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Atomic-level Stress Calculation and Continuum-Molecular System Equivalence

Shengping Shen® and S. N. Atlurit

Abstract:  An atomistic level stress tensor is defined
with physical clarity, based on the SPH method. This
stress tensor rigorously satisfies the conservation of lin-
ear momentum, and is appropriatefor both homogeneous
and inhomogeneous deformations. The formulation is
easier to implement than other stress tensors that have
been widely used in atomistic analysis, and is validated
by numerical examples. The present formulation is very
robust and accurate, and will play an important role in
the multiscale simulation, and in molecular dynamics.
An equivalent continuum is also defined for the molec-
ular dynamics system, based on the devel oped definition
of atomistic stress and in conjunction with the SPH tech-
nigue. The processis simple and easy to implement, and
the fields are with high-order continuity. This equivalent
continuum maintains the physical attributes of the atom-
istic system. Thisdevelopment providesa systematic ap-
proach to the continuum analysis of the discrete atomic
systems.

keyword: Atomistic analysis, stress, SPH, continuum.

1 Introduction

The macroscopic behavior of solids is widely studied
from a microscopic level, using the viewpoints of atom-
istic mechanics [Askar (1985), Bardenhagen and Tri-
antafyllidis (1994)]. To bridge the atomistic mechan-
ics and the continuum mechanics, it is important to
know the relationships between the microscopic quanti-
tiesof atoms, and the macroscopic quantitiesof continua.
Atomic-level stress calculation plays a very important
rolein comparisons of continuum predictionswith atom-
istic simulations, and it allowsthe intensity and nature of
internal interactionsin the discrete particle systemsto be
measured. The atomistic stress can be employed to inter-
pret the results of atomistic ssimulation in light of contin-
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uum mechanical calculations, which have been used in
molecular dynamics simulations of solidsin avariety of
ways, such as characterization of defects, the determina-
tion of elastic constants, and the study of thelocal elastic
properties of carbon nanotubes [Chandra, Namilae, and
Shet (2004)]. There are different ways to calculate stress
in atomistic simulations. Pioneering work has been done
inthisfield by Born and Huang (1954) who used an elas-
tic energy approach to evaluate the stressin lattices by
means of the Cauchy-Born hypothesisfor homogeneous
deformation.

Another widely used stress measure at the atomic scaleis
thevirial stress, whichisbased on ageneralization of the
viria theorem of Clausius (1870) for gas pressure. This
guantity includes two parts, and can be expressed as:

oYiria (r)= Z —mui®ui+5 zrij®fij (1
[

1
Q e
Herei and j are the atomic indices. The summation is
over all the atoms occupying the total volume Q. m; is
the mass of atom i, u; isthe displacement vector of atom
i relative to areference position, U; = du; /dt denotesthe
material time derivative of u;, rijj =r; —r;, and ® repre-
sents the tensor product of two vectors. fjj is the inter-
atomic force applied on atom i by atom j,

(2)

where rij = ||rij||, @(rij) isthe energy of the atomic en-
semble. It isnoted that this stress formulation is strictly
valid only when a homogeneous stress state exists in the
entire volume. The first term on the right-hand side of
equation (1) is the kinetic-energy term, which accounts
for mass transport across a fixed spatial surface. The
second term comes from interatomic interactions. Based
on the viria stress, some other formulations of stressin
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molecular dynamicssuch asBDT stress[Basinski, Dues-
bery, and Taylor (1971)], Lutsko stress [Lutsko (1988);
Cormier, Rickman, and Delph (2001)], and mechanical
stress [Cheung and Yip (1991)] are proposed. However,
as pointed by Zhou (2003):

The virial, BDT, Lutsko and mechanical stresses, are
not the Cauchy stresses or any other form of mechani-
cal stresses. It must be clearly stated that the viria the-
orem for gas pressure is totally correct in the statistical
sense. However, generalizing it to claim that mechanical
stressal so dependson masstransfer aswell asinternal in-
teratomic force is unjustifiable and incorrect. The viria
stress as defined in equation (1) has the geometric inter-
pretation of being a measure for the momentum change
in afixed spatia region. Thisinterpretation does not as-
signany physical significancetothevirial stressasa pos-
sible measure of mechanical interaction. Stressisamea-
sure of the effect of pure force on momentum change as-
sociated with a fixed amount of mass (not change in mo-
mentum contained inaspatial region). The“virial stress”
is defined using a spatial cut which isfixed in space, and
is related to the statistical average of the externa forces
between the system and a rigid non-deforming container.
If the virial stressis treated as a measure of mechanical
force, the balance of momentum would be violated.

