τ )αi

21 T (τ )αi
1 T (τ )αi

2 P(τ )αi
1 P(τ )αi

2 S(τ )αi
3

]T

D(τ )αi = [D(τ )αi
1 D(τ )αi

2 D(τ )αi
3

]T

B(τ )αi = [B(τ )αi
1 B(τ )αi

2 B(τ )αi
3

]T
(42)

The complete expression of the generalized secondary variables of the theory, occurring in the
previous definitions, is derived by performing all the matrix multiplications of Eq. (41). This results in
the following definitions associated with an arbitrary τ = 0, . . . , N +1 and i = 1, . . . , 5, which account
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for the magneto-electro-elastic properties of all layers occurring in the stacking sequence [48]:

N (τ )αi
1 =

l∑
k=1

∫ ζk+1

ζk

σ (k)

1 F (k)αi
τ

H2dζ , N (τ )αi
2 =

l∑
k=1

∫ ζk+1

ζk

σ (k)

2 F (k)αi
τ

H1dζ , N (τ )αi
12 =

l∑
k=1

∫ ζk+1

ζk

τ (k)

12 F (k)αi
τ

H2dζ ,

N (τ )αi
21 =

l∑
k=1

∫ ζk+1

ζk

τ (k)

12 F (k)αi
τ

H1dζ , T (τ )αi
1 =

l∑
k=1

∫ ζk+1

ζk

τ (k)

13 F (k)αi
τ

H2dζ , T (τ )αi
2 =

l∑
k=1

∫ ζk+1

ζk

τ (k)

23 F (k)αi
τ

H1dζ ,

P(τ )αi
1 =

l∑
k=1

∫ ζk+1

ζk

τ (k)

13

∂F (k)αi
τ

∂ζ
H1H2dζ , P(τ )αi

2 =
l∑

k=1

∫ ζk+1

ζk

τ (k)

23

∂F (k)αi
τ

∂ζ
H1H2dζ ,

S(τ )αi
3 =

l∑
k=1

∫ ζk+1

ζk

σ (k)

3

∂F (k)αi
τ

∂ζ
H1H2dζ ,

D(τ )αi
1 =

l∑
k=1

∫ ζk+1

ζk

D(k)

1 F (k)αi
τ

H2dζ , D(τ )αi
2 =

l∑
k=1

∫ ζk+1

ζk

D(k)

2 F (k)αi
τ

H1dζ ,

D(τ )αi
3 =

l∑
k=1

∫ ζk+1

ζk

D(k)

3

∂F (k)αi
τ

∂ζ
H1H2dζ ,

B(τ )αi
1 =

l∑
k=1

∫ ζk+1

ζk

B(k)

1 F (k)αi
τ

H2dζ , B(τ )αi
2 =

l∑
k=1

∫ ζk+1

ζk

B(k)

2 F (k)αi
τ

H1dζ ,

B(τ )αi
3 =

l∑
k=1

∫ ζk+1

ζk

B(k)

3

∂F (k)αi
τ

∂ζ
H1H2dζ (43)

If the 3D constitutive relation (31) is substituted in Eq. (41), recalling the higher-order Eq. (28), the
constitutive equation of the present formulation is derived, which relates the primary and secondary
variables vectors for each τ = 0, . . . , N + 1 and i = 1, . . . , 5:

	(τ )αi =
N+1∑
η=0

5∑
j=1

(
l∑

k=1

∫ ζk+1

ζk

(
Z(kτ)αi

)T
�

(k)

Z(kη)αj H1H2dζ

)
π (η)αj =

N+1∑
η=0

5∑
j=1

A(τη)αiαjπ (η)αj (44)

The generalized constitutive matrix A(τη)αiαj has been introduced with τ , η = 0, . . . , N +1 and i, j =
1, . . . , 5. The arbitrary element A

(τη)[fg] αiαj
rsnm (pq) with r, s = ε, φ, ψ can be computed at each point of the 2D

physical domain according to the following effective relation, derived from the matrix multiplications
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in Eq. (44), as shown in Reference [48]:

A
(τη)[fg] αiαj
rs nm (pq) =

l∑
k=1

∫ ζk+1
ζk

ϒ
(k)

nm

∂ f F (k)αi
τ

∂ζ f

∂gF
(k)αj
η

∂ζ g

H1H2

Hp
1 Hq

2

dζ

for τ , η = 0, . . . , N + 1

for n, m = 1, . . . , 12

for p, q = 0, 1, 2

for f , g = 0, 1

for i, j = 1, . . . , 5

(45)

In the previous equation, the positions ∂0F (k)αi
τ

/∂ζ 0 = F (k)αi
τ

and ∂0F
(k)αj
η /∂ζ 0 = F

(k)αj
η are considered.

In addition, ϒ
(k)

nm denotes the arbitrary element of the 3D constitutive matrix of Eq. (31). Recalling the

condensed expression of �
(k)

in Eq. (32), a novel representation of A(τη)αiαj can be provided, leading to
the relation reported below valid for each τ = 0, . . . , N + 1 and i = 1, . . . , 5:⎡
⎢⎢⎣

S(τ )αi

D(τ )αi

B(τ )αi

⎤
⎥⎥⎦ =

N+1∑
η=0

5∑
j=1

⎡
⎢⎢⎢⎣

A(τη)αiαj
εε

A
(τη)αiαj
εφ A

(τη)αiαj
εψ

A
(τη)αiαj
φε A

(τη)αiαj
φφ A

(τη)αiαj
φψ

A
(τη)αiαj
ψε A

(τη)αiαj
ψφ A

(τη)αiαj
ψψ

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎣

ε(η)αj

E(η)αj

H(η)αj

⎤
⎥⎥⎦ (46)

The sub-matrices introduced in Eq. (46) assume the following aspect [48]:

A(τη)αiαj
εε

=
l∑

k=1

∫ ζk+1

ζk

(
Z(kτ)αi

1

)T
�

(k)

C Z
(kη)αj
1 H1H2dζ =

[(
A

(τη)[fg] αiαj
εεnm(pq)

)
hs

]
h=1,...,9
s=1,...,9

=

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A
(τη)[00]αiαj
11(20)

A
(τη)[00]αiαj
12(11)

A
(τη)[00]αiαj
16(20)

A
(τη)[00]αiαj
16(11)

A
(τη)[00]αiαj
14(20)

A
(τη)[00]αiαj
15(11)

A
(τη)[01]αiαj
14(10)

A
(τη)[01]αiαj
15(10)

A
(τη)[01]αiαj
13(10)

A
(τη)[00]αiαj
12(11)

A
(τη)[00]αiαj
22(02)

A
(τη)[00]αiαj
26(11)

A
(τη)[00]αiαj
26(02)

A
(τη)[00]αiαj
24(11)

A
(τη)[00]αiαj
25(02)

A
(τη)[01]αiαj
24(01)

A
(τη)[01]αiαj
25(01)

A
(τη)[01]αiαj
23(01)

A
(τη)[00]αiαj
16(20)

A
(τη)[00]αiαj
26(11)

A
(τη)[00]αiαj
66(20)

A
(τη)[00]αiαj
66(11)

A
(τη)[00]αiαj
46(20)

A
(τη)[00]αiαj
56(11)

A
(τη)[01]αiαj
46(10)

A
(τη)[01]αiαj
56(10)

A
(τη)[01]αiαj
36(10)

A
(τη)[00]αiαj
16(11)

A
(τη)[00]αiαj
26(02)

A
(τη)[00]αiαj
66(11)

A
(τη)[00]αiαj
66(02)

A
(τη)[00]αiαj
46(11)

A
(τη)[00]αiαj
56(02)

A
(τη)[01]αiαj
46(01)

A
(τη)[01]αiαj
56(01)

A
(τη)[01]αiαj
36(01)

A
(τη)[00]αiαj
14(20)

A
(τη)[00]αiαj
24(11)

A
(τη)[00]αiαj
46(20)

A
(τη)[00]αiαj
46(11)

A
(τη)[00]αiαj
44(20)

A
(τη)[00]αiαj
45(11)

A
(τη)[01]αiαj
44(10)

A
(τη)[01]αiαj
45(10)

A
(τη)[01]αiαj
34(10)

A
(τη)[00]αiαj
15(11)

A
(τη)[00]αiαj
25(02)

A
(τη)[00]αiαj
56(11)

A
(τη)[00]αiαj
56(02)

A
(τη)[00]αiαj
45(11)

A
(τη)[00]αiαj
55(02)

A
(τη)[01]αiαj
45(01)

A
(τη)[01]αiαj
55(01)

A
(τη)[01]αiαj
35(01)

A
(τη)[10]αiαj
14(10)

A
(τη)[10]αiαj
24(01)

A
(τη)[10]αiαj
46(10)

A
(τη)[10]αiαj
46(01)

A
(τη)[10]αiαj
44(10)

A
(τη)[10]αiαj
45(01)

A
(τη)[11]αiαj
44(00)

A
(τη)[11]αiαj
45(00)

A
(τη)[11]αiαj
34(00)

A
(τη)[10]αiαj
15(10)

A
(τη)[10]αiαj
25(01)

A
(τη)[10]αiαj
56(10)

A
(τη)[10]αiαj
56(01)

A
(τη)[10]αiαj
45(10)

A
(τη)[10]αiαj
55(01)

A
(τη)[11]αiαj
45(00)

A
(τη)[11]αiαj
55(00)

A
(τη)[11]αiαj
35(00)

A
(τη)[10]αiαj
13(10)

A
(τη)[10]αiαj
23(01)

A
(τη)[10]αiαj
36(10)

A
(τη)[10]αiαj
36(01)

A
(τη)[10]αiαj
34(10)

A
(τη)[10]αiαj
35(01)

A
(τη)[11]αiαj
34(00)

A
(τη)[11]αiαj
35(00)

A
(τη)[11]αiαj
33(00)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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A
(τη)αiαj
φφ =

l∑
k=1

∫ ζk+1

ζk

Z(kτ)αi
2 �

(k)

L Z
(kη)αj
2 H1H2dζ =

[(
A

(τη)[fg] αiαj
φφnm(pq)

)
hs

]
h=1,2,3

s=1,2,3

=

⎡
⎢⎢⎢⎣

L
(τη)[00]αiαj
11(20) L

(τη)[00]αiαj
12(11) L

(τη)[01]αiαj
13(10)

L
(τη)[00]αiαj
12(11) L

(τη)[00]αiαj
22(02) L

(τη)[01]αiαj
23(01)

L
(τη)[10]αiαj
13(10) L

(τη)[10]αiαj
23(01) L

(τη)[11]αiαj
33(00)

⎤
⎥⎥⎥⎦

A
(τη)αiαj
ψψ =

l∑
k=1

∫ ζk+1

ζk

Z(kτ)αi
2 �

(k)

M Z
(kη)αj
2 H1H2dζ =

[(
A

(τη)[fg] αiαj
ψψnm(pq)

)
hs

]
h=1,2,3

s=1,2,3

=

⎡
⎢⎢⎢⎣

M
(τη)[00]αiαj
11(20) M

(τη)[00]αiαj
12(11) M

(τη)[01]αiαj
13(10)

M
(τη)[00]αiαj
12(11) M

(τη)[00]αiαj
22(02) M

(τη)[01]αiαj
23(01)

M
(τη)[10]αiαj
13(10) M

(τη)[10]αiαj
23(01) M

(τη)[11]αiαj
33(00)

⎤
⎥⎥⎥⎦

A
(τη)αiαj
εφ = −

l∑
k=1

∫ ζk+1

ζk

(
Z(kτ)αi

1

)T
�

(k)T

P Z
(kη)αj
2 H1H2dζ =

[(
A

(τη)[fg] αiαj
εφnm(pq)

)
hs

]
h=1,...,9
s=1,2,3

=

= −

⎡
⎢⎢⎢⎢⎢⎢⎣

P
(τη)[00]αiαj
11(20)

P
(τη)[00]αiαj
12(11)

P
(τη)[00]αiαj
16(20)

P
(τη)[00]αiαj
16(11)

P
(τη)[00]αiαj
14(20)

P
(τη)[00]αiαj
15(11)

P
(τη)[10]αiαj
14(10)

P
(τη)[10]αiαj
15(10)

P
(τη)[10]αiαj
13(10)

P
(τη)[00]αiαj
21(11)

P
(τη)[00]αiαj
22(02)

P
(τη)[00]αiαj
26(11)

P
(τη)[00]αiαj
26(02)

P
(τη)[00]αiαj
24(11)

P
(τη)[00]αiαj
25(02)

P
(τη)[10]αiαj
24(01)

P
(τη)[10]αiαj
25(01)

P
(τη)[10]αiαj
23(01)

P
(τη)[01]αiαj
31(10)

P
(τη)[01]αiαj
32(01)

P
(τη)[01]αiαj
36(10)

P
(τη)[01]αiαj
36(01)

P
(τη)[01]αiαj
34(10)

P
(τη)[01]αiαj
35(01)

P
(τη)[11]αiαj
34(00)

P
(τη)[11]αiαj
35(00)

P
(τη)[11]αiαj
33(00)

⎤
⎥⎥⎥⎥⎥⎥⎦

T

A
(τη)αiαj
φε =

l∑
k=1

∫ ζk+1

ζk

Z(kτ)αi
2 �

(k)

P Z
(kη)αj
1 H1H2dζ =

[(
A

(τη)[fg] αiαj
φεnm(pq)

)
hs

]
h=1,2,3
s=1,...,9

=

=

⎡
⎢⎢⎢⎣

P
(τη)[00]αiαj
11(20) P

(τη)[00]αiαj
12(11) P

(τη)[00]αiαj
16(20) P

(τη)[00]αiαj
16(11) P

(τη)[00]αiαj
14(20) P

(τη)[00]αiαj
15(11) P

(τη)[01]αiαj
14(10) P

(τη)[01]αiαj
15(10) P

(τη)[01]αiαj
13(10)

P
(τη)[00]αiαj
21(11) P

(τη)[00]αiαj
22(02) P

(τη)[00]αiαj
26(11) P

(τη)[00]αiαj
26(02) P

(τη)[00]αiαj
24(11) P

(τη)[00]αiαj
25(02) P

(τη)[01]αiαj
24(01) P

(τη)[01]αiαj
25(01) P

(τη)[01]αiαj
23(01)

P
(τη)[10]αiαj
31(10) P

(τη)[10]αiαj
32(01) P

(τη)[10]αiαj
36(10) P

(τη)[10]αiαj
36(01) P

(τη)[10]αiαj
34(10) P

(τη)[10]αiαj
35(01) P

(τη)[11]αiαj
34(00) P

(τη)[11]αiαj
35(00) P

(τη)[11]αiαj
33(00)

⎤
⎥⎥⎥⎦

A
(τη)αiαj
εψ = −

l∑
k=1

∫ ζk+1

ζk

(
Z(kτ)αi

1

)T
�

(k)T

Q Z
(kη)αj
2 H1H2dζ =

[(
A

(τη)[fg] αiαj
εψnm(pq)

)
hs

]
h=1,...,9
s=1,2,3

=

= −

⎡
⎢⎢⎢⎢⎢⎣

Q
(τη)[00]αiαj
11(20)

Q
(τη)[00]αiαj
12(11)

Q
(τη)[00]αiαj
16(20)

Q
(τη)[00]αiαj
16(11)

Q
(τη)[00]αiαj
14(20)

Q
(τη)[00]αiαj
15(11)

Q
(τη)[10]αiαj
14(10)

Q
(τη)[10]αiαj
15(10)

Q
(τη)[10]αiαj
13(10)

Q
(τη)[00]αiαj
21(11)

Q
(τη)[00]αiαj
22(02)

Q
(τη)[00]αiαj
26(11)

Q
(τη)[00]αiαj
26(02)

Q
(τη)[00]αiαj
24(11)

Q
(τη)[00]αiαj
25(02)

