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The Method of Fundamental Solutions for Inverse Problems Associated with
the Steady-State Heat Conduction in the Presence of Sources

Liviu Marin!

Abstract:  The application of the method of
fundamental solutions (MFS) to inverse bound-
ary value problems associated with the steady-
state heat conduction in isotropic media in the
presence of sources, i.e. the Poisson equation,
is investigated in this paper. Based on the ap-
proach of Alves and Chen (2005), these problems
are solved in two steps, namely by finding first
an approximate particular solution of the Poisson
equation and then the numerical solution of the
resulting inverse boundary value problem for the
Laplace equation. The resulting MFS discretised
system of equations is ill-conditioned and hence
it is solved by employing the singular value de-
composition (SVD), whilst the choice of the op-
timal truncation number, which is the regulariza-
tion parameter in this case, is based on the L-curve
criterion. Three examples in smooth and piece-
wise smooth, simply and doubly connected, two-
dimensional domains are considered and the con-
vergence and stability of the proposed numerical
method are analysed, based on the numerical ex-
periments undertaken.

Keyword: Meshless method, method of funda-
mental solutions, steady-state heat conduction, in-
verse problem, regularization, singular value de-
composition.

1 Introduction

The method of fundamental solutions (MFS) was
originally introduced by Kupradze and Alek-
sidze (1964), whilst its numerical formulation was
first given by Mathon and Johnston (1977). The
main idea in the MFS consists of approximat-
ing the solution of the problem by a linear com-
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bination of fundamental solutions with respect
to some singularities/source points which are lo-
cated outside the domain. Then the original prob-
lem is reduced to determining the unknown coef-
ficients of the fundamental solutions and the co-
ordinates of the source points by requiring the
approximation to satisfy the boundary conditions
and hence solving a nonlinear problem. If the
source points are fixed a priori then the coeffi-
cients of the MFS approximation are determined
by solving a linear problem. An excellent sur-
vey of the MFS and related methods over the past
three decades has been presented by Fairweather
and Karageorghis (1998).

The advantages of the MFS over domain dis-
cretisation methods, such as the finite-difference
(FDM) and the finite element methods (FEM),
are very well documented, see e.g. Fairweather
and Karageorghis (1998). In addition, the MFS
has all the advantages of boundary methods, such
as the boundary element method (BEM), as well
as several advantages over other boundary meth-
ods. For example, the MFS does not require an
elaborate discretisation of the boundary, integra-
tions over the boundary are avoided, the solution
in the interior of the domain is evaluated with-
out extra quadratures, its implementation is very
easy and only little data preparation is required.
The most arguable issue regarding the MFS is still
the location of the source points. However, this
problem can be overcome by employing a non-
linear least-squares minimisation procedure, see
Fairweather and Karageorghis (1998). Alterna-
tively, the source points can be prescribed a pri-
ori, see Balakrishnan and Ramachandran (1999),
and Golberg and Chen (1996), and the post-
processing analysis of the errors can indicate their
optimal location.

The MFS has been succesfully applied to solving
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a wide variety of boundary value problems. Kara-
georghis and Fairweather (1987) have solved nu-
merically the biharmonic equation using the MFS
and later their method has been modified in or-
der to take into account the presence of bound-
ary singularities in both the Laplace and the bi-
harmonic equations by Poullikkas, Karageorghis
and Georgiou (1998a). Furthermore, Poullikkas,
Karageorghis and Georgiou (1998b) have inves-
tigated the numerical solution of the inhomoge-
neous harmonic and biharmonic equations by re-
ducing these problems to the homogeneous cor-
responding cases and subtracting a particular so-
lution of the governing equation. The MFS has
been formulated for three-dimensional Signorini
boundary value problems and it has been tested on
a three-dimensional electropainting problem re-
lated to the coating of vehicle roofs in Poullikkas,
Karageorghis and Georgiou (2001). Karageorghis
and Fairweather (2000) have studied the use of
the MFS for the approximate solution of three-
dimensional isotropic materials with axisymmet-
rical geometry and both axisymmetrical and ar-
bitrary boundary conditions. The application of
the MFS to two-dimensional problems of steady-
state heat conduction and elastostatics in isotropic
and anisotropic bimaterials has been addressed
by Berger and Karageorghis (1999; 2001), whilst
Poullikkas, Karageorghis and Georgiou (2002)
have successfully applied the MFS for solving
three-dimensional elastostatics problems. The
MES, in conjunction with the singular value de-
composition (SVD), has been employed by Ra-
machandran (2002) in order to obtain numerical
solutions of the Laplace and the Helmholtz equa-
tions.

The steady-state heat conduction in isotropic me-
dia in the presence of heat sources is modelled
by the Poisson equation, see e.g. Kraus, Aziz
and Welty (2001), and Beck, Blackwell and St.
Clair (1985). However, in many important appli-
cations the boundary conditions may not be com-
pletely known due to technical difficulties asso-
ciated with the data acquisition. For example, a
part of the boundary is inaccessible to direct mea-
surements, as in the case of the re-entry of a ve-
hicle from atmosphere, and the presence of mea-

CMES, vol.30, no.2, pp.99-122, 2008

suring devices, such as thermocouples, will dis-
turb the physical process under investigation and
hence only inaccurate data can be collected. Ad-
ditional data may be supplied in the form of either
other type of boundary conditions on the same ac-
cessible part of the boundary or measurements are
taken at some internal points in the solution do-
main. These are examples of inverse problems,
including the Cauchy problem as a particular case,
and it is well-known that they are generally ill-
posed, i.e. the existence, uniqueness and stability
of their solutions are not always guaranteed, see
e.g. Hadamard (1923).

It is important to mention that over the last two
decades, various numerical methods have been
employed to solve inverse problems that occur
in several branches of engineering and sciences,
such as steady state heat conduction [Lesnic, El-
liott and Ingham (1997; 1998), Ling and Atluri
(2006), Liu (2006), Liu, Liu and Hong (2007)],
fluid flow [Zeb, Ingham, Elliott and Lesnic (2000;
2002)], rock mechanics [Mustata, Harris, EI-
liott, Lesnic and Ingham (2000), Harris, Mus-
tata, Elliott, Ingham and Lesnic (2008)], elas-
ticity [Chao, Chen and Lin (2001), Marin, El-
liott, Ingham and Lesnic (2001; 2002)], electro-
chemical processes [Noroozi, Sewell and Vinney
(2006)], automatic inverse problem engine [de
Lacerda and da Silva (2006)] computerised to-
mography [Mera, Elliott and Ingham (2006), Sh-
iozawa, Kubo, Sakagami and Takagi (2006)], vi-
brations [Huang and Shih (2007)], electromag-
netism [Marin, Power, Bowtell, Sanchez, Becker,
Glover and Jones (2008)], etc.

Several BEM-based algorithms have been pro-
posed for the solution of inverse problems asso-
ciated with the steady-state heat conduction in
the absence of heat sources for isotropic materi-
als, see Ingham and Yuan (1994), Lesnic, Elliott
and Ingham (1997), and Hao and Lesnic (2000),
anisotropic media, see Mera, Elliott, Ingham
and Lesnic (2000; 2002), and heat conduc-
tion in fins, see Marin, Elliott, Heggs, Ingham,
Lesnic and Wen (2003a; 2003b; 2004). Re-
cently, the MFS has been successfully applied
to solving inverse problems associated with the
heat equation, see Hon and Wei (2004) and
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Mera (2005), linear elasticity, see Marin and
Lesnic (2004) and Marin (2005a), steady-state
heat conduction in functionally graded materials,
see Marin (2005b), Helmholtz-type equations, see
Marin and Lesnic (2005), Marin (2005c), and
Jin and Zheng (2006), and source reconstruction
in steady-state heat conduction problems, see Jin
and Marin (2007).