However, if the kinetic-energy term in these expressions
is thrown off, they reduce to Cauchy stress with a phys-
ical meaning. In this paper, we will not consider the
kinetic-energy term in the formulationsof BDT and L ut-
sko stresses. BDT stress is put forward by Basinski,
Duesbery, and Taylor (1971), and is based on a volu-
metric partition of the homogeneous deformed bulk by
extending the viria stress to one atomic volume. BDT
stressis defined as:

GBDT(r):z—;zrij@)fij €)

7

where Q' is a small volume around an atom i. Theoreti-
cally, the above definitions are valid only for a homoge-
neous system. In section 2, we will prove that the BDT
stressin eg. (3) isequivalent to the Cauchy-Born hypoth-
esisfor homogeneousdeformation. Thetotal volume and
the volume of a single atom are required in the calcula-
tionof virial and BDT stresses. Thelocal stress proposed
by Lutsko (1988) and extended by Cormier, Rickman,
and Delph (2001) is based on the local stress tensor of
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statistical mechanics. The Lutsko stress can be expressed
as

1

Lutsko _ o f
o (I‘) ZQAVQIZ;I‘”@” i

(4)

where Q™9 s the averaging volume, 1jj (0 < ljj < 1)
denotes the fraction of the length of the i — j bond ly-
ing inside the same averaging volume. For a homoge-
neously deformed system, o' gpproaches o®P7 for
large averaging volumes. Lutsko stress has been used
to evauate local elastic properties of grain boundaries
in metals. Lutsko stress assumes that the stress state is
homogenous in the averaging volume. The mechanical
stress advanced by Cheung and Yip (1991) is calculated
as the sum of the time rate of the change of the momen-
tum flux and the forces divided by area across the partic-
ular surface of interest. The researchersinterested in sur-
face problems proposed the atomic stress based on force
balance and the interplanar interaction, instead of the in-
teratomic interaction [Machova (2001)].

Two years back, Atluri (2002) pointed out that in amulti-
scale modeling, the forces on particles are smply dif-
ferent: those on an atomic particle arise due to atomic
interactions, while those on a continuum particle arise
due to the divergence of the stress-state around the par-
ticle, as pointed out by Navier. Thus, in any continuum-
molecular dynamics equivalence, the atomic forces in
MD should be made equivalent to the divergence of the
stress-field in a continuum. Thus, in this paper, a new
atomistic stress formulation is proposed with physical
clarity, which is appropriate for both homogeneous and
inhomogeneous deformations. In this paper, the formula-
tion of the atomistic stress is derived directly based on
the physics. Since the stress is a continuum concept,
at first, the discrete atomistic force-field is smoothed by
using the Smoothed Particle Hydrodynamics technique
[Lucy (1977)]. Then, by analyzing the force-state of an
infinitesimal parallelepiped at point r, a relationship be-
tween the stress and the atomi stic force can be devel oped.
This formulation is useful and convenient for computa:
tional applications, and satisfies the conservation of lin-
ear momentum. The results are compared with the BDT
and Lutsko stress. Based on the new formulation of the
atomistic stress, an equivalent continuum for molecular
system is defined, which conserves the momentum and
mass of the discrete atomic system. The smoothed parti-
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cle hydrodynamics (SPH) techniqueisemployed to make
the discrete atomic system to be an equivalent continuum
system.