Q
(τη)[10]αiαj
24(01)

Q
(τη)[10]αiαj
25(01)

Q
(τη)[10]αiαj
23(01)

Q
(τη)[01]αiαj
31(10)

Q
(τη)[01]αiαj
32(01)

Q
(τη)[01]αiαj
36(10)

Q
(τη)[01]αiαj
36(01)

Q
(τη)[01]αiαj
34(10)

Q
(τη)[01]αiαj
35(01)

Q
(τη)[11]αiαj
34(00)

Q
(τη)[11]αiαj
35(00)

Q
(τη)[11]αiαj
33(00)

⎤
⎥⎥⎥⎥⎥⎦

T

A
(τη)αiαj
ψε =

l∑
k=1

∫ ζk+1

ζk

Z(kτ)αi
2 �

(k)

Q Z
(kη)αj
1 H1H2dζ =

[(
A

(τη)[fg] αiαj
ψεnm(pq)

)
hs

]
h=1,2,3
s=1,...,9

=
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=

⎡
⎢⎢⎢⎢⎢⎢⎣

Q
(τη)[00]αiαj
11(20)

Q
(τη)[00]αiαj
12(11)

Q
(τη)[00]αiαj
16(20)

Q
(τη)[00]αiαj
16(11)

Q
(τη)[00]αiαj
14(20)

Q
(τη)[00]αiαj
15(11)

Q
(τη)[01]αiαj
14(10)

Q
(τη)[01]αiαj
15(10)

Q
(τη)[01]αiαj
13(10)

Q
(τη)[00]αiαj
21(11)

Q
(τη)[00]αiαj
22(02)

Q
(τη)[00]αiαj
26(11)

Q
(τη)[00]αiαj
26(02)

Q
(τη)[00]αiαj
24(11)

Q
(τη)[00]αiαj
25(02)

Q
(τη)[01]αiαj
24(01)

Q
(τη)[01]αiαj
25(01)

Q
(τη)[101]αiαj
23(01)

Q
(τη)[10]αiαj
31(10)

Q
(τη)[10]αiαj
32(01)

Q
(τη)[10]αiαj
36(10)

Q
(τη)[10]αiαj
36(01)

Q
(τη)[10]αiαj
34(10)

Q
(τη)[10]αiαj
35(01)

Q
(τη)[11]αiαj
34(00)

Q
(τη)[11]αiαj
35(00)

Q
(τη)[11]αiαj
33(00)

⎤
⎥⎥⎥⎥⎥⎥⎦

A
(τη)αiαj
φψ = A

(τη)αiαj
ψφ =

l∑
k=1

∫ ζk+1

ζk

Z(kτ)αi
2 �

(k)

D Z
(kη)αj
2 H1H2dζ =

[(
A

(τη)[fg] αiαj
φψnm(pq)

)
hs

]
h=1,2,3
s=1,2,3

=

⎡
⎢⎢⎢⎣

D
(τη)[00]αiαj
11(20) D

(τη)[00]αiαj
12(11) D

(τη)[01]αiαj
13(10)

D
(τη)[00]αiαj
12(11) D

(τη)[00]αiαj
22(02) D

(τη)[01]αiαj
23(01)

D
(τη)[10]αiαj
13(10) D

(τη)[10]αiαj
23(01) D

(τη)[11]αiαj
33(00)

⎤
⎥⎥⎥⎦ (47)

Introducing the higher-order definition relations (28) into Eq.(44), a useful expression is provided
for the generalized secondary variable vector σ (τ )αi , for each τ = 0, . . . , N+1, in terms of configuration
variables vector δ

(η) with η = 0, . . . , N + 1 of the ELW formulation:

	(τ )αi =
N+1∑
η=0

5∑
j=1

A(τη)αiαj D
αj
Ω δ

(η) =
N+1∑
η=0

O(τη)αiδ
(η) (48)

where O(τη)αi is a proper matrix defined in terms of generalized constitutive matrix A(τη)αiαj and operator
D

αj
Ω , as introduced in Eq. (27).

5 Magneto-Electro-Elastic External Actions

In this section, the source variables are derived for the refined 2D magneto-electro-elastic problem.
More specifically, the structure is assumed to be subjected to generally-distributed mechanical
pressures, oriented along the geometric principal axes, which are applied at the top and bottom
surface of the panel, located at ζ = h/2 and ζ = −h/2, respectively. These quantities are denoted
by q(+)

1s , q(+)

2s , q(+)

3s and q(−)

1s , q(−)

2s , q(−)

3s , respectively. In addition, the structure is subjected to a general
distribution of electrostatic fluxes q(−)

D , q(+)

D and magnetostatic loads q(−)

B , q(+)

B in the same regions.
Volumetric actions are neglected in this theory. To derive the expression of higher-order generalized
actions, the generalized virtual work δLs of the external loads acting on the 3D panel is computed:

δLs =
∫

α1

∫
α2

((
q(−)

1s δU (−)

1 + q(−)

2s δU (−)

2 + q(−)

3s δU (−)

3 + q(−)

D δΔφ(−) + q(−)

B δΔψ(−)
)

H (−)

1 H (−)

2 +

+ (q(+)

1s δU (+)

1 + q(+)

2s δU (+)

2 + q(+)

3s δU (+)

3 + q(+)

D δΔφ(+) + q(+)

B δΔψ(+)
)

H (+)

1 H (+)

2

)
A1A2dα1dα2 (49)

where δU (±)

1 , δU (±)

2 , δU (±)

3 , δΔφ(±) and δΔψ(±) refer to the virtual variation of the displacement field,
electrostatic potential, and magnetostatic potential, respectively, at the top (+) and bottom (−)
surfaces. Furthermore, the quantities H (+)

i = H (+)

1 , H (+)

2 and H (−)

i = H (−)

1 , H (−)

2 stand for the geometry
scaling parameters, already introduced in Section 2, evaluated at the top and bottom surfaces. The
presence of an elastic foundation is modelled with the equivalent surface tractions q(±)

1efk, q(±)

2efk, q(±)

3efk

applied at the top and bottom surfaces, respectively, depending on the values of the displacement
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field at ζ = h/2 and ζ = −h/2, according to the following definitions:

q(±)

1efk = −k(±)

1f U (±)

1

q(±)

2efk = −k(±)

2f U (±)

2

q(±)

3efk = −k(±)

3f U (±)

3 + G(±)

f ∇2
(±)

U (±)

3

(50)

In the previous equation, the elastic foundation is modelled as a Winkler-Pasternak foundation.
In particular, k(±)

1f , k(±)

2f , k(±)

3f refer to the elastic stiffness of the Winkler springs, while G(±)

f is the shear
modulus of the foundation. The Laplacian operator ∇2

(±)
in Eq. (50) is expressed in curvilinear principal

coordinates α1, α2 as follows [48]:

∇2
(±)

=
(

1

A2
1

(
H (±)

1

)2

∂2

∂α2
1

+ 1

A2
2

(
H (±)

2

)2

∂2

∂α2
2

+
(

1

A2
1A2

(
H (±)

1

)2

∂A2

∂α1

− h

2A2
1R2

2

(
H (±)

1

)2
H (±)

2

∂R2

∂α1

+

− 1

A3
1

(
H (±)

1

)2

∂A1

∂α1

− h

2A2
1R2

1

(
H (±)

1

)3

∂R1

∂α1

)
∂

∂α1

+
(

1

A1A2
2

(
H (±)

2

)2

∂A1

∂α2

+ h

2A2
2R2

1

(
H (±)

2

)2
H (±)

1

∂R1

∂α2

+

− 1

A3
2

(
H (±)

2

)2

∂A2

∂α2

− h

2A2
2R2

2

(
H (±)

2

)3

∂R2

∂α2

)
∂

∂α2

)
(51)

where H (+)

1 , H (+)

2 and H (−)

1 , H (−)

2 denote the geometric scaling parameters evaluated at ζ = h/2 and
ζ = −h/2, respectively. Substituting the higher-order kinematic model (13) into Eq. (49), the virtual
work δLs is, thus, expressed in terms of virtual variation of higher-order configuration variables of the
problem, leading to the following relation:

δLs =
∫

α1

∫
α2

N+1∑
τ=0

(
q(τ )

1s δu(τ )

1 + q(τ )

2s δu(τ )

2 + q(τ )

3s δu(τ )

3 + q(τ )

Dsδφ
(τ) + q(τ )

Bs δψ
(τ)
)

A1A2dα1dα2 (52)

In the previous equation, the generalized multifield external actions q(τ )

1s = q(τ )

1fk + q(τ )

1 , q(τ )

2s =
q(τ )

2fk + q(τ )

2 , q(τ )

3s = q(τ )

3fk + q(τ )

3 , q(τ )

Ds and q(τ )

Bs are introduced for each τ = 0, . . . , N + 1, which act at
the reference surface of the solid. These quantities are conveniently arranged in the column vector
q(τ ) = [q(τ )

1s q(τ )

2s q(τ )

3s q(τ )

Ds q(τ )

Bs

]T
. It can be demonstrated from Eqs. (49) and (52) that generalized surface

actions can be computed in terms of external loads acting on the 3D shell solid as follows [48]:

q(τ )

1s = q(−)

1s F (1)α1(−)

τ
H (−)

1 H (−)

2 + q(+)

1s F (l)α1(+)

τ
H (+)

1 H (+)

2

q(τ )

2s = q(−)

2s F (1)α2(−)

τ
H (−)

1 H (−)

2 + q(+)

2s F (l)α2(+)

τ
H (+)

1 H (+)

2

q(τ )

3s = q(−)

3s F (1)α3(−)

τ
H (−)

1 H (−)

2 + q(+)

3s F (l)α3(+)

τ
H (+)

1 H (+)

2

q(τ )

Ds = q(−)

D F (1)α4(−)

τ
H (−)

1 H (−)

2 + q(+)

D F (l)α4(+)

τ
H (+)

1 H (+)

2

q(τ )

Bs = q(−)

B F (1)α5(−)

τ
H (−)

1 H (−)

2 + q(+)

B F (l)α5(+)

τ
H (+)

1 H (+)

2

(53)

where F (1)αi(−)

τ
, F (l)αi(+)

τ
for i = 1, . . . , 5, is the value assumed by the thickness functions at ζ = −h/2

and ζ = h/2, respectively, for each τ = 0, . . . , N + 1. The generalized external loads of Eq. (53)
associated with the mechanical elasticity problem are made of two contributions, namely q(τ )

1s = q(τ )

1efk +
q(τ )

1 , q(τ )

2s = q(τ )

2efk + q(τ )

2 , q(τ )

3s = q(τ )

3efk + q(τ )

3 . More specifically, the quantities q(τ )

1 , q(τ )

2 , q(τ )

3 refers to the
external generalized surface tractions, while q(τ )

1efk, q(τ )

2efk, q(τ )

3efk are the generalized external loads, defined
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by Eq. (50), induced by an elastic foundation, located at the top and bottom sides of the solid. After
some mathematical substitutions, the following expression of q(τ )

1efk, q(τ )

2efk, q(τ )

3efk can be derived, as shown
in Reference [48]:

q(τ )

1efk = − (k(−)

1f F (1)α1(−)

η
F (1)α1(−)

τ
H (−)

1 H (−)

2 + k(+)

1f F (l)α1(+)

η
F (l)α1(+)

τ
H (+)

1 H (+)

2

)
u(τ )

1 = −L(τη)α1
fm1 u(τ )

1

q(τ )

2efk = − (k(−)

2f F (1)α2(−)

η
F (1)α2(−)

τ
H (−)

1 H (−)

2 + k(+)

2f F (l)α2(+)

η
F (l)α2(+)

τ
H (+)

1 H (+)

2

)
u(τ )

2 = −L(τη)α2α2
fm2 u(τ )

2

q(τ )

3efk = − ((k(−)

3f − G(−)

f ∇2
(−)

)
F (1)α3(−)

η
F (1)α3(−)

τ
H (−)

1 H (−)

2 + (k(+)

3f − G(+)

f ∇2
(+)

)
F (l)α3(+)

η
F (l)α3(+)

τ
H (+)

1 H (+)

2

)
u(τ )

3

= −L(τη)α3α3
fm3 u(τ )

3 (54)

6 Governing Equations

The fundamental governing equations are derived from the Master Balance principle written for
the magneto-electro-elastic physical problem. Following this approach, we define the time integral of
the virtual variation for the total energy of the system E, within an arbitrary closed time interval [t1, t2],
with t1 < t2 [48]:∫ t2

t1

δE dt =
∫ t2

t1

(δLs − δΥ ) dt = 0 (55)

The virtual variation δLs has been already computed in Eq. (52) for the higher-order problem,
while δΥ is derived following the same approach as in Eq. (40), recalling the expression (44) for the
generalized secondary variables vector in terms of the magneto-electro-elastic primary variables. The
following condensed relation is, thus, obtained for δΥ :

δΥ =
l∑

k=1

∫
α1

∫
α2

∫ ζk+1

ζk

δπ (k)T
χ (k)A1A2H1H2dζdα1dα2 =

N+1∑
τ=0

5∑
i=1

∫
α1

∫
α2

(
δπ (τ )αi

)T
	̃

(τ )αi A1A2dα1dα2 =

=
N+1∑
τ=0

5∑
i=1

∫
α1

∫
α2

(
δε(τ )αi

)T
S(τ )αi A1A2dα1dα2 −

N+1∑
τ=0

5∑
i=1

∫
α1

∫
α2

(
δE(τ )αi

)T
D(τ )αi A1A2dα1dα2+

−
N+1∑
τ=0

5∑
i=1

∫
α1

∫
α2

(
δH(τ )αi

)T
B(τ )αi A1A2dα1dα2 (56)

The quantity 	(τ )αi refers to the vector of generalized secondary variables introduced in Eq. (41),
while 	̃

(τ )αi is the modified vector of secondary variables:

	̃
(τ )αi = [S(τ )αiT −D(τ )αiT −B(τ )αiT

]T
(57)

Substituting the higher-order ELW definition equations in the virtual variations of Eq. (56), and
applying the integration by parts rule for the evaluation of these integrals, the extended version of the
magneto-electro-elastic balance equations is derived for each τ = 0, . . . , N + 1, since the time integral
of Eq. (55) must be set equal to zero under the assumption of synchronous motions [48]:

1
A1

∂N (τ )α1
1

∂α1

+ N (τ )α1
1

A1A2

∂A2

∂α1

+ 1
A2

∂N (τ )α1
21

∂α2

+ N (τ )α1
21

A1A2

∂A1

∂α2

+ N (τ )α1
12

A1A2

∂A1

∂α2

− N (τ )α1
2

A1A2

∂A2

∂α1

+ T (τ )α1
1

R1

− P(τ )α1
1 + q(τ )

1s = 0
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1
A2

∂N (τ )α2
2

∂α2

+ N (τ )α2
2

A1A2

∂A1

∂α2

+ 1
A1

∂N (τ )α2
12

∂α1

+ N (τ )α2
12

A1A2

∂A2

∂α1

+ N (τ )α2
21

A1A2

∂A2

∂α1

− N (τ )α2
1

A1A2

∂A1

∂α2

+ T (τ )α2
2

R2

− P(τ )α2
2 + q(τ )

2s = 0

1
A1

∂T (τ )α3
1

∂α1

+ T (τ )α3
1

A1A2

∂A2

∂α1

+ 1
A2

∂T (τ )α3
2

∂α2

+ T (τ )α3
2

A1A2

∂A1

∂α2

− N (τ )α3
1

R1

− N (τ )α3
2

R2

− S(τ )α3
3 + q(τ )

3s = 0

1
A1

∂D(τ )α4
1

∂α1

+ D(τ )α4
1

A1A2

∂A2

∂α1

+ 1
A2

∂D(τ )α4
2

∂α2

+ D(τ )α4
2

A1A2

∂A1

∂α2

− D(τ )α4
3 + q(τ )

