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Distributed Lagrange Multiplier/Fictitious Domain Finite Element
Method for a Transient Stokes Interface Problem with Jump
Coefficients

Andrew Lundberg!, Pengtao Sun'-*, Cheng Wang? and Chen-song Zhang®

Abstract: The distributed Lagrange multiplier/fictitious domain (DLM/FD)-mixed finite
element method is developed and analyzed in this paper for a transient Stokes interface
problem with jump coefficients. The semi- and fully discrete DLM/FD-mixed finite el-
ement scheme are developed for the first time for this problem with a moving interface,
where the arbitrary Lagrangian-Eulerian (ALE) technique is employed to deal with the
moving and immersed subdomain. Stability and optimal convergence properties are ob-
tained for both schemes. Numerical experiments are carried out for different scenarios of
jump coefficients, and all theoretical results are validated.

Keywords: Transient Stokes interface problem, jump coefficients, distributed Lagrange
multiplier, fictitious domain method, mixed finite element, an optimal error estimate, sta-
bility.

1 Introduction

Let  be an open bounded domain in R% (d = 2, 3) with a convex polygonal boundary 9<).
Two subdomains, Qi := Q;(t) C Q (i = 1,2), are separated by an interface I'; := T'(t)
which may move/deform in time ¢ € [0, T] (T’ > 0), satisfying Q@ = Q} UQZ, Q} NQ? = 0,
Iy = 0Q NON2, as sketched in Fig. 1. Then, a transient Stokes interface problem with
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Figure 1: Two schematic domain decompositions divided by the interface I';

jump coefficients can be defined as follows:

8u1

g~V (B1Vuy) + Vpy = f1,  inQ} x (0,77, (1)
Voup =0, inQy x (0,7, 2)

ou .

072 — V- (B2Vug) + Vpa = fo, in Q2 x (0,7, 3)
V-uy =0, inQ?x (0,T], “4)
u; = uz, Oon Ft X (O,T], (5)
(B1Vur —p1I)ny + (B2Vug —pal)ng =7, onT x (0,77, (0)
u; =0, ondQN\I; x (0,7], (7)
uz =0, on aﬂf\rt x (0,77, (8)

ui(x,0) = ul, in Q(l), 9)

uz(x,0) = uy, inQ3, (10

where the solution pair, (u, p) that is defined in  x [0, T, satisfies u|q: = w1, u|g: =
ug, plor = p1, ploz = p2 which are associated with the source term f € L*(0,T;
(L2())?) such that flo; = fi € L*(0,T;(L*(2}))%), (i = 1,2). The jump coeffi-
cients 8 € L?(0,T;L>(Q)) and p € L>(0,T; L>°(Q)) satisfy Blo: = i € L*(0,T;
Whe(Qh)), plai = pi € L=(0,T;L>()), (i = 1,2), and 1 # B2, p1 # p2. Due to
the 1ncompress1b111ty properties (2) and (4), we know both p; and py are constant.

It is well known that for the elliptic interface problem [Nicaise (1993); Bramble and King
(1996); Boffi, Gastaldi and Ruggeri (2014); Auricchio, Boffi, Gastaldi et al. (2015)] and for
the stationary Stokes interface problem [Shibataa and Shimizu (2003); Hansbo, Larson and
Zahedi (2014); Olshanskii and Reusken (2006)] with jump coefficients across the interface
Iy, the global regularity of solutions over the entire domain 2 are generally reduced from
(H?(2))% down to (H'(£2))4, and the local regularity of solutions may be also deteriorated
from (H2(£2;))¢ down to (H°(%;))? (3/2 < o < 2) in each subdomain ; (i = 1,2)
[Nicaise (1993)] due to a non-smooth interface I'; which may be only Lipschitz continuous
and on which the nonzero jump flux 7 may be only defined in L>°(0, T’; (H?~3/2(I;))%).
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The regularity study for solutions to (1)-(10) is still open to the community of theoretical
partial differential equations, especially when the interface I'; deforms along the time, i.e.,
the shape of T'; and Q¢ (i = 1,2) depend on the primary unknowns (u, p). In this paper,
in order to show a certain amount of convergence rate during the numerical experiments
process for validating the convergence theorem of the developed DLM/FD finite element
method, in what follows we assume a reduced regularity result for the solution (u, p) to (1)-
(10) which is similar with that of the stationary Stokes interface problem in space [Shibataa
and Shimizu (2003); Hansbo, Larson and Zahedi (2014); Olshanskii and Reusken (2006)],

w o€ (H0 L0, (H7(0} U0 0 (@), -
p € L0, T; H(Q} uQ?) N L3()),

where, 3/2 < o < 2. Without loss of generality, in this paper we only study the immersed
interface case by assuming 22 C €2, as shown in the left of Fig. 1. The regularity property
(11) is assumed to hold under the circumstance that I'; does not deform but only rotates
and/or translates with a prescribed domain velocity w(x, t), as defined in Section 2.3. Thus
the shape and position of ; (i = 1,2) are prescribed and do not depend on the primary
unknowns, and the regularity results (11) can still be hypothesized, accordingly. Numerical
results shown in Section 5 also support the regularity property of solution (u, p) defined in
(11).

In practice, (1)-(10) generally model a type of immiscible two-phase fluid flow problem,
where two phases of the fluid are separated by an distinct interface, and both fluid phases
are defined by Stokes/Navier—Stokes equations in terms of fluid velocity and pressure as
sketched in (1)-(4). In this scenario, /3; and p; (i = 1,2) may stand for the fluid viscosity
and density of different phases. Hence, the essential characteristic of the immiscible two-
phase fluid flow model is preserved in the transient Stokes interface problem (1)-(10), that
is, two different types of fluid equations bearing with different viscosity and density are
defined on either side of the moving interface I';.

Some long existing body-unfitted mesh methods for interface problems such as the im-
mersed interface method (IIM) [Deng, Ito and Li (2003); LeVeque and Li (1994); Li and Ito
(2001)] and immersed finite element method (IFEM) [Li (1998); Ji, Chen and Li (2014)]
are still far from satisfactory for solving the Stokes interface problem in either station-
ary or transient case. As for the representative body-fitted mesh method, the arbitrary
Lagrangian—Eulerian (ALE) method [Hirth, Amsden and Cook (1974); Hughes, Liu and
Zimmermann (1981); Huerta and Liu (1988); Nitikitpaiboon and Bathe (1993); Souli and
Benson (2010)] is the most popular one for solving moving interface problems such fluid-
structure interactions (FSI), where, the mesh on the interface is accommodated to be shared
by both fluid and structure, and thus to automatically satisfy the interface conditions as s-
ketched in (5) and (6). However, for large rotations and/or translations of the structure or
inhomogeneous movements of the grid nodes, fluid elements tend to become ill-shaped,
which reflects on the accuracy of the solution. In this case, re-meshing, in which the whole
domain or part of the domain is spatially rediscretised, is then a common strategy. How-
ever, it could be very troublesome, time consuming and less accurate, and, the worst thing
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brought by the re-meshing is that the mesh connectivity is no longer preserved for ALE
method and thus many properties of ALE method are lost.

