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Meshless Local Petrov-Galerkin Method for Heat Conduction Problem in an
Anisotropic Medium

J. Sladek!, V. Sladek!, S.N. Atluri?

Abstract:  Meshless methods based on the local
Petrov-Galerkin approach are proposed for solution of
steady and transient heat conduction problem in a con-
tinuously nonhomogeneous anisotropic medium. Funda-
mental solution of the governing partial differential equa-
tions and the Heaviside step function are used as the test
functions in the local weak form. It is leading to de-
rive local boundary integral equations which are given
in the Laplace transform domain. The analyzed domain
is covered by small subdomains with a simple geome-
try. To eliminate the number of unknowns on artificial
boundaries of subdomains the modified fundamental so-
lution and/or the parametrix with a convenient cut-off
function are applied. In the formulation with Heavi-
side step function the final form of local integral equa-
tions has a pure contour character even for continuously
nonhomogeneous material properties. The moving least
square (MLS) method is used for approximation of phys-
ical quantities in LBIEs.

keyword: meshless method, local weak form, Heav-
iside step function, fundamental solution, moving least
squares interpolation, Laplace transform

1 Introduction

Introducing new advanced materials into many fields of
engineering it is increasingly growing the necessity to
solve boundary value problems in anisotropic and con-
tinuously nonhomogeneous solids. Conventional com-
putational methods with domain (FEM) or boundary
(BEM) discretizations have their own drawbacks to solve
such kind of problems. Conventional boundary element
method (BEM) is efficient to use mainly to problems
where the fundamental solution is available. Since new
composite materials are frequently used for structures
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under a thermal load, it is indispensable to analyze their
thermal properties. The heat conduction problem in a ho-
mogeneous body with isotropic material properties was
successfully solved by the BEM very frequently in lit-
erature [Brebbia et al. (1984)]. A pure boundary for-
mulation is available even for anisotropic media [Chang
et al. (1973)]. However, the fundamental solution for
continuously nonhomogeneous bodies is not available in
generally. If an exponential spatial variation of material
properties is considered, one can derive the fundamental
solution for heat conduction problems [Sutradhar et al.
(2002)].

In spite of the great success of the finite and boundary
element methods as effective numerical tools for the so-
lution of boundary value problems on complex domains,
there is still a growing interest in development of new
advanced methods. Many meshless formulations are be-
coming to be popular due to their high adaptivity and
a low cost to prepare input data for numerical analysis.
Number of methods has been proposed so far. The first
attempt to document the state of the art of this grow-
ing family of numerical procedures was given by [Be-
lytschko et al. (1994)] and in recent monographs by
[Atluri and Shen (2002b), Atluri (2004)]. A variety
of meshless methods has been proposed so far. Many
of them are derived from a weak-form formulation on
global domain [Belytschko et al. (1994)] or a set of lo-
cal subdomains [Atluri and Shen (2002a,b), Sladek et al.
(2001), (2002), (2003)]. In the global formulation back-
ground cells are required for the integration of the weak
form. In methods based on local weak-form formula-
tion no cells are required and therefore they are often re-
ferred to call as truly meshless methods. If for the ge-
ometry of subdomains a simple form is chosen, numeri-
cal integrations can be easily carried out over them. The
meshless local Petrov-Galerkin (MLPG) method [Atluri
(2004)] is fundamental base for the derivation of many
meshless formulations, since trial and test functions are
chosen from different functional spaces. If the test func-
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tion is selected as the Heaviside step function or as the
fundamental solution of the governing partial differen-
tial equations a pure contour integral formulation on lo-
cal boundaries can be obtained for many boundary value
problems in homogeneous solids. The local integral for-
mulations with the use of a suitable fundamental solu-
tion have been successfully applied for isotropic elasto-
staticity [Zhu et al. (1998); Atluri et al. (2000), (2003)],
elastodynamics [Sladek et al. (2003a,b)], heat conduc-
tion [Sladek et al. (2003c,d)], thermoelasticity [Sladek
et al. (2001)] and plate bending problems [Sladek et al.
(2002)] in homogeneous and nonhomogeneous solids.