Ds = 0

1
A1

∂B(τ )α5
1

∂α1

+ B(τ )α5
1

A1A2

∂A2

∂α1

+ 1
A2

∂B(τ )α5
2

∂α2

+ B(τ )α5
2

A1A2

∂A1

∂α2

− B(τ )α5
3 + q(τ )

Bs = 0 (58)

Employing a compact notation, the previous equations can be written in the following matrix
form:

5∑
i=1

D∗αi
Ω

	(τ )αi + q(τ ) = 0 (59)

setting D∗αi
Ω

with i = 1, . . . , 5 the balance operators, which are reported below:

D∗α1
Ω

=

⎡
⎢⎢⎢⎢⎣

D
∗α1

Ω
0 0

0 0 0
0 0 0
0 0 0
0 0 0

⎤
⎥⎥⎥⎥⎦ , D∗α2

Ω
=

⎡
⎢⎢⎢⎢⎣

0 0 0
D

∗α2

Ω
0 0

0 0 0
0 0 0
0 0 0

⎤
⎥⎥⎥⎥⎦ , D∗α3

Ω
=

⎡
⎢⎢⎢⎢⎣

0 0 0
0 0 0
D

∗α3

Ω
0 0

0 0 0
0 0 0

⎤
⎥⎥⎥⎥⎦ ,

D∗α4
Ω

=

⎡
⎢⎢⎢⎢⎣

0 0 0
0 0 0
0 0 0
0 D

∗α4

Ω
0

0 0 0

⎤
⎥⎥⎥⎥⎦ , D∗α5

Ω
=

⎡
⎢⎢⎢⎢⎣

0 0 0
0 0 0
0 0 0
0 0 0
0 0 D

∗α5

Ω

⎤
⎥⎥⎥⎥⎦ (60)

The sub-matrices D
∗α1

Ω
, D

∗α2

Ω
, D

∗α3

Ω
, D

∗α4

Ω
, D

∗α5

Ω
introduced before, are defined as follows:

D
∗α1

Ω
=
[

1
A1

∂

∂α1

+ 1
A1A2

∂A2

∂α1

− 1
A1A2

∂A2

∂α1

1
A1A2

∂A1

∂α2

1
A2

∂

∂α2

+ 1
A1A2

∂A1

∂α2

1
R1

0 −1 0 0
]

D
∗α2

Ω
=
[
− 1

A1A2

∂A1

∂α2

1
A2

∂

∂α2

+ 1
A1A2

∂A1

∂α2

1
A1

∂

∂α1

+ 1
A1A2

∂A2

∂α1

1
A1A2

∂A2

∂α1

0
1

R2

0 −1 0
]

D
∗α3

Ω
=
[
− 1

R1
− 1

R2
0 0 1

A1

∂

∂α1
+ 1

A1A2

∂A2
∂α1

1
A2

∂

∂α2
+ 1

A1A2

∂A1
∂α2

0 0 −1
]

D
∗α4

Ω
= D

∗α5

Ω
=
[

1
A1

∂

∂α1
+ 1

A1A2

∂A2
∂α1

1
A2

∂

∂α2
+ 1

A1A2

∂A1
∂α2

−1
]

(61)

In addition to the multifield balance Eq. (59), which are valid throughout the entire physical
domain, the application of the integration-by-parts rule in the Master Balance principle of Eq. (56)
yields the following relations [48], which are valid along the edges of the rectangular physical domain
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[
α0

1 , α1
1

]× [α0
2 , α1

2

]
:(

N
(τ )α1

1 − N (τ )α1
1

)
δu(τ )

1 = 0
(

N
(τ )α1

21 − N (τ )α1
21

)
δu(τ )

1 = 0

(
N

(τ )α2

12 − N (τ )α2
12

)
δu(τ )

2 = 0
(

N
(τ )α2

2 − N (τ )α2
2

)
δu(τ )

2 = 0

(
T

(τ )α3

1 − T (τ )α3
1

)
δu(τ )

3 = 0
(

T
(τ )α3

2 − T (τ )α3
2

)
δu(τ )

3 = 0

(
D

(τ )α4

1 − D(τ )α4
1

)
δφ(τ) = 0

(
D

(τ )α4

2 − D(τ )α4
2

)
δφ(τ) = 0

(
B

(τ )α5

1 − B(τ )α5
1

)
δψ(τ) = 0

(
B

(τ )α5

2 − B(τ )α5
2

)
δψ(τ) = 0 (62)

where N
(τ )α1

1 , N
(τ )α2

12 , T
(τ )α3

1 , D
(τ )α4

1 , B
(τ )α5

1 and N
(τ )α1

21 , N
(τ )α2

2 , T
(τ )α3

2 , D
(τ )α4

2 , B
(τ )α5

2 are arbitrary values of the
multifield generalized secondary variables. In this way, boundary conditions can be determined
by setting a uniform value for the unknown variables or, alternatively, a uniform value for each
generalized secondary variable in the previous equation. In particular, the Simply-supported (S)
boundary condition can be represented as follows:

N (τ )α1
1 = 0, u(τ )

2 = u(τ )

3 = φ(τ) = ψ(τ) = 0 at α1 = α0
1 or α1 = α1

1

N (τ )α2
2 = 0, u(τ )

1 = u(τ )

3 = φ(τ) = ψ(τ) = 0 at α2 = α0
2 or α2 = α1

2 (63)

The higher-order balance Eq. (59) can be expressed in terms of the unknown variables by
substituting the generalized constitutive relation (44) and recalling the generalized definition Eq. (28),
where the primary variables vector π (τ )αi is expressed in terms of δ

(τ ). This yields the following
expression for each τ = 0, . . . , N + 1 [48]:

N+1∑
η=0

L(τη)δ
(η) + q(τ ) = 0 (64)

where L(τη) represents the magneto-electro-elastic fundamental operator, defined for each τ , η =
0, . . . , N + 1 in each point of the physical domain. The external actions vector q(τ ) has been already
introduced in Eq. (53). In a more expanded form, Eq. (64) takes the following aspect:

N+1∑
η=0

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

L(τη)α1α1
11 L(τη)α1α2

12 L(τη)α1α3
13 L(τη)α1α4

14 L(τη)α1α5
15

L(τη)α2α1
21 L(τη)α2α2

22 L(τη)α2α3
23 L(τη)α2α4

24 L(τη)α2α5
25

L(τη)α3α1
31 L(τη)α3α2

32 L(τη)α3α3
33 L(τη)α3α4

34 L(τη)α3α5
35

L(τη)α4α1
41 L(τη)α4α2

42 L(τη)α4α3
43 L(τη)α4α4

44 L(τη)α4α5
45

L(τη)α5α1
51 L(τη)α5α2

52 L(τη)α5α3
53 L(τη)α5α4

54 L(τη)α5α5
55

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

u(η)

1

u(η)

2

u(η)

3

φ(η)

ψ(η)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

q(τ )

1s

q(τ )

2s

q(τ )

3s

q(τ )

Ds

q(τ )

Bs

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

0

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(65)
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Each element L
(τη)αiαj
ij with i, j = 1, . . . , 5 of the matrix L(τη) occurring in Eq. (65) is computed

through the following matrix multiplications demonstrated in Reference [48]:

L(τη) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

D
∗α1

Ω
A(τη)α1α1

εε
D

α1

Ω
D

∗α1

Ω
A(τη)α1α2

εε
D

α2

Ω
D

∗α1

Ω
A(τη)α1α3

εε
D

α3

Ω
D

∗α1

Ω
A(τη)α1α4

εφ
D

α4

Ω
D

∗α1

Ω
A(τη)α1α5

εψ
D

α5

Ω

D
∗α2

Ω
A(τη)α2α1

εε
D

α1

Ω
D

∗α2

Ω
A(τη)α2α2

εε
D

α2

Ω
D

∗α2

Ω
A(τη)α2α3

εε
D

α3

Ω
D

∗α2

Ω
A(τη)α2α4

εφ
D

α4

Ω
D

∗α2

Ω
A(τη)α2α5

εψ
D

α5

Ω

D
∗α3

Ω
A(τη)α3α1

εε
D

α1

Ω
D

∗α3

Ω
A(τη)α3α2

εε
D

α2

Ω
D

∗α3

Ω
A(τη)α3α3

εε
D

α3

Ω
D

∗α3

Ω
A(τη)α3α4

εφ
D

α4

Ω
D

∗α3

Ω
A(τη)α3α5

εψ
D

α5

Ω

D
∗α4

Ω
A(τη)α4α1

φε
D

α1

Ω
D

∗α4

Ω
A(τη)α4α2

φε
D

α2

Ω
D

∗α4

Ω
A(τη)α4α3

φε
D

α3

Ω
D

∗α4

Ω
A(τη)α4α4

φφ
D

α4

Ω
D

∗α4

Ω
A(τη)α4α5

φψ
D

α5

Ω

D
∗α5

Ω
A(τη)α5α1

ψε
D

α1

Ω
D

∗α5

Ω
A(τη)α5α2

ψε
D

α2

Ω
D

∗α5

Ω
A(τη)α5α3

ψε
D

α3

Ω
D

∗α5

Ω
A(τη)α5α4

ψφ
D

α4

Ω
D

∗α5

Ω
A(τη)α5α5

ψψ
D

α5

Ω

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(66)

To obtain a closed-form solution of the fundamental Eq. (64), a 2D trigonometric expansion is
adopted for each element of the unknown vector δ

(τ ), for each τ = 0, . . . , N + 1. This expansion takes
the following form [48]:

u(τ )

1 (s1, s2) =
Ñ∑

n=1

M̃∑
m=1

U(τ )

1nm cos
(

nπ

L1

s1

)
sin
(

mπ

L2

s2

)

u(τ )

2 (s1, s2) =
Ñ∑

n=1

M̃∑
m=1

U(τ )

2nm sin
(

nπ

L1

s1

)
cos
(

mπ

L2

s2

)

u(τ )

3 (s1, s2) =
Ñ∑

n=1

M̃∑
m=1

U(τ )

3nm sin
(

nπ

L1

s1

)
sin
(

mπ

L2

s2

)

φ(τ) (s1, s2) =
Ñ∑

n=1

M̃∑
m=1

Φ(τ )

nm sin
(

nπ

L1

s1

)
sin
(

mπ

L2

s2

)

ψ(τ) (s1, s2) =
Ñ∑

n=1

M̃∑
m=1

Ψ(τ )

nm sin
(

nπ

L1

s1

)
sin
(

mπ

L2

s2

)
(67)

where Ñ = M̃ = +∞. Here, s i = s1, s2 denotes the curvilinear parametrization of the physical domain,
as defined in Eq. (5). The lengths L1 and L2 are calculated in Eq. (7) under the assumption of uniform
principal radii of curvature and Lamé parameters. Note that geometries such as a cylindrical surface
and a rectangular plate are specific cases of this general assumption. In this way, the variability of
the configuration variables along the physical domain is implicitly assigned, therefore the unknown
variables are U(τ )

1nm, U(τ )

2nm, U(τ )

3nm, Φ(τ )

nm, Ψ(τ )

nm, defined for the entire physical domain for any arbitrary τ =
0, . . . , N + 1 and n, m. These semi-analytical variables are conveniently arranged in vector U(τ )

nm defined
for any given τ = 0, . . . , N + 1 and n, m, as shown below:

U(τ )

nm = [U(τ )

1nm U(τ )

2nm U(τ )

3nm Φ(τ )

nm Ψ(τ )

nm

]T
(68)

In the same way, the generalized actions derived in Eq. (53) are expanded using trigonometric
series, leading to the following relations [48]:

q(τ )

1s (s1, s2) =
Ñ∑

n=1

M̃∑
m=1

Q(τ )

1snm cos
(

nπ

L1

s1

)
sin
(

mπ

L2

s2

)
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q(τ )

2s (s1, s2) =
Ñ∑

n=1

M̃∑
m=1

Q(τ )

2snm sin
(

nπ

L1

s1

)
cos
(

mπ

L2

s2

)

q(τ )

3s (s1, s2) =
Ñ∑

n=1

M̃∑
m=1

Q(τ )

3snm sin
(

nπ

L1

s1

)
sin
(

mπ

L2

s2

)

q(τ )

Ds (s1, s2) =
Ñ∑

n=1

M̃∑
m=1

Q(τ )

Dsnm sin
(

nπ

L1

s1

)
sin
(

mπ

L2

s2

)

q(τ )

Bs (s1, s2) =
Ñ∑

n=1

M̃∑
m=1

Q(τ )

Bsnm sin
(

nπ

L1

s1

)
sin
(

mπ

L2

s2

)
(69)

Here, the quantities Q(τ )

snm = [
Q(τ )

1snm Q(τ )

2snm Q(τ )

3snm Q(τ )

Dsnm Q(τ )

Bsnm

]T
, conveniently arranged in vector

Q(τ )

snm, are the wave amplitudes of the generalized external actions of the differential problem in hand
associated with an arbitrary n, m wave number. By comparing Eqs. (53) and (69), the following
expression is derived for these quantities:

Q(τ )

1snm = Q(−)

1snmF (1)α1(−)

τ
H (−)

1 H (−)

2 + Q(+)

1snmF (l)α1(+)

τ
H (+)

1 H (+)

2

Q(τ )

2snm = Q(−)

2snmF (1)α2(−)

τ
H (−)

1 H (−)

2 + Q(+)

2snmF (l)α2(+)

τ
H (+)

1 H (+)

2

Q(τ )

3snm = Q(−)

3snmF (1)α3(−)

τ
H (−)

1 H (−)

2 + Q(+)

3snmF (l)α3(+)

τ
H (+)

1 H (+)

2

Q(τ )

Dsnm = Q(−)

DsnmF (1)α4(−)

τ
H (−)

1 H (−)

2 + Q(+)

DsnmF (l)α4(+)

τ
H (+)

1 H (+)

2

Q(τ )

Bsnm = Q(−)

BsnmF (1)α5(−)

τ
H (−)

1 H (−)

2 + Q(+)

BsnmF (l)α5(+)

τ
H (+)

1 H (+)

2 (70)

The wave amplitudes Q(−)

1snm, Q(−)

2snm, Q(−)

3snm, Q(−)

Dsnm, Q(−)

Bsnm and Q(+)

1snm, Q(+)

2snm, Q(+)

3snm, Q(+)

Dsnm, Q(+)

Bsnm in the pre-
vious equation correspond to the Fourier expansion of external load distributions applied at the
top (+) and bottom (−) surfaces. The analytical expression of these quantities depends on the
specific distribution shape. Further details regarding more common loading profiles in engineering
applications can be found in Table 1.