To overcome the above problems and to deliver an efficient and accurate numerical method
for the transient Stokes interface problem in which the immersed phase may be engaged
in a large translational/rotational motion, in this paper we develop a body-unfitted mesh
method based upon the framework of the distributed Lagrange multiplier/fictitious domain
(DLM/FD) method [Glowinski, Pana, Hesla et al. (1999); Wachs (2007); Glowinski and
Kuznetsov (2007); Boffi and Gastaldi (2017); Wang and Sun (2017)], where, one fluid
phase is smoothly extended into the other phase that is defined in the immersed subdomain,
then occupies the entire domain {2, and the Lagrange multiplier (physically a pseudo body
force) is introduced to enforce the interior (fictitious) fluids in the immersed subdomain
to satisfy the constraint of the immersed phase motion. The constraints are incorporated
into the field equations to form an augmented matrix equation which involves the Lagrange
multipliers as unknowns. Thus, the re-meshing in the fluid domain is no longer needed for
DLM/FD method, and the possible failure of ALE method is completely avoided when the
large translation/rotation occurs to the immersed phase motion [Auricchio, Boffi, Gastaldi
et al. (2015); Shi and Phan-Thien (2005); Yu (2005); Glowinski, Pana, Hesla et al. (2001)].

The DLM/FD finite element method has been analyzed for the elliptic interface problem
[Boffi, Gastaldi and Ruggeri (2014); Auricchio, Boffi, Gastaldi et al. (2015)], the parabolic
interface problem [Wang and Sun (2017)], the stationary Stokes interface problem [Lund-
berg, Sun and Wang (2019)], but has not yet applied to the transient Stokes interface
problem. As shown in Boffi et al. [Boffi, Gastaldi and Ruggeri (2014); Auricchio, Bof-
fi, Gastaldi et al. (2015)], the DLM/FD method essentially produces a saddle-point prob-
lem in regard to the unknown of elliptic equation and Lagrange multiplier, so the exist-
ing BabuSka-Brezzi’s theory [Babuska (1971); Brezzi and Fortin (1991); Brezzi (1974);
Brezzi and Pitkaranta (1984)] can be employed to analyze the well-posedness, stability
and convergence properties of the corresponding saddle-point problem induced from the
DLM/FD finite element method. However, for the stationary Stokes interface problem,
which is the steady state of the transient Stokes interface problem (1)-(10), we can see that
its corresponding DLM/FD formulation forms a nested saddle-point problem including two
subproblems of saddle-point type: the inside one from Stokes equations regarding Stokes
unknowns (velocity and pressure), and the outside one from the DLM/FD method itself
regarding Lagrange multiplier and Stokes unknowns, of which the well-posedness, stabil-
ity as well as convergence analyses are more sophisticated than those of the elliptic and
the parabolic interface problems. In the authors’ recent work [Lundberg, Sun and Wang
(2019)], a modified DLM/FD finite element method is developed for a stationary Stokes
interface problem that consists of a nested saddle-point problem, and its well-posedness,
stability and optimal convergence properties are analyzed still by means of the BabuSka—
Brezzi’s theory but a more complicated approach. So in this paper, we will be able to
develop the DLM/FD finite element method for the transient Stokes interface problem (1)-
(10) and analyze its stability and convergence properties based on our previous work.
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The structure of the paper is the following: in Section 2 we introduce the fictitious fluid
(Stokes) equations then derive weak formulations of a transient Stokes interface problem
with and without the employment of DLM/FD method. Then we define the semi-discrete
DLM/FD finite element approximation and analyze its stability and optimal convergence
theorem in Section 3. The full discretization is defined and its stability and convergence
properties are analyzed in Section 4. Numerical experiments are carried out in Section 5,
where the theoretical convergence results are validated.

2 Weak formulations of DLM/FD method

Introduce Sobolev spaces V' := (HE(Q)), Q := L*(Q), and their restrictions V;! =
Vg, V2 =V, Qf = Qlai, QF = Q|gz. Let (-,-),, stand for L?- product in w. We
also introduce the space A; := [(H'(Q7?))%]* that is the dual space of V;2, and let (-, oz
denote the duality pairing between A; and Vf. In A; we have the norm 4

<)‘7 U2>Q2
[Alla, = sup :

Abhelit (12)
veve [|v2llve

2.1 Fictitious fluid (Stokes) equations

We first define the following Stokes equations for the fictitious fluid in 7 in terms of
(@2, p2)

ou ~ - e .

87752 -V (BQVUQ) + sz = f27 m Q? X (O,T], (13)
V-t =0, inQ?x (0,77, (14)
Uy = Uz, On Ty x (O,T], (15)
iy =0, ondQ\Iy x (0,T], (16)
Uy (z,0) =4, in QF, (17)

where, we smoothly extend 81 € L?(0,T; Wh>(Q;)) and p; € L>(0,T; L>®(Q})) in-
to ? and thus attain the continuous functions 3 € L?(0,T;W1>(Q)), p € L>(0,T;
LOO(Q)) respectively, such that 6|Ql B, B|Q2 s, plor = p1,ploz = p2. As a conse-
quence, we attain a smooth function f € L2(0, T (L?(Q))%) such that f|91 = fi1, f|92 =
fo. Because p; is a constant, we assume its extension, j, is a constant too. In gener-
al, By # B2, po # pa, f2 # fo. Further, we introduce the solution pair (@, p) such that

u|gr = w1, wlgz = Uz, Plor = p1, Ploz = P2, then ufpg = 0, and u|r, = wi|r, = w2|r,.
And, a similar regularity property with (11) is defined for (@, p) as well:

€ (H* N L>®)(0,T; (H(Q U N (Hy ()%, p € L0, T H (Q UQY)). (18)

The following assumptions are needed in this paper: there exist constants 3, $ and PP
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such that
00>B>Pa>P2>h>0, Po—f2>h>0, (19)
0>p>p2>pa>p>0, p2—p2>p>0. (20)

2.2 Weak formulations.

If we add the fictitious fluid Eqs. (13)-(14), which are defined in Q? to the Stokes Egs.
(1)-(2), which are defined in €2}, and integrate by parts, then

(’7(?91;”’)9 + (BVa, Vo)g — (5,V - v)q

= (B1Vu1, Vo) — (p1, V- v)gr + (B2 Ve, Vo)gz — (52, V - v) g2

= (=V - (B1Vw1) + Vp1,v)q; + (=V - (B2Va2) + V2, v)gz
+([B1Vur — p1I~]”1 + [/BQVUQ = pellna,v)r,

= (f1,v)a + (f2,v)z + ([A1Vur — prIlng + [B2Vag — paIlng, v)r,
= (

frv)a + ([51Vur — piIng + [BoVas — poIlng, v)r,, (21)
(V- t,q9)a = (V- u1,q)qr + (V- 1u2,q)o: =0, VY(v,q) €V xQ. (22)

On the other hand, if we subtract the fictitious fluid Eqgs. (13) and (14) from the Stokes Eqgs.
(3) and (4), and integrate by parts in 02, then

0 _ Ou = -
P22 a2 vy |+ (B2Vup — oV, Vva)gz — (p2 — P2, V - v2)2
ot ot ") o
= (fo— foov2)q2 + ([52Vu2 — (B2Vaay — poI)na, ’02)F
= (f2 = Favo)oy + (rov)r, = (181 = pulls + [BoVits — follna,vs) — @23)

(V- (ug —t2),q2)02 =0, V(va,q2) € V® x QF (24)

If we add (21) to (23) and (22) to (24), then the terms of the fictitious Stokes equations
and the normal derivative terms on I'; are all cancelled out, resulting in the original weak
formulation of (1)-(10) as follows.