Smoothed Particle Hydrodynamics (SPH) has been in-
troduced by Lucy (1977) to study self-gravitating fluids.
The idea of the method is to consider the fluid as an en-
semble of (smooth) particles. Each particle has a kernel
which represents its mass distribution, and carries infor-
mation on the average values of dynamical and thermo-
dynamical quantities, aswell as on their gradients. After
then, it has become a widely used tool in astrophysics
[Monaghan (1992)]. In astrophysics, the system is dis-
crete. By means of a localized kernel function, a local
continuous field is generated to avoid singularity. SPH
provides a systematic method to obtain these quantities
based on a “smoothed” estimate over neighboring parti-
cles. Theideafor estimating the quantitiesusing a kernel
is a the heart of the SPH technique. We can employ
thisideato obtain any physical quantity of a particle us-
ing a kernel-weighted estimate over neighboring parti-
cles. A primary reason for the popularity of SPH, de-
gpite its shortcomings, is its overall simplicity and ease
of use. Due to its distinct advantage, the SPH method
was widely adopted as one of the efficient computational
techniques to solve applied mechanics problems.

2 Thederivation of the stress tensor

Aswe discussed in the previous section, there are lots of
atomistic stress tensors in volume-averaged form. Here,
wewill give an atomistic tensor in a nonvol ume-averaged
form with physical clarity.

Consider a discrete atomic system, wherein the inter-
atomic force on atom i isf;. As well known, the con-
cept of stressis a continuum concept. Hence, to derive
the atomistic stress, at first, we should make the discrete
atomic system to be an equivalent continuum system.
Theidea of the SPH method is employed here to smooth
the discrete atomistic force field. SPH is very popular
in astrophysics, where the real physical system is dis-
crete. In order to avoid singularity, a local continuous
field is generated by introducing alocalized kernel func-
tion, which can serve as a smoothing interpolation field.
The physical meaning of the kernel function can be inter-
preted as the probability of a particle’s position, asin a
probabilistic method. The SPH isonly asmoothing tech-
nique. In this paper, we will smooth the discrete atomic
forcefield at first. In this case, the force per unit volume,

i.e. the force density g(r), can be obtained by means of
the SPH, as

g(r):Zfiw(r—ri,h)

Q)

wheref; istheforce on atom i, w(x, h) isthe smooth ker-
nel function, and the summation is over al the particles.
Noticethat we do not have to divide by volume, because
the kernel is normalized to unite volume [w(x, h) hasthe
units of inverse volume, asin eq. (6)], the division by
volume is effectively incorporate into w(x,h). A com-
mon choice for akernel is a Gaussian, namely

w(x,h) = 1 exp (—X—2>
) (\/ﬁh)d h2
where d is the number of spatial dimensionsin the prob-

lem, and hiisthe smoothing length. The kernel isnormal-
ized such that itsintegral isunity, i.e.

(6)

/ w(x.h)dx = 1 0
where theintegrationisover al the space. In genera, the
kernel function has to be a compact-supported positive
function, and itsintegral is unity. Moreover, ash — 0,
the kernel function should approach to &(x). It isim-
portant to realize that although the summations are for-
mally over al the particles, only a small nhumber actu-
aly contribute, because w(x,h) can be chosen so that
it fals off rapidly for appropriate h. Other commonly
used compact-supported kernel functionsinclude the cu-
bic spline and the quartic spline [Atluri (2004), Atluri
and Shen (2002)], in these cases, the smoothing length
becomes the radius of the compact support.

Now, in the equivalent continuum system, we consider
an infinitessimal parallelepiped at point r with surfaces
parallel to the coordinate planes (as shown in Fig. 1). In
the infinitesimal volume, the volume of the infinitesimal

parallelepiped is dv = dx;dx,dxs, and the Cauchy stress
atpointr iso (r), then, the resultant forcesat point r in X;
directionare: gj;i jdv. Ontheother hand, fromeqg. (5), we
can get theforce density at pointr, g(r), of the equivalent
continuum system. Hence, the resultant forces at point r

should be equal to g(r)dv. Thus, we have the following
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Figure 1: The definition of the stress tensor

equationto relate the equival ent-continuum stressand the

atomic force,
is-6(s) = —Zfivv(s)e's“
diva (r)dv=g(r)dv ® =3 5
I J#l
Then, we have 1 [f--eis‘“+f 571 | i (s)
ZIZ];EI !
divo(r) = S fiw(r —ri,h) @ . 1 st gsti
2 ~is 33 S et S W (12