Table 1: Analytical expressions of the external load coefficients for the Fourier expansion of various
load shapes. These quantities are adopted to obtain the response of a doubly-curved shell under static
magneto-electro-elastic conditions employing the semi-analytical procedure, derived for sinusoidal
loading

Load shape Analytical expression Fourier harmonic expansion

Concentrated q(±)
s (s1, s2) = q(±)

s δ
(
s1 − s10, s2 − s20

)
Q(±)

snm = 4q(±)
s

L1L2
sin
(

nπs10
L1

)
sin
(

mπs20
L2

)
(Continued)



CMES, 2025, vol.142, no.2 1791

Table 1 (continued)
Load shape Analytical expression Fourier harmonic expansion

Uniform q(±)
s (s1, s2) = q(±)

s Q(±)
snm = 4q(±)

s

π2nm
(1 − cos (nπ)) (1 − cos (mπ))

Line load at s1 = s10 q(±)
s (s1, s2) = q(±)

s δ
(
s1 − s10

)
Q(±)

snm = 4q(±)
s

mπL1
sin
(

nπs10
L1

)
(1 − cos (mπ))

Line load at s2 = s20 q(±)
s (s1, s2) = q(±)

s δ
(
s2 − s20

)
Q(±)

snm = 4q(±)
s

nπL2
(1 − cos (nπ)) sin

(
mπs20

L2

)

Hydrostatic load along α1 q(±)
s (s1, s2) = q(±)

s
s1
L1

Q(±)
snm = − 4q(±)

s

π2nm
cos (nπ) (1 − cos (mπ))

Hydrostatic load along α2 q(±)
s (s1, s2) = q(±)

s
s2
L2

Q(±)
snm = − 4q(±)

s

π2nm
(1 − cos (nπ)) cos (mπ)

Patch load q(±)
s (s1, s2) =⎧⎪⎪⎨
⎪⎪⎩

q(±)
s for

s1 ∈ [(s10 − c10
)

,
(
s10 + c10

)]
s2 ∈ [(s20 − c20

)
,
(
s20 + c20

)]
0 otherwise

Q(±)
snm =

16q(±)
s

π2nm
sin
(

nπs10
L1

)
sin
(

mπs20
L2

)
sin
(

nπc10
L1

)
sin
(

mπc20
L2

)

As evident, a closed form solution of the differential system (64) can be obtained if the config-
uration and source variables are expanded with trigonometric series according to Eqs. (67) and (69),
respectively. In addition, the solution can be derived under the assumption of cross-ply lamination
scheme. For this purpose, matrices �

(k)

C , �
(k)

P , �
(k)

Q , �
(k)

L , �
(k)

M and �
(k)

D assume the following form instead
of Eq. (34):

�
(k)

C =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C
(k)

11 C
(k)

12 0 0 0 C
(k)

13

C
(k)

12 C
(k)

22 0 0 0 C
(k)

23

0 0 C
(k)

66 0 0 0

0 0 0 C
(k)

44 0 0

0 0 0 0 C
(k)

55 0

C
(k)

13 C
(k)

23 0 0 0 C
(k)

33

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�
(k)

M =

⎡
⎢⎢⎣

m(k)

11 0 0

0 m(k)

22 0

0 0 m(k)

33

⎤
⎥⎥⎦ , �

(k)

L =

⎡
⎢⎢⎢⎢⎣

l
(k)

11 0 0

0 l
(k)

22 0

0 0 l
(k)

33

⎤
⎥⎥⎥⎥⎦ , �

(k)

D =

⎡
⎢⎢⎢⎢⎣

d
(k)

11 0 0

0 d
(k)

22 0

0 0 d
(k)

33

⎤
⎥⎥⎥⎥⎦

�
(k)

P =

⎡
⎢⎢⎣

0 0 0 p(k)

14 0 0

0 0 0 0 p(k)

25 0

p(k)

31 p(k)

32 0 0 0 p(k)

33

⎤
⎥⎥⎦
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�
(k)

Q =

⎡
⎢⎢⎣

0 0 0 q(k)

14 0 0

0 0 0 0 q(k)

25 0

q(k)

31 q(k)

32 0 0 0 q(k)

33

⎤
⎥⎥⎦ (71)

In particular, the constitutive behavior described in Eq. (71) can be achieved when orthotropic
materials are used within the lamination scheme, with the material orientation angle ϑ(k) set to 0 or
±π/2. By substituting expressions (67) and (69) into the fundamental relations (64) and considering
a cross-ply stacking sequence according to Eq. (71), the system of differential equations gets into an
algebraic linear system. This algebraic system can be expressed in matrix form as:

Ñ∑
n=1

M̃∑
m=1

(
N+1∑
η=0

L̃
(τη)

nm U(η)

nm + Q(τ )

snm

)
= 0 (72)

As can be seen, a semi-analytical fundamental matrix L̃
(τη)

nm is introduced for each τ , η = 0, . . . , N+
1, n = 1, . . . , Ñ and m = 1, . . . , M̃. In a more expanded form, the previous equation can be expressed
as follows:

M̃∑
n=1

M̃∑
m=1

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

N+1∑
η=0

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

L̃(τη)α1α1
11nm L̃(τη)α1α2

12nm L̃(τη)α1α3
13nm L̃(τη)α1α4

14nm L̃(τη)α1α5
15nm

L̃(τη)α2α1
21nm L̃(τη)α2α2

22nm L̃(τη)α2α3
23nm L̃(τη)α2α4

24nm L̃(τη)α2α5
25nm

L̃(τη)α3α1
31nm L̃(τη)α3α2

32nm L̃(τη)α3α3
33nm L̃(τη)α3α4

34nm L̃(τη)α3α5
35nm

L̃(τη)α4α1
41nm L̃(τη)α4α2

42nm L̃(τη)α4α3
43nm L̃(τη)α4α4

44nm L̃(τη)α4α5
45nm

L̃(τη)α5α1
51nm L̃(τη)α5α2

52nm L̃(τη)α5α3
53nm L̃(τη)α5α4

54nm L̃(τη)α5α5
55nm

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

U(η)

1nm

U(η)

2nm

U(η)

3nm

Φ(η)

nm

Ψ(η)

nm

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Q(τ )

1snm

Q(τ )

2snm

Q(τ )

3snm

Q(τ )

Dsnm

Q(τ )

Bsnm

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

0

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(73)

The complete expression for each term L̃
(τη)αiαj
ijnm with i, j = 1, . . . , 5 of the previous equation, can be

found in Appendix B.

7 Numerical Implementation with Generalized Differential Quadrature

The GDQ and GIQ methods are briefly recalled in this section, as applied in this work to compute
derivatives and integrals. More specifically, the GIQ method is adopted in Eq. (45) to determine
elements A

(τη)[fg] αiαj
rsnm (pq) of the generalized constitutive matrix A(τη)αiαj of Eq. (44). On the other hand, the

GDQ method is used for a numerical computation of derivatives in the post-processing recovery
procedure, as discussed in the subsequent section.

For any sufficiently differentiable function f = f (x) defined in a closed interval, such that x ∈
[a, b], its n-th order derivative at a point xi ∈ [a, b] with i = 1, . . . , IQ, denoted by f (n)

(
xj

)
, can be

computed using a quadrature approach. This involves a weighted sum of the function values f
(
xj

)
with j = 1, . . . , IQ at various points within the definition interval [a, b]:

f (n) (xi) = ∂nf (x)

∂xn

∣∣∣∣
x=x i

∼=
I Q∑
j=1

ς(n)

ij f
(
xj

)
(74)
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In the previous equation, presented in detail in Reference [94], the quantities ς
(n)

ij with i, j =
1, . . . , IQ represent the GDQ weighting coefficients for the n-th order derivative. These coefficients are
computed using the following recursive relation, where L (1) (xi) ,L (1)

(
xj

)
are the first order derivative

of the Lagrange interpolating polynomials evaluated at the discrete point xi, xj, respectively [94]:

ς
(1)

ij = L(1)(xi)
(xi−xj)L(1)(xj)

, ς
(n)

ij = n
(

ς
(1)

ij ς
(n−1)

ii − ς
(n−1)
ij

xi−xj

)
i 
= j

ς
(n)

ii = −
I Q∑

j=1j 
=i

ς
(n)

ij i = j
(75)

Moreover, the position ς
(0)

ij = δ ij is introduced, where δ ij denotes the well-known Kronecker-
delta operator with i, j = 1, . . . , IQ. The Lagrange polynomials L from Eq. (75) are computed once
a discrete grid is defined within the definition interval [a, b]. These points are chosen based on
the harmonic Chebyshev-Gauss-Lobatto (CGL) distribution. Referring to a dimensionless interval
[−1, 1], an arbitrary CGL sample point xi with i = 1, . . . , IQ is evaluated as follows:

xi = − cos
(

i − 1
IQ − 1

π

)
(76)

The following coordinate transformation is employed to discretize the definition domain [a, b]:

xi = xIQ
− x1

xIQ
− x1

(xi − x1) + x1 (77)

The GDQ coefficients derived from the discretization of the interval [−1, 1] according to Eq. (76)
are denoted by ς̃

(n)

ij with i, j = 1, . . . , IQ and n = 1, . . . , IQ − 1, while those employed in Eq. (74) are
calculated as follows [94]:

ς(n)

ij =
(

xIQ
− x1

xIQ
− x1

)n

ς̃ (n)

ij (78)

For an efficient numerical implementation of Eq. (74), the GDQ coefficients (75) of the n-th order
derivative are conveniently arranged in matrix ς (n) of size IQ × IQ. As a consequence, Eq. (74) can be
expressed as follows [94]:

f(n) = ς (n) f (79)

where f =
[
f (x1) · · · f (xi) · · · f

(
xI Q

)]T

and f(n) =
[
f (n) (x1) · · · f (n) (xi) · · · f (n)

(
xI Q

)]T

are

IQ × 1 column vectors containing the values assumed by function f = f (x) and its derivative
f (n) = f (n) (x) at the discrete points derived according to Eq. (77), respectively. The GDQ method
presented in Eq. (79) for one-dimensional functions, can be easily applied to a two-variable function
f = f (x, y) using the matrix approach of Eq. (79). To this end, a by-column vectorization must be
introduced, according to which, the values assumed by function f in a rectangular computational grid

of size IN × IM , collected in a matrix f of size IN × IM , are organized within vector
→
f of size INIM × 1,

defined as:
→
f = Vec (f) ⇔ fk = f

(
xi, xj

)
k

(80)
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with i = 1, . . . , IN, j = 1, . . . , IM and k = i + (j − 1) IN. In the same way, the vector
→
f

(n+m)

xy of size
INIM × 1 is defined to collect the values of the (n + m)-th mixed order derivative of f . The 2D GDQ
matrix of the (n + m)-th mixed order derivative can be evaluated using the Kronecker tensor product
⊗ as follows:

ς x(n)y(m) = ς y(m) ⊗ ς x(n) (81)

where ς x(n) and ς y(m) are matrices of size IN×IN and IM×IM , respectively, containing the GDQ weighting
coefficients for the derivative of a one-dimensional function along x and y. As a particular case, the
positions ς x(n)y(0) = I ⊗ ς x(n) and ς x(0)y(m) = ς y(m) ⊗ I are considered to identify the partial derivatives of
n-th and m-th order with respect to x and y, respectively. As a consequence, Eq. (79) becomes:
→
f

(n+m)

xy = ς x(n)y(m)
→
f (82)

Moving from the GDQ rule (74), the T-GIQ numerical technique is derived. To this end, an
arbitrary one-dimensional function f = f (x) with x ∈ [a, b] is considered. According to T-GIQ,
the integral of f over the closed interval

[
xi, xj

] ⊆ [a, b] is expressed as a weighted sum of values f (xk)

assumed by the function at a discrete node set xk, with k = 1, . . . , IQ [94]:∫ xj

xi

f (x) dx =
I Q∑
k=1

wij
kf (xk) (83)

Here, wij
k for k = 1, . . . , IQ are the T-GIQ weighting coefficients. On the other hand, the integral

(83) can be seen as the difference of two integrals, as follows:∫ xj

xi

f (x) dx =
∫ xj+xi

2

xi

f (x) dx −
∫ xj+xi

2

xj

f (x) dx (84)

If the integrand function f is expanded through a Taylor’s series up to the m-th order near points
xi and xj, the previous relation can be expressed as:∫ xj

xi

f (x) dx =
m−1∑
r=0

(
xj − xi

)r+1

2r+1 (r + 1) !
drf
dxr

∣∣∣∣
xi

−
m−1∑
r=0

(
xi − xj

)r+1

2r+1 (r + 1) !
drf
dxr

∣∣∣∣
xj

=

=
m−1∑
r=0

(
xj − xi

)r+1

2r+1 (r + 1) !

(
drf
dxr

∣∣∣∣
xi

+ (−1)
r+2 drf

dxr

∣∣∣∣
xj

)
(85)

If the derivatives in Eq. (85) are approximated numerically according to Eq. (74), the expression
becomes [94]:∫ xj

xi

f (x) dx =
m−1∑
r=0

(
xj − xi

)r+1

2r+1 (r + 1) !

I Q∑
k=1

ς(r)
ik f (xk) −

m−1∑
r=0

(
xi − xj

)r+1

2r+1 (r + 1) !

I Q∑
k=1

ς(r)
jk f (xk) =

=
I Q∑
k=1

(
m−1∑
r=0

( (
xj − xi

)r+1

2r+1 (r + 1) !
ς(r)

ik +
(
xi − xj

)r+1

2r+1 (r + 1) !
ς(r)

jk

))
f (xk) =
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=
I Q∑
k=1

(
m−1∑
r=0

(
xj − xi

)r+1

2r+1 (r + 1) !

(
ς(r)

ik + (−1)
r+2

ς(r)
jk

))
f (xk) =

I Q∑
k=1

wij
kf (xk) (86)

8 Primary and Secondary Variables Reconstruction

Once the higher-order semi-analytical solution is derived from Eq. (72), the actual multifield
response of the doubly-curved 3D shell element must be determined. To this end, a discrete grid is
introduced along the thickness direction in each point of the rectangular physical domain. Referring
to an arbitrary k-th layer of the stacking sequence, located between the heights ζ k and ζ k+1 according to
Eq. (11), IQ sample points are determined within the interval [ζk, ζk+1], following the CGL distribution
of Eq. (76). If xM̃ ∈ [−1, 1] with m̃ = 1, . . . , IT is an arbitrary element of the CGL dispersion of
Eq. (76), the height of the corresponding sample point ζ

(k)

M̃
belonging to [ζk, ζk+1] is calculated as follows:

ζ (k)

m̃ = ζk+1 − ζk

2
xm̃ + ζk+1 + ζk

2
= hk

2
xm̃ + ζk+1 + ζk

2
(87)

The sample points ζ
(k)

M̃
from the previous equation are conveniently arranged in the column vector

ζ (k) = [
ζ

(k)

1 · · · ζ
(k)

M̃
· · · ζ

(k)

IT

]T
of size IT × 1, defined for each k-th lamina. Then, vectors ζ (k) with

k = 1, . . . , l are assembled into a new one of size l IT × 1, according to the definition reported below:

ζ = [ζ1 · · · ζm · · · ζl IT

]T = [ζ (1)T · · · ζ (k)T · · · ζ (l)T
]

(88)

The arbitrary element of vector in Eq. (88) is denoted by ζm, with m = (k − 1) IT +m̃. This element
corresponds to an arbitrary sample point belonging to the interval [−h/2, h/2]. Note that Eq. (88)
assumes that the points ζ

(k)

IT
= ζ kIT

and ζ
(k+1)

1 = ζ(k+1)1 for k = 1, . . . , l − 1 are located at the same
height. In this way, it is possible to compute the through-the-thickness profile of the elements of the
vector �(k) associated with an arbitrary point

(
s1i, s2j

)
, with i = 1, . . . , IN and j = 1, . . . , IM of the

reference surface, setting m = 1, . . . , l IT :

�(k)

(ijm)
=

N+1∑
τ=0

F(k)

τ (m)
δ

(τ )

(ij) (89)

Here, the elements of vector δ
(τ )

(ij) with τ = 0, . . . , N + 1 of the generalized configuration variables
referred to

(
s1i, s2j

)
are evaluated from the harmonic expansion (67), recalling the semi-analytical

solution of Eq. (72). On the other hand, matrix F(k)

τ (m)
contains the values of the thickness functions

evaluated at the thickness height ζm. Once vector �(k)

(ijm)
is computed from Eq. (89), vector π (k)

(ijm) of
primary variables can be derived from the discrete version of the 3D definition Eq. (28):

π (k)

(ijm)
=

N+1∑
τ=0

5∑
i=1

Z(kτ)αi
(ijm)

π
(τ )αi
(ij) (90)

The computation of π (k)

(ijm) according to the previous equation is performed from the definition
Eq. (27), where the vector of generalized secondary variables is expressed in terms of δ

(τ )

(ij) through
Eq. (67), thus allowing for the analytical evaluation of partial derivatives. Then, the magneto-electro-
mechanical in-plane secondary variables are derived from the 3D constitutive relation (32). Since the
problem is solved according to the Navier method, the assumptions (71) can be considered for brevity.
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As a consequence, the following relations are obtained:

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

σ
(k)

1

σ
(k)

2

τ
(k)

12

D(k)

1

D(k)

2

B(k)

1

B(k)

2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C
(k)

11 C
(k)

12 0 0 0 C
(k)

13 0 0 −p(k)

31 0 0 −q(k)

31

C
(k)

12 C
(k)

22 0 0 0 C
(k)

23 0 0 −p(k)

32 0 0 −q(k)

32

0 0 C
(k)

66 0 0 0 0 0 0 0 0 0

0 0 0 p(k)

14 0 0 l
(k)

11 0 0 d
(k)

11 0 0

0 0 0 0 p(k)

25 0 0 l
(k)

22 0 0 d
(k)

22 0

0 0 0 q(k)

14 0 0 d
(k)

11 0 0 m(k)

11 0 0

0 0 0 0 q(k)

25 0 0 d
(k)

22 0 0 m(k)

22 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ε
(k)

1

ε
(k)

2

γ
(k)

12

γ
(k)

13

γ
(k)

23

ε
(k)

3

E (k)

1

E (k)

2

E (k)

3

H(k)

1

H(k)

2

H(k)

3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(91)

The out-of-plane secondary variables τ
(k)

13 and τ
(k)

23 are derived from the 3D equilibrium equations
reported below [48]:

∂τ
(k)

13

∂ζ
+
(

2
R1 + ζ

+ 1
R2 + ζ

)
τ

(k)

13 = − 1
A1 (1 + ζ/R1)

∂σ
(k)

1

∂α1

+

+ σ
(k)

2 − σ
(k)

1

A1A2 (1 + ζ/R2)

∂A2

∂α1

− 1
A2 (1 + ζ/R2)

∂τ
(k)

12

∂α2

− 2τ
(k)

12

A1A2 (1 + ζ/R1)

∂A1

∂α2

∂τ
(k)

23

∂ζ
+
(

1
R1 + ζ

+ 2
R2 + ζ

)
τ

(k)

23 = − 1
A2 (1 + ζ/R2)

∂σ
(k)

2

∂α2

+

+ σ
(k)

1 − σ
(k)

2

A1A2 (1 + ζ/R1)

∂A1

∂α2

− 1
A1 (1 + ζ/R1)

∂τ
(k)

12

∂α1

− 2τ
(k)

12

A1A2 (1 + ζ/R2)

∂A2

∂α1

(92)

In Eq. (92), the unknown variables are τ
(k)

13 and τ
(k)

23 , while the quantities σ
(k)

1 , σ (k)

2 are derived in
Eq. (91). More specifically, the partial derivatives along α1 and α2 principal directions are computed
numerically using the GDQ rule in Eq. (74). The solution of the first order differential system of
Eq. (92) is determined for each k-th layer with k = 1, . . . , l once the boundary conditions are enforced.
The external constraints are defined from the loading conditions at the bottom surface for k = 1, while
the stress compatibility conditions are considered when k = 2, . . . , l:

k = 1 ⇒
{

τ
(1)

13(ij1)
= q(−)

1(ij)

τ
(1)

23(ij1)
= q(−)

2(ij)

k 
= 1 ⇒
⎧⎨
⎩

τ
(k)

13(ij((k−1)IT +1))
= τ

(k−1)

13(ij((k−1)IT))

τ
(k)

23(ij((k−1)IT +1))
= τ

(k−1)

23(ij((k−1)IT))

(93)
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The solution of the differential problem (92) is, then, adjusted to consider also the loading
conditions at the top surface, namely τ

(l)

13(ij(lIT))
= q(+)

1(ij) and τ
(l)

23(ij(lIT))
= q(+)

2(ij). To this end, a correction

of τ
(k)

13 and τ
(k)

23 , depending on the thickness coordinate ζ , is applied according to the relation reported
below, thus resulting into the updated values τ

(k)

13(ijm), τ
(k)

23(ijm) of the out-of-plane shear stresses for i =
1, . . . , IN, j = 1, . . . , IM and m = 1, . . . , l IT [48]:

τ
(k)

13(ijm) = τ
(k)

13(ijm)
+

q(+)

1(ij) − τ
(l)

13(ij(lIT))

h

(
ζm + h

2

)

τ
(k)

23(ijm) = τ
(k)

23(ijm)
+

q(+)

2(ij) − τ
(l)

23(ij(lIT))

h

(
ζm + h

2

) (94)

Note that in the above equation, q(+)

1(ij) and q(+)

2(ij) represent the magnitude of the in-plane mechanical
loads applied at the top surface for an arbitrary i = 1, . . . , IN and j = 1, . . . , IM .

The distribution of the out-of-plane stress σ
(k)

3 , along with the electric and magnetic flux compo-
nents D(k)

3 ,B(k)

3 along ζ , are determined from the 3D differential equations reported in the following
[48]:

∂σ
(k)

3

∂ζ
+ σ

(k)

3

(
1

R1 + ζ
+ 1

R2 + ζ

)
= − 1

A1 (1 + ζ/R1)

∂τ
(k)

13

∂α1

− τ
(k)

13

A1A2 (1 + ζ/R2)

∂A2

∂α1

+

− 1
A2 (1 + ζ/R2)

∂τ
(k)

23

∂α2

− τ
(k)

23

A1A2 (1 + ζ/R1)

∂A1

∂α2

+ σ
(k)

1

R1 + ζ
+ σ

(k)

2

R2 + ζ

∂D(k)

3

∂ζ
+ D(k)

3

(
1

R1 + ζ
+ 1

R2 + ζ

)
= − 1

A1 (1 + ζ/R1)

∂D(k)

1

∂α1

− D(k)

1

A1A2 (1 + ζ/R2)

∂A2

∂α1

+

− 1
A2 (1 + ζ/R2)

∂D(k)

2

∂α2

− D(k)

2

A1A2 (1 + ζ/R1)

∂A1

∂α2

∂B(k)

3

∂ζ
+ B(k)

3

(
1

R1 + ζ
+ 1

R2 + ζ

)
= − 1

A1 (1 + ζ/R1)

∂B(k)

1

∂α1

− B(k)

1

A1A2 (1 + ζ/R2)

∂A2

∂α1

+

− 1
A2 (1 + ζ/R2)

∂B(k)

2

∂α2

− B(k)

2

A1A2 (1 + ζ/R1)

∂A1

∂α2

(95)

The quantities τ
(k)

13 and τ
(k)

23 in the previous equations are derived from the solution of the
differential Eq. (92) through the conditions (93) and the correction of Eq. (94), while the in-plane
fluxesD(k)

1 ,D(k)

2 andB(k)

1 ,B(k)

2 are obtained at each point of the 3D solid from the magneto-electro-elastic
constitutive relation in Eq. (91). Furthermore, the in-plane derivatives of τ

(k)

13 , τ (k)

23 ,D(k)

1 ,D(k)

2 ,B(k)

1 ,B(k)

2

are computed numerically with Eq. (74). Following the same approach of Eq. (93), the boundary
conditions set for the case k = 1 and k 
= 1 is defined as follows:

k = 1 ⇒

⎧⎪⎪⎨
⎪⎪⎩

σ
(1)

3(ij1)
= q(−)

3(ij)

D̄(1)

3(ij1) = q(−)

D(ij)

B̄(1)

3(ij1) = q(−)

B(ij)
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k 
= 1 ⇒

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

σ
(k)

3(ij((k−1)IT +1))
= σ

(k−1)

3(ij((k−1)IT))

D̄(k)

3(ij((k−1)IT +1))
= D̄(k−1)

3(ij((k−1)IT))

B̄(k)

3(ij((k−1)IT +1))
= B̄(k−1)

3(ij((k−1)IT))

(96)

The secondary variables obtained from the solution of the differential Eq. (95) through the
boundary conditions (96) are denoted by σ

(k)

3 , D̄(k)

3 and B̄(k)

3 . The equilibrium condition at the top surface
under the mechanical normal pressure q(+)

3(ij) and the out-of-plane electric and magnetic loads q(+)

D(ij), q(+)

B(ij)

is modeled by adjusting the through-the-thickness profiles of the quantities σ
(k)

3 , D̄(k)

3 and B̄(k)

3 as follows
[48]:

σ (k)

3(ijm)
= σ

(k)

3(ijm)
+

q(+)

3(ij) − σ
(l)

3(ij(lIT))

h

(
ζm + h

2

)

D(k)

3(ijm)
= D̄(k)

3(ijm)
+

q(+)

D(ij) − D̄(l)

3(ij(lIT))

h

(
ζm + h

2

)

B(k)

3(ijm)
= B̄(k)

3(ijm)
+

q(+)

B(ij) − B̄(l)

3(ij(lIT))

h

(
ζm + h

2

)
(97)

The 3D magneto-electro-elastic constitutive Eq. (35) and the definitions (71) are, thus, adopted to
derive the out-of-plane primary variables of the problem, which are conveniently corrected in vector
x(k)

(ijm) = [
γ

(k)

13(ijm) γ
(k)

23(ijm) ε
(k)

3(ijm) E (k)

3(ijm) H(k)

3(ijm)

]T
defined for each i = 1, . . . , IN, j = 1, . . . , IM and m =

1, . . . , lIT . The following linear system is, thus, obtained [48]:

A(k)

(ijm)
x(k)

(ijm)
= B(k)

(ijm)
(98)

being A(k)

(ijm)
the coefficient matrix, while B(k)

(ijm)
denotes the source variables vector. These matrices

assume the following extended form:

A(k)

(ijm)
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C
(k)

44(ijm)
0 0 0 0

0 C
(k)

55(ijm)
0 0 0

0 0 C
(k)

33(ijm)
−p(k)

33(ijm)
−q(k)

33(ijm)

0 0 p(k)

33(ijm)
l
(k)

33(ijm)
d

(k)

33(ijm)

0 0 q(k)

33(ijm)
d

(k)

33(ijm)
m(k)

33(ijm)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(99)

B(k)

1(ijm)
= [b(k)

1(ijm) b(k)

2(ijm) b(k)

3(ijm) b(k)

4(ijm) b(k)

5(ijm)

]T
(100)
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where b(k)

1(ijm), b(k)

2(ijm), b(k)

3(ijm), b(k)

4(ijm), b(k)

5(ijm) read as:

b(k)

1(ijm) = τ
(k)

13(ijm) + p(k)

14(ijm)
E (k)

1(ijm) + q(k)

14(ijm)
H(k)

1(ijm)

b(k)

2(ijm) = τ
(k)

23(ijm) + p(k)

25(ijm)
E (k)

2(ijm) + q(k)

25(ijm)
H(k)

2(ijm)

b(k)

3(ijm) = σ
(k)

3(ijm) − C
(k)

13(ijm)
ε

(k)

1(ijm) − C
(k)

23(ijm)
ε

(k)

2(ijm)

b(k)

4(ijm) = D(k)

3(ijm) − p(k)

31(ijm)
ε

(k)

1(ijm) − p(k)

32(ijm)
ε

(k)

2(ijm)

b(k)

5(ijm) = B(k)

3(ijm) − q(k)

31(ijm)
ε

(k)

1(ijm) − q(k)

32(ijm)
ε

(k)

2(ijm)

(101)

Once vector x(k)

(ijm) is derived for each point of the 3D computational grid from the algebraic linear
system (98), in-plane secondary variables of the problem are computed with the constitutive relation
(32). Therefore, the updated values of the quantities σ

(k)

1 , σ (k)

2 , τ (k)

12 ,D(k)

1 ,D(k)

2 ,B(k)

1 ,B(k)

2 are obtained
against those derived in Eq. (91). In this way, the accuracy of the model is increased also for in-plane
quantities, which were previously determined from the 2D solution, which does not guarantee a-priori
the balance of the system along the thickness direction.

9 Applications and Results

Some numerical investigations are presented about the application of the higher-order ELW
formulation from the previous sections to predict the mechanical response of various panels subjected
to electric and magnetic fields. More specifically, the multifield response of a rectangular plate,
a cylindrical panel, and a spherical laminated structure is examined, considering different load
combinations and materials. The results are presented through thickness plots of the magneto-electro-
elastic configuration, and primary and secondary variables at specific points within the 2D domain.
For each example, a reference solution is obtained using 3D finite elements with commercial software,
while the 2D semi-analytical solution derived from the present formulation is employed to reconstruct
the response of the 3D solid using a GDQ-based post-processing recovery procedure.

The lamination schemes consist of various layers of magneto-electro-elastic materials made of
cylindrical fibers (f ) of barium titanate embedded in an isotropic matrix (m) of cobalt ferrite, here
modeled as a continuum element using the Mori-Tanaka procedure. The equivalent properties of
these materials are derived from the homogenization procedure detailed in Appendix A, considering a
varying volume fraction of the constituents. The magneto-electro-elastic properties of the cylindrical
fibers, with density ρ(k) = 5800 kg/m3, are specified as follows [29]:

�(k)

C =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C(k)

11 C(k)

12 C(k)

16 C(k)

14 C(k)

15 C(k)

13

C(k)

12 C(k)

22 C(k)

26 C(k)

24 C(k)

25 C(k)

23

C(k)

16 C(k)

26 C(k)

66 C(k)

46 C(k)

56 C(k)

36

C(k)

14 C(k)

24 C(k)

46 C(k)

44 C(k)

45 C(k)

34

C(k)

15 C(k)

25 C(k)

56 C(k)

45 C(k)

55 C(k)

35

C(k)

13 C(k)

23 C(k)

36 C(k)

34 C(k)

35 C(k)

33

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

166 77 0 0 0 78

77 166 0 0 0 78

0 0 44.5 0 0 0

0 0 0 43 0 0

0 0 0 0 43 0

78 78 0 0 0 162

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

GPa
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�(k)

L =

⎡
⎢⎢⎣

l(k)

11 l(k)

12 l(k)

13

l(k)

21 l(k)

22 l(k)

23

l(k)

31 l(k)

32 l(k)

33

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

1.12 0 0

0 1.12 0

0 0 1.26

⎤
⎥⎥⎦ · 10−8 C2

N m2

�(k)

M =

⎡
⎢⎢⎣

m(k)

11 m(k)

12 m(k)

13

m(k)

21 m(k)

22 m(k)

23

m(k)

31 m(k)

32 m(k)

33

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

5 0 0

0 5 0

0 0 10

⎤
⎥⎥⎦ · 10−6 Ns2

C2

�(k)

P =

⎡
⎢⎢⎣

p(k)

11 p(k)

12 p(k)

16 p(k)

14 p(k)

15 p(k)

13

p(k)

21 p(k)

22 p(k)

26 p(k)

24 p(k)

25 p(k)

23

p(k)

31 p(k)

32 p(k)

36 p(k)

34 p(k)

35 p(k)

33

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0 0 0 11.6 0 0

0 0 0 0 11.6 0

−4.4 −4.4 0 0 0 18.6

⎤
⎥⎥⎦ C

m2

�(k)

Q =

⎡
⎢⎢⎣

q(k)

11 q(k)

12 q(k)

16 q(k)

14 q(k)

15 q(k)

13

q(k)

21 q(k)

22 q(k)

26 q(k)

24 q(k)

25 q(k)

23

q(k)

31 q(k)

32 q(k)

36 q(k)

34 q(k)

35 q(k)

33

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

⎤
⎥⎥⎦ N

A m
(102)

Similarly, the constitutive matrix of the cobalt ferrite (ρ(k) = 5300 kg/m3) is modelled according
to Eq. (35), with the following sub-matrices [29]:

�(k)

C =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C(k)

11 C(k)

12 C(k)

16 C(k)

14 C(k)

15 C(k)

13

C(k)

12 C(k)

22 C(k)

26 C(k)

24 C(k)

25 C(k)

23

C(k)