Weak FormI Find (u,p) € (H'NL>)(0,T;V)x L?*(0,T; Q) with ulor = u1, ulgz =
uz, plo; = p1, pla2 = p2 such that

(p({;l;7 U> + (BVu,Vv)qg — (p,V-v)g = (f,v)q + (T,v)r,, (25)
Q
(V-u,q)o=0, V(v,q) eV xQ. (26)
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Now, we add a new constrain uy = iz = g2 enforced weakly in Q? by means of the
Lagrange multiplier, defined by

< £,€L|Qf2 — U3 >Q%: 0, VE S At. (27)

By the Fréchet-Riesz representation theorem, for each & € A, there exists a unique ¥ €
V,2 such that

(d]vv)Vf = <£7’U>Q? y Vv € Vf: (28)

where (-, )y, represents the H'-inner product in V2, defined as

(Y, v)vz = (Y, v)az + (Vh, Vv)qz. (29)
In addition, (28) directly results in the following equality
1€1la, = l12]lv- (30)

Thus, (27) is equivalent with the following equation by letting v = u|g2 — ug in (28)

(Y, alg: —u2)yz =0, Vap € V2. (31)

Lemma 2.1. Let (@, u2) € HY(0,T; V) x HY(0, T; V;?) satisfy (27) or (31), then

Juz — @foz[lyz =0, (32)
(V s U2, QQ)QE = (v ’ ﬁ’Q%v qQ)Q% ) VQQ S Qt27 (33)
(BQ(VuQ — Vitlg), WQ)QQ —0, Ve V2, (34)
Btz
Oup _Oulag | _ (35)
- ou ou|q2
(PQ <8t2 - 8tﬂt> 7vz> =0, Yuse V2 (36)
2

Proof. (32) can be easily attained by letting 1 = uy — '&|Qg in (31), then we also have
s — @lozllo.oz = 1V (ue — dtloz)llo.0z = 0. (37)
In addition, because

| (Vup = Vo, a2) o | < IV - (w2 = aloz) 220 2]l 02
< Vd|lug — oz || vzllazllgz = 0,
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thus (33) is proved. Further, due to (32)

| (Ba(Vuz = Vatlo), Vs ) [ < 1B~ lu = alozllvz [ Vs ooz = 0. (38)
then (34) is obtained. In addition,

(v2, @lg2 — u2)g2 =0, Vug € V2, (39)
because |(v2, %oz — u2)oz| < ||[@|gz — u2llo 0z |lv2]l0,02 = 0 due to (37).

2
t

We differentiate (39) in time and apply the Reynolds transport theorem, use the prescribed
domain velocity of Q2, w(x, t), resulting in

(8((11|Q% —uy) - v2)
ot

4
dt Jo:

@m—w%wmz/ +w- V((alge — us) v2)

02
+((t|gz —u2) - v2)V - 'w) dx =0,

where, with the identity

w - V((@lge —uz) - v2) = V(g2 — uz) : (vow”) + (g2 — u2) - (Vvow), (40)

we can further have

8 Uloz —u 8
+ (11|th — U9, vaw)Qg + (ﬂ,|Qg —ug, (V- w) U2>Q? =0, VY V2 41)
By the Cauchy-Schwartz inequality and (37), we obtain

3(’&‘93 - UQ) v 8’02

ot

< ||afgz — u2llo,0z

O’Q?

HIV(@]gz — u2)lo,02 ’UQwTHO’Q? + [[alaz — u2llo.z [[Vvew(lg o
+laloz — u2llooz (V- w)va|lg gz =0, (42)
choose vy = W, then (35), further, (36) are resulted, accordingly, because

_ [Ous Oulg: _ Ouy  Oulg:
| (Pz <8t -5 ) a’v2>Q% | < P2l =5, = = lz2@aallvallzz(az) = 0.
[

With (34) and (36) we can rewrite the first and the second term on the left hand side of (23)
as

ou . o0u _ . Ou
<p28t2 - 02695702)9% = <(P2 - /32)(.%27172>Q%, Yo, € VP2, (43)

<ﬁ2vu2 — B2Viige, sz) . ((52 — Ba2)Vug, sz)m , Yoy e V2 (44)

t t
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Therefore, based upon (21), (23), (26), (43), (44) and (33), we can define a DLM/FD weak
formulation for (1)-(10) as follows.

Weak Form II (DLM/FD Formulation) Find (@, uo, p, A) € (H' N L>®)(0,T;V) x
(H' N L>®)(0,T; V) x L2(0,T;Q) x L*(0,T; A;) such that

_ou - . ~
(p('?t’v> + (ﬁv’u’? V'U)Q - (pa v . ’U)Q+ < A7v|ﬂf >Q?: (f7U)Q) (45)
Q
(V-a,q)o =0, (46)
( —~)%v +<(5—5)Vu V'v) — < A v >
P2 — P2 815’29% 2 2 25 293 , V2 >0z
= (fz - fmm)ﬂz + (7, v2)r,, 47)
<& ulg: —ug >02=0, V(v,v2,¢,§) €V x V2 x Q x Ay (48)

In the following theorem, we prove the equivalence between Weak Forms I and I1.
Theorem 2.2. Given f € L?(0,T;(L*(Q))%) with flo: = fi. floz = fo,and 8 €
L%(0,T; L>=()) with Blg: = B, Blaz = Bo, let f € L*(0, T; (L*(2))?) be any function
that satisfies f|q, = f1,and let § € L2(0,T; L>(£)) be any function that satisfies 8|q, =
fi.

(). Suppose (@, uz, p, A) € (H*NL>®)(0,T; V) x (H'NL>®)(0,T; V;?)x L*(0,T; Q) x
L?(0,T; A¢) is a solution to Weak Form II (45)-(48). Let u|o: = @|qr, u|g2 = w2, plo, =
p1, Plo, = pa. Then (u,p) € (H' N L®)(0,T;V) x L*(0,T; Q) is a solution to Weak
Form I (25) and (26).

(ii). Conversely, let (u,p) € (H' N L>®)(0,T;V) x L?*(0,T;Q) be a solution to Weak
Form I (25) and (26), and define A € A, by

- ou - _
< )‘7,0‘@? 2= (f,'U)Q - <ﬁ(r;:7v> - (ﬁvuvvv)ﬂ + (p7v ) U)Q? Vv eV, (49)
Q

where @ := u, p € Q satisfies plo; = p1 and plgz = po2. Then, (@ = u,uy :=
uloz, P, A) €V x V2 x Q x Ay is a solution to Weak Form II (45)-(48).

Proof. (i). We have (44) due to (48) , then (25) can be easily proved by taking v € V'
in (45) with v|g: = vz, and simply adding (45) and (47) together to cancel all Lagrange
multiplier terms. Due to (33) and (46), (26) is obvious.

(i1). The definition of A € A; in (49) leads to (45), and

ou - oulqg:2 ~ 5
(plal, v) + (pz |Qt ,'v) + (ﬁ1Vu1, V’U)Q% + (ﬁQV’ub?, V’U)Qg
t ) ot 0

—(pl,v : ’U)Q% — (pg,v : 'U)Q?"‘ < A,U‘Q% >q2= (f,U)Q, VveV. (50)
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Subtract (50) from (25), (47) is then obtained because ’&/|Q% = o that is the selection of
the solution, (48) is thus proved as well. Due to (33) and (26), (46) is obvious by taking
q € Q withglgz = 2. m

According to the equivalence of (27) and (31), we can reformulate the weak forms of
DLM/FD method as follows.