To the best of our knowledge, the application of
the MFS to inverse boundary value problems as-
sociated with the Poisson equation has not been
investigated as yet. Motivated by the recent en-
couraging results of the MFS applications to in-
verse problems and using the approach proposed
by Alves and Chen (2005), the inverse bound-
ary value problems for the Poisson equation are
solved in two steps. Firstly, an approximate
MES particular solution of the Poisson equation
is sought. The solution of the resulting inverse
boundary value problem for the Laplace equa-
tion is then found using a classical MFS. The re-
sulting MFS discretised system of equations for
the later inverse boundary value problem is ill-
conditioned and hence it is solved by employing
the SVD, see Hansen (1998), whilst the choice
of the regularization parameter is based on the
L-curve criterion, see Hansen (2001). Three ex-
amples for the Poisson equation in smooth and
piecewise smooth, simply and doubly connected,
two-dimensional domains are considered, whilst
the convergence and stability of the method are
carefully investigated based on the numerical ex-
amples analysed.

2 Mathematical formulation

Let Q be an open bounded domain in R, where
d is the dimensionality of the space, and JdQ
its boundary. In the presence of heat sources,
f(x), x = (x1,...,x4) € Q, the steady-state heat
conduction in an isotropic medium is described
by the Poisson equation, see e.g. Kraus, Aziz
and Welty (2001), and Beck, Blackwell and St.
Clair (1985), namely

d
Au(x) =3 ———=f(x), x€Q, (1)

where u(x) denotes the temperature at x € Q.
The normal heat flux through the boundary dQ
is given by

& Ju(x
¢ (x) = Vu(x) -n(x) = Z{ 885(1 ) ni(x), xe€dQ,
2)
where n(x) = (n;(x),...,n4(x))" is the outward

unit normal vector at X € 0Q.

In this paper, we investigate the following inverse
problem:

Au(x) = f(x), xX€Q (3.1)
u(x) = u(x), xeTp (3.2)
0(x) = (x), x €Ty (3.3)
u(x) = u(x), X € Qi (3.4)

where I'p C 0Q, I'y C dQ and Q;, C Q. Further-
more, the following formulations associated with
the inverse problem (3.1) — (3.4) can occur, see
also Figs. 1(a)—(d):

Formulation 1: I'p # 0; I'n # 0; I'p =I'n; Qine =
0.

Formulation2: I'p # 0; Iy # 0; I'n C I'p; Qi =
0.

Formulation 3: I'p = 0; I'y # 0; Qi # 0.

More precisely, Formulations 1 — 3 describe the
following inverse problems associated with the
steady-state heat conduction in the presence of
sources: Formulation 1 represents the classical
Cauchy problem for the Poisson equation, in
which both the temperature and normal heat flux
can be measured on a part of the boundary 9Q,
see Figs. 1(a) and (d). Formulation 2 provides
us with more information than Formulation 1, in
the sense that apart from the boundary data which
are also available in the Cauchy problem, addi-
tional boundary temperature measurements can
be made, see Fig. 1(c). Although not presented
herein, it should be mentioned that another in-
verse problem, similar to that described by For-
mulation 2 and in which the additional bound-
ary temperature measurements available in the
aforementioned formulation are replaced by extra
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Figure 1: Schematic diagram of the examples and formulations analysed, namely (a) Example 1, Formu-
lation 1, (b) Example 1, Formulation 3, (c) Example 2, Formulation 2, and (d) Example 3, Formulation 1,
with given Dirichlet (o), Neumann (o) and internal (x) data, respectively.

boundary flux measurements, can also be consid-
ered, namely:

Formulation 2': Tp # 0; I'y # 0; Tp C I'n;
Qint =0.
Finally, Formulation 3 is concerned with the situa-

tion when the flux is known on a portion I'y of the
boundary dQ such that I'y encloses the domain

Q, whilst temperature measurements are available
in Qi C Q such that the internal domain Q; is
bounded by a closed curve, see Fig. 1(b).

The inverse problem (3.1) — (3.4) for Formula-
tions 1 — 3 is much more difficult to solve both an-
alytically and numerically than the direct problem
since the solution does not satisfy the general con-
ditions of well-posedness. It is well-known that if
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this solution exists then it is unstable with respect
to small perturbations in the data on I'p and/or
I'n, see e.g. Hadamard (1923). Thus the prob-
lem under investigation is ill-posed and we cannot
use a direct approach, such as the Gauss elimina-
tion method, in order to solve the system of lin-
ear equations which arises from the discretisation
of the partial differential equation (3.1), and the
boundary and internal conditions (3.2) — (3.4).
Therefore, regularization methods are required to
solve accurately the inverse problem (3.1) —(3.4)
for the associated Formulations 1 — 3.

3 Approximate solution of the inverse prob-
lem

Following the approach of Alves and
Chen (2005), the extension of the method of
fundamental solutions (MFS) for the solution
of the Laplace equation to the solution of the
Poisson equation, i.e. inhomogeneous Laplace
equation, is presented in this section. The main
idea consists of finding a particular solution of the
inhomogeneous equation (Poisson equation) and
then solving a boundary value problem for the
associated homogeneous equation (Laplace equa-
tion), where the boundary conditions are obtained
using the boundary conditions for the original
inhomogeneous equation (Poisson equation) and
the values of the particular solution previously
obtained on the boundary. The particular and
homogeneous solutions can then be approximated
using the MFS.

3.1 Superposition principle

On using the linearity of the Laplacian operator,
A, the superposition principle can be applied to
the inverse boundary value problem (3.1) — (3.4)
and hence its solution can be written as

u(x) = up(x) +up(x), x€Q, @)

where u,(x) is a particular solution of the Poisson
equation (3.1), whilst u,(x) is the homogeneous
solution to the resulting boundary value problem
for the Laplace equation. More precisely, u,(X)
satisfies the Poisson equation

Au,(x) = f(x), xX€Q, 5)

but does not necessarily satisfy the boundary con-
ditions (3.2) and (3.3), nor the additional internal
measurements (3.4) corresponding to the original
problem. From Eq. (4) we obtain

up(x) = u(x) —up(x), x€Q. (6)

Hence on using Egs. (3.1) —(3.4), (5) and (6), it
follows that u;,(x) is the solution of the following
boundary value problem for the Laplace equation

Aup(x) =0, x€Q (7.1)
up(X) = u(x) —upy(x), xeIp (7.2)
0n(%) = B(x) — 9p(x), xely  (73)

) X € Qine (7.4)
‘n(x),x €'y, and ¢,(x) =

3.2 Approximate solution of the homogeneous
equation

The fundamental solution of the two-dimensional
Laplace equation, i.e. Eq. (7.1) with d =
2, is given by, see e.g. Berger and Kara-

georghis (1999),
Fy) = —In——, xeQ, yeR\Q
7y - Zﬂ r X’y) ) ) y )

®)

where r(x,y) = \/(xl —y1)? + (x2 — y2)? repre-
sents the distance between the domain point X =
(x1,x2) and the MFS source point or singularity
y = (y1,y2).