Defining the Fourier transform of afunction F(r) as
Here, we use the following equation to deriving eg. (12),

F(s) = /V F(r)dsrav (10) |
[0-0(r)]€sTav

1 /V[D- (é"a) -0 (") -o]av

F(r)= 2’ /\/slf(S)e‘is"dVs (11) :/v [D- (eis‘ro> —is- (eis‘roﬂdv
eis‘ro(r)dv

=

and the inverse transform as

_ ( dst e
where VS isthe transformed space. By using the Fourier /r (e 0) dr—is /v
transformation, equation (9) can be written as = —is-6(s)
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Noting that

eis'ri _eis‘rj

is- rji (13)

_ iS'rj/le(iS'rji)CdC
0

By means of eg. (13) and carrying out the inverse trans-
form of eg. (12), the Cauchy stress of the atomic level
can be obtained as

rij ©fij

|S( jiC-H’j—I’)dVS

:

w[r —(rjic+r;j)ldc

1

Fij ®f|1 (14)

Ash— 0, thekernel function w(x, h) should approach to
0(x), and eqg. (14) will be reduced to

= (rjik+rj)] (15)

I\)IH

@il
R

7

where 0 <k < 1. 8[r — (rjik+r;)] issingular along the
line segment between r; and rj, and is zero elsewhere.
This singular expression can be used to obtain the aver-
age stress over any region of an atomistic ensemble, i.e.
the L utsko stress. For aregion withvolume Q”9, by inte-
grating eg. (15), and divided by Q”9, eq. (4) is derived.
Moreover, if one thinks that the singular atomic stress
existsonly at atomic positions, the physically significant
interpretation of eq. (15) in the context of discrete atomic
systemis

(16)

I\)IH

Z rij@fijd(r—ri)
[INEA

This singular expression can be used to obtain the aver-
age stress over any region of an atomistic ensemble. For

aregion withvolume Q' around atomi at the current con-
figuration, the average stress can be derived as the BDT
stress eg. (3). Equations (15) and (16) are useless for
computational applications, but the coarse-grained aver-
age stress can be defined by integrating equations (15)
and (16) over an appropriate averaging volume; whilethe
stress formulation (14) is useful for computational appli-
cations. The virial, BDT and Lutsko stresses smear the
effect of inhomogeneities due to volume averaging. The
calculation of the Cauchy stressin eg. (14) does not in-
volve ad hoc specification of a relevant volume, while
the evaluation of the BDT stress (or the Cauchy-Born
rule) for any set of atoms requires the identification of
a proper volume whose extent is not always obvious: in
atomic ensembles with irregular atom arrangement, the
identification of this volume can be ambiguous.

For the finite deformation, we can also derive the first
Piola-Kirchhoff stress T, based on the initial configura-
tion. We denote the initial position of the atom i as R,
then, ininitial configuration, eq. (9) can be rewritten as

divT (R) = ZfiW(R — Ri,h)

(17)

Similarly, the first Piola-Kirchhoff stress tensor can be
obtained as

1

1
:EIZZR”@]C” 0 W[R—

#I

(Rjic+R;j)ldc (18)

Ash— 0, eg. (18) becomes

~(Rjic+R})] (19)

I\)IH

Z le®f|]6
[INEA

with 0 < ¢ < 1. For the discrete atomic system, the phys-
icaly significant solution of eg. (19) is

=Y SRij@fi3(R-R) (20)

7

I\)IH

This singular expression can be used to obtain the aver-
age stress over any region of an atomistic ensemble. For
aregion with volume Q) around atom i at initial config-
uration, the average stressis
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= 1
T(R)ZZ—%Z;R”QNH (21)

Recognizing the relationship between stress, deforma-
tion and internal strain energy, Born and Huang (1954)
used the Cauchy-Born hypothesis to evaluate the stress
inlatticesfor homogeneous deformation. In that method,
the gradient of the deformation F is defined as

lij = FRij (22)
The strain density isW / Ql, where W is the interatomic
potential of the atomic volume Q. Then, the stress can
be derived as