Weak Form III (Equivalent DLM/FD Formulation) Find (w, us, p, ¢) € (H' N
L>®)(0,T; V) x (H' N L>)(0,T; V2) x L?(0,T;Q) x L*(0,T; V;?) such that

ou - .
(5 )a + (AVE, Vola = (5. V- v)a + (¢, vlas)v = (£ v)a, (51)
(V -, q)0 =0, (52)
<(P2 - /32)8(.;;2,112> o + ((/32 — B2)Vu, V’vz)m — (¢, v2)y;
= <f2 - f27U2>92 + (T7U2)Fm (53)
(¥, dlg: — us)y2 =0, Y(v, v, ¢, ¥) €V x V2 x Q x V2. (54)

2.3 The arbitrary Lagrange-Eulerian (ALE) formulation

We assume that there exists a bijective mapping X; € H'(0,T; (W%>(Q2))?) such that
foreacht € (0, T}, the mapping [Martin, Smaranda and Takahashi (2009); Gastaldi (2001)]

X0 = QF
y — x(y,t), (55)

is invertible and X; ! € (W1>°(02))%. Here y € 03 is so called the arbitrary Lagrange-
Eulerian (ALE) coordinate, and « € Q? is the spatial (or Eulerian) coordinate. We further
introduce the domain velocity w, defined by

0Xy,
5 (X H(@).1). (56)

w: 0?2 - RY w(x,t) =
In this paper we assume that 7 does not deform but only rotates/translates with a pre-
scribed domain velocity, w. Thus, w(z,t) € H'(0,T; (W1>(02))4) is a given velocity
function with the assumption that

ow

maX{Hw”l,oo,Qfa HE’

ooz} <6 (57)

where ¢ denotes a constant independent of any discretization parameters in the rest of the
paper. so the ALE mapping function X;(y,t) € H(0,T; (W>>(Q2))?), which can be
considered as a prescribed displacement of domain motion for Q7.
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We use ‘fl—’t’ |y to denote the temporal derivative on the ALE frame which is defined as fol-

lows: for any function v : Q2 — RY regular enough and defined on the Eulerian frame, we
set [Gastaldi (2001); Martin, Smaranda and Takahashi (2009)]

dv d
E|y . Q? — R 5
dv

Eb(w,t) = %(m,t) + w(x,t) - Vo(x, t). (58)

(x,t) —

Now we need to redefine the space V,? on the ALE frame as follows: V;? := {v : Q7 x
[0, 7] - RY, v = do X, forv € V@}, where, Vi := (H'(Q2))? is the reference
(initial) domain of Vf. Based on the above definitions, we can reformulate (51)-(54) as the
following ALE-type weak formulation of the DLM/FD method.

Weak Form IV (ALE-DLM/FD Formulation) Find (u, us, p, ¢) € (H'NL>®)(0,T;V)x
(H' N L*)(0,T;V;?) x L*(0,T;Q) x L?(0,T; V;?) such that

8~ P ~
(ﬁ#yU)Q + (ﬁVﬂy VU)Q - (ﬁ7 V- ’U)Q + (¢,’U‘Q$)sz = (f?v)fb (59)

_du _
((02 - pQ)Tf|y’ v2> — ((p2 = p2)w - Vug, v2)q2
Q7

+ ((52 — B2)Vuy, VU2>Q2 — (¢, v2)vp = (fz - f2,02>92 + (7, v2)r,, (61)

t t

(Y, @lg2 —uz)y2 =0, V(v, v2, q, %) €V x Vi? x Q x V2, (62)

where, we introduce a convection term ((p2—p2)w-Vua, vg)gg in (61). The main technical
reason to introduce this term is strictly numerical. Since the domain is time dependent, it
is not possible to discretize directly the partial temporal derivative. In fact, if x € Q? and
the time step size At > 0, the condition « € Qf '+ A¢ 18 not always fulfilled. Therefore, the
term ((p2 — p2)w - Vug, v2)q: could be seen as a numerical corrector term of the partial
temporal derivative.

3 Semi-discretization of DLM/FD finite element method

Let T (2) be a partition of ) with the mesh size h that is independent of the location of
the interface Ty, and let T (22) be a partition of 7 with the mesh size H, where, H can
be different from h. Based on these two meshes, we can introduce the conforming finite
element space to each continuous space as: V, C V, Vgt CV23 QnCQ, Ags C A
Considering the limited regularity results (18), one possibfe choice of finite element spaces
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is the following

Vi={veV: 'U\K € P2(K), VK € T,(Q)},

VHt {’1.72 € Vl; ’l72|K € PQ(K), VK € TH(Q%)},
Qn={q€Q:qlx € P(K), VK € TH(Q)},

Apy={€ €Ay 3ugm € Vi, (€ va)qe = (ua,m,v2)vz, Yoo € Vi)

(63)

where, V}, x @, is a stable pair of P?P! mixed (Taylor-Hood) finite element space for
Stokes equations. In fact, it is proved in [Lundberg, Sun and Wang (2019)] that such
chosen mixed finite element spaces V}, X VHt X Qn X Agyor Vi, VHt X Qp X VHt
for a fixed time ¢ is stable for the developed DLM/FD method for the stationary Stokes
interface problem — the steady state case of the transient Stokes interface problem (1)-(10).
Thus, based upon the DLM/FD weak form III (51)-(54), V;, x VI?” X Qp X Vg[,t is still
adopted as the stable mixed finite element spaces for the DLM/FD finite element method
of (1)-(10), as defined below. Find (uy, w2 m, pr, ¢u) € (H N L>®)(0,T;Vy,) x (H N
L®)(0,T; Vi) x L*(0,T;Qp) x L*(0,T; Vi) such that

P s s
(ﬁ%, vp)o + (BVun, Vor)a — (pr, V - vp)a + (@m, vn)ye = (F,vn), (64)
(V- up,qn)a =0, (65)

dug p .
((m = p2)— By H> — ((p2 = p2)w - Vug i, v9, 1) qz
Q3

+ ((52 — Ba2) Vg, i, V’U2,H) o (¢r,v2,m)yz = (f2 = Floz v, i)z

t

+(7,v2,1)r,, (66)
(Y, up — uzi)yz =0, V(0n, 02,1, 4n,%u) € Vi X Vi, X Qp X Vi, (67)

To analyze the convergence and stability properties of the semi-discrete finite element ap-
proximation (64)-(67), we first introduce the following bilinear forms for an ease of deduc-
tion:

ali,uziv,v2) = (BVa. Vo) + (B2 — o) Vuz, Voo ) (68)

t

b(’U”UQ; q7¢) = _(q7 v : U)Q + (1/)7’0’93 - ’Ug)‘/{?, (69)

and define the discrete divergence-free space as
VixVig, = {(vn, vo,ir) € Vix Vig, : b(vn, vo,m5 an, ¥u) = 0, Yan, ¥r) € Qux Vi, }-
Then we know (up,, ug,p7) € V}, X ‘folt

Let (25, 225, Xn, Om) be arbitrary functions in V;, x V7, x Qp, x V72, and let ) =
U—2Zp, M2 = U2—22,H, b= Zh—Uph, M2 = Z2H —U2,H, ( =D~ Xh, & = Xh—Ph, 0 =
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¢ —0u, vy =0y — ¢py. Take vy, = pu, vo g = w2 in (64)-(67), subtract (64)-(67) from
(59)-(62) and consider (52), (54), (65), (67) and (58), yields