The local boundary integral equation method to solve the
heat conduction problem in an isotropic medium with
a general variation of material properties has been pre-
sented in [Sladek et al. (2003c,d)]. Here, the previous
method is extended to an anisotropic continuously non-
homogeneous medium. Since the fundamental solution
for the considered governing equation is not available,
a parametrix (Levi function) [Mikhailov (2002)] is ap-
plied to derive the integral representation for tempera-
ture. The parametrix correctly describes the main part
of the fundamental solution but is not required to satisfy
the original differential equation. In the present analy-
sis we will use the steady fundamental solution for an
anisotropic homogeneous solid [Sladek et al. (2003c)],
which results in a boundary-domain integral formulation.
Boundary-domain integral equations and the parametrix
are applied to small subdomains, which cover the ana-
lyzed domain. On the boundary of subdomains (artificial
boundary) lying in the interior of the body, both tempera-
ture and heat flux are unknown. To eliminate the number
of unknowns on artificial boundaries the modified fun-
damental solution and/or the parametrix with a conve-
nient cut-off function are applied. If the parametrix is
vanishing on the boundary of the subdomain the integral
containing the heat flux is removed from the integral rep-
resentation. By choosing the Heaviside step function as
the test function we obtain a pure contour integral for-
mulation even for a nonhomogeneous solid problem un-
der stationary conditions. In this approach the integral
equations are applied only to internal nodes, and they
have a very simple nonsingular form. The integration on
a circular contour (boundary of the subdomains) is eas-
ily carried out. Boundary conditions for prescribed and
unknown quantities on the global boundary are satisfied
by collocating the approximate formulae at nodes on the
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global boundary. Hence, it is clear that there is no numer-
ical integration necessary for the boundary nodes at all.
These equations can be obtained in a natural way in the
MLPG method, when the Dirac function is considered as
the test function. By combining different test functions
for internal and boundary nodes we obtain a computa-
tional method with a simple implementation.

Both methods are used to analyze steady and transient
problems. In transient problems the Laplace transform
technique is utilized to eliminate time variable in the dif-
ferential equation. The spatial variation of the tempera-
ture is approximated by the moving least-square (MLS)
scheme. Several quasi-static boundary value problems
have to be solved for various values of the Laplace trans-
form parameter. The Stehfest inversion method is applied
to obtain the time-dependent solutions.

2 Local boundary integral equations

Consider a boundary value problem for the heat con-
duction problem in a continuously nonhomogeneous
anisotropic medium, which in 2-d is described by the
governing equation:

00

p(x)c(x)g(x,t) = [kij(x)0,;(x,1)] ; + O(x,1) (1)

where 0(x,7) is the temperature field, Q(x,7) is the den-
sity of body heat sources, k;; is the thermal conductivity
tensor, p(xX) is the mass density and c(x) the specific heat.

On the global boundary I', the following boundary and
initial conditions are assumed

where n; is the unit outward normal of the global bound-
ary, I'g is the part of the global boundary with prescribed
temperature and on I'; the flux is prescribed.

Applying the Laplace transform to the governing equa-
tion (1), we have

[kij(x)g-,j(xvp)] i p(X)C(X)p@(X,p) = _F(va) , (2
where

F(va) = @(va) + e(Xv O)
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is the redefined body heat source in the Laplace trans-
form domain with initial boundary condition for temper-
ature and p is the Laplace transform parameter.

Instead of writing the global weak form for the above
governing equation, the MLPG methods construct the
weak form over local subdomains such as €, which is
a small region taken for each node inside the global do-
main [Atluri and Shen (2002b)]. The local subdomains
overlap each other, and cover the whole global domain Q.
The local subdomains could be of any geometric shape
and size. In the current paper, the local subdomains are
taken to be of circular shape. The local weak form of the
governing equation (2) can be written as

] (098, (x.p)) ;= px)c(x)pB(x. )+ F(x. )
Q

6°(x)dQ =0, (3)

where 6 (x) is a weight (test) function.

Applying the Gauss divergence theorem to eq. (3) one
can write

/(xmw dr‘/m B,(x,p)8(x)d2

- o

f/ﬂ&mmamgzq

S

X)pO(x, p)0" (x)dQ

)

where 0Q; is the boundary of the local subdomain and

q(x,p) = kij(x)8,;(x, p)ni(x).
The local weak form (4) is a starting point to derive local
boundary integral equations if an appropriate test func-

tion is selected.