The main idea in the MFS consists of approximat-
ing the temperature in the solution domain by a
linear combination of fundamental solutions with
respect to n, singularities y! in the form

ch (x,¥), xe€Q, 9)

where ¢ = (cy,...,¢y,) and Y is a (2ns)—vector
containing the Cartesian coordinates of the singu-
larities yl, j = 1,...,n,. Then the normal heat flux
on the boundary dQ can be approximated by

ZCJ X,y), x€dQ, (10)
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where ¢ (x,y) = Vx.Z (x,y) -n(X) is given by

J— T . J—

Gxy)= -2V 0N a0 yerM\G
2mr(x,y)

(11)

If np collocation points x,i= 1,...,np, and ny

collocation points x"™*i, i = 1, ..., ny, are chosen

on the boundaries I'p and I'y, respectively, the
temperature measurements are available at nj,; in-
ternal points X" ™1 =1, njy, in Qjy, and
the location of the singularities y/, j = 1,...,ny, is
set then Eqs. (3.2) — (3.4) recast as a system of
(np +nN + niye ) linear algebraic equations with ng
unknowns which can be generically written as

Ac=F, (12)

where the components of the MFS matrix A €
R("F0N+0i) X0 apd the right-hand side vector F €
ROOFONFDine gre given by

Z(x,yl), 1<i<np,
1 <j<ng
Aij — g(xivyj)a 1 S%_HD S nn, (13)
1 <j<ns
j(xi’yj)’ 1 Si_nD_nN Sninta
1 <j<ng

and

u(x) —u,(x), 1<i<np
Fi={¢(x))—¢,(x!), 1<i—np<ny
u(x') —up(xi), 1 <i—np —nn < Ny
(14)

respectively.

It should be noted that in order to uniquely de-
termine the solution ¢ of the system of linear al-
gebraic equations (12), i.e. the coefficients cj,
j=1,...,n,, in approximations (9) and (10), the
numbers of collocation points corresponding to
the Dirichlet and Neuman boundary conditions,
and internal temperature measurements, np, ny
and nj,, respectively, and the number of singu-
larities, ng, must satisfy the inequality ng < np +
nN + nj,. However, the system of linear alge-
braic equations (12) cannot be solved by direct
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methods, such as the least-squares method, since
such an approach would produce a highly unsta-
ble solution due to the large value of the condition
number of the matrix A, which increases dramati-
cally as the number of boundary and internal col-
location points, and singularities increases. Sev-
eral regularization procedures have been devel-
oped to solve this type of ill-conditioned systems,
such as the Tikhonov regularization method, see
Tikhonov and Arsenin (1986), the singular value
decomposition (SVD), see Hansen (1998), etc.
For a comprehensive study devoted to the appli-
cation of the MFS, in conjunction with several
regularization techniques, for solving numerically
the Cauchy problem associated with elliptic op-
erators, we refer the reader to the recent paper
of Wei, Hon and Ling (2007). However, in the
present study, we only consider the SVD and this
is discussed in detail in Section 4.1.

3.3 Approximate particular solution

In the case of the solution of inhomogeneous
equations, the MFS must be coupled with other
methods that can provide an approximate particu-
lar solution. In the BEM literature, the most suc-
cessful methods are the dual reciprocity method
(DRM), see e.g. Nardini and Brebbia (1982)
and Partridge, Brebbia and Wrobel (1992), and
the multiple reciprocity method (MRM), see e.g.
Nowak and Neves (1994). In particular, radial ba-
sis functions (RBF) and thin plate splines (TPS)
have been widely used in the DRM approach, see
e.g. Golberg and Chen (1994; 1999). For other
methods used in the approximation of particular
solutions, we refer the reader to the comprehen-
sive reviews of Golberg (1995) and Golberg and
Chen (1999).

Recently, Alves and Chen (2005) proposed the
use of the eigenfunctions associated with the dif-
ferential operator to approximate a particular so-
lution and presented an extended MFS for solv-
ing inhomogeneous problems in a unified manner.
This method seems to be very promising consid-
ering the numerical results presented therein. Mo-
tivated by these results, we attempt to solve the in-
verse problem (3.1) — (3.4) by the extended MFS.
The main idea of Alves and Chen (2005) consists
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of approximating the term f(x) by a linear com-
bination of the eigenvalues associated with the
Laplacian operator, A, namely

Nf  Nds

f(x) =~ ZZajk‘P;Lk(X,yj), X € Q. (15)
k=1j=1

Here ny is the number of frequencies, ngs is the
number of source points, aj, j = 1,...,ng5, k =
1,...,ng are coefficients to be determined, Ay,
k=1,...,ny, are the eigenvalues of the Laplacian
operator, ¥, ,k=1,...,ny, are the eigenfunctions
of the Laplacian operator corresponding to the
aforementioned eigenvalues and ¥/, j = 1,...,ng;,
are the source points.

Since ¥ is the eigenfunction of the Lapla-
cian operator corresponding to the eigenvalue Ay,

for every k = 1,... ny, it satisfies the following
eigenequation:
Ax\Plk (vaj) = )Lk\Plk (vaj)v x € Q. (16)

Morevoer, we take the eigenfunctions ¥, , k =
1,...,n¢ to be the fundamental solution of the
two-dimensional Helmholtz equation (16) with
A <0,k=1,...,ng namely

SN _
P, (0 5) = 7 Y (VoAar(x ) ).
xeQ, yeR\Q, 17)

where H(()l) is the Hankel function of the first kind

of order zero. Recall that H(()]) =Jo+1iYo, where
Jo and Y are the Bessel functions of the first and
second kind, respectively. Furthermore, Jj is ana-
lytic everywhere, while Y exhibits a logarithmic
singular behaviour at zero. Therefore, another al-
ternative is to use the Bessel function Jj instead
of H(()]) in equation (17) and consider the source

points y', j = 1,...,ngs, also inside the domain Q,

1.e.

¥, (x5 =Jo (VAa(x§)), xeQ, feQ.
(18)

Thus we obtain the following approximation for
the particular solution u,(x) of Eq. (5):

Nf  Ngs

aj .
Uy (X) ~ ZZ%\PM(XJJ% xeQ. (19
k=1j=1 "~ "%k

The use of the fundamental solutions of the
eigenequations (16) to approximate a particular
solution to the Poisson equation (5) has been jus-
tified by Alves and Chen (2005). Since the func-
tion f(x), x € Q, is known, the unknown coeffi-
cients ajx, j = 1,...,ng, K = 1,...,ny, are deter-
mined by collocating Eq. (15) according to the
following algorithm, see Alves and Chen (2005):
(i) Choose ng. collocation points, X, i =
1,...,nqc, in the domain Q. Usually, one
chooses X' € Q,i=1,...,nq4., where Q C Q.

(i) Choose ngs source points, ¥/, j = 1,...,ngs,
in R?\ Q if Eq. (17) is used. If Eq. (18) is
employed then one may even choose ¥/ € Q,
j = 1,...,nd5.

(iii) Choose ny frequencies, Ax <0,k =1,...,ny.

(iv) Define the matrix

M= [, (K,9)],..., (¥, (K9]
c Rndcx(nfnds)’ (20)
where [¥;, (X,¥))] € Rt k =1,...,ny.

(v) Solve the (nngs) X (nengs) least-squares sys-
tem

M'Ma=M"f, (21

to determine the wunknown coeffi-
cients a = (a)7 € R,  where
f=(f(X"),...,f(X"))T € R

(vi) Determine the approximation of the particu-
lar solution u,(x) from Eq. (19).