_,0 .. [d
P o + (o2 — o) (B2 1y pa ) + alas, pos g, pro) + b, p1oi €, )
ot dt o
__On -\ Om . :
- _p(aa IJ’)Q - (:02 - p2)(§7 IU‘Q)Qf - a(n7n2a K, “’2) - b(”’a m2; ¢, 6)
+(p2 — p2)(w - (Vpz + V), pa)qz- (70)

Reynolds transport theorem leads to the following formula

dpo 1 (d(ps)? 1[0 2
heland) I 1 —_ | = 1), —
( dt |y’”2>ﬂg 2 ( i o 2|0t ((12)% 1)

10 1
(25 w0 e | = 5 5l 50029 . g

Further, apply the fact b(p, p2; €, y) = 0 and Young’s e —inequality to (70), we obtain

9 2 9 2 2
il + 5| IR0+ IV lEe: )

8772
(H I + 15,7 16,0z + IV7llse + V25,02

+ull o + ||M2!!o,sz$ + IS o+ 1012 ) + & (Iaali + lsallfz) )

where, we use conditions (19), (20) and (57). Add || g[[§ ¢, + [l 2|3 (2 to both sides of (71),
choose a sufficiently small ¢, then take integral on both sides of (71) with respect to time
from O to ¢, yields

t
[ (1l + Ul ) df < sl o+ (001

o2 o
/0<|| IIOQHI Hom+||an|09+IIVnzllom+||C||09+H5Hvz

Hpll o + HM2HO,93> di. (72)
Apply the Gronwall’s inequality, leads to
[ el] Loe 0,75022())2) + H“’2”L°°(0T(L2(Q2) + el 2 o,m5vy + 2l 20, v72)

Sc{uu(owo,mm( Mogs + 122 oirzays + 122 oo aacane

Il 20,1y + lIme2llz2o,7v2) + 1€ 220,702 92)) + 11012 0,75v72) |- (73)
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Then, we have the following convergence theorem for the semi-discretization (64)-(67).
Theorem 3.1. Suppose (@, ug, p, @) is the solution to (59)-(62), (wn, w2 #, pp, @) is the
solution to (64)-(67). With P?-P?-P'-P? mixed finite element to respectively discretize
Uy, U2 H, Ph, PH, We have the following error estimate

[ — wn| o 0,15L2(0))) + (w2 — wo, | L (0,73 (22(02))1) + 1@ — wnllL20,15v)

2 = u2,1(0)]lo,03

s — ws sl ooy < c[\a" ~w(0)

O — zn)
+ inf (H |22 0.7 (22 () )
(222,81, Xn,0)EVi XVH XQnx V3,

8(u2 — ZQ’H) |
ot

P = xnllz20102 ) + 1@ — GHHL2(O,T;VE)>:| : (74)

+|l 220,752 02))2) + 1@ — 2all220,m3v) + [1u2 — 22,1 L2 (0,75v2)

Note that on the right hand side of (74), all terms but o in‘g | — Or|ly2 can be directly
€Vt ‘

H )
estimated based on a priori interpolation error estimates and the regularity assumptions

(18). To find an error estimate for 1nf ¢ — x|y, we first pick any v € V in (51)

H

such that v = 0 outside €2} including BQ%. Integrating by parts gives

P _ou

F o= iy —V (BVE)+ V5, inQ. (75)

Similarly, we can pick (v,v3) € V x V;? such that v|g> = v and v = 0 outside Q7
including Q2. Add (51) to (53) and integrate by parts, yields

0 o
fo = %—v (BsVug) + Vp, in Q2. (76)

Now, let v € V and take vy = v]Qg in Q? Add (51) to (53), we have

(/3(?;; v)ar + (p2 8(% v)oz + (BVﬁ:Vv)Q% — (5, V - v)qs
—(, V- v)qz + (B2Vua, Vo)gz: = (f,v)q: + (f2,v)0z + (T, v)r,, a7

where the integrals over 2 are split into 2} and 2. Integrating by parts, yields

(P2 )y + (12 22 ) — (V- (V). vy + (Vi ma, ), + (Y, w)ey

—(p,v-n)r, +(Vp,v)g2 — (5, v - n2)r, — (V- (52Vu2),v)qz + (52Vuz nz,v)n
= (F,0)ar + (F2r 0)0z + (7, 0)r, (78)
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then apply (75) and (76), we attain

(BV’LL mn,v ) (ﬂgVUg N9, v )Ft = (T,’U)Ft. (79)
Further, apply (76) and (79) to (53), and note that n; = —no, we have

(¢, v2)vz = —(P2 %2, v2) 2 + (P25, v2) 2 — (BVug, Vvg)gz + (B2 Vg, v2)q:
—(f27v2)92 (f,v2)az — (T, v2)r, )

— (2% v2)az + (P25, v2)oz + (V- (é&v’@), v2)oz — (BVuz ng, va)r,
( (B2Vuz),v2)02 + (B2Vuz g, va)r, — (Vblaz, v2)a2 + (VDlaz, v2)az
—(f2,v2)02 + (fva)Qf — (7, v2)r, ]

= —(p2%%2, v9) 02 + (52VHQV%,02)Q§ + (%V - (B2Vus), v2)02 — (BVus na, v2)r,
+(B2Vuz na, va)r, — (Viloz, v2)az + (F, va)os
= —(p2 %42, v9) 2 + (52VUQV%,02)Q§ + (%V - (B2Vu2), v2)qz — (BVu2 2, v2)r,
—(BVany, vo)r, — (Vilz, v2)az + (£, v2)0z
= [—(%ﬁ -7 172)93] + {_(B(VUZ - Vﬂ)nz,w)rt}

P2

+ [(52VUQV%,'U2)Q$ — (1 - %)Vﬁ,w)af} + [((55 — po) Pz ’1}2)02} :
We can write ¢ = ¢1 + ¢2 + ¢p3 + ¢4, where
B

(¢1702)V22 = _(EfQ - fv U2>Qfa (80)
(2, v2)y;2 = —(B(Vuz — Va)na, vo)r,, (81)
(P3,v2)y2 = (52VU2V£,’U2)93 —((1 - £>vﬁ7’02)ﬂf7 (82)
‘ B2 B2
3 Ous
(¢4, v2)y2 = <(§ p2 — P2) - T )m : (83)

With the regularity assumptions (18), we can obtain the following estimates by doing an
analogous analysis with [Auricchio, Boffi, Gastaldi et al. (2015); Lundberg, Sun and Wang
(2019)] while ¢ € (0,77 is temporarily fixed,

o nf, 1 — Bnllvz < cHI|(B/B2) f2 = Fll(1202)) (84)
. o—1 ~

ngeﬂég& o2 — Onllvz < cHO™ (1@l (e iu0zy)) » (85)

o nf | ¢s — Oullvz < cH (5]l gr oz + lluzllvz) - (86)

To get an estimate for 0 inf2 |4 — Om||v:2, due to (28) and (30), we just need to find an
H H,t

error estimate for ) inAf IAs — &€m||A, instead, where, (¢4, 'UQ)V;Q = (A4, 'vg)At , Yoy €
HENH ¢ ’ )
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V2. To that end, we first let 7y be the L? projection of V;? into V}2,, that is, for any
wy € ‘/t'2’

(ﬂ'H'UJQ,'UQ)Q% = ('lUQ,’vQ)Qf Yvy € V}%,t' 87)