2.1 The local symmetric weak form with Heaviside
step function

If a Heaviside step function is chosen as the test function
0*(x)in each subdomain

vy ) 1 at xe L
0 (X)_{ 0 at x ¢ Q;
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the local weak form (4) is transformed into a simple local
boundary integral equation

[ atx.par - [pxe
Qq

09

:—/f@¢mg

Qg

0(x, p)dQ
)

Equation (5) is recognized as the flow balance condition
of the subdomain. In stationary case there is no domain
integration involved in the left hand side of this local
boundary integral equation. If the assumption of zero
body heat sources is made, the pure contour integral for-
mulation is obtained.

In the MLPG method the test and trial function are not
necessarily from the same functional spaces. For inter-
nal nodes, the test function is chosen as the Heaviside
step function with support on the local subdomain. The
trial function, on the other hand, is chosen to be the mov-
ing least squares (MLS) interpolation over a number of
nodes randomly spread within the domain of influence.
While the local subdomain is defined as the support of
the test function on which the integration is carried out,
the domain of influence is defined as a region where the
weight function is not zero and all nodes lying inside are
considered for interpolation. The approximated function
can be written as [Atluri and Shen (2002b)]

P =0 (x)-8(p) =

0 (x 2 0°(x)0(p)

a=1

(6)

where 8(p) are fictitious parameters and ¢¢(x) is the
shape function associated with the node a. The number
of nodes, n, used for the approximation of 6(x, p) is de-
termined by the weight function w*(x). A spline type
weight function is considered in the present work
w(x)
{ 1-6(£)78(£)°-3(£)" 0<ar <
0 d*>r? ’

where d“ = ||x —x“|| and r* is the size of the support
domain.

The directional derivatives of 8(x, p) are approximated in
terms of the same nodal values as

a#

o (x,p) = nk(x

n

x) 20

(N
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Making use of the MLS-approximation (6) and (7) for
0(x, p) and

n
q(x,p) Z (8)
the local boundary integral equations (5) for all subdo-
mains yields the following set of equations:

€)

It should be noted that there are neither Lagrange mul-
tipliers nor penalty parameters introduced into the local
weak form (3) because the essential boundary conditions
on I'g can be imposed directly using the interpolation ap-
proximation (6):

n

> 0(x)0(p) =

a=1

(x,p) for xeTp. (10)

Similarly one can obtain the equation for unknown 84(p)
at nodes from the global boundary where natural condi-
tions are prescribed. Collocating the approximation (8)
atx € I'y one can write
n
X) Y, 6
a=1

“(x) =q(x,p). (11)

Set of algebraic equations (9)-(11) is used for compu-
tation of the Laplace transform of fictitious parameters

0“(p).

2.2 The local symmetric weak form with a fundamen-
tal solution

Next, the test function is selected as the solution of the
following equation

k;‘] T,ij(X7Y) = _6(X7Y) (12)
which corresponds to steady heat conduction problems
in a homogeneous body represented by k;; and a body

point heat source expressed by the Dirac delta function
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d(x —y). Its solution is given in an explicit form [Chang,
Kang and Chen (1973)]:

’kl]’l/Z
T(xy)=———IR(xy), (13)
where
= kY (x; — i) (x; — ;)

and k" is the inverse matrix to k! .

Adding and subtracting the term with a unifom heat con-
duction to the second term in equation (4), we obtain

/ ko

8,(x, p)0%(x)dQ

(x, p)07(x)dQ

Applying the Gauss divergence theorem to the last in-
tegral and taking into account the behaviour of the test
function 6* = T given by equation (12), one can write

0Q;

_/k 0(x, p)Tij(x,y)dQ

Q
— /k] i(x,y)n;(x)0(x, p)dT +6(y, p).
0Q

Substituting these identities into equation (4), one can
write the integral representation for Laplace transform of



MLPG Method for Heat Conduction Problem

temperature on a local subdomain

[ atxp)T(xy)ar
90y

- /§(X,p)kfjnj(X)T,i(XvY)dr

0(y,p) =

0Q
+ [[0,500) [k — k(0] Talx,9)2
Qq

- [ px)e(pBlx. )T (x.y)d2

Q

+/F@mW@JMQ. (14)
Qg

The integral equations (14) are considered for small over-
lapping subdomains €; C €. Hence, no of the boundary
densities (Laplace transforms) are prescribed on the lo-
cal boundary 0€2, as long as it lies entirely inside Q. The
number of unknowns on 02, in each LBIE can be re-
duced if a convenient weight function is introduced. If
the fundamental solution in eq. (14) is vanishing on the
boundary of subdomain the boundary integral containing
the heat flux g(x, p) is eliminated. One can see that the
modified fundamental solution
kIR,

T*(x,y)=+——1In—

2n R =

is vanishing at (x{, x) on the boundary of an ellipse cen-
tered at (y;, y2) and defined by

RY =K (x} —yi) () — ;).