It should be mentioned that for each frequency,
Ak <0,k=1,...,n¢ one might consider different
source points, ¥/, j = 1,...,ng. The theoretical
density result proved by Alves and Chen (2005)
does not specify a precise location of the source
points, ¥, j = 1,...,ngs, in R*\ Q or Q. There-
fore, we might also consider the location of the
source points as an unknown to the minimisa-
tion problem. However, this implies to consider a
nonlinear minimisation problem, instead of con-
sidering a simple least-squares method, see Fair-
weather and Karageorghis (1998). To keep the
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simplicity of the method, we will only consider
the same fixed source points, yJ, j = 1,...,ngs, in
R?\ Q or Q for all the frequencies chosen, A < 0,
k= 1, BN 1T

4 Regularization

In order to implement the MFS, the location of the
source points/singularities has to be determined
and this is usually achieved by considering ei-
ther the static or the dynamic approach. In the
static approach, the source points/singularities are
pre-assigned and kept fixed throughout the so-
lution process, whilst in the dynamic approach,
the source points/singularities and the unknown
coefficients are determined simultaneously dur-
ing the solution process, see Fairweather and
Karageorghis (1998). For nonlinear systems, the
uniqueness of the solution is not always guar-
anteed and it is computationally much more ex-
pensive. In addition, the discretised MFS sys-
tem is severely ill-posed in the case of inverse
problems and thus the dynamic approach trans-
forms the problem into a more difficult non-
linear ill-posed problem. The dynamic ap-
proach results in a system of nonlinear equa-
tions, which may be solved using minimiza-
tion methods. Alternatively, Tankelevich, Fair-
weather, Karageorghis and Smyrlis (2006), con-
sider the source points located on a so-called
pseudo-boundary, which has the same shape as
the boundary of the domain, and the problem is
solved for a sequence of such pseudo-boundaries,
whilst the optimal pseudo-boundary is taken to be
the one for which boundary conditions are satis-
fied most accurately. From a computational point
of view, the dynamic approach might not be ap-
propriate for inverse problems with noisy data.
Moreover, Mitic and Rashed (2004) have shown
that the distribution and number of the source
points/singularities are not, in general, important
under certain conditions, in the sense that the
number of sources/singularities should reflect the
degrees of freedom inherent in the boundary con-
ditions of the problem. Hence the dynamic ap-
proach for determining the optimal location of the
source points/singularities might be unnecessary.
Therefore, we have decided to employ the static
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approach in our computations.

The MFS can be regarded as a Fredholm integral
equation of the first kind with an analytical ker-
nel function, see e.g. Golberg and Chen (1999),
which is severely ill-posed according to the the-
ory of integral equations, see e.g. Kress (1989).
Consequently, as an approximation to the integral
operator, the discretisation matrix A is severely
ill-conditioned. The accurate and stable solu-
tion of Eq. (12) is very important for obtaining
physically meaningful numerical results. Regu-
larization methods are among the most popular
and successful methods for solving stably and
accurately ill-conditioned matrix equations, see
Hansen (1998) and Tikhonov and Arsenin (1986).
In our computations we use the truncated SVD to
solve the matrix equation arising from the MFS
discretisation.

4.1 Singular value decomposition

The SVD of a matrix A € ROpFON+0im)xns 5 <
np +ny + Ny, 1S given by, see e.g. Hansen (1998),

A=UxVT, (22)
where U = [uj,up,...,Uny4nytn,] and V =
[Vi,V2,...,Vy] are orthonormal matrices with col-

umn vectors called the left and the right singular
vectors, respectively, T denotes the matrix trans-
position and X = diag(oy,0,...,0,,) is a diago-
nal matrix with nonnegative diagonal elements in
non-increasing order, which are the singular val-
ues of A.

On using the SVD, the solution ¢ to the matrix
equation (12) can be succinctly written as a linear
combination of the right singular vectors, namely

rank(A) TR
c= Y Ty, (23)
i-1 O

where rank(A) is the rank of the matrix A. For
an ill-conditioned matrix equation, there are many
small singular values clustering around zero and
therefore the solution obtained by standard meth-
ods, such as the Gauss elimination method, may
be dominated by the contribution of the small sin-
gular values and hence it becomes unbounded and
oscillatory. One simple remedy is to truncate the
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above summation, i.e. by considering an approxi-
mate solution, ¢,, given by

=) ——Vi (24)

where n < rank(A) is the regularization parame-
ter which determines when one starts to leave out
small singular values. This method is known as
the truncated SVD (TSVD) in the inverse prob-
lem community, see Hansen (1998).

The performance of regularization methods de-
pends crucially on the suitable choice of the regu-
larization parameter. One extensively studied cri-
terion is the discrepancy principle, see e.g. Mo-
rozov (1996). Although this criterion is mathe-
matically rigorous, it requires a reliable estima-
tion of the amount of noise added into the data
which may not be available in practical problems.
Heuristical approaches are preferable in the case
when no a priori information about the noise is
available. For the TSVD, several heuristical ap-
proaches have been proposed, including the L-
curve criterion, see Hansen (1998; 2001), and the
generalized cross-validation, see Wahba (1977).
In this paper, we employ the L-curve criterion to
determine the appropriate regularization parame-
ter for the TSVD, see Hansen (1998; 2001).

If we define the curve

{(lleall2, |Aca —F|]2) [In=1,2,...,rank(A) }
(25)

on a logarithmic scale then this typically has an
L-shaped form and hence it is known as the L-
curve. According to the L-curve criterion, the op-
timal regularization parameter corresponds to the
corner of the L-curve since a good tradeoff be-
tween the residual and solution norms is achieved
at this point. Numerically, the L-curve method is
robust and stable with respect to both uncorrelated
and highly correlated noise. Furthermore, this
criterion works effectively with certain classes of
practical problems, see Hansen (1998; 2001) and
Chen, Chen, Hong and Chen (1995). For a dis-
cussion of the theoretical aspects of the L-curve
criterion, we refer the reader to Hanke (1996) and
Vogel (1996).

Several algorithms for locating the corner of
the L-curve have been reported in the literature,
see e.g. Hansen (2001), Guerra and Hernan-
dez (2001), Kaufman and Neumaier (1996) and
Castellanos, Gomez and Guerra (2002). The first
procedure is based on fitting a parametric cubic
spline to the discrete points and then taking the
point corresponding to the maximum curvature of
the L-curve to be its corner, see Hansen (2001).
The second algorithm employs a conic to fit the
set of discrete points, see Guerra and Hernan-
dez (2001), whilst the third one is based on us-
ing a linear-linear scale and inverting the axis, see
Kaufman and Neumaier (1996). All these pro-
cedures need to check the monotonicity condi-
tion for the sequences of the residual and solu-
tion norms, and discard those points where the
monotonicity condition is not fulfilled. The last
algorithm, namely the triangle method, is based
on geometric considerations, see e.g. Castellanos,
Gomez and Guerra (2002). In the present study,
we mainly employ the first algorithm. However,
the curvature of the parametric spline is very sen-
sitive to the distribution of the collocation points
and occasionally the located corner is not suitable,
see Hansen (2001). Therefore, visual inspection
is used as an auxiliary procedure.

