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A Hyperelastic Description of Single Wall Carbon Nanotubes at Moderate
Strains and Temperatures

Xianwu Ling' and S.N. Atluri'

Abstract: In this work, single wall carbon nan-
otubes (SWNTs) are shown to obey a hyperelastic
constitutive model at moderate strains and tem-
peratures. We consider the finite temperature ef-
fect via the local harmonic approach. The equi-
librium configurations were obtained by minimiz-
ing the Helmholtz free energy of a representative
atom in an atom-based cell model. We show that
the strain energy can be fitted by two cubic poly-
nomials, which consequently produces for the lin-
ear elasticity a linearly increasing tangent modu-
lus below a critical strain and an almost linearly
decreasing tangent modulus beyond the critical
strain. To avoid the strain dependent tangent mod-
ulus, we propose to use Ogden’s hyperelasticity
model to describe the mechanical behaviors of
SWNTs. Our results indicate a constant u for
Ogden’s hyperelastic model for moderately large
strains for large tubes and below 900°K. The arm-
chair tubes are shown to be much stronger and
stiffer, but less ductile than the zigzag tubes. We
also show that small tubes are more ductile but
less stronger. Small tubes and high temperatures
reveal more nonlinearity.

1 Introduction

The exceptional mechanical properties of carbon
nanotubes (CNTs) have aroused intense research
interest. Single wall carbon nanotubes (SWNTs)
possess extremely high stiffness (in the range of
T Pa), strength (in the range of GPa) and resilience
(of 4-15% strain), which are far beyond the near-
est computing materials (say, steel) with their
properties in the range of GPa, MPa and 1076 ~
10~ strains. Together with their relatively low
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densities (~ 1/3 of steel), CNTs are contemplated
as a great promise for reinforcement materials of
next generation composites. But a clear under-
standing of their mechanical properties is essen-
tial for unlocking this potential.

Knowledge of their mechanical properties is the
first step towards the rational application of CNTs
as structural elements. Linear elasticity has been
the tool used to derive the Young’s modulus for
the CNTs since their discovery. However, a very
large scatter exists for the reported elastic Young’s
modulus (Y), with a wide spread of data over
one order in magnitude. In Table 1, we sum-
marize a collection of experimental and theoret-
ical Young’s moduli, among many others that
cannot be listed here. Experimental measure-
ments are difficult and involve many uncertain-
ties, such as the structural uncertainty (e.g., as
caused by defect), the measurement uncertainty
(e.g., as caused by thermal vibration), and the
model uncertainty (e.g., as caused by the elastic
beam or shell assumption). Hence, experimen-
tal errors are generally very high. Computational
modeling provides a powerful tool to confirm,
supplement and guide experimental researches.
Theoretical investigations have involved calcula-
tions from the first principle Hartree-Fock method
through the empirical potential molecular me-
chanics (MM) and molecular dynamics (MD) to
the elastic continuum-based models. Neverthe-
less, no agreements in the predicted Young’s mod-
ulus can be made.

The high stiffness reported not only provide a sig-
nificant enhancement over existing materials, but
also result in unusual high strengths of CNTs.
The strengths of CNTs are much less studied than
their stiffness. Wong et al. (1997) measured the
bending strength of large diameter MWNTs in the
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Table 1: Reported Young’s modulus (7 Pa)

‘ Ref. ‘ Method ‘ Value ‘ Note ‘
Treacy, Ebbesen, and Gibson (1996) Experiment (TEM) 1.85J_r} :Zg MWNTs!
Wong, Sheehan, and Lieber (1997) Experiment (AFM) | 0.69 —1.87 | MWNTs
Lourie and Wagner (1998) R. Spectroscopy ?g : ;2 I\S/IVV\G;TFSS
Krishnan, Dujardin, Ebbesen, Yianilos, and Treacy | Experiment (TEM) 1.25f:§g SWNTs
(1998); Demczyk, Wang, Cumings, Hetman, Han,

Zettl, and Ritchie (2002)

Salvetat, Briggs, Bonard, Bacsa, Kulik, Stockli, Burn- | Experiment (AFM) | 0.06 —1.3 Ropes
ham, and Forr6 (1999)

Tombler, Zhou, Alexseyev, Kong, Dai, Liu, Jayanthi, | Experiment (AFM) 1.2 SWNTs
Tang, and Wu (2000)

Yu, Files, Arepalli, and Ruoff (2000); Yu, Lourie, Dyer, | Experiment (AFM) | 0.27 —0.95 | MWNTs
Moloni, Kelly, and Ruoff (2000)

Yakobson, Brabec, and Bernholc (1996); Gao, Cagin, MD 5.5;0.64 | SWNTs?
and Goddard (1998)

Cornwell and Wille (1997) Quenched MD 0.2-2.0 (n,n)
Lu (1997) Force constant 0.97—-1.11 CNTs
Halicioglu (1998) MD 0.44—-0.50 | SWNTs
Hernandez, Goze, Bernier, and Rubio (1998); Ozaki, Tight binding 1.24; 0.98 CNTs
Iwasa, and Mitani (2000)

Yao and Lordi (1998); Popov, Van Doren, and Balkan- Lattice Dyn. ~1 SWNTs
ski (2000)

Van Lier, Van Alsenoy, Van Doren, and Geerlings Hartree-Fock 0.72-1.12 SWNTs
(2000)

Zhou, Duan, and Gu (2001) LDA 0.764 SWNTs
Belytschko, Xiao, Schatz, and Ruoff (2002) Modified Morse 0.94 CNTs
Sears and Batra (2004) Molecular Mech. 0.99 CNTs

1. first measurement; 2. Yakobson (1996) used & = 0.066.

range of 14.2+ 0.8 GPa. Wanger et al. (1998)
reported a tensile strength of 55 GPa by directly
observing fragmentation of a SWNT in a polymer
matrix. Walters et al. (1999) estimated the tensile
strength to be 45 &7 GPa for CNT bundles. Pan
et al. (1999) measured the tensile strength of a
very long (~ 2mm) ropes to be 1.72 +0.64 GPa.
The low strength values measured were attributed
to defect concentration in their specimens. Li et
al. (2000) fit the tensile strength of SWNTs to be
~ 22 GPa. Theoretical prediction (MD) of CNT
strengths has emphasized more on the role of the
defects and will not be covered here.

Although the linear elasticity modeling of CNTs

is ubiquitous in the literature, several authors also
noticed the nonlinearity of the CNTs. Yao et al.
(1998) indicated the strain effects on the Young’s
modulus in their MD simulations. Xiao et al.
(2002,2004) fit the strain energy change of CNTs
with a cubic function, from which they deduced
a linearly strain-dependent in-plane stiffness. Ar-
royo and Belytschko (2004) proposed a finite de-
formation nonlinear elastic theory based on the
interatomic potentials. Natsuki and Endo (2005)
presented a structural mechanics approach based
on molecular mechanics and made similar obser-
vations as Xiao and Liao (2002).

The present work aims to provide a hyperelastic
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constitutive model to describe the mechanical be-
haviors of SWNTs. Although Xiao et al. (2002)
and Natsuki et al. (2005) described the CNTs
stiffness with a linearly strain-dependent function,
instead of a singly strain-independent value preva-
lent in the literature, they still implicitly assumed
the linear elasticity model. In this work, instead of
a strain-dependent Young’s modulus using linear
elasticity, we show that in CNTs, the strain energy
cannot be represented by a simple quadratic func-
tion of the uniaxial strain. We then use Ogden’s
hyperelasticity model [Ogden, (1984)] (which is
essentially a quadratic function of the principal
stretches), from which a constant material param-
eter is obtained for temperatures up to 900°K.

2 Atom-based cell model

The atom-based cell model is presented in Ling
and Atluri (2006) and illustrated in Figure 1,
where the representative atom A is surrounded by
three nearest neighbor atoms B, C and D, form-
ing a lattice cell. The atoms interact through the
Tersoff-Brenner potential [Brenner (1990)]. The
polar coordinate system is used to describe the po-
sitions of the atoms, in which A is positioned at
(,0,0) and ¢@; = cos~'x;/r for i = B, C, D. The
second nearest neighbor atoms are determined us-
ing the nearest neighbor atom coordinates. For
instance, the equivalence of bond BB1 and CA
yields

@81 = @+ (Pa—@c) = P8 — Qc, (D
=2+ (za—2c) =2—2C- ()

Similarly, the positions of B2, C1, C2, D1, D2 can
be derived.

SWNTs can be imagined as a rolled graphene
sheet, which, upon unrolling is illustrated in Fig-
ure 1(b). The unrolled sheet can be visualized by
cutting the SWNT along its axial direction fol-
lowed by unrolling it without stretching to the
tangent plane at A. In the planar graphene, we
set a 2D Cartesian coordinate system such that
x4 = 0, y4 = 0. Then, the positions of the near-
est neighbor atoms in the 2D Cartesian system are
given by (r¢;,z;), where i = B,C, D. The graphene
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(b) Planar
Figure 1: Cell model of an SWNT in the rolled
and planar forms.

basis vectors a; and a, are now given by
—

a; =BD = [r(¢p — ¢8),2p — 28] , 3)
—

ay=CD = [r(¢p —¢c),z2p —2c| - 4

The rolling opertation is performed in such a way
that a graphene lattice vector ¢ = na; 4+ ma; be-
comes the circumstance of the tube, where the
chirality (n,m) uniquely determines the tube. Uti-
lizing the equations (3) and (4), the circumstance
of the tube is now given by

le] =+Vc-¢c
5
= /(s +500) v

in which,

sq1 = [n(¢p — @p) +m(op — ¢c)’

sqr = [n(zp —zg) +m(zp — ZC)]2



84 Copyright (©) 2007 Tech Science Press

Meanwhile,
le| =2mr. (6)
Equations (5) and (6) yield

g = ([n(pp — ) +m(pp — )] —47?)

+[n(zp —z8) +m(zp —z¢)]* =0,

(N

where g is a geometric constraint that connects the
tube chirality to the coordinate variables.

The finite temperature effect is accounted for by
the Helmholtz free energy H, which, via the lo-
cal harmonic approach [LeSar et al. (1989)], is
expressed as

N2 . h(i)i;(
H= U,(,,—l—kBTZ Z In | 2sinh 2T ) | (8)

i=1x=1

where Uy, is the total potential energy and N is
the total number atoms. The atom vibrating fre-
quencies w;, are given by

1 9%y,
2 tot
Wi I35z — —

—| = =1,2,...N. (9
mc(9xl-(9xi 07 l td) N ()

For an SWNT, the frequencies ;. are inde-
pendent of the atom i and thus taken as wu.
To solve for wax, Uy is partitioned into two
parts, i.e., those bonds of the first closest lay-
ers, i.e., AB,AC,AD, and through the bond an-
gles in those of the second closet layers, i.e.,
BB1,BB1,CC1,CC2,DD1,DD2. Therefore, the
total energy can be expressed as

Utor =Vap+Vac+Vap
+Vep1 + Vg2 + Veer +Veez +Vopr +Vopz
+bond energies independent of atom A.
(10)

Equations (9) and (10) define @y, in terms of the
coordinate variables.

For the Tersoff-Brenner formalism, the total po-
tential energy U,,, can also be expressed as

1
Ut()tzi E E Vij:NUm (11)
i j#i
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where U, = %(VAB—i—VAC +Vap) is the potential
energy per atom. Therefore, the Helmholtz free
energy per atom H, is obtained as

H,—= U, +k Tiln 2sinh [ 1124 (12)
a — Ya B < 4ka .

Since both U, and wy, are implicit functions of
the coordinate variables (r, ¢;,z;) fori =B, C. D,
the equilibrium atom positions are obtained by
minimizing H,, i.e.:

H,  9H, _ OH,
ar g e T

0, fori=B,C,D,
(13)

subjected to the nonlinear chirality constraint g =
0.

The uniaxial tension is imposed by enforcing that
Zg—Z¢c = Ay, provided Zg>Zp, (14)

where €, and A, = exp(¢€;) are respectively the ax-
ial strain and stretch, and [y = Zgy — Z¢g is the ini-
tial z-axis length. As cab be seen, equation (14)
provides a straightforward means to applying the
Cauchy-Born rule Born and Huang (1954) to the
non-centrosymmetric atomic structures.

3 Results and discussion

The strain energy E is stored in the form of the
carbon bond energy and atom vibration. Hence,
we set

E = AH,/Vp, (15)
where the change of the free energy
AH, = H, — Hyp, (16)

and where H,y is the reference free energy at
g, =0, and V) is the volume per atom in the un-
deformed configuration. Figure 2 compares the
strain energy versus the applied strains from sev-
eral sources. Impressively, our computed AH,’s
perfectly match the MD results by Cornwell et
al. (1997) and the structural mechanics results
by Natsuki et al. (2005). For small strains, the
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Figure 2: Energy change per atom under axial ten-
sion. Note that (1) the present results for (10,10)
and (5,5) tubules are at T = 300°K; (2) Robert-
son el al’s results are picked from their Tersoft-
Brenner potential calculations; (3) Cornwell et
al’s results are picked from their results for (9,9)
tube; (4) Sears el al’s results are also picked from
their Tersoff-Brenner potential calculations. If
their MM3 potential results are picked instead, a
much better agreement is obtained.

present results also match very well the MD re-
sults by Robertson et al. (1992) and the MM re-
sults by Sears et al. (2004). The overall devia-
tions are also small for the MD results by Xiao et
al. (2002). Similar to Cornwell et al. (1997), the
tube radius is seen to have a negligible effect on
the strain energy. In our calculations, the temper-
ature effect on the strain energy is slight, e.g., the
strain energy at € = 0.15 decreases by less than
4% from T = 150 to T = 900°K, and for smaller
strains, even smaller changes incur. We mention
that the results by other researchers were reported
only for absolute zero temperature.

As noticed by Xiao et al. (2002), the strain energy
can be fitted by a cubic polynomial as

E = aye? +az€l, (17)

where the coefficients of a;, a3 are determined
by a regression analysis. For the SWNT (10,10)
at 300°K, we obtain a, = 20.10 and a3 =
—3.38¢V /atom, with a standard deviation less
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than 3.28 x 10~ for strain up to 0.15. Xiao et al.
(2002) estimated a; = 25.6, a3 = —48.2 in their
simulations with a standard deviation of 0.005.
Although the overall standard deviation is very
small, we note that the deviation is nearly totally
contributed from the fitted data for small strains
up to 0.04. Therefore, we divide the fitting into
two regions and obtain ap; = 19.45, a3 = 6.15
with a standard error 2 x 107 for strains up to
0.04, and a2 = 20.12, a3 = —3.78 with a stan-
dard error of 3.53 x 10~* for strains in between
0.04 and 0.15. The initial stiffness estimations of
a, match quantitatively in all the cases. However,
the initial increase and the subsequent decrease of
the stiffness cannot be captured by the whole re-
gion regression as Xiao et al. (2002) did. The
present results also predict a smaller nonlinear co-
efficient a3. The fact is that E is not a perfect
quadratic function in &, which clearly indicates
that the SWNT is hyperelastic and cannot be sim-
ply described by linear elasticity.

Under uniaxial tension, we define the tangent
modulus for uniaxial stiffness as

_J’E 1 9°H,
de2  Vy de?’

Y was generally regarded as the Young’s modu-
lus in prior literature, often with its single value
evaluated at &, = 0. The central finite differ-
ence scheme is employed to calculate the second
derivative of £. An important quantity in deter-
mined the elastic properties is the wall thickness
h as imbedded in Vj. To the best knowledge of
the authors, a common estimate of the SWNT
thickness is & = 0.34nm—the interlayer distance
of graphite, although Yakobson et al. (1996) cal-
culated 7 = 0.066nm. We use the constant wall
thickness & = 0.34nm in our calculations. Nev-
ertheless, a different value of / only affects the
tangent modulus by a constant factor. Figure 3
shows that Y can be well characterized by a lin-
ear function of €, before when it drops at a critical
strain, in excellent agreement with the two stage
fitting of the strain energy. But the strain depen-
dence of Y puts ambiguity into its conventional
understanding as the Young’s modulus. Neverthe-
less, we note that (1) Y is of the order of 1 7' Pa for
the armchair CNTs, but nearly reduced by half for