16 C(k)

26 C(k)

66 C(k)

46 C(k)

56 C(k)

36

C(k)

14 C(k)

24 C(k)

46 C(k)

44 C(k)

45 C(k)

34

C(k)

15 C(k)

25 C(k)

56 C(k)

45 C(k)

55 C(k)

35

C(k)

13 C(k)

23 C(k)

36 C(k)

34 C(k)

35 C(k)

33

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

286 173 0 0 0 170.5

173 286 0 0 0 170.5

0 0 56.5 0 0 0

0 0 0 45.3 0 0

0 0 0 0 45.3 0

170.5 170.5 0 0 0 269.5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

GPa

�(k)

L =

⎡
⎢⎢⎣

l(k)

11 l(k)

12 l(k)

13

l(k)

21 l(k)

22 l(k)

23

l(k)

31 l(k)

32 l(k)

33

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

8 0 0

0 8 0

0 0 9.3

⎤
⎥⎥⎦ · 10−11 C2

N m2

�(k)

M =

⎡
⎢⎢⎣

m(k)

11 m(k)

12 m(k)

13

m(k)

21 m(k)

22 m(k)

23

m(k)

31 m(k)

32 m(k)

33

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

590 0 0

0 590 0

0 0 157

⎤
⎥⎥⎦ · 10−6 Ns2

C2
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�(k)

P =

⎡
⎢⎢⎣

p(k)

11 p(k)

12 p(k)

16 p(k)

14 p(k)

15 p(k)

13

p(k)

21 p(k)

22 p(k)

26 p(k)

24 p(k)

25 p(k)

23

p(k)

31 p(k)

32 p(k)

36 p(k)

34 p(k)

35 p(k)

33

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

⎤
⎥⎥⎦ C

m2

�(k)

Q =

⎡
⎢⎢⎣

q(k)

11 q(k)

12 q(k)

16 q(k)

14 q(k)

15 q(k)

13

q(k)

21 q(k)

22 q(k)

26 q(k)

24 q(k)

25 q(k)

23

q(k)

31 q(k)

32 q(k)

36 q(k)

34 q(k)

35 q(k)

33

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0 0 0 550 0 0

0 0 0 0 550 0

580.3 580.3 0 0 0 699.7

⎤
⎥⎥⎦ N

A m
(103)

The first example examines a simply-supported MEE rectangular plate made of five layers with
thicknesses h1 = h5 = 0.010 m, h2 = h4 = 0.025 m and h3 = 0.040 m. The material sequence
is (MEE − 2/MEE − 1/MEE − 2/MEE − 1/MEE − 2), where MEE − 1 and MEE − 2 denote the
magneto-electro-elastic materials characterized by a fiber volume fraction Vf equal to 0.5, and 0.05,
respectively. In all layers, the material orientation angle is set to ϑ(k) = 0. The panel is subjected to
sinusoidal distributions, with Ñ = M̃ = 1, of electric and magnetic fluxes. The magnitudes of the
electric fluxes are q(+)

D and q(−)

D , while those of the magnetic fluxes are q(+)

B and q(−)

B :

q(+)

D = 3.1 × 10−4 C/m2

q(−)

D = −1.15 × 10−4 C/m2

q(+)

B = 3.5 × 10−1 Wb/m2

q(−)

B = −1.2 × 10−1 Wb/m2

(104)

Note that the external loads are simultaneously applied to the top (+) and bottom (−) sides of
the plate. Various multifield simulations are conducted on the panel, accounting for different types
of coupling between physical problems. More specifically, piezoelectric (E-D) simulations consider
the coupling of the electric field and mechanical elasticity, while M-D refers to piezomagnetic models
that couple magnetism and mechanical elasticity. Finally, the acronym “M-E-D” denotes magneto-
electro-elastic simulations, including the electro-magnetic coupling. In the case of uncoupled M-E-D
problems, magneto-electric coupling coefficients are neglected.

The results of the simulations are presented in Figs. 1–6, showing the thickness plots of configu-
ration variables, primary and secondary variables of the multifield problem, evaluated at the point
(0.25L1, 0.25L2) within the physical domain. For each case, a reference solution is provided from
3D finite element analysis, employing a mesh of parabolic brick elements with 786,564 variables for
both the E-D and M-D cases. Fig. 1 plots the displacement field components, as evaluated by various
higher-order ELW theories.

The lamination scheme exhibits a characteristic zigzag behavior under both electric and magnetic
fluxes. As a consequence, Murakami’s zigzag function is essential to align with 3D FEM numerical
predictions. Furthermore, a higher-order kinematic model is required for deriving the bending
response of the structure with a sufficient level of accuracy. This aspect may be physically interpreted
as the fact that the panel while undergoing total deflection, exhibits a certain stretching within each
lamina of the stacking sequence. Furthermore, the deformation of adjacent laminae is different,
especially in the distortion components, while different slopes are found for the axial strain profiles.



1802 CMES, 2025, vol.142, no.2

Furthermore, an abrupt slope change of displacement field is found, along with a stepwise variation
in deformation components, especially for in-plane distortion components.

Figure 1: Through-the-thickness distributions of the components, expressed in (m), of the 3D displace-
ment field vector U (α1, α2, ζ ) of a simply-supported rectangular plate made of magneto-electro-elastic
materials subjected to a sinusoidal distribution (Ñ = M̃ = 1) of magnitude q(+)

D = 3.1×10−4 C/m2 and
q(+)

B = −1.5 × 10−4 Wb/m2 of an electric flux and a magnetic flux, respectively. Effect of fully coupling
between electric and magnetic fields. The results are provided at (0.25L1, 0.25L2) within the physical
domain
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Figure 2: Through-the-thickness distributions of the components, expressed in (m/m), of the 3D strain
vector ε (α1, α2, ζ ) of a simply-supported rectangular plate made of magneto-electro-elastic materials
subjected to a sinusoidal distribution (Ñ = M̃ = 1) of magnitude q(+)

D = 3.1 × 10−4 C/m2 and q(+)

B =
−1.5×10−4 Wb/m2 of an electric flux and a magnetic flux, respectively. Effect of fully coupling between
electric and magnetic fields. The results are provided at (0.25L1, 0.25L2) within the physical domain

Figure 3: (Continued)
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Figure 3: Through-the-thickness distributions of the components, expressed in
(
N/m2

)
, of the 3D stress

vector σ (α1, α2, ζ ) of a simply-supported rectangular plate made of magneto-electro-elastic materials
subjected to a sinusoidal distribution (Ñ = M̃ = 1) of magnitude q(+)

D = 3.1 × 10−4 C/m2 and q(+)

B =
−1.5×10−4 Wb/m2 of an electric flux and a magnetic flux, respectively. Effect of fully coupling between
electric and magnetic fields. The results are provided at (0.25L1, 0.25L2) within the physical domain

Figure 4: (Continued)
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Figure 4: Through-the-thickness distributions of the variation of the electric potential ΔΦ (α1, α2, ζ )

expressed in (V) and of the magnetic potential ΔΨ (α1, α2, ζ ) expressed in (A) of a simply-supported
rectangular plate made of magneto-electro-elastic materials subjected to a sinusoidal distribution (Ñ =
M̃ = 1) of magnitude q(+)

D = 3.1 × 10−4 C/m2 and q(+)

B = −1.5 × 10−4 Wb/m2 of an electric flux and
a magnetic flux, respectively. Effect of fully coupling between electric and magnetic fields. The results
are provided at (0.25L1, 0.25L2) within the physical domain

Figure 5: (Continued)
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Figure 5: Through-the-thickness distributions of the components of the electric field vector E (α1, α2, ζ )

(a) expressed in (V/m) and of the electric flux vector D (α1, α2, ζ ) (b) expressed in
(
C/m2

)
of a

simply-supported rectangular plate made of magneto-electro-elastic materials subjected to a sinusoidal
distribution (Ñ = M̃ = 1) of magnitude q(+)

D = 3.1 × 10−4 C/m2 and q(+)

B = −1.5 × 10−4 Wb/m2 of an
electric flux and a magnetic flux, respectively. Effect of fully coupling between electric and magnetic
fields. The results are provided at (0.25L1, 0.25L2) within the physical domain

Figure 6: (Continued)
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Figure 6: Through-the-thickness distributions of the components of the magnetic field vector
H (α1, α2, ζ ) (a) expressed in (A/m) and of the magnetic flux vector B (α1, α2, ζ ) (b) expressed in
(Wb/m2) of a simply-supported rectangular plate made of magneto-electro-elastic materials subjected
to a sinusoidal distribution (Ñ = M̃ = 1) of magnitude q(+)

D = 3.1 × 10−4 C/m2 and q(+)

B =
−1.5×10−4 Wb/m2 of an electric flux and a magnetic flux, respectively. Effect of fully coupling between
electric and magnetic fields. The results are provided at (0.25L1, 0.25L2) within the physical domain

The presence of an external electric field induces a reduction in the vertical deflection of the
plate due to the piezomagnetic response of the shell. Fig. 2 illustrates the 3D strain components for
each simulation, where higher-order expansions of the unknown field variable, along with the ELW
zigzag function, match accurately the 3D FEM-based numerical predictions. Conversely, lower-order
theories like ELD3 and ELDZL3 exhibit inaccuracies. This aspect is particularly evident in Fig. 3,
showing both in-plane and out-of-plane stress components against 3D FEM solutions. In particular,
it is evident that the ELDZL4 is essential for deriving stable and accurate results. In addition, the
GDQ-based numerical technique ensures the equilibrium under external loads at the top and bottom
sides of the panel. The variation of the electric and magnetic potentials with respect to the undeformed
configuration can be found in Fig. 4. Here, the stepwise volume fraction variation of piezoelectric
and piezomagnetic materials along the thickness direction provides a typical zigzag behavior of the
configuration variables. Near the top surface, E-D simulations demonstrate a higher accuracy due to
a better alignment with finite element predictions. On the other hand, the zigzag effect is less evident
for M-D simulations. This aspect can be physically interpreted remembering that the constitutive
properties of adjacent laminae are similar, since they depend on the phase with higher volume fraction,
with a negligible variation in the multifield response. In Fig. 5, some significant variations in the electric
field and electric displacement components can be observed among adjacent laminae, showing the
impact of electro-magnetic coupling on the fundamental equations and deviation from the profile of
piezoelectric simulation. In the same way, perfect alignment is found in the out-of-plane components
coming from the post-processing recovery procedure, which is valid, also, in multifield investigations.
Similar considerations can be found in Fig. 6, where the magnetic displacement components are
collected in columns (a) and (b), respectively. Unlike the previous case, in M-D simulations, the zigzag
effect is prominent in the out-of-plane components, but less visible in others.

In the next example, the magneto-electric response of a laminated circular cylinder is investigated.
The reference surface of the panel under consideration is defined as follows, with s1 = R1α1 and s2 = α2

representing the curvilinear lengths of the shell [48]:

r (s1, s2) = r (ϕ, y) = R1 cos ϕ e1 − y e2 + R1 sin ϕ e3 (105)
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As can be seen, the parametrization with curvilinear coordination is chosen such that the α2 axis
aligns with the straight direction, while α1 direction exhibits a uniform curvature radius R1 = 0.8 m.
The physical domain is defined by

[
α0

1 , α1
1

] = [−π/2, 2π/3] and
[
α0

2 , α1
2

] = [0, L2], with L2 = 2.1 m.
The material sequence (MEE − 2/MEE − 1/MEE − 3/MEE − 1/MEE − 2) consists of five different
laminae with thicknesses h1 = h5 = 0.010 m, h2 = h4 = 0.025 m and h3 = 0.040 m. A null angle is
assigned for the material reference system rotation in all layers of the stacking sequence. In contrast
to the previous example, the central core, made of MEE-3, is characterized by a volume fraction
of cylindrical fibers equal to Vf = 0.15, while the value Vf = 0.05 was selected for the central
core of the rectangular plate of the previous case. Electric and magnetic loads are applied with a
uniform distribution at the top and bottom surfaces of the cylinder. The magnitudes of magneto-
electric fluxes are those of Eq. (104), as previously considered for the rectangular plate. The thickness
plots of primary and secondary variables, evaluated at the point (0.75L1, 0.25L2) setting Ñ = M̃ = 35,
are presented in Figs. 7–12.

Figure 7: (Continued)
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Figure 7: Through-the-thickness distributions of the components, expressed in (m), of the 3D dis-
placement field vector U (α1, α2, ζ ) of a simply-supported circular cylinder made of magneto-electro-
elastic materials subjected to uniform distributions of magnitudes q(+)

D = 3.1 × 10−4 C/m2, q(−)

D =
−1.5 × 10−4 C/m2 and q(+)

B = 3.5 × 10−1 Wb/m2, q(−)

B = −1.2 × 10−2 Wb/m2 of an electric flux and
a magnetic flux, respectively. Effect of fully coupling between electric and magnetic fields. The semi-
analytical solution is derived for Ñ = M̃ = 35. The results are provided at (0.75L1, 0.25L2) within the
physical domain

Figure 8: (Continued)
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Figure 8: Through-the-thickness distributions of the components, expressed in(m/m), of the 3D strain
vector ε (α1, α2, ζ ) of a simply-supported circular cylinder made of magneto-electro-elastic materials
subjected to uniform distributions of magnitudes q(+)

D = 3.1 × 10−4 C/m2, q(−)

D = −1.5 × 10−4 C/m2 and
q(+)

B = 3.5×10−1 Wb/m2, q(−)

B = −1.2×10−2 Wb/m2 of an electric flux and a magnetic flux, respectively.
Effect of fully coupling between electric and magnetic fields. The semi-analytical solution is derived
for Ñ = M̃ = 35. The results are provided at (0.75L1, 0.25L2) within the physical domain

Figure 9: (Continued)
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Figure 9: Through-the-thickness distributions of the components, expressed in (N/m2), of the 3D stress
vector σ (α1, α2, ζ ) of a simply-supported circular cylinder made of magneto-electro-elastic materials
subjected to uniform distributions of magnitudes q(+)

D = 3.1 × 10−4 C/m2, q(−)

D = −1.5 × 10−4 C/m2 and
q(+)

B = 3.5×10−1 Wb/m2, q(−)

B = −1.2×10−2 Wb/m2 of an electric flux and a magnetic flux, respectively.
Effect of fully coupling between electric and magnetic fields. The semi-analytical solution is derived
for Ñ = M̃ = 35. The results are provided at (0.75L1, 0.25L2) within the physical domain

Figure 10: Through-the-thickness distributions of the variation of the electric potential ΔΦ (α1, α2, ζ )

expressed in (V) and of the magnetic potential ΔΨ (α1, α2, ζ ) expressed in (A) of a simply-supported
circular cylinder made of magneto-electro-elastic materials subjected to uniform distributions of
magnitudes q(+)

D = 3.1 × 10−4 C/m2, q(−)

D = −1.5 × 10−4 C/m2 and q(+)

B = 3.5 × 10−1 Wb/m2,
q(−)

B = −1.2 × 10−2 Wb/m2 of an electric flux and a magnetic flux, respectively. Effect of fully coupling
between electric and magnetic fields. The semi-analytical solution is derived for Ñ = M̃ = 35. The
results are provided at (0.75L1, 0.25L2) within the physical domain
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Figure 11: Through-the-thickness distributions of the components of the electric field vector
E (α1, α2, ζ ) (a) expressed in (V/m) and of the electric flux vector D (α1, α2, ζ ) (b) expressed in (C/m2) of
a simply-supported circular cylinder made of magneto-electro-elastic materials subjected to uniform
distributions of magnitudes q(+)

D = 3.1 × 10−4 C/m2, q(−)

D = −1.5 × 10−4 C/m2 and q(+)

B = 3.5 ×
10−1 Wb/m2, q(−)

B = −1.2 × 10−2 Wb/m2 of an electric flux and a magnetic flux, respectively. Effect
of fully coupling between electric and magnetic fields. The semi-analytical solution is derived for
Ñ = M̃ = 35. The results are provided at (0.75L1, 0.25L2) within the physical domain
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Figure 12: Through-the-thickness distributions of the components of the magnetic field vector
H (α1, α2, ζ ) (a) expressed in (A/m) and of the magnetic flux vector B (α1, α2, ζ ) (b) expressed in
(Wb/m2) of a simply-supported circular cylinder made of magneto-electro-elastic materials subjected
to uniform distributions of magnitudes q(+)

D = 3.1 × 10−4 C/m2, q(−)

D = −1.5 × 10−4 C/m2 and
q(+)

B = 3.5×10−1 Wb/m2, q(−)

B = −1.2×10−2 Wb/m2 of an electric flux and a magnetic flux, respectively.
Effect of fully coupling between electric and magnetic fields. The semi-analytical solution is derived
for Ñ = M̃ = 35. The results are provided at (0.75L1, 0.25L2) within the physical domain

The structural model is compared against 3D FEM reference solutions, considering the piezoelec-
tric and magnetostatic response of the panel. In addition, an uncoupled M-E-D reference solution is
provided, in which the piezoelectric and piezomagnetic effects are simultaneously evaluated without
magneto-electric coupling. After some preliminary validation simulations, not included here for
brevity, it is demonstrated that the ELDZL7 higher-order theory best matches numerical results with
sufficient accuracy. Referring to the displacement field components of Fig. 7, a typical zigzag behavior
is seen in both E-D and M-D numerical predictions, particularly evident for in-plane variables. This
behavior is not observed in M-E-D simulations. Similar considerations apply to fully-coupled M-E-D
results. In Fig. 8, the thickness plots of 3D strain components demonstrate an excellent agreement
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between the present results and those obtained from FEM, considering all possible coupling effects
occurring at the interface between subsequent layers.