5 Numerical results and discussion

In this section, we present the numerical results
obtained using the MFS described in Section 3,
in conjunction with the SVD presented in Section
4.1, for Formulations 1 — 3 of the inverse prob-
lem (3.1) — (3.4) associated with the steady-state
isotropic heat conduction in smooth and piece-
wise smooth, simply and doubly connected, two-
dimensional domains. We investigate the conver-
gence of the proposed numerical method with re-
spect to the number of singularities and the dis-
tance from the singularities to the boundary of the
solution domain. We also analyse the stability of
the MFS+SVD algorithm as a function of the level
of noise added into the boundary and/or internal
data. In addition, we perform a sensitivity analy-
sis with respect to the number of frequencies used
to approximate the particular temperature solution

Up(X).
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5.1 Examples

In order to present the performance of the com-
bined MFS+SVD algorithm for solving the in-
verse problem given by Eqs. (3.1) — (3.4), we
consider the following examples, see also Figs.

1(a)—(d):

Example 1 (Smooth, simply connected
domain): We consider the disk Q =
{X€R2|x12+xz2<r2}, where r = 1.0,
and the following analytical solutions for the
temperature and the normal heat flux

u(a“)(x) = X X2 sin(x;xz) (26)

and

¢ (x) = [sin(x1X7) + X1 X3 cos(x1X2)] X0 (x)
+[sin(x1x2) +x1x2 cos(x1x2) | x1n2(x), (27)

respectively. Here the right-hand side of Eq. (3.1)
is given by

f(X) = (X]2 —|—X22) [2 COS(X]XZ) —X1Xp Sin(X1X2)]
(28)

and we investigate the following formulations

Formulation 1:

I'p={x€dQ|0<0(x)<3m/2,p(x)=r},
I'n=TIp, Qpn=0,

(29)
Formulation 3:
I'p =0,
I'n=0Q
={x€dQ|0<0(x)<2m, p(x)=r},
Qint:
j G(XJ) :Zjn/ninta }
x € Q : . ,
{ ‘ p(XJ):pjv J:()vlv"'anint_l
pj :OS, ]ZO,],,Hm[—l
(30)

Here p(x) and 6(x) are the polar coordinates of
x € R2,
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Example 2 (Piecewise smooth, simply
connected domain): We consider the square
Q = (—0.5,0.5)* and the following analytical
solutions for the temperature and the normal heat
flux

u(@ (x) = sin(x;) sinh(x,) +cosh(3x;) +x;° —x22
(31)

and

¢ (x) = [cos(x;) sinh(x) + 3%, %]n; (X)
+ [sin(x1) cosh(3x,) +3sinh(3x;) — 2x5]na(x),
(32)

respectively. Here the right-hand side of Eq. (3.1)
is given by

f(x) =9cosh(3x;) +6x; —2 (33)

and we investigate

Formulation 2:

I'n = (—0.5,0.5] x {—0.5}U{0.5} x (—-0.5,0.5),
I'p = (—0.5,0.5] x {—0.5}U{0.5} x (—0.5,0.5]

U(—=0.5,0.5)x {0.5}, Qine=0.
(34)

Example 3 (Smooth, doubly connected
domain): We  consider the annulus
Q = {X€R2|riz<x12—|—x22<r02}, where
1o = 1.0 and rj = 0.5, and the following analytical
solutions for the temperature and the normal heat
flux

u®™ (x) = exp(—x? +2x3) (35)

and

¢(a“)(x) = 2[—x1n;(X) +ny(x)] exp(—x; 4 2x,),
(36)

respectively. The right-hand side of Eq. (3.1) is
given by

f(x) =2(2x}+ 1) exp(—x; % +2x;) (37)
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and we investigate

Formulation 1:

Ip =Ty ={x€dQ|x>+x> =12},
QimZQ.

(38)

The homogeneous problem (7.1) — (7.4) asso-
ciated with the various formulations of the in-
verse problem investigated in this study has been
solved using a uniform distribution of the bound-
ary collocation points, x', i = I,....np, and
x"™H = 1 ... ny, internal collocation points,
XN — 1 ny, and the singularities, y/,
j=1,...,ng, with the latter being located on the
boundary of the disk B(0,rs), where the radius
ry > 0 was chosen such that Q C B(0,r5). The par-
ticular solution (5) corresponding to the inverse
problem analysed in this paper has been approx-
imated using Eqs. (18) and (19), and a uniform
distribution of both the domain collocation points,
Xi,i=1,...,ngc, in the domain Q = (—1.2,1.2)%,
such that Q C Q, for all examples considered,

and the source points, ¥, j = 1,...,ngs, in Q =
(—1.1,1.1)2, such that Q C Q, whilst the frequen-
cies were taken as 4y = —k?, k= 1,...,n;. Unless

specified, in the present computations we have set
nge = 400, ngg = 16 and ny = 8 for determining
numerically the particular solution u,,.

5.2 Effect of regularization

Before presenting the numerical results obtained
using the proposed algorithm, it is interesting
to emphasize the necessity of employing reg-
ularization methods, instead of standard direct
inversion methods, such as the Gauss elimina-
tion method, the LU factorization and the least-
squares method, in order to obtain stable numer-
ical solutions for the inverse problems under in-
vestigation. Chen, Cho and Golberg (2006) have
shown that the errors in the numerical solutions to
various direct problems for the two-dimensional
Laplace equation, obtained using the Gauss elim-
ination method for solving the MFS system of lin-
ear algebraic equations, are of the same order as
those retrieved by employing the SVD and TSVD,
provided that the boundary data are exact.

However, even for a low level of noise added into
the boundary data, in the case of various direct
problems for the Laplace equation, the TSVD-
based solution is superior to that obtained em-
ploying the Gauss elimination method and, con-
sequently, this regularization method is recom-
mended to be used, see Chen, Cho and Gol-
berg (2006). Moreover, if an inverse problem
for the two-dimensional Laplace equation has to
be solved and, in addition, the measured bound-
ary and/or internal data are contaminated by noise
then it becomes essential to employ regulariza-
tion methods, see e.g. Jin (2005). Similar results
have been obtained for the MFS applied to solving
inverse problems associated with the Lamé sys-
tem of linear elasticity, Helmholtz-type equations,
heat transfer in FGMs, heat conduction etc., see
Hon and Wei (2004), Marin and Lesnic (2004,
2005) Mera (2005), Jin and Marin (2005), and
Marin (2005a; b; c).

For practical problems the known boundary
and/or internal data are inevitably contaminated
by measurement errors and thus the stability of the
numerical scheme is of vital importance. There-
fore, for the examples analysed in this paper the
Dirichlet and/or Neumann boundary data u|r,, and
5 Iy respectively, and the internal Dirichlet data,
u|q,,. have been perturbed as

ﬁa‘rD = ﬁ‘rD + du, aﬂrN = a‘rN +00,
(39)
ﬁa ’Qim - ﬁ’Qim + (Suint’

where ou, 8¢ and Su;y,, are Gaussian random vari-

ables with mean zero and standard deviation ¢, =

max lu| x (pu/100), 0y = max || x (pgy/100)
D N

and 0, = max |u| x (p./100), respectively, gen-

int

erated by the NAG subroutine GO5DDF, and
PusPo € {1%,2%,3%} are the percentages of ad-
ditive noise included into the input data ﬁ’rD, 5 ’FN
and ﬁ!Qim in order to simulate the inherent mea-
surement errors.