= 1 0w
TRI=aroF
awal‘ij

1
=205 2 2,01, oF
1

:EzzRij@)fij

0 1 J#

(23)

Here, we employed drj; /0F = R;; in derivation of eq.
(23). From the finite deformation theory, we have

o =JFT (24)
where J is the Jacobian. Hence, by means of eq. (24),
from eg. (23), we can get the Cauchy stress

G(r)=JFT(R)
J

:Z—QBIZJ;FR”@]C”

1
:ﬁzzrij@)fij

[INE

(25)

If Q' is taken to be the total volume of the system, this
equation becomes the virial stress; if Q' istakento bea
small volume around an atom i, this egquation becomes
the BDT stress. Eq. (25) confirms that the BDT stress
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[or the second term of virial stress (1)] isidentical to that
based on the Cauchy-Born hypothesis, in homogeneous
deformation. This also implies that the kinetic-energy
term of eg. (1) should not be included in the expression
of the atomic stress. However, there are a lot of limits
in the Cauchy-Born hypothesis[Atluri (2004), Shen and
Atluri (20044, b)], while there are no limits on the for-
mulationin (14).

It isimportant to point out that the derivation here isalso
appropriate for system with body forces, which can re-
sult from non-local effects of atoms or agents external to
the system under consideration. The result would be the
same, which will be shown in the next section.

3 Equivalent continuum for atomic system

It is important to know the relationships between the
microscopic quantities of atoms, and the macroscopic
quantities of continua, for nanoscale characterizations
of material behavior. Molecular dynamics and contin-
uum mechanics are on the opposite ends of the tempo-
ral and spatial scale spectrum, and consist of highly de-
veloped and reliable modeling methods. Continuum me-
chanics methods predict the macroscopic mechanical be-
havior of materials idealized as continuous media, based
on known constitutive relationships of the bulk material,
whilemolecular dynamic models predict molecular prop-
erties based on known quantum interactions. Each has
its own advantages and limitations. Continuum analy-
ses are appropriate only for a large enough system. Al-
ternative to continuum analysis, the atomistic modeling
and simulation calculatesindividual atomsexplicitly, and
follows them during their dynamic evolution. However,
both conti nuum mechani cs and mol ecul ar dynamics obey
the same fundamental laws, including Newton's laws of
motion and conservation of mass. These fundamental
laws provide a bridge to link continuum mechanics and
molecular dynamics. If a continuum is equivalent to a
MD system, in addition that it contains the same amount
of mass as the particle system, the Newton’slaws of mo-
tion of the continuum system must be derived from the
Newton’s laws of motion of its corresponding MD sys-
tem, vice versa, i.e. they are equivalent. The equivaent
continuum development offers a high degree of fidelity
to the discrete description.

An equivalent continuum is constructed by using the
principle of the virtual work, and in conjunction with
finite element interpolationsin Zhou (2003), Zhou and
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McDowell (2002); However, their formulations are very
complicated. Their development is computationally in-
tensive due to the construction of the finite elements.
The determined fields are piecewise continuous, even
for homogenous deformation. Moreover, the defined
continuum deformation fields lack the consistency with
the continuum differential requirement about the strain-
displacement relations. In thissection, an equivalent con-
tinuum is defined for molecular dynamics (MD) particle
systems, based on the definition of atomistic stress (14)
and in conjunction with the SPH technique. This process
is simple and easy to implement, and the fields are with
high-order continuity.

For the MD system, the Newton's laws of motion for
each atom i, can be written as

fi = mUi (26)
The force on atom i due to atoms or agents that are ex-
ternal to the system under consideration isdenoted asfP,
the total force on atomi is

fi = Zfij —|—fib :fis-l-fib

7

(27)

It is noted that fP also includesthe non-local interactions.