It is easy to see that Ay € L?(Q7) and || A4]lo < || (5%,02 — p2)2%2]|o. On the other hand,
because of the choice of finite element space (63), our finite elements VH,t and Ap; are

contained in L?(2?), we can interpret the duality pairing as scalar product in L?(9?) [Au-
ricchio, Boffi, Gastaldi et al. (2015); Boffi, Gastaldi and Ruggeri (2014)]. Thus, we can
define PgA4 € Ap, be the L2—projection of A4 onto A ¢ such that

3 a'U,Q

(PHA4,v2)q2 = (PrA4, v2)g2 = (WH((BB p2 — p2)—- 5 ) 2) \Yug € V2. (88)
95

So by (87) we have (Ay — Py, 'v2>Qg =0 forall vy € V}%t- Then,

(Ad — Pryg,v2)qe
A4 = PrAgl[a, = sup :
v,€V;2 |vallv;2
(A1 — Py, v2 — THV2) 2

= sup

vaEV2 |vallv2
s (A4, 09 — THv2) g2 — (WH((%PQ — p2)%2) vy — TV2) 02
v,EV2 |vallv:2
((32,02 - Pz) ot V2 — 7TH’U2)Q2
= sup L (89)
02V [v2]lv;2

where, we apply (87) and (83). By applying the Cauchy—Schwartz inequality and the a
priori interpolation error estimate for 7y, we obtain

3 duy
(5 pQ—PZ) ot ’ — THYV2 o

t

Oug Ouo

B
< cllg 02 = pall=conll 7 —muv2floor < el lloozlvallve - 60)

Then there exists a constant ¢ > 0 such that

(€29

' _ <
ElnAf (A1 — &m|a, CHH at

HE
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Combine (84)-(86) and (91), we obtain the error estimate of 0 in‘g llop—6]]v 2, displayed
evi, '

H
as

: o—1 ~ ~
ngen‘ffg,t | —Onllyve < cH <|’U|(HU(Q,%UQ$))4 + HWH(L%Q%)V + 115l 1 (02

+[[(B/B2) f2 — fH(Lz(Qg))d) . (92)

Together with the a priori interpolation error estimates for inf |a—zp|ly, inf |ue—
zZh€EVY zo,H€EVE,
. 8(’11,27,22_11) . 8(1172;1)
, iInf —=2_ =2l aqeyyae and  Inf || =222 || r20))d,
Q- inf 1755 e apys and inf {17557 e )

Z2,H H,t

z , Inf [|p—
2.1 | v;2 nf 15 — Xl

and take up,(0) = m,a, ug g (0) = myul where 7, : V. — Vi, and 7y : V2 — Vb%t
are appropriately defined interpolation operators . Then we attain the following a priori er-
ror estimates for the semi-discrete DLM/FD finite element method of the transient Stokes
interface problem.

Theorem 3.2. Let (i, us, 5, @) € V x V;2 x Q x V,? be the solution to (59)-(62), and let
(up, w2 g, ph, GH) € Vi X V}%t X Qp X V}%t be the solution to (64)-(67). If (19), (20)
and (57) hold, then there exists a constant ¢ > 0 independent of i and H such that

1@ — w2 0mv) + 1wz — wa,mll 20,0y < (b7~ + HTTY)

(1@l 1.0 757 (2002))0) + 1Bl 220,121 (2 002)) + 11(B/B2) 2 — Fll 20,122 (9))9))

where, % <o <2

Now we analyze the stability property of the semi-discrete scheme. Take v, = uy, vo g =
ug g in (64)-(67), yields

P> un)a + (p2 — p2) —

~ 8uh (dqu
t

!y,UQ,H> + a(up, w2, 7; Up, U2, H)
95,

+b(uh,U2,H;ph» ou) = (p2 — p2)(w - VU2,H,u2,H)Q§ + (ﬁ up)0

+(f2 — Flaz, us,m)az + (T, u2,1)r,.

Note that b(wp, w2 ;5 ph, @) = 0, apply Reynolds transport theorem and Young’s e —inequality,
and use (19), (20) and (57), results

0 0
a0+ gz 0z + (IVunlid o + V2l )

5
<c(lunlda+ lluzumlld o + I1F15.0+ 1 f2 = Flazlls oz + 7113
>C h110,02 2,H 10,02 0,9 2 021l0,02 Tllo,r,

+5Hu27H”%/t27 (93)
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where, the trace estimate is applied to get ||uz #|lo,r, < cf|ug u|lv;2. Integrate both sides

of (93) in time from O to ¢, add ||us, H”o o2 to both sides, choose a sufficiently small €, and
apply Poincaré inequality in (2 and Gronwall’s inequality to (93), reads

lwnl Lo 0.1 (L2(0))0) + 12,1l Lo (0.7 (L2(02))2) + 1unllL20,1:v) + w2, L2 0,7,v72)
C<||Uh(0)||0,ﬂ+ [, (0)llo,.02,+ 1 F | 220,75 L2002 94)

+If2 = Flazll e .1 r2 @) + HTHLQ(O,T;(LQ(Ft))d))'

Then, we have the following stability theorem for the semi-discrete scheme.

Theorem 3.3. Suppose all hypotheses of Theorem 3.1 are held, then the stability result
(94) exists for (64)-(67).

4 Full discretization of DLM/FD finite element method

Introduce a uniform partition 0 = g < t; < --- < ty = T with the time-step size
At =T/N, then set t"™ = nAt where n > 0 is an integer, and

(pn:(p( n tn) dt‘ﬂ _ p(zyt” HA) p(x,t")

dixt@n = Alt [SOH—H —® (Xt" © th+1( n+1)vtn)] :

At t", we particularly let 75", be a partition of Q2 := 2, with the mesh size H, and let

VY C V;2 := V2 be the conforming finite element space defined on 73';;. And, we still
let T}, be a partition of {2 with the mesh size h that is independent of the location of the
interface I';; := I'4». Then, the full discretization of DLM/FD finite element approximation
for (59)-(62) can be defined as: forn = 0,1,--- , N—1,suppose uy, € V anduj ; € Vy'y

are known, find (u} ", u;”}{l, it ¢ € Vi, x VI x Q< VAT such that

pldyug, vp)o + (B Vuptt Vop)a — (0p L Ve vp)a + (85, 04) v

n+1

= (f”“ vh)a, (95)
(V-uptt qn)o =0, (96)
(p2 — p2) (dt "U2,H>’02,H> o0 — ((p2 — p2)w" ™! Vugg,vw)giﬂ
n+1
+ ((52 - Bz)”“vugﬁf, sz,H)m (¢Z+1702,H)Vn2+1
n+1
= (f§+1 fﬂ+1|92+1 ’ ,UQ,H)QgH_l + (Tn+1, ’UQ,H)Fn_Ha (97)
(m ™ —upil) | =0, 98)
‘/"IL+1

1 1
V(vn, vo. 1, qn, YE) € Vi X VQHE X Qn X Vzan{r .
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Introduce the following bilinear forms at ¢":
Q@ ugiv,v) = (BUVE", Volo+ (85— B5)Vus, Vur)
V(v v3iq,9) = —(q,V-v")a+ (¥,v" |z —vy)ve.
Now we analyze the error estimate of the full discretization (95)-(98) by letting (25, 22 1, Xh, O)
be arbitrary functions in V} x V;’;}l X Qp X VQ”;{A, where V}, x V;’;}l is the discrete

divergence-free space at t"*1. With the same notations in Section 3, we have the following
error equation by subtracting (95)-(98) from (59)-(62),

pldip” o) + (p2 — p2) (dZth/'ngUQ,H>Q2 +a" (" pst on, vo )

n+1

o [ foa\""! .
+bn+1(vh7 UQ,H; §n+17 7n+1) = _p(dtn ,Uh)Q —p ((87‘:) - dtu ,'Uh)
Q