On the other hand, any meaningful differences can be observed between coupled and uncoupled
M-E-D results. For 3D stress components (Fig. 9), it is evident that in-plane normal stresses from M-
D and M-E-D simulations are higher compared to stress distributions obtained from E-D problems.
In addition, despite the absence of an external mechanical load, out-of-plane normal and shear
stresses are induced within the structure, with a peak in the middle core of the shell. The variation of
electrostatic and magnetostatic potential is reported in Fig. 10. The distribution of the magnetostatic
potential ΔΦ is not significantly characterized by a zigzag behavior, because the magnetic coefficients
are less influenced by volume fraction variations of fibrous composites, mainly depending on the
isotropic matrix. On the other hand, the electric potential exhibits an abrupt slope variation in its
profile from one layer to another. From a physical point of view, it can be said that the 3D multifield
response of the panel cannot be analyzed with classical lower-order theories as extensively done in the
literature. These models, indeed, cannot be simultaneously suitable for predicting smooth and zigzag
distributions of electric and magnetic potentials. In addition, the absence of the zigzag effect leads to
a parabolic profile of multifield configuration variables, therefore a higher-order kinematic model is
essential for deriving accurate and physically consistent results, in line with 3D simulations. Note that,
for the selected lamination scheme, uncoupled M-E-D and fully coupled M-E-D simulations yield
identical solutions. However, slight variations are observed among results in terms of electric field
components, as reported in Fig. 11, when considering electromagnetic coupling in M-E-D numerical
investigations. From a physical perspective, this means that the presence of a magnetic field slightly
influences, in this case, the electric response of the laminate. Finally, the application of the post-
processing recovery procedure ensures a perfect balance between external electric fluxes and internal
out-of-plane electric displacement components at the top and bottom surfaces. A variation between
uncoupled M-E-D and fully-coupled M-E-D results can be observed for the in-plane components of
the magnetostatic field, depending on the presence of an external electric flux acting on the cylinder,
as depicted in Fig. 12. Nevertheless, for both electric and magnetic primary and secondary variables,
the model is successfully validated against numerical predictions obtained from FEM.

Previous investigation accounted for the evaluation of the mechanical response under electric and
magnetic surface loads. In other words, the laminate has been studied for actuator configuration, since
the application of multifield loads results in a variation of electric and magnetic potential within the
laminate structure. As a consequence, a further numerical simulation is conducted where the present
ELW formulation is employed to investigate the magneto-electro-elastic response of the same cylinder
under a uniform distribution of the surface traction of magnitude q(−)

3 = −7.0×104 N/m2 applied at the
top surface. In this case, the structure rests on a Winkler elastic foundation with elastic spring stiffness
k(−)

3f = 5.0 × 108 N/m3. The results, evaluated at (0.75L1, 0.25L2), can be found in Figs. 13–18. Even in
this simulation, a reference solution is provided for E-D, M-D and uncoupled M-E-D cases. The semi-
analytical solution is calculated with Ñ = M̃ = 35 using the ELDZL7 kinematic model. Thickness
plots for displacement field components, reported in Fig. 13, show that the cylinder, investigated in
the previous example, does not exhibit any zigzag deformation under mechanical loads. However,
the vertical deflection of the panel in terms of out-of-plane displacement component is not uniform
along the thickness direction. As a consequence, a higher-order polynomial is essential to accurately
predict the actual response of the shell. In this case, despite the structure being subjected to mechanical
loads, the displacement field components of E-D and M-E-D simulations slightly deviate from M-D,
because a part of the total energy of the system results in electric and magnetic fields, respectively. This
aspect is less evident for the 3D strain components in Fig. 14, where only the out-of-plane axial strain
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exhibits a variation in the upper layers. On the other hand, the profiles of in-plane strain components
are typical of classical lamination schemes with composite materials. On the other hand, the out-of-
plane strain component ε3 exhibits a non-uniform distribution.

Figure 13: Through-the-thickness distributions of the components, expressed in (m), of the 3D
displacement field vector U (α1, α2, ζ ) of a simply supported circular cylinder made of magneto-electro-
elastic materials subjected to uniformly distributed mechanical pressure of magnitude q(+)

3 = −7 ×
104 N/m2 lying on an elastic foundation. Effect of fully coupling between electric and magnetic fields.
The semi-analytical solution is derived for Ñ = M̃ = 35. The results are provided at (0.75L1, 0.25L2)

within the physical domain
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Figure 14: Through-the-thickness distributions of the components, expressed in (m/m), of the 3D strain
vector ε (α1, α2, ζ ) of a simply supported circular cylinder made of magneto-electro-elastic materials
subjected to uniformly distributed mechanical pressure of magnitude q(+)

3 = −7×104 N/m2 lying on an
elastic foundation. Effect of fully coupling between electric and magnetic fields. The semi-analytical
solution is derived for Ñ = M̃ = 35. The results are provided at (0.75L1, 0.25L2) within the physical
domain
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Figure 15: Through-the-thickness distributions of the components, expressed in (N/m2), of the 3D
stress vector σ (α1, α2, ζ ) of a simply supported circular cylinder made of magneto-electro-elastic
materials subjected to uniformly distributed mechanical pressure of magnitude q(+)

3 = −7 × 104 N/m2

lying on an elastic foundation. Effect of fully coupling between electric and magnetic fields. The semi-
analytical solution is derived for Ñ = M̃ = 35. The results are provided at (0.75L1, 0.25L2) within the
physical domain
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Figure 16: Through-the-thickness distributions of the variation of the electric potential ΔΦ (α1, α2, ζ )

expressed in (V) and of the magnetic potential ΔΨ (α1, α2, ζ ) expressed in (A) of a simply supported
circular cylinder made of magneto-electro-elastic materials subjected to uniformly distributed mechan-
ical pressure of magnitude q(+)

3 = −7×104 N/m2 lying on an elastic foundation. Effect of fully coupling
between electric and magnetic fields. The semi-analytical solution is derived for Ñ = M̃ = 35. The
results are provided at (0.75L1, 0.25L2) within the physical domain

Figure 17: (Continued)
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Figure 17: Through-the-thickness distributions of the components of the electric field vector
E (α1, α2, ζ ) (a) expressed in (V/m) and of the electric flux vector D (α1, α2, ζ ) (b) expressed in (C/m2) of
a simply supported circular cylinder made of magneto-electro-elastic materials subjected to uniformly
distributed mechanical pressure of magnitude q(+)

3 = −7 × 104 N/m2 lying on an elastic foundation.
Effect of fully coupling between electric and magnetic fields. The semi-analytical solution is derived
for Ñ = M̃ = 35. The results are provided at (0.75L1, 0.25L2) within the physical domain

Figure 18: (Continued)
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Figure 18: Through-the-thickness distributions of the components of the magnetic field vector
H (α1, α2, ζ ) (a) expressed in (A/m) and of the magnetic flux vector B (α1, α2, ζ ) (b) expressed in
(Wb/m2) of a simply supported circular cylinder made of magneto-electro-elastic materials subjected
to uniformly distributed mechanical pressure of magnitude q(+)

3 = −7 × 104 N/m2 lying on an elastic
foundation. Effect of fully coupling between electric and magnetic fields. The semi-analytical solution
is derived for Ñ = M̃ = 35. The results are provided at (0.75L1, 0.25L2) within the physical domain

Therefore, a higher-order theory is essential to predict accurately the reference solution of the
3D numerical model. Fig. 15 displays the 3D stress components for the point under consideration,
pointing out the excellent level of accuracy achieved by the semi-analytical model against finite element
results. Furthermore, it is demonstrated that the coupling between electric and magnetic fields does not
influence the structure when subjected to mechanical loads. Fig. 16 presents the through-the-thickness
dispersion of electrostatic and magnetostatic potentials, derived through the 3D FEM model and the
present higher-order formulation. As can be seen, the numerical model can predict the response of the
structure for M-D, while the semi-analytical theory exhibits a variation in the magnetostatic potential
in M-E-D simulation arising from the magneto-electric properties of the constituent materials. For
the sake of completeness, the results for electric primary and secondary variables are shown in Fig. 17,
while the magnetic field components and the magnetic flux components are represented in Fig. 18. It
is observed that the electric response of the panel is slightly influenced by the presence of an external
magnetic field, as evident among the semi-analytical results from E-D and M-E-D simulations. Similar
considerations can be repeated for the magnetic field and flux components. In this last case, despite
some discrepancies between the reference solution and the semi-analytical results, it should be noted
that the balance of magnetic fluxes under external magnetic loads is perfectly satisfied at the top
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and bottom surfaces of the panel, due to the recovery procedure based on the adoption of the GDQ
numerical method.

In the last example, we examine a simply supported doubly-curved spherical panel under various
combinations of magneto-electro-elastic loads. The structure is characterized by the curvilinear lengths
s1 = R1α1 = R α1 and s2 = R2α2 = R α2, with (α1, α2) ∈ [

α0
1 , α1

1

] × [
α0

2 , α1
2

] = [7π/18, 11π/18] ×
[−π/3, π/3], according to the following relation [48]:

r (α1, α2) = R0 (α1) cos α2e1 − R0 (α1) sin α2e2 +
(

R −
√

R2 − (R0 (α1))
2

)
e3, R0 (α1) = R sin α1 (106)

The principal curvature radius is equal to R1 = R2 = R = 1.5 m. The panel consists of
five layers of thickness h1 = h5 = 0.010 m, h2 = h4 = 0.025 m and h3 = 0.040 m, while the
material sequence is (MEE − 1/MEE − 2/MEE − 1/MEE − 2/MEE − 1), as defined in the previous
examples. A concentrated mechanical load of magnitude q(+)

3 = −7.0 × 104 N is applied at the top
surface at (s10, s20) = (0.75L1, 0.75L2), within the physical domain. In addition, a mechanical patch
load of magnitude q(−)

3 = 3.0 × 104 N/m2 and shape parameters (c10, c20) = (0.25L1, 0.25L2) is applied
at the bottom surface of the shell, located at (s10, s20) = (0.75L1, 0.75L2). In other words, a uniform
surface traction is applied in a portion of the bottom surface, while the other parts remain unloaded.
Regarding the magnetic and electric loads, two hydrostatic loads along α1 and α2, respectively, are
applied at the top surface with q(−)

D = 3.1 × 10−4 C/m2 and q(+)

B = 3.5 × 10−1 Wb/m2, while uniform
distributions with magnitudes q(−)

D = −1.5 × 104 C/m2 and q(−)

B = −1.2 × 10−1 Wb/m2 are applied
at the bottom surface. The multifield response of the shell is illustrated in Figs. 19–24, showing the
thickness plots of the configuration variables, primary, and secondary variables at (0.75L1, 0.25L2)

within the physical domain. The semi-analytical solution is computed with Ñ = M̃ = 50. As
visible in Fig. 19, the shell undergoes a typical deflection with zigzag effects under multi field external
actions due to the discrete variation of the volume fraction of the magneto-electro-elastic material
constituents along the thickness directions in E-D and M-D simulations. However, when electric and
magnetic fluxes are applied in M-E-D problems, the zigzag behavior is neglected, and the displacement
field components show a linear through-the-thickness distribution. Furthermore, both uncoupled and
coupled M-E-D solutions result in a slight variation of U3 vertical deflection. The magneto-electric
coupling dependence of the structural response is less evident in the 3D strain components shown in
Fig. 20. Unlike the displacement field components, M-E-D results exhibit a zigzag variation of in-
plane strain components at the bottom side of the panel, while a smoother profile is observed at the
top surface. The out-of-plane strain components γ13, γ23 and ε3 obtained from M-E-D simulations are
similar to M-D results more than E-D simulations. This indicates that these strain components are
predominantly induced, for the selected lamination scheme, by the external magnetic flux rather than
the electric fluxes. Although the magneto-electric coupling influence is not prominent in the strain
components, the 3D stress components depicted in Fig. 21 present a variation in the τ13 profile, when
the magneto-electric coefficients are considered in the simulation. While in-plane stress components
are significantly affected by magneto-electric external loads, the through-the-thickness profile of out-
of-plane normal stress mainly depends on the mechanical pressures applied at the top surface.