The modified fundamental solution (15) is satisfying the
governing equation (12). Then, the integral representa-
tion for temperature (14) will contain only temperatures
under integrals if the fundamental solution 7'(x,y) is re-
placed by T*(x,y). One can write:

(16)

8(v.p) =~ [ Bx.p)Ki (9T (x,y)dr

0Q
+ [850x,p) [~ k(0] T (x.y)a2
Q

p(x)c(x)pO(x, p)T" (x,y)dQ

P

+ [ F(x,p)T*(x,y)dQ. (17)

0
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The geometry of the elliptical subdomain is given by eq.
(16), where R; is a free parameter. It should be selected in
such a way that only one node is involved in the consid-
ered subdomain. The value of the conductivity tensor &;;
is taken as k;;(y). The main characteristics of the ellipse
should be computed at each nodal point if nonhomoge-
neous material properties are considered. The integration
over the boundary of ellipse, 0€2,, and over the domain
Q) is more complex than integration over a simpler cir-
cular subdomain. It is the main reason why in the next
part the circular domain is considered. Then, the mod-
ified fundamental solution 7*(x,y) is not vanishing on
the circle with the radius R, what happens only for an
isotropic case. For a general anisotropic medium one can
use a parametrix [Mikhailov (2002)] instead of the mod-
ified fundamental solution. The parametrix correctly de-
scribes only the main part of the fundamental solution.
Its form for a circular subdomain with radius ry can be
given as

P(X7Y) = X(r)T(X7Y) ) (18)

where the cut-off function y(r) can be selected as
x(r)=1- o with r = Ix—y|.
o

If the weight function 6* in eq. (3) is replaced by the
parametrix P(X,y), one obtains the integral representa-
tion for the Laplace transform of temperature

8(y.p) =~ [ Bx. )k (x)Pi(x.y)dT

0Q;
—I—/é,j(x,p [k;‘j—kij(x)] P;(x,y)dQ
Qq
- [ p®)cx)pB(x. p)P(x.y)d2
Qq
+/F@¢W@JMQ
Qq
+ [k =D T(xy)]; B(x. p)ac (19
Qq

Performing the differentiation in the last integral in eq.
(19) explicitly and making use of eq. (12) as well as
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ﬂ’

[ 1= D7 (x
Qg

2 . [=
= —%k?j/e(X,p) [SijT(X7Y) +2riT-,j(X7Y)] dQsa (20)
Q

symmetry k;; we may write

Y)],ij 8(x, p)dQ

since the following identity is valid

/ 2k“‘ T;(x, y)dQ——/rZS(r)dQ:O

Q Q

with respect to the governing equation for the fundamen-
tal solution (12).

Making use of the MLS-approximations (6) and (8) for
0(x, p) and g(x, p), respectively, the local boundary inte-
gral equations (19) yield the following set of equations:

Pi(x,y")0"(x)dT" 36(p)

+ / F(x,p)P(x,y))dQ, for y'eQ @1
Q

S

At nodes on the global boundary, the following set of
equations is used like in the previous formulation

PRECLID
ks (9mi(x) 3. 6(p)os(x) =

The time dependent values of the transformed variables
can be obtained by an inverse transform. There are many
inversion methods available for Laplace transform. As
the Laplace transform inversion is an ill-posed problem,
small truncation errors can be greatly magnified in the in-
version process and lead to poor numerical results. In the
present analysis the Stehfest algorithm [Stehfest (1970)]
is used. An approximate value f, of the inverse f(r) for
a specific time ¢ is given by

n2 X <1n2 )

:6(X,p) for x € T.

q(x,p) for xeT,.