_ [ duz nta
—(p2 — p2) <dixt?7§,’vz7H)Qz = (p2 = p2) <dt y df(tung,H)

n+1 Qi+1
_CL7LJr1(,r’TL+17 773+1; vy, ’UZH) — anrl (vhu V2,H; CnJrl’ 5n+1)
(o2 = p2) (" (Vs Vg, v )
V(vn, va.11) € Vi X Vn+12 Y (99)

Take v, = p" ', vo g = pl ™ in (99), notice b1 (1, Tt gntl A7) = 0, and
apply (19), (20), (57) and Young’s e —inequality, we obtain

[\l Y]

p2 — P2
(e = 13 ) + 2522 (s 1 e,

2 (X0 Xioha @), 67) B ) + A IV 0 + 1905 IR s, )

< cAt |: — ﬁ(dtnn,ﬂn+1)ﬂ - (P2 - ;52) (th’n& HJSJFI)QQ

n+1
_((oa\"T
p((&) — dyit ,u+1>

_ duz n+1 . x, 1
— (p2 — p2) (ij‘y —dytuly, pyt .

2
(9] n+1

HIVH G0 + HVTIELHH%,%H + G o + HHELHH(%,Q%M

+[¢ !

Bt 167, | + e (171 + g™, ). 100

where, we need to further analyze the term [|po (X 0 X100 ("), ¢7) |2 on the
¥ 41
left hand side of (100). By the Reynolds transport theorem, we know

d

dt o [ (X 0 X[ (@),17)]” da = /Q w2 (X0 o X; Y(a),t")]* V - wda.
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Integrate from " to t"*1, yields

/ [ (X0 Xk @) da / [z (X o (X} (@), )] da”

2
n+1 Q?

-/,

namely,

tn+1

/ (2 (X 0 Xt_l(ar:),t”)]2 V - wdzdt,
Q7

2 (Xm0 X4 (2"F1),17) H%mﬂ — [le25 115 2

tn+1

< s [Vewleor [l (X0 X @) [ g (101
t"L

te [tn 7tn-f-l]

In order to bound the last temporal integral, due to the change of variable z = X (X; ' (x)),
we have[Martin, Smaranda and Takahashi (2009)]

bz (Xm0 X7 (@), 67) s < 9%, oo 03 1T x o ez 33,0, (102)

where, J denotes the determinant of Jacobian matrix which are bounded since the one-to-
one function X is prescribed. Together with (57), (101) leads to

gt (Xen 0 X g (@), 8") 5 02 < I151[5.02 + cALl|p5 13 02 (103)

Then, (100) can be further rewritten as

)

1
("5 0 = 1" 15.0) + (H 2 0z, — I

ot (I + g, ) < car{ )3

n+1
2
oa\"! 3
X 3o, + s B0, + (m> _
0,2
dug n+1 2
H o drus| IV + IV S s
0,02,

+||Hn+1”0§z + [l G 02

n41

+ ¢ o+ 16" 1R 3

et (IR + s 1z ) - (104)

n+1
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Based on Taylor’s expansions, the following inequalities can be derived:

n a "
"o < el (57) Toa (105
n+1 2
90N g < eat)| 22| (106)
ot at? ||, o,
0,92 )
dy \n+1
A" —= > 107
C o, S ly logz., (107)
do n . 2 .
et - dp < cAt H dtf +HIVe" gz | (108)
0,02, 0,22, e

k) dt2
assumption (57) is used.
Sum up both sides of (104) over n from O to M — 1 (M = 1,---,N), apply Taylor’s
expansions (105)-(108) and choose sufficiently small ¢, yield

where, £¢ v denotes the second partial temporal derivative on the ALE frame, and the

M
I 1R o+ N3 s, + A6 (I3 + 15132 ) < c[qunaQ + 11812 02

n=0
M
HAL? + AEY (ann
n=0

HIS 1.0+ 187172 + ™15 o + Nl

19} d
2,9 + ”Vng”%,szg +|] <87t7> H Ly

ol

Apply the discrete Gronwall’s inequality, results

[sllos;

M

1/2
M
115 o0 + 153 .0z, + <At§ > (1 + ||u§u2v,f)>

n=0

<c

DALY <HV77 los+ IVnz oz + | ( ) o
n=0

d
+]| 772| Hom +”<n”09+‘|5n”v2>:|.
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Then we have the following error estimate

M 1/2
[ — oo + sl — udlyllogs, + (Atz (" — wf i + s ~ ug,HrZV,g)>
n=0

< c[uﬁo ~un(0)log + [l — wa s (0o, + At

M
n in ALY (nu" v+ (e — v
n=0

(Zh22,0,Xn,00)EVR X VE  xQrx V2 ,

d(u — " d — n n n n n
1 (‘“atzh)) o + 12222 "~ XEllow + —eHHvz)]

Consider the regularity assumptions (18), adopt the same approximation to the initial values
4° and u as done in Section 3, and apply (92), then the following convergence theorem is
derived for the fully discrete DLM/FD scheme (95)-(98).

Theorem 4.1. Let (@, us,p,¢) € V x V2 x Q x V;? be the solution to (59)-(62), and
let (ul?, ué\?H, p, M) eV, x VQ% X Qp, X VZ% 1 < M < N, be the solution to
(95)-(98). If (19), (20) and (57) hold, then there exists a constant ¢ > 0 independent of h
and H such that

M 1/2
[@™ = u} o0+ ud’ = ubly oz, + (Atz (2" = upll} + us - us,HPV,;))
n=0

<c(h7 '+ HU 4+ AY).

The stability of the full discretization is studied as follows. Take v}, = uZH, Vo = u;”}{l

in (95)-(98), yields

~ n .. n+l ~ X: . .n n+1 n+1/. . n+1 n+1l, n+l n+1
pldiuy, up™ o + (p2 — p2) <dt Uy s Wy g )QQ +a" " (up T uy i u  uy )
n+1
n+1 n+1 n+l, n+l n+1ly _ ~ n+1 n+1 n+1
+0 (uh 7u27H 3Py, 7¢H ) - <p2 - PZ)w : qu,H ) u27H )Qi+1

H(F e + (B = F ez, s ub e+ (P ul e,

n

Note that ™11 (uZH, ug}r{l : pzﬂ, qb}flﬂ) = 0, apply (19), (20), (57) and Young’s ¢ —inequality,
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we obtain

DO [

p2 — P2
(e~ Wl o) + 2522 (g 1, -

s (e X @) R, ) + e (i + 1,

1 i ]
< A [ru;:“ 2ot gt s+ 15 B0+ 155 — 7z, I3gn

n+1

+||Tn+1||(2)’1—\n+1] +eAt|lus b3 (109)

Apply (103) to the term |Jug i (Xp» 0 X, (2"F1),7) |2 qz,, on the left hand side of
(109), then sum up both sides of (109) over n from 0 to M -1 (M =1,---,N), apply
Taylor’s expansions (105)-(108), choose sufficiently small ¢, yield

M
M M
lud o + b3z, + At Y (il + g aliz) < o [lufla + I mldq:
n=0
M ~ ~
+at > (luilBo + gl a: + 15130 + 155 = Floz 30z + Hrnuapn)] .
n=0

Apply the discrete Gronwall’s inequality, results

v 1/2
lurtlloq + lus'yllo.oz, + (Atz (HUZH%/ + ||U5,H|%/,?)> = C[H“%HO,Q
n=0

M
+(1u) o0z + Atz (anHo,Q +11F2 = f"az llooz + ||T"||0,Fn> } (110)

n=0

Then, we have the following stability theorem for the fully discrete scheme.