The simultaneous application of electric and magnetic external actions to the panel results in a
shift of the electric and magnetic potential profiles, as shown in Fig. 22. For all loading conditions, a
slope variation of these scalar quantities occurs at each interface between two subsequent laminae.
Furthermore, the highest variation in the magnetic potential is found in those layers exhibiting a
uniform distribution of electric potential, while a significant variation in the electric potential occurs
when a uniform dispersion of magnetic potential is present.
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Figure 19: Through-the-thickness distributions of the components, expressed in (m), of the 3D
displacement field vector U (α1, α2, ζ ) of a simply-supported spherical panel made of magneto-
electro-elastic materials subjected to a combination of concentrated, uniform, hydrostatic, and patch
multifield load shapes. The results are obtained from a semi-analytical Navier solution with Ñ =
M̃ = 50. Effect of fully coupling between electric and magnetic fields. The results are provided at
(0.75L1, 0.25L2) within the physical domain
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Figure 20: Through-the-thickness distributions of the components, expressed in (m/m), of the 3D strain
vector ε (α1, α2, ζ ) of a simply-supported spherical panel made of magneto-electro-elastic materials
subjected to a combination of concentrated, uniform, hydrostatic, and patch multifield load shapes.
The results are obtained from a semi-analytical Navier solution with Ñ = M̃ = 50. Effect of fully
coupling between electric and magnetic fields. The results are provided at (0.75L1, 0.25L2) within the
physical domain
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Figure 21: Through-the-thickness distributions of the components, expressed in (N/m2), of the 3D
stress vector σ (α1, α2, ζ ) of a simply-supported spherical panel made of magneto-electro-elastic
materials subjected to a combination of concentrated, uniform, hydrostatic, and patch multifield load
shapes. The results are obtained from a semi-analytical Navier solution with Ñ = M̃ = 50. Effect of
fully coupling between electric and magnetic fields. The results are provided at (0.75L1, 0.25L2) within
the physical domain
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Figure 22: Through-the-thickness distributions of the variation of the electric potential ΔΦ (α1, α2, ζ )

expressed in (V) and of the magnetic potential ΔΨ (α1, α2, ζ ) expressed in (A) of a simply-supported
spherical panel made of magneto-electro-elastic materials subjected to a combination of concentrated,
uniform, hydrostatic, and patch multifield load shapes. The results are obtained from a semi-analytical
Navier solution with Ñ = M̃ = 50. Effect of fully coupling between electric and magnetic fields. The
results are provided at (0.75L1, 0.25L2) within the physical domain

Figure 23: (Continued)
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Figure 23: Through-the-thickness distributions of the components of the electric field vector
E (α1, α2, ζ ) (a) expressed in (V/m) and of the electric flux vector D (α1, α2, ζ ) (b) expressed in(
C/m2

)
of a simply-supported spherical panel made of magneto-electro-elastic materials subjected to

a combination of concentrated, uniform, hydrostatic, and patch multifield load shapes. The results are
obtained from a semi-analytical Navier solution with Ñ = M̃ = 50. Effect of fully coupling between
electric and magnetic fields. The results are provided at (0.75L1, 0.25L2) within the physical domain

Figure 24: (Continued)
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Figure 24: Through-the-thickness distributions of the components of the magnetic field vector
H (α1, α2, ζ ) (a) expressed in (A/m) and of the magnetic flux vector B (α1, α2, ζ ) (b) expressed in(
Wb/m2

)
of a simply-supported spherical panel made of magneto-electro-elastic materials subjected to

a combination of concentrated, uniform, hydrostatic, and patch multifield load shapes. The results are
obtained from a semi-analytical Navier solution with Ñ = M̃ = 50. Effect of fully coupling between
electric and magnetic fields. The results are provided at (0.75L1, 0.25L2) within the physical domain

As finally shown in Figs. 23 and 24, the thickness plots of the electric and magnetic primary and
secondary variables feature a smooth variation for in-plane components, while E3 and H3 significantly
vary between two adjacent layers. The out-of-plane components of electric and magnetic fluxes,
instead, exhibit a continuous variation in their profile, despite the presence of a zigzag behavior. On
the other hand, in-plane components are described by stepwise functions.

From all the numerical examples presented in this study, some important conclusions can be
derived. In particular, the results demonstrate that, in general, the actual response of moderately thick
laminated panels under mechanical, magnetic, and electric loads, has a 3D behavior. As a consequence,
the classical kinematic model should not be adopted to derive a proper description of the structural
response, especially when out-of-plane variables are required. On the other hand, the through-the-
thickness kinematic assumption should consider higher-order basis functions, along with zigzag
functions to predict the stretching and the squeezing of each lamina, along with the zigzag behavior
at the interface. Another important aspect is that the required order of the thickness function should
be higher for electric and magnetic potential than that adopted in the mechanical elasticity case. As a
consequence, a possible enhancement of the theory should consider different kinematic assumptions
for each unknown variable in the model. Referring to the constitutive properties, the magneto-
electric coupling can induce additional values of electric and magnetic fields. For this reason, it is
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essential to consider the coupling terms within the formulation, otherwise, the numerical predictions
may be inaccurate, especially for electric and magnetic primary and secondary variables. Finally,
the adoption of a Navier-type solution, even though based on specific assumptions on materials,
geometry, and boundary conditions, can be adopted for various multifield loading conditions by
properly expanding the solution due to the convergence of Fourier trigonometric series. On the other
hand, for prescribed values of multifield configuration variables at the top and bottom surfaces, only
sinusoidal distributions can be adopted, because the boundary conditions with null values of electric
and magnetic potentials must be satisfied at the four edges of the 2D parametric domain.

10 Conclusions

A novel higher-order theory has been proposed in this work for the magneto-electro-elastic
analysis of laminated shell structures with varying curvatures. This theory employs a generalized
method to model the distribution of the displacement field components, electrostatic, and magneto-
static potential, accounting for higher-order polynomials. The thickness functions have been defined
to prescribe the arbitrary values of configuration variables at the top and bottom surfaces, even
though the model is ESL-based. The fundamental governing equations have been derived in curvilinear
principal coordinates, considering all coupling effects among different physical phenomena, including
piezoelectric, piezomagnetic, and magneto-electric effects. A homogenization algorithm based on a
Mori & Tanaka approach has been adopted to obtain the equivalent magneto-electro-mechanical
properties of a two-phase transversely isotropic composite. In addition, an effective method has been
adopted involving the external loads in terms of surface tractions, as well as the electric and magnetic
fluxes. In the post-processing stage, a GDQ-based procedure provides the actual 3D response of a
doubly-curved solid. The model has been validated through significant numerical examples, showing
that the results of this semi-analytical theory align well with those obtained from 3D numerical models
from commercial codes. In particular, the accuracy of the model has been verified for lamination
schemes with soft layers and various curvatures under different loading conditions. Moreover, this
formulation has been used to predict the effect of combined electric and magnetic loads on the
mechanical response of panels with different curvatures and lamination schemes. As a consequence,
this theory can be applied in engineering applications where the combined effect of electric and
magnetic loads is crucial, thus facilitating their study and design. An existing limitation of this study
is that the solution is that it is derived only for structures with uniform curvature, cross-ply lamination
scheme, and simply supported boundary conditions. Furthermore, it requires that each lamina within
the stacking sequence exhibits magneto-electro-elastic behavior. Therefore, at the present stage, it
cannot be used for multifield analysis of classical composite structures with magneto-electric patches.
A further enhancement of the research work could be the derivation of a solution employing a
numerical technique, to overcome the limitations of the Navier method. In this way, the same theory
may be adopted to predict the multifield response of structures with variable curvatures and thickness,
as well as anisotropic materials and more complicated boundary conditions.
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Appendix A

In this appendix we present some analytical expressions, derived from Reference [29], to determine
the multifield constitutive relationship for a magneto-electro-elastic composite material with a fully
linear static coupling between magnetic, electric and mechanical elasticity physical properties. The
procedure is based on the Mori-Tanaka approach, as described in Reference [30], for a two-phase
composite material consisting of an isotropic matrix (m) with continuous cylindrical fibers (f )
aligned along the thickness direction, with volume fractions Vm and Vf , respectively. As a result, the
homogenized material exhibits a transversely isotropic symmetry, being α1, α2 the isotropic plane. Note
that the coupling between the electric and magnetic fields occurs only in the homogenized material,
while the individual phases do not exhibit this property.

In what follows, the magneto-electro-mechanical properties of the matrix and fiber are expressed
in the material reference system according to Eq. (35), with subscripts referring to the phases of the
heterogeneous material.

Preliminary computations

j = 2Vf

C44ml11mm11m + p2
14mm11m + l11mq2

14m − 2d11mp14m − d2
11mC44m

(ic − gb) h + (fb − ia) e + (ga − fc) d

a = Vm

((
q14f − q14m

) (
l11mm11m − d2

11m

)− (d11f − d11m

)
(p14mm11m − d11mq14m) − (m11f − m11m

)
(q14ml11m − d11mp14m))

b = Vm

((
p14f − p14m

) (
l11mm11m − d2

11m

)− (d11f − d11m

)
(q14ml11m − d11mp14m) − (l11f − l11m

)
(p14mm11m − d11mq14m))

c = Vm

((
C44f − C44m

) (
l11mm11m − d2

11m

)+ (p14f − p14m

)
(p14mm11m − d11mq14m) + (q14f − q14m

)
(q14ml11m − d11mp14m)) + j

Vf

((ic − gb) h + (fb − ia) e + (ga − fc) d)

d = Vm

(− (d11f − d11m

)
(d11mC44m + p14mq14m) + (p14f − p14m

)
(p14mm11m − d11mq14m) + (l11f − l11m

)
(
q2

14m + C44mm11m

))+ j
Vf

((ic − gb) h + (fb − ia) e + (ga − fc) d)

e = Vm

((
q14f − q14m

)
(d11mC44m + p14mq14m) + (C44f − C44m

)
(p14mm11m − d11mq14m) − (p14f − p14m

)
(
q2

14m + C44mm11m

))
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f = Vm

(− (d11f − d11m

)
(d11mC44m + p14mq14m) + (q14f − q14m

)
(q14ml11m − d11mp14m) + (m11f − m11m

)
(
p2

14m + C44ml11m

))+ j
Vf

((ic − gb) h + (fb − ia) e + (ga − fc) d)

g = Vm

((
p14f − p14m

)
(d11mC44m + p14mq14m) + (C44f − C44m

)
(q14ml11m − d11mp14m) − (q14f − q14m

)
(
p2

14m + C44ml11m

))

h = Vm

(− (m11f − m11m

)
(d11mC44m − p14mq14m) + (q14f − q14m

)
(p14mm11m − d11mq14m) + (d11f − d11m

)
(
q2

14m + C44mm11m

))

i = Vm

(− (l11f − l11m

)
(d11mC44m + p14mq14m) + (p14f − p14m

)
(q14ml11m − d11mp14m) + (d11f − d11m

)
(A1)(

p2
14m + C44ml11m

))
(A1)

Density

ρ = Vmρm + Vf ρ f (A2)

Elastic stiffness constants

k = kmkf + Vf mmkf + Vmmmkm

Vmkf + Vf km + mm

m = mm

(
kmmf + Vf kmmf + Vmkmmm + 2mmmf

)
Vmkmmf + kmmm + Vf kmmm + 2Vmmmmf + 2Vf m2

m

C11 = C22 = k + m

C12 = k − m

C13 = C23 = C13m + Vf

(
C13f − C13m

)
(km + mm)

Vmkf + Vf km + mm

C33 = C33m + Vf

(
C33f − C33m − Vm

(
C13m − C13f

)2

Vmkf + Vf km + mm

)

C44 = C55 = C44m + j
((

p14f − p14m

)
(fe − gh) + (C44f − C44m

)
(ih − fd) + (q14f − q14m

)
(gd − ie)

)
(A3)

Piezoelectric constants

p31 = p32 = p31m + Vf

(
p31f − p31m

)
(km + mm)

Vmkf + Vf km + mm

p33 = p33m + Vf

(
p33f − p33m + Vm

(
C13m − C13f

) (
p31f − p31m

)
Vmkf + Vf km + mm

)
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p14 = p25 = p14m + j
((

p14f − p14m

)
(ga − fc) + (C44f − C44m

)
(fb − ia) + (q14f − q14m

)
(ic − gb)

)
(A4)

Piezomagnetic or magneto-strictive constants

q31 = q32 = q31m + Vf

(
q31f − q31m

)
(km + mm)

Vmkf + Vf km + mm

q33 = q33m + Vf

(
q33f − q33m + Vm

(
C13m − C13f

) (
q31f − q31m

)
Vmkf + Vf km + mm

)

q14 = q25 = q14m + j
((

p14f − p14m

)
(ch − ae) + (C44f − C44m

)
(ad − bh) + (q14f − q14m

)
(be − cd)

)
(A5)

Dielectric permittivity constants

l11 = l22 = l11m + j
((

l11f − l11m

)
(ga − fc) + (p14f − p14m

)
(ia − fb) + (d11f − d11m

)
(ic − gb)

)

l33 = l33m + Vf

(
l33f − l33m + Vm

(
p31f − p31m

)2

Vmkf + Vf km + mm

)
(A6)

Magnetic permeability constants

m11 = m22 = m11m + j
((

d11f − d11m

)
(ch − ae) + (q14f − q14m

)
(bh − ad) + (m11f − m11m

)
(be − cd)

)

m33 = m33m + Vf

(
m33f − m33m + Vm

(
m31f − m31m

)2

Vmkf + Vf km + mm

)
(A7)

Magneto-electric constants

d11 = d22 = d11m + j
((

l11f − l11m

)
(ch − ae) + (p14f − p14m

)
(bh − ad) + (d11f − d11m

)
(be − cd)

)

d33 = d33m + Vf

(
d33f − d33m − Vm

(
p31f − p31m

) (
q31m − q31f

)
Vmkf + Vf km + mm

)
(A8)

Appendix B

In this appendix, the interested reader can find the complete expressions for the semi-analytical
coefficients L̃

(τη)αiαj
ijnm of the higher order ELW magneto-electro-elastic fundamental matrix L̃

(τη)

nm , as
introduced in Eq. (73). The following expressions are valid for each n = 1, . . . , Ñ and m = 1, . . . , M̃.
These expressions refer to the case of a doubly-curved shell panel with a uniform distribution of Lamé
parameters and the values of the principal radii of curvature, according to Eq. (6).

L̃(τη)α1α1
11nm = −A(τη)[00]α1α1

11(20)

(
nπ

L1

)2

− A(τη)[00]α1α1
66(02)

(
mπ

L2

)2

− A(τη)[00]α1α1
44(20)

R2
1

+ A(τη)[01]α1α1
44(10) + A(τη)[10]α1α1

44(10)

R1

− A(τη)[11]α1α1
44(00)

L̃(τη)α1α2
12nm = −

(
A(τη)[00]α1α2

12(11) + A(τη)[00]α1α2
66(11)

)(nπ

L1

)(
mπ

L2

)
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L̃(τη)α1α3
13nm =

(
A(τη)[01]α1α3

13(10) − A(τη)[10]α1α3
44(10) + A(τη)[00]α1α3

11(20) + A(τη)[00]α1α3
44(20)

R1

+ A(τη)[00]α1α3
12(11)

R2

)(
nπ
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)
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14nm =
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P(τη)[01]α1α4

31(10) − P(τη)[10]α1α4
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14(20)

R1

)(
nπ

L1

)

L̃(τη)α1α5
15nm =
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14(20)
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)(
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)(
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)
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R2

)(
mπ
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31nm =
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)(
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12(11)

R1
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R2

)(
mπ

L2
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L̃(τη)α3α3
33nm = −A(τη)[00]α3α3

44(20)

(
nπ

L1

)2

− A(τη)[00]α3α3
55(02)

(
mπ

L2

)2

− A(τη)[00]α3α3
11(20)

R2
1

− A(τη)[00]α3α3
22(02)
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2
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12(11)

R1R2

+
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R1
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− A(τη)[11]α3α3
33(00)

L̃(τ s)α3α4
34nm = −P(τη)[00]α3α4
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25(02)

(
mπ
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31(10)

R1

− P(τη)[01]α3α4
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R2

− P(τη)[11]α3α4
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35nm = −Q(τη)[00]α3α5
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nπ
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L̃(τη)α4α2
42nm = −

(
P(τη)[01]α4α2

25(01) − P(τη)[10]α4α2
32(01) − P(τη)[00]α4α2

25(02)

R2

)(
mπ

L2

)

L̃(τη)α4α3
43nm = −P(τη)[00]α4α3

14(20)

(
nπ

L1

)2
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(
mπ
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)2

− P(τη)[10]α4α3
31(10)

R1

− P(τη)[10]α4α3
32(01)
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nπ
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(
mπ
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L1
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mπ
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(
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)(
nπ
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)
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R2
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mπ

L2

)
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14(20)

(
nπ

L1

)2
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(
mπ

L2
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R1
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32(01)
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54nm = D(τη)[00]α5α4
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(
nπ
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(
mπ
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+ D(τη)[11]α5α4
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L̃(τη)α5α5
55nm = M (τη)[00]α5α5
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nπ
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)2

+ M (τη)[00]α5α5
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(
mπ

L2

)2

+ M (τη)[11]α5α5
33(00) (A9)

The expressions provided above can be simplified for the case of a cylindrical panel with straight
directrix along α1, α2, considering that in the first case it is 1/R1 = 0. On the other hand, when
the directrix is oriented along α2, the semi-analytical fundamental coefficients are derived from the
previous relations by setting 1/R2 = 0. Similarly, the fundamental coefficients for a rectangular plate
of size L1 and L2 along α1, α2, respectively, can be written by setting 1/R1 = 0 and 1/R2 = 0.
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