Let b denote the density of the continuum body force,
and let p represent the density of the continuum mass.
In this analysis, al the quantities are evaluated on the
current configuration. Similar to the analysisin section 2,
theresultant forces at point r inthe equivalent continuum
system are: divo + b then we have

divo+b = Zfiw(r —ri,h)

=S fw(r —ri,h)+ Y fw(r —ri,h) (28)

Thus, the density of the continuum body force can be
obtained as

b(r)= Zfibw(r —ri,h) (29)

The associations of internal forces to the internal stress
only, and the external force to the body force only, are

strictly required by the balance of momentum. And the
stressis still expressed asin eg. (14). The density of the
continuum mass can be expressed as

p(r) =y mw(r —ri,h) (30)

Integrating eg. (30), and by means of eq. (7), we can
confirm the conservation of the mass, i.e. [p(r)dr =

ym.
|

Substitutingeg. (26) into eg. (28), thefollowing equation
can be derived

divo(r)+b(r):Zmuiw(r—ri,h) (31)

On the other hand, the Newton’s laws of motion for the
equivalent continuum are

diva (1) +b(r) = p(r)i(r) (32)

Then, the acceleration field U of the equivalent contin-
uum can be obtained as

Smuw(r—ri,h) Y miiw(r —r;,h)

WO = = Smwi—n

(33)

Thus, the equivalent continuum is constructed from the
discrete MD system, which preserves the momentum,
and conserves the mass. Moreover, from the Newton’s
laws of motion for the equivalent continuum, eq. (32),
the Newton's laws of motion for each atom i, eg. (26),
can also be derived.

A reinterpretation of the discrete atomistic force and de-
formation is reflected by the continuum field defined
here, which maintains the physical effects of the atom-
istic system. This development provides a systematic ap-
proach to the continuum analysis of the discrete atomic
system. It can aso be applied to multiscale modeling of
material behavior which combines both MD and contin-
uum descriptionsin the development of constitutiverela-
tions at different scales.
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4 Numerical examples

At first, we apply the stress formulation (14) to the case
of a homogeneously deformed cubic, crystalline solid.
Similar to Cormier, Rickman, and Delph (2001), we con-
sidered a collection of 2048 atoms, initialy on the sites
of a face centered cubic (fcc) lattice and confined to a
periodic cubic simulation cell at temperature T=0. Em-
ployed isa modified (truncated) L ennard-Jones potential
[Broughton and Gilmer (1983)],

(8 ?|+cur<230
C2(9)? +C3(2)°+Ca (£)°+Cs,230 <1 < 250
r

r

(34)

with

C1 = 0.016132¢, C, = 3.1366 x 103, C3 — —68.069¢,
Cs = —0.083312¢, Cs = 0.74689%

where € and ¢ are the energy and length parameters, re-
spectively (not to be confused with the stress and strain).
The perfect fcc crystal has a lattice parameter of ag =
1.5505120 and the corresponding energy per atom 7.45¢.
The deformation can be imposed by simply changing the
lattice parameter. The elastic constants can be deduced
from the quadratic dependence of energy on strain, by us-
ing the Cauchy-Born hypothesis. We consider the simple
case of uniform applied deformations, with correspond-
ing strain tensor components€ 11 = € = €33 = 0.002, the
remaining componentsare 0. Inthiscase, theBDT stress
(or the stress from Cauchy-Born hypothesis) is equal to
the bulk stress. In the calculations, the kernel function
w (X, h) is truncated, by a truncated radius r,, beyond
whichit falls off rapidly to zero for appropriate h, as

w(x,h) = {

Thus, the kernel function becomes compact-supported.
The studies of SPH show that h = 0.4r, or so give very

_1 _x

0, |X|>rw

(35)
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good results. Our numerical tests also confirm this state-
ment. Fig.2 shows the effects of the ratio h/r,, on the
stress value, the stress values of the formulation (14) are
normalized by the bulk stress, which isequal to the BDT
stress (or the stress from Cauchy-Born hypothesis) here.
It can be seen that a larger ryy, is heeded for h = 0.2r,,
and the error is a little bigger for h = 0.5r,,. Hence, in
this paper, we take h = 0.4r, for al the calculations. For
the purpose of comparison, we also compute the Lutsko
stress. For Lutsko stress, the radius of the spherical aver-
aging volume QA9 istaken to bery,.