Theorem 4.2. Suppose all hypotheses of Theorem 4.1 are held, then the stability result
(110) exists for (95)-(98).

5 Numerical experiments

In this section, we study the numerical performance of the developed DLM/FD finite ele-
ment method for an example of the transient Stokes interface problem (1)-(10) defined in
Q = [0, 1] x [0, 1], where the circular subdomain Q7 makes a translational motion and the
position of 002, which is the interface T';, satisfies

(x — 0.3 —wit)? + (y — 0.3 — wot)? = 0.01,
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where, w = (w1, w2)T denotes the moving velocity of T';.

We properly choose the functions of coefficients, source terms and jump flux of (1)-(10),
ie., Bi, pi, fi, (i = 1,2) and 7 such that the true solution (u,p) to (1)-(10), where
u = (u,v)7, is defined by

u=(y—0.3—wt)((x — 0.3 —wit)? + (y — 0.3 — wyt)? — 0.01)t/,
v=—(z—0.3—wt)((z — 0.3 —wit)’ + (y — 0.3 — wyt)> — 0.01)t/3,
p = sin(mz) sin(my)t,

where, § = B;i(x), V& € Q; (i = 1,2) is chosen as a piecewise constant depending on
the location of x. Clearly, such chosen solution (u,p) satisfies the following regularity
property:

we (H Q)N (H*(Q UQ)))?, pe HI(Y), Vtelo,T].

In what follows, we take a constant moving velocity w = (0.1, 0.2)T, and let 7' = 1. The
meshes T},(2) and Ty (Q?) are constructed independently and thus mismatched with each
other.

Convergence results of the velocity vector at the time ¢ = T in its H'- and L? norm, i.e.,
[w—un| (71 ()2 and || —wpl| (12 (q))> Which are displayed in their component forms, and
of the pressure in its L norm, ||[p—py || £2(qy.). are illustrated in Tabs. 1 and 2 for large jump
coefficient cases. We can observe that: (1) the developed DLM/FD-mixed finite element
discretization is stable and converges in all cases, little influence from the choice of the time
step size; (2) the convergence results are relatively more sensitive to 82 /31, comparing with
the jump p2/p1, noting that the exact solution u depends on /3, but independent of p; (3)
due to the reduced regularity property of the solution, and the discontinuity of the normal
derivative of u across I';, the convergence rates of velocity errors in H'- and L?-norm
decrease to 0.55 ~ 0.9 and 1.0 ~ 1.3, respectively, and the convergence rates of pressure
errors in L?-norm keeps around 1.0 ~ 2.0, which validate our theoretical conclusions,
and also match with the convergence rates of other types of interface problems when the
DLM/FD method is applied [Boffi, Gastaldi and Ruggeri (2014); Auricchio, Boffi, Gastaldi
et al. (2015); Wang and Sun (2017); Lundberg, Sun and Wang (2019); Sun (2019)].

Next, we investigate the influence of time step size on the convergence rate of the developed
DLM/FD finite element method. In order to let O(At) be the main part of the error in
comparison with the part O(h°~! + H°~1), we particularly pick up the case of B2/31 = 2,
p2/p1 = 2, and take f;, (¢ = 1,2) and 7 such that the true solution (u, p) to (1)-(10),
where u = (u,v)”, is defined by

u=(y—0.3—wyt)((x — 0.3 —wit)® + (y — 0.3 — wot)® — 0.01)(2t° — t°) /B,
v=—(z—0.3—wit)((z—0.3—wt)+ (y—0.3—wt)?—0.01)(2t° — t°)/5,

p = sin(mz) sin(my) (2t — £°).

Numerical results of this test are reported in Tab. 3, from which we can observe the first-
order convergent for all errors with respect to At, as predicted by the theoretical result.
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Table 1: Convergence results of the case: 82/31 = 100, pa/p1 = 1000, At = 1/128

h

H

lu—uplli  [lv—wnlli  Jlu—wallo  llv—="onllo  llp —pallo
1/10 1/40 2.7928e-03 2.7963e-03 1.0744e-04 1.0792e-04 7.1102e-03
1/16 1/64 2.6581e-03 1.7827e-03 7.8270e-05 5.8261e-05 3.2093e-03
1/20 1/80 1.1572e-03  1.1592e-03 2.9076e-05 2.9160e-05 2.0570e-03
1/24  1/96 1.5134e-03 1.2372e-03 3.7764e-05 3.3477¢-05 1.4763¢-03
1/28 1/112 1.2882e-03 1.2571e-03 3.2113e-05 3.0158e-05 1.1366e-03
1/32 1/128 1.0039¢-03 1.0510e-03 2.4317e-05 2.3925e-05 6.7959¢-04

rate 0.89 0.81 1.29 1.27 1.94

Table 2: Convergence results of the case: $2/01 = 10000, p2/p1 = 1000, At = 1/128

h

H

lu — unll1

lv — vallx

lu—unllo llv—onllollp—prllo
1/10  1/40 4.1171e-03  4.1292e-03 1.6189¢-04 1.6359¢-04 6.9973e-03
1/16  1/64 3.6978e-03 3.7803e-03 1.3492e-04 1.2738e-04 4.5674¢-03
1/20  1/80 1.2353e-03 1.2373e-03 3.4987e-05 3.4662¢-05 1.9919¢-03
1/24  1/96 3.2329¢-03 1.7224e-03 7.9301e-05 5.3506e-05 3.1686e-03
1/28 1/112 1.9472e-03 2.1853e-03 5.3129e-05 5.5084e-05 1.8631e-03
1/32 1/128 2.4036e-03 2.4490e-03 6.0265e-05 5.9451e-05 2.5130e-03

rate 0.55 0.62 0.97 1.04 1.02

Table 3: Convergence results of the case

At Hu—uhHl

v — vnlls

lp — pnllo

3.7155e-02
2.1289¢-02
1.1418e-02
5.9152e-03
3.0114e-03
1.5213e-03

3.8232e-02
2.1852e-02
1.1703e-02
6.0588e-03
3.0837e-03
1.5583e-03

1.9715e-01
1.1324e-01
6.0909¢e-02
3.1714e-02
1.6299¢-02
8.3803e-03

0.93

0.93

0.92

6 Conclusion and future work

B2/B1=2,p2/p1 =2,h=1/32, H=1/128

We develop the DLM/FD—mixed finite element method for a generic transient Stokes inter-
face problem and carry out numerical analyses for both semi- and fully discrete scheme on
the convergence and stability properties. By using the Taylor-Hood (P2P') mixed finite
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element space, we are able to obtain a nearly optimal convergence rate for both the velocity
and the pressure in their respective norms, subjecting to the reduced regularity assumption
for the solution to the transient Stokes interface problem. Numerical experiments validate
the theoretical results, showing that the convergence rates of the velocity with respect to
the mesh size is the 0.5th in H'-norm, and the first order in L2?-norm, at least, which is
true even for larger jump coefficient cases up to 1:10000, relatively insensitive to different
choices of jump coefficients and time step sizes. And, the first order convergence rate with
respect to the time step size is also validated.
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