Figs. 2(a) and (b) illustrate the analytical and
numerical values for the temperature, u, on the
boundary dQ \ I'p and normal heat flux, ¢, on
the boundary dQ \ I'y, respectively, obtained by
the direct inversion of the system of linear alge-
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Figure 2: The analytical (—) and the numerical
values for (a) the temperature u on the bound-
ary dQ\ I'p, and (b) the normal heat flux ¢ on
the boundary dQ \ I'y, obtained with the direct
inversion of the system of linear algebraic equa-
tion (12) (i.e. the least-squares solution), us-
ing np = ny = 30 boundary collocation points,
njye = 0 internal collocation points and ng = 60
singularities for the homogeneous solution up,
and various levels of noise added into the Dirich-
let boundary data ﬁ| 1> hamely p, = 1%(---V---)
yPu=2%(---e---)and p, =3%(---M---), in the
case of Formulation 1 for Example 1.
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braic equation (12) (i.e. the least-squares solu-
tion), using np = ny = 30 boundary collocation
points, nj,; = 0 internal collocation points and
ng = 60 singularities for the homogeneous solu-
tion uy, and various levels of noisy Dirichlet data
ﬁrD, namely p, € {1%,2%,3%}, in the case of
Formulation 1 for Example 1. From these figures
it can be seen that the numerical temperature u on
the boundary dQ \ I'p and the numerical normal
heat flux ¢ on the boundary dQ\ I'y are unstable
and hence they represent very inaccurate approx-
imations to their corresponding exact solutions.
It should be mentioned that similar results have
been obtained for the other inverse problems in-
vestigated in this paper and, therefore, they are
not presented here. Thus we can conclude that
standard direct inversion methods could not yield
accurate results for noisy data and, consequently,
regularization should be employed to retrieve sta-
ble numerical solutions when the input data are
contaminated by noise.

5.3 Choice of the optimal regularization pa-
rameter

Fig. 3 presents the L-curves obtained with the
proposed SVD+MFS method, using np = ny =
30 boundary collocation points, nj,; = O inter-
nal collocation points and ng = 60 singularities
for approximating the solution of the homoge-
neous problem (7.1) — (7.4), and various levels of
noise added into the Dirichlet boundary data u| Iy’
namely p, € {1%,2%,3%}, in the case of Formu-
lation 1 for Example 1. From this figure it can
be seen that the corner of the corresponding L-
curve can be clearly determined and this gives the
truncation numbers ngyp = 18 for p, = 1% and
nsyp = 19 for p, = 2%,3%, which represent the
optimal values for the regularization parameter.
Similar results have been obtained for the other
problems investigated in this study and, therefore,
they are not presented here.

In order to measure the accuracy of the numeri-
cal results obtained with the proposed MFS+SVD
algorithm, we use the root mean square error for
the boundary temperature, Errr(u), which is de-
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Figure 3: The L-curves obtained using np = ny =
30 boundary collocation points, nj,; = 0 internal
collocation points and ng = 60 singularities for
the homogeneous solution u;, and various levels
of noise added into the Dirichlet boundary data
ﬁ!rD, namely p, € {1%,2%,3%}, in the case of
Formulation 1 for Example 1.

fined as

Hu(an) N u(num

)
Errr(u) — HLZ(F)

. , (40)
[y

where 1) and (™™ are the analytical and nu-
merical values for the temperature, respectively,
whilst ||g|[r,(r) is the discretised Ly—norm of a
function g(-) : T — R on the boundary I" C 9Q
and is given by

HgHiz(r) =y g(x)?, xelrcaQ,i=1,...,N.
i=1

(41)

The root mean square errors for the internal tem-
perature, Errq(u), and normal heat flux on the
boundary, Errr(¢), can be defined in a similar
manner.

The root mean square errors for the boundary tem-
perature, Errp(u), I' = dQ \ I'p, normal heat flux

on the boundary I' = dQ\ I'n, Errr(¢), and inter-
nal temperature, Errq(u), as functions of the trun-
cation number ngyp, obtained for various levels of
noise, p,, added into the Dirichlet data, in the case
of Formulation 1 for the Example 1, are shown
in Figs. 4(a), (b) and (c), respectively. From
these figures it can be seen that the accuracy er-
rors Errr(u), Errr(¢) and Errg(u) decrease as the
amount of noise, p,, decreases for all the values
of the truncation number. Moreover, for a given
level of noise, p,, these errors satisfy the follow-
ing inequality Errq(u) < Errr(u) < Errr(¢), for
all the values of the truncation number, ngyp, i.€.
the inaccuracies in the numerical normal heat flux
on the boundary dQ\ I'y are larger than those cor-
responding to the temperature on the boundary
dQ\ I'p, which are larger than the inaccuracies
in the numerical results for the internal tempera-
ture. Furthermore, by comparing Figs. 3 and 4, it
can be seen that the corner of the L-curves occurs
at about the same value of the truncation number
ngyp where the minimum in the root mean square
errors Errr(u), Errr(¢) and Errg(u) is attained.
Hence we may conclude that the L-curve crite-
rion provides a very good tool to determine the
optimal value of the regularization parameter, i.e.
the optimal truncation number for the SVD.

Root mean square error, Err(u)

10° T T T T T |
0 10 20 30 40 50 60
Truncation number, ng,,

(a)
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Figure 4: The root mean square errors (a) Errr(u),
I'=0Q\Ip, (b) Errr(¢), I' = dQ\I'n, and (c)
Errq(u), as functions of the truncation number
nsyp, obtained using np = ny = 30 boundary col-
location points, nj,; = 0 internal collocation points
and ng = 60 singularities for the homogeneous so-
lution uy,, and various levels of noise added into
the Dirichlet boundary data ﬁ!rD, namely p, €
{1%,2%,3%}, in the case of Formulation 1 for
Example 1.
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5.4 Stability of the method

Figs. 5(a) and (b) illustrate the analytical and
numerical results for the boundary temperature
ulpo\rp, and normal heat flux ¢|yo\ry, respec-
tively, obtained using the optimal truncation num-
ber ngyp chosen according to the L-curve crite-
rion, np = ny = 30 boundary collocation points,
njye = 0 internal collocation points and ng = 60
singularities for approximating the solution of the
homogeneous problem (7.1) — (7.4), and various
levels of noise added into the Dirichlet boundary
data ﬁ‘rD’ namely p, € {1%,2%,3%}, in the case
of Formulation 1 for Example 1. From these fig-
ures we can conclude that the numerical solutions
retrieved in the case of Formulation 1 for Example
1 are stable with respect to decreasing the amount
of noise added into the boundary temperature ﬁ! '
and hence the L-curve method has a stabilizing
character.

A similar conclusion can be drawn from Fig.
6(a), which presents the numerical results for the
boundary temperature u|,q, obtained using the
optimal truncation number ngyp chosen accord-
ing to the L-curve criterion, np = 0 and ny = 40
boundary collocation points, nj,; = 40 internal
collocation points and ng = 60 singularities for
the homogeneous solution uy, and various levels
of noise added into the internal temperature data
ﬁ!Qim, namely p, € {1%,2%,3%}, in the case of
Formulation 3 for Example 1, in comparison with
its corresponding analytical values. These stabil-
ity results are better emphasized in Fig. 6(b) that
shows the percentage normalised errors, errp(u),
associated with the numerical results retrieved for
the inverse problem mentioned above, defined as

™ (x) —u™™ (x)|

(an)
max [ (y)|

errr(u(x)) = x 100, x € 0Q.

(42)

The values of the optimal truncation number,
nsyp, obtained according to the L-curve criterion,
and the numerical results, retrieved using various
levels of noisy boundary and internal temperature
data in the case of Formulations 1 and 3, respec-
tively, are presented in Tab. 1 in terms of the ac-
curacy errors Errr(u), Errr(¢) and Errg (1). From
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Table 1: The accuracy errors, Errp(u) (I'=0dQ\ I'p), Errr(¢) (I'=dQ\ I'n) and Errg(u), and the values
of the optimal truncation number, ngyp, obtained using several amounts of noise added into the boundary or

internal data, for the inverse problems investigated.