Fig. 3 showsthe magnitude of the stress 15 at an obser-
vation point versus the radius r ,, where the stresses are
normalized by the bulk stress, which isequal to the BDT
stress. The results of the present formulation are almost
overlapped with the bulk stress value, while the Lutsko
stress value oscillates around the bulk stress value. The
Lutsko stress value converges to the bulk stress value
for sufficiently large radii. However, the larger radius
is computational costly. Hence, in the following calcu-
lations, we choose the radius r, = 1.5aq, at which the
L utsko stress value agrees with the bulk stressvalue vary
well in Fig. 3. Fig. 4 depicts the normalized stress 011
at different observation points along the closed-packed
[110] direction. This figure also shows the results of the
present formul ation agree with the bulk stress value very
well, and the Lutsko stress value oscillates around the
bulk stress value. From these figures, we can find that
the present stress formulation (14) is very robust and ac-
curate, while the accuracy of Lutsko stress depends on
the radius of the spherical averaging volume and the po-
sition of the observation point.

Now, we apply the stress formulation (14) to the case
of inhomogeneous deformation. A “big” atom replaces
the atom at the origin of the previous fcc crystalline
solid. The inhomogeneous elastic fields will arise due
to the presence of the “big” atom. For the “big” atom,
the energy and length parameters € and o are assumed
to be e = 1.2¢ and o° = 1.20, respectively. We em-
ployed the modified Newton-Raphson method to solve
equations: f; (r) = O, to determine the equilibrium con-
figuration (i.e. the minimum energy configuration) for
this defected structure. This problem is similar to the
inclusion problem in a continuum. As is well known,
the continuum elastic field of an inclusion at the origin
falls off with distance r from the origin as 1/r2, and
the corresponding elastic stress field falls off with dis-
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Figure 2 : The effect of theratio h/r,y on stress value for uniform deformation
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Figure 3: The effect of the radiusr,, on stressvalue for uniform deformation
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Figure 4 : The stress values at different position along [110] direction

tancer fromtheoriginas 1/r3 [Li, Shen, Han and Atluri
(2003)]. Fig. 5 depictsthe radia component of the dis-
crete atomic displacement field in the close-packed [110]
direction versus (o/r)%. We can find that the atomic
displacement demonstrates the expected 1 /r? behavior
when (o/r)? < 0.0924,i.e. r/o>15-\/2a9/c = 3.288
(i.e., beyond 1.5 timesthelattice parameters from the ori-
gin). Thisis because the cut-off radius of the Lennard-
Jones potential for the “big” atom isr ¢ = 2.50° = 3o,
and 3.2880 isthe nearest atomic sitetor ¢, the boundary
of theinclusion should be around this value.

Figs. 6, 7 and 8, respectively, show the variation of
the normalized stress components 011, 012 and O3z in
the [110] direction versus (a/r)3. In these figures, the
continuum solutions are plotted only for r /o > 3.288
(i.e. (o/r)® < 0.0028) due to the reason that we just
discussed in the previous paragraph. The continuum so-
lution is obtained by an approximate method. The dis-
placement gradient is approximated form Fig. 5 at firgt,
then using the elastic constants of the homogenous per-
fect fcc crystalline solid [Cormier, Rickman, and Delph
(2001)] and the elastic constitutive relationship (Hook's
Law), the continuum elastic stress can be determined.
For the purpose of comparison, we also plot here the
corresponding values of the Lutsko and BDT stresses.
For the BDT stress, we only calculate the values at the

atomic sites. Both of the Lutsko and BDT stress val-
ues are far away from the continuum solution. It can
be seen that the stress values of the present formulation
(14) agree with the continuum results very well beyond
2 times the lattice parameters from the origin (the “big

atom): (o/r)® <0.0017 (i.e., r/oc > 2- \/iao/o — 4.385),

which fall off with distancer from the origin as 1/r3. In
range of 1.5-2 timesthe lattice parameters (i.e. 0.0017 <
(a/r)* < 0.0028), the stress values of the present formu-
lation (14) deviate a little from the