:—sz

(22)
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where

v = (_l)N/Z-I—i

min(i,N/2) KN/2(2k) !

k= [(E‘l 1 (N/2 =Kk (k= 1)L (i —Rt k-0t (23)

The selected number N = 10 with a single precision arith-
metic is optimal to receive accurate results. It means
that for each time ¢ it is needed to solve N boundary
value problems for the corresponding Laplace parame-
ters p = iln2/t, with i = 1,2,....N. If M denotes the
number of the time instants in which we are interested
to know f(¢), the number of the Laplace transform solu-
tions f(p;) is then M x N.

AXz
0=-4x,+x
25 17
=0} . . .. . o o ) o0=2-5x
] [ ] L] ° L} ] e Xl
1 0=x,"+X, 9

Figure 1 : Boundary conditions and node distribution for
a square domain

3 Numerical examples

In this section numerical results will be presented to illus-
trate the implementation and effectiveness of both pro-
posed methods. Firstly, homogeneous material proper-
ties and stationary boundary conditions are considered.
An anisotropic square with homogeneous material prop-
erties is analyzed (Fig. 1). Dirichlet steady boundary
conditions are prescribed on the whole boundary. In
numerical solution we have considered a square with
side a = 0.01m and thermal conductivity tensor: kj; =
1x107*% koo =1x10"* and k12 = 0.2 x 10~*m?s~ . For
meshless approximation, 32 nodes were considered on
the boundary and 49 nodes inside the investigated do-
main in both methods. A regular node distributionis used
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(Fig. 1). The radius of circular subdomain is considered
as ripe = 0.1 x 10~ %m.

This simple example was considered to obtain informa-
tion about the accuracy of the present method. It can be
easily shown that analytical solution

0 :x% +x1 —S5x1x

satisfies the stationary counterpart of governing equation
(1) for considered thermal conductivity tensor and pre-
scribed boundary conditions shown in Fig. 1. The nu-
merical results can be compared with analytical ones.
The Sobolev norm of the temperature errors

num __ Qexact
e — e

, x 100%
”eexuat ”

with

1/2
ol = | [ee'a
Q

are 0,8% and 1,5% for formulations with test functions
taken as Heaviside step function (labeled as MLPGS)
and fundamental solution (MLPG6), respectively. The
temperature distributions at three various x, coordinates
0,25; 0,5; 0,75 along the x; coordinate are shown in Fig.
2. One can observe excellent agreement of MLPGS re-
sults with analytical ones. Figure 3 presents comparison
both proposed methods, MLPGS and MLPG6, with ana-
lytical solution. Both methods give very similar results.

A homogeneous anisotropic square domain (1 x 1) with
vanishing heat flux on upper and bottom side, and pre-
scribed temperature © = 0 and 6 = 1 on lateral left and
right side, respectively , and thermal conductivity tensor:
ki1 = 1,kpp = 1.5,k;p = 0.5. Temperature variations with
x1 coordinate on upper and bottom sides are given in Fig.
4. In an isotropic square under the same boundary con-
ditions a linear variation of temperature with x; coordi-
nate can be observed. The Sobolev norm relative errors
of MLPG5 and MLPG6 with respect to the FEM results
is 0,87% and 1,83%, respectively. The FEM-NASTRAN
results were obtained for a very fine mesh with 256 linear
elements and we consider them to be accurate for homo-
geneous material properties.

The same geometry and boundary conditions are con-
sidered for a nonhomogeneous square domain, where
ki1(x1) = 14x1,kan = 1.5, kjp = 0.5. Temperature varia-
tions with x; coordinate on upper and bottom sides are
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15 - X2 =0.25 analytical
A MLPG5
14 ---- X2 =05 analytical
o MLPG5
D 051 |—=~- X2 =0,75 analytical
8 ' MLPG5
=
o Yoo
(b} \X =0 .
Q__057 N .'O‘~-o._o o - - -0
% ) \X\ X ===0=-=-
+— 1 SXo .
X~
\XN -
-1,5 H~ .
X~ .
X
-2 T T T T T
0 0,2 0,4 0,6 038 1