Example | Formulation | p,|r | ps|r | pula, | nsvp Errr(u) Errr(¢) Erro(u)

1 1 1% | 0% | 0% 18 [3.82x107° [ 3.36x1073 | 6.82x107*
2% | 0% 0% 19 [434x1073 | 4.16x1073 | 8.63x10°*

3% | 0% 0% 19 [556x107° [ 4231073 [ 1.23x107°

3 0% | 0% 1% 21 [2.63x107° [ 1.56x107% [ 3.05x10°°

0% | 0% | 2% 21 [525x107° | 1.96x107% | 6.09 x 10~°

0% | 0% 3% 21 [7.87x107° [549%x107%[9.12x107°

2 2 1% | 0% 0% 14 [1.76x1073 | 2.61x1073 | 1.19x 10~*
2% | 0% 0% 14 [249%x1073|334x107° | 2.10x107%

3% | 0% 0% 14 [326x1073 | 421x1073[3.04x10°*

3 1 0% | 1% | 0% 17 [ 2.06x107* | 5.03x10°% | 428 x 107>
0% | 2% | 0% 17 [417x107%[9.86x107* | 8.70 x 107>

0% | 3% 0% 17 [ 627x107* | 1.46x1073 | 1.31x10°*

this table, as well as Figs. 5 and 6, it can be seen
that, as expected, the numerical results obtained
using noisy boundary temperature data are more
inaccurate than those retrieved with noisy internal
temperature data, for the same amount of noise
added into the temperature measurements.

Further, we investigate the stability of the pro-
posed numerical method for the inverse problem
(3.1) — (3.4) in the piecewise smooth, simply
connected, two-dimensional domain considered
in Example 2, i.e. the square Q = (—0.5,0.5)".
The analytical and numerical results for the un-
known temperature and normal heat flux on the
boundary {—0.5} x [—0.5,0.5], obtained using
the optimal truncation number ngyp chosen ac-
cording to the L-curve criterion, various amounts
of noise added into the temperature ﬁ! '’ namely
Pu € {1%,2%,3%}, in the case of Formulation
2 for Example 2, are presented in Fig. 7. The
corresponding root mean square errors Errr(u),
Errr(¢) and Errg(u) are also tabulated in Tab.
1. From Fig. 7, as well as Tab. 1, we can con-
clude that the proposed numerical method, in con-
junction with the L-curve criterion, also provides
stable and accurate numerical results for inverse
problems in piecewise smooth, simply connected,
two-dimensional domains.

The MFS+SVD algorithm works equally well
when solving the inverse problem (3.1) — (3.4)
in a smooth, doubly connected, two-dimensional
domain, such as the annular domain considered
in Example 3. Figs. 8(a) and (b) show the same
accurate and stable numerical results for the un-
known boundary temperature u|50\r;, and normal
heat flux ¢[yo\ry. respectively, obtained in the
case of Formulation 1 for Example 3, using the
optimal truncation number ngyp chosen accord-
ing to the L-curve criterion, np = ny = 40 bound-
ary collocation points, nj,y = O internal colloca-
tion points and ng = 40 singularities for the homo-
geneous solution uy, and various levels of Iloise
added into the Neumann boundary data ¢|FN7
namely py € {1%,2%,3%}. From the numer-
ical results presented in this section, illustrated
in Figs. 5 —8 and tabulated in Tab. 1, we can
conclude that the proposed MFS+SVD algorithm
is stable with respect to decreasing the amount
of noise added into the boundary and/or inter-
nal data, whilst the L-curve method employed
for choosing the optimal value for the truncation
number ngyp has a regularizing character.

5.5 Convergence of the method

Based on the numerical examples analysed in this
paper, we investigate the convergence of the pro-
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Figure 5: The analytical (—) and the numerical
values for (a) the temperature u on the boundary
dQ\Tp, and (b) the normal heat flux ¢ on the
boundary dQ \ 'y, obtained using np = ny = 30
boundary collocation points, nj,; = O internal col-
location points and ng = 60 singularities for the
homogeneous solution uj, and various levels of
noise added into the Dirichlet boundary data ﬁ] Iy’
namely p, = 1%(---V---) , py=2%(---®---)
and p, = 3%(---MW---), in the case of Formula-
tion 1 for Example 1.
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Figure 6: The analytical (—) and the numerical
values for (a) the temperature u on the bound-
ary dQ, and (b) the percentage normalised er-
ror, errr(u), obtained using np = 0 and ny = 40
boundary collocation points, nj,; = 40 internal
collocation points and ng = 60 singularities for
the homogeneous solution uy, and various levels
of noise added into the internal temperature data
|, ,namely p, =1%(--- V), py =2%(---e
---)and p, =3%(---M---), in the case of Formu-
lation 3 for Example 1.
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Figure 7: The analytical (—) and the numeri-
cal values for (a) the temperature u, and (b) the
normal heat flux ¢, on the boundary {—0.5} x
[—0.5,0.5], obtained using np = 30 and ny = 20
boundary collocation points, nj,; = O internal col-
location points and ng = 40 singularities for the
homogeneous solution uj, and various levels of
noise added into the Dirichlet data ﬁ] Iy’ namely
pu=1%(-V---), py=2%(---e---) and p, =
3%(---M---), in the case of Formulation 2 for Ex-
ample 2.
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Figure 8: The analytical (—) and the numerical
values for (a) the temperature u on the bound-
ary dQ\ I'p, and (b) the normal heat flux ¢ on
the boundary dQ \ I'y, obtained using np = ny =
40 boundary collocation points, nj,; = 0 internal
collocation points and ng = 40 singularities for
the homogeneous solution uy, and various levels
of noise added into the Neumann boundary data
¢|FN, namely py = 1%(---V---) , py =2%(---®
---)and py =3%(---M---), in the case of Formu-
lation 1 for Example 3.
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posed method with respect to the number of sin-
gularities, ng, and the distance, dg, between the
source points and the boundary of the solution do-
main. To do so, we consider the inverse problem
(3.1) — (3.4) in the case of Formulation 1 for Ex-
ample 3, see Egs. (35) — (38).

Errp(u)
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(O]
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Number of sources, n,

Figure 9: The root mean square errors Errr(u)
(—), T =0Q\TIp, Errr(¢) (— — —), T =0Q\
I'x, and Errg(u) (---), as functions of the number
of singularities ng, obtained using np = ny = 40
boundary collocation points and nj,; = O internal
collocation points for the homogeneous solution
up, and py = 3% noise added into the Neumann
boundary data 5 |FN’ in the case of Formulation 1
for Example 3.

The numerical results obtained using np = ny =
40 boundary collocation points and nj, = 0 in-
ternal collocation points for the homogeneous so-
lution up,, and py = 3% noise added into the
Neumann boundary data 5 |FN’ are presented in
Fig. 9 in terms of the accuracy errors Errr(u),
Errr(¢) and Errg(u), as functions of the number
of sources ng € {1,2,...,80}. Although not pre-
sented here, it is reported that similar results have
been obtained for the other inverse problems in-
vestigated in this study. From Fig. 9 it can be seen
that the root mean square errors Errr(u), Errr(¢)
and Errg(u) decrease until the number of singu-
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larities reaches the value ng = 10, after which a
further increase in the number of singularities, ng,
does not improve substantially the accuracy of
the numerical results. The numerical results are
practically the same for ng > 10 in the case of
Formulation 1 for Example 3 and this indicates
that accurate numerical results for the unknown
boundary temperature and normal heat flux, as
well as the unknown internal temperature, can be
obtained using a relatively small number of sin-
gularities. Furthermore, from Fig. 9 we can also
conclude that the proposed MFS+SVD algorithm
is convergent with respect to increasing the num-
ber of singularities, ns.
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Figure 10: The root mean square errors Errp(u)
(—), T =0Q\TIp, Errr(¢) (— — —), T =0Q\
I'n, and Errg () (- ), as functions of the distance
between the singularities and the boundary of the
solution domain, dg = ry —1,, obtained using np =
ny = 40 boundary collocation points, nj,; = 0 in-
ternal collocation points and ng = 40 singulari-
ties for the homogeneous solution u;,, and py =
3% noise added into the Neumann boundary data
5 ’FN’ in the case of Formulation 1 for Example 3.