(18)



86 Copyright © 2007 Tech Science Press

Rd
1.02E+12 {~ s NN

1E+12

— \\,
D? Y
\
~— 9.8E+11 :‘\
Chirality \-\.
(5.5) L
W
- — — = (10,10) N
9.6E+11 [~ i (20,20)
! ! ! !
0.02 0.04 0.06 0.08 0.1
€
(a) Armchair
4.5E+11 ——
- ~
[ _ .
|- e
L 7 \
- \
r I
4E+11 s \
L 7 \
L e N
L 7z N \
|- '/4
35E+II | 7
L 72 7
7 7/
— o
v 7/
S F.
Q b
~— 3E+Il
>| F Chirality |
s ! (5.0) !
[ \
2.5E+11 £ i - — — - (100
i i ————— (20,0)
+ !
L \ ! \
e+ 0.05 0.1 0.15 0.2
€z
(b) Zigzag

Figure 3: Predicted tangent modulus for SWNTs
at 300°K.

the zigzag tubes; (2) large tubes have greater stiff-
ness than the small tubes. No agreement on the
size effect on the Young’s modulus has been ob-
served [c.f.,, Lu (1997), Hernandez (1998), Yao
and Lordi (1998)]; and (3) the critical strain at
which Y drops is nearly 4 ~ 6% strain for the arm-
chair tubes, but 10 ~ 20% strain for the zigzag
tubes (with the larger tubes failing earlier).

While equation (17) indicates the hyperelasticity
behavior of SWNTs, it does not provide a strain
energy density function under general deforma-
tion. Ogden (1984) derived the strain energy den-
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Figure 4: Predicted u for Ogden’s hyperelasticity
model.

sity function for a hyperelastic material as

1
E=u (A2 +25+Ar—3—2InJ)

+ %u’(J— 1%, (19)
where J = A, A9 A, is the Jacobian of deformation
(with Ag, A, being respectively the stretches in the
hoop and thickness directions, and as noted ear-
lier, A, = exp(¢€;)). Since the SWNT consists only
a single layer of atoms,

JE

O, = )Lra—)Lr

=0, (20)
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where 6, is the radial Kirchhoff stress. Equations
(19-20) yield
1 1- )er
'LL =
J(J-1)

u=0, 2D

using A, = 1. Thus,
B 2E
S A2+AZ-2-2InJ’

1% (22)

Figure 4 shows the calculated p for Ogden’s hy-
perelasticity model at 300°K. A nearly constant
U is observed for all the tubes below the critical
strains of 4-6% for armchair tubes and of 10-20%
for zigzag tubes, though each tube has its own
u value. The nonlinearity becomes more obvi-
ous for small tubes, as u becomes more depen-
dent on the applied strains. This is understandable
since in small tubes, the out-of-plane 7-bonds be-
come more severely distorted. The critical strain
can be clearly read from the curves for two large
armchair tubes (20,20) and (10,10), which take a
sharp turn at 0.065 and 0.07 strain, respectively.
It is noticed that the deformation of an SWNT
is completely reversible (i.e., elastic) subjected to
strains of more than 4% [Yakobson et al.(1996),
Wong et al. (1997), Lourie et al. (1998)]. Also in
accordance with Nardelli et al. (1998) and Zhang
et al. (1998), the zigzag tubes display a higher
strain resilience. Hence, the critical strain from
our simulations can possibly indicate the elastic
limit. The present cell model cannot be used be-
yond the elastic limit as it does not consider the
Stone-Wales transformation.

The temperature effect on the predicted u is plot-
ted in Figure 5 for the armchair tube (10,10). u
decreases with increasing temperatures, and the
higher the temperature, the greater the decrease.
At high temperatures, no apparent elastic stage
can be recognized, as even U becomes strain de-
pendent. Our observation is consistent with the
latest discovery of superplastic CNTs at high tem-
perature by Huang et al. (2006).

Now, we look at the stress predictions. For the

linear elasticity model, the tensile stress is given

by

o — JE 1 JH,
¢ de. Vp oe:

(23)
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Figure 6: Tensile stresses prediction by the lin-
ear elasticity model and the hyperelasticity model.
The lines with symbols are from Ogden’s model.
Armchair tubes.

For Odgen’s hyperelasticity model, the axial
Cauchy stress is defined as

A, OE
t,=—=—— 24
CJ oA (&
which, upon substituting equation (19), yields
u 2
t,=—— A" —1]. 25
z )LQVO |: 4 j| ( )

Figure 6 shows the predicted tensile stress for the
armchair tubes at 300°K. Quite impressively, the
tensile stress calculations based on the hyperelas-
ticity model appear almost linearly dependent on
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Figure 7: Tensile stresses prediction by the lin-
ear elasticity model and the hyperelasticity model.
The lines with symbols are from Ogden’s model.
Zigzag tubes.

tensile strains far beyond the critical point, while
the linear elasticity model obviously reveals more
nonlinearity in the stress responses. It can be seen
that the hyperelasticity absorbs the nonlinearity
into the model itself, while the linear elasticity
characterizes the nonlinearity directly in its pa-
rameters. We also mark the stress level at the crit-
ical strain, which is about 50 ~ 60GPa, in excel-
lent agreement with experimental observations.
Overall, small tubes are slightly weaker than large
tubes.

The predicted tensile stresses are shown in Fig-
ure 7 for the zigzag tubes. The linear stress re-
sponses are even more obvious for the hyperelas-
ticity model, even valid for the early stage of fail-
ure. Comparing to the armchair tubes, the zigzag
tubes are more ductile but less stronger. Figure 7
also shows that small tubes appear more ductile
but weaker.

The dependence of the tensile stress on the tem-
perature is shown in Figure 8 for the armchair tube
(10,10). Again, for each individual temperature
level studied, the tensile stresses appear linearly
dependent on the applied strains, although the lin-
earity become more attenuated for high tempera-
tures and large applied strains. In accordance with
Figure 5, the temperature dependence of the ten-
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Figure 8: Temperature dependence of the tensile
stresses for the hyperelasticity model. The tensile
stresses o, for the linear elasticity model are plot-
ted with symbols. (10,10).

sile stress is not very significant. In Figure 8, we
only show the variations of the tensile stress o,
for the linear elasticity model at T = 150°K and
1500°K. The linear elasticity model reveals more
nonlinearity at high temperatures and high strains.
Since no phase transformations or defects can be
modeled herein, the high ductility for high tem-
peratures as observed by Huang et al. (2006) can-
not be predicted.

4 Summary

In summary, we propose an atom-based cell
model for studying the mechanical behaviors of
single wall carbon nanotubes. The finite temper-
ature effects are also considered via the local har-
monic approach. Also, a straightforward means to
applying the Cauchy-Born rule to noncentrosym-
metric atomic structures.

For the linear elasticity model, we show that strain
energy can be fitted by cubic polynomials in two
distinct stages, whereas the first stage corresponds
to a linearly increasing tangent stiffness which
ends up to the elastic limit, while the second stage
corresponds to a linearly decreasing tangent stiff-
ness. The tangent stiffness is on the order 17 Pa
for the armchair tubes, but reduced nearly by half
for the zigzag tubes.
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We propose to use Ogden’s hyperelasticity model
for describing the mechanical behaviors of
SWNTs. Our results show that for large tubes,
a constant U is obtained for strains up to a critical
point. Small tubes is shown to be more ductile but
less stronger. Increasing temperature diminishes
the elastic deformation. In describing the SWNT,
we see that the hyperelasticity model contains the
nonlinearity in itself, with a constant material pa-
rameter; while the linear elasticity model has to
adopt a strain-dependent material parameter to re-
flect the inherent nonlinearity.
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