Xy, coordinate

Figure 2 : Temperature distribution in a homogeneous
anisotropic square

08
07 1

o MLPG5
06 1 A MLPG6
05 1 — analytical

temperature @

01 ‘ ‘ ‘ ‘ :
0 02 04 06 08 1
X1 coordinate
Figure 3 : Comparison of temperature distributions at
Xp = 0.25

given in Fig. 5. Numerical results were obtained by
the MLPGS5 method. The dashed lines correspond to a
homogeneous case. If the thermal conductivity k;; is
linearly growing with x; coordinate a higher tempera-
ture has to be received at smaller value of x; coordinate.
It means that curves corresponding to nonhomogeneous
case are shifted to left with respect to homogeneus case.
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12

x2=0: FEM

temperature @

0 0,2 04 0,6 0,8 1

X, coordinate

Figure 4 : Temperature variations with x; coordinate in
a homogeneous anisotropic square domain

0,8 4
D
o 061
>
IS
[«5]
[oN
£ 04
|_
= =0 = x2=0: homogeneous
0 ] 4 —— Ki1=1+x1
- =/ - x2=1: homogeneous
o — k11=1+x1
0 0,2 0,4 0,6 08 1

coordinate X1

Figure 5 : Temperature variations with x; coordinate in
a nonhomogeneous anisotropic square domain

An exponential variation of k1; thermal conductivity with
x; coordinate is considered next: ki1 = exp(yx1), koo =
1.5, k15 = 0.5, where Yy = 1. Numerical results are pre-
sented in Fig. 6. Character of curves is similar to previ-
ous case with linearly varying k.
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0,8
@
L 0,6 A
=
S
[«5)
£
S 04
|_
- -0~ = x2=0: homogeneous
’
024 —— k11 = exp( x1)
- =4 - x2=1: homogeneous
— k11 = exp( x1)
0 T T T
0 0,2 0,4 0,6 0,8 1

coordinate X1

Figure 6 : Temperature variations with x; coordinate in a
nonhomogeneous anisotropic square domain with expo-
nential variation of &

Transient heat conduction in an anisotropic square do-
main is analyzed too. Homogeneous material properties
are considered: k1; = 1, kpp = 1.5, k1o = 0.5. The same
boundary conditions as in the previous case are consid-
ered only a thermal shock represented by the Heaviside
time step function is considered on the right lateral side
of the square. The MLPG5 method is used to solve
boundary value problems in the Laplace transform do-
main. The Stehfest inversion method is applied to obtain
the time-dependent solutions at the mid of both upper and
bottom sides of the square. Time variations of the tem-
perature at x; = 0.5 in isotropic and anisotropic square
domain are given in Fig. 7. For anisotropic material
properties, temperature values are presented at bottom
and upper sides of the square. It is clear that temperature
is independent on x, for considered boundary conditions
in an isotropic square.

4 Conclusions

A local boundary integral equation formulation in
Laplace transform-domain with meshless approximation
has been successfully implemented to solve 2-d initial-
boundary value problems for transient heat conduction
problem in anisotropic continuously non-homogeneous
solids.



MLPG Method for Heat Conduction Problem

0,7

0,6

05 Q== Or=mm==Q === =0 ====0==1==0

&

o
~

Temperature 6
o
w

0,2

= 0= isotropic
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0 03 0,6 09 12 15 18 2,1 2,4
Time t

Figure 7 : Time variations of the temperature in isotropic
and anisotropic square domain

The Heaviside step function and parametrix are used,
alternatively as test functions in the local symmetric
weak form. It is leading to derive the local boundary-
domain integral equations. No singularities are occurred
in both formulations. The analyzed domain is divided
into small overlapping circular sub-domains on which the
local boundary integral equations are applied. The pro-
posed methods are truly meshless methods, wherein no
elements or background cells are involved in either the
interpolation or the integration.

The method with the Heaviside step function as the test
function is leading to a simpler integral formulation than
in the case with the parametrix. The accuracy in the first
method is a little higher than in the second one. The
first method is leading to a pure contour integral method
for stationary boundary conditions even for nonhomo-
geneous material properties, in contrast to the method
with parametrix which contains boundary-domain inte-
gral equations.

The limitation of conventional boundary element ap-
proaches to homogeneous solids is removed by using the
present local boundary integral equations. The compu-
tational accuracy of the present methods are comparable
with that of FEM. However, the efficiency and the adapt-
ability of the present methods are higher than in the con-
ventional FEM because of eliminating the mesh genera-
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tion troubles.
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