It is well-known that the accuracy of the MFS de-
pends on the distance, dg, between the pseudo-
boundary on which the singularities are located
and the boundary of the solution domain. For di-
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rect problems with exact data, it is generally ad-
vised to place the singularities as far away from
the boundary of the domain under investigation
as possible, as much as the machine precision al-
lows. Ramachandran (2002) showed that the SVD
could mitigate this critical dependence, which is
also the case for direct problems with noisy data,
see e.g. Jin (2005). The root mean square errors
Errr(u), Errr(¢) and Errg(u) as functions of the
distance, 0.1 < dy = ry — 1, < 100, between the
singularities and the boundary dQ, obtained using
np = ny = 40 boundary collocation points, nj,c =
0 internal collocation points and ng = 40 singular-
ities for the homogeneous solution uy,, and py =
3% noise added into the Neumann boundary data
¢|FN7 in the case of Formulation 1 for Example
3, are presented in Fig. 10. It can be seen from
this figure that the accuracy of the numerical re-
sults improves as the distance, d; between the sin-
gularities and the boundary dQ increases. In ad-
dition, the accuracy errors Errr(u), Errr(¢) and
Errq(u) obtained using the MFS+SVD algorithm
are reasonable even when the singularities are lo-
cated very close to the boundary 9d€2, whilst the
accuracy in the numerical results for the bound-
ary temperature and normal heat flux, as well as
the internal temperature, does not improve signif-
icantly for 0.5 < dg < 100.0 and is relatively in-
dependent of the distance ds. It is interesting to
note that the numerical results obtained for the
unknown boundary and internal temperatures and
the normal heat flux using very large values of
d,, for example dg = 1.0 x 10, are still in ex-
cellent agreement with their corresponding ana-
lytical values. A similar phenomenon has been
observed for the other examples and formulations
investigated in this study. This is a remarkable re-
sult since it is in accordance with the theoretical
results, see e.g. Golberg and Chen (1999), and
Fairweather and Karageorghis (1998), and con-
trary to the findings in the case of the MFS ap-
plied in conjunction with the Tikhonov regular-
ization method to solve inverse problems associ-
ated with the steady-state heat conduction in func-
tionally graded materials, see e.g. Marin (2005b).
Overall, from Figs. 9 and 10 we can conclude
that the proposed numerical method is convergent
with respect to increasing both the number of sin-

gularities and the distance between the singulari-
ties and the boundary of the solution domain.
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Figure 11: The root mean square errors Errr(u)
(—), T =0Q\TIp, Errr(¢) (— — —), T =0Q\
I'x, and Errg(u) (---), as functions of the number
of frequencies nyf, obtained using np = ny = 40
boundary collocation points, nj,; = O internal col-
location points and ng = 40 singularities for the
homogeneous solution u;, and py = 3% noise
added into the Neumann boundary data 5 |FN’ in
the case of Formulation 1 for Example 3.

5.6 Sensitivity analysis

It is the purpose of this section to investigate the
influence of the number ny of frequencies Ay, k =
1,...,n¢ used to approximate the particular solu-
tion u;, on the numerical results obtained with the
MEFS+SVD algorithm. To do so, we consider For-
mulation 1 for Example 3, and set np = ny = 40
boundary collocation points, nj,; = O internal col-
location points and ng = 40 singularities for the
homogeneous solution uy, ngc = 400 domain col-
location points and ngs = 16 source points for the
particular solution u,, and py = 3% noise added
into the Neumann boundary data 5 ’FN’ while at
the same time we vary the number of frequen-
cies ny. Fig. 10 illustrates the root mean square



118 Copyright (©) 2008 Tech Science Press

errors Errr(u), Errr(¢) and Errg(u) retrieved us-
ing various numbers of frequencies, namely n¢ €
{1,2,...,15}. It should be mentioned that a very
low number of frequencies, Ay, k =1,...,n¢, used
for approximating the right-hand side of Eq. (5),
e.g. ns € {1,2,3}, implies a very poor approxima-
tion for the particular solution u,,. This gives rise
to a very high level of noise added into the bound-
ary and internal data (in addition to the perturba-
tions of the exact boundary and/or internal data
due to the inaccuracies in the boundary and/or in-
ternal measurements) for the homogeneous prob-
lem (7.1) — (7.4) associated with the inverse prob-
lem (3.1) — (3.4), which can be clearly observed
from the results presented in Fig. 11. However,
it can be seen from this figure that the accuracy
errors Errr(u), Errr(¢) and Errg(u«) follow a sim-
ilar pattern and they all reach a plateau region for
ng > 4. Therefore, only a small number of fre-
quencies Ay, k =1,...,n¢q ie. np =4, is suffi-
cient for obtaining a satisfactory approximation
of the particular solution u, and hence very ac-
curate numerical results for the unknown bound-
ary and internal temperature, and boundary nor-
mal heat flux. Similar results have been obtained
for the other formulations and examples consid-
ered in this study, which are therefore omitted.

6 Conclusions

In this paper, a numerical scheme for solving in-
verse boundary value problems associated with
the steady-state heat conduction in isotropic me-
dia in the presence of sources was proposed.
The present numerical procedure is based on the
MEFS and requires the approximation of a par-
ticular solution to an inhomogeneous equation
(Poisson equation) and the numerical solution
of the associated inverse boundary value prob-
lem for a homogeneous equation (Laplace equa-
tion). The particular solution is approximated
based on the method proposed by Alves and
Chen (2005), whilst the homogeneous solution
is obtained by applying the classical MFS. Since
the inverse problems under consideration are ill-
conditioned, they have been regularized by em-
ploying the SVD, whilst the optimal regulariza-
tion parameter, namely the optimal SVD trun-
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cation number, was chosen according to the L-
curve criterion. The inverse boundary value prob-
lems analysed in this study have been solved in
smooth and piecewise smooth, simply and dou-
bly connected, two-dimensional domains, whilst
three possible formulations of the problem, which
account for incomplete boundary normal heat flux
measurements and additional internal or bound-
ary temperature measurements, have been consid-
ered. The numerical results obtained show that
the proposed numerical method is efficient, ac-
curate, convergent and stable, and represents a
competitive alternative to existing methods used
for solving inverse boundary value problems as-
sociated with the steady-state heat conduction in
isotropic media in the presence of sources. Fur-
thermore, the MFS+SVD algorithm is easy to
adapt to inverse problems for the Poisson equa-
tion in domains with boundary singularities, such
as L-shaped domains, domains with V-notches,
boundary cracks etc, and three-dimensional ge-
ometries, as well as other inhomogeneous linear
partial differential equations, such as the steady-
state heat conduction in anisotropic media in the
presence of sources. However, these are deferred
to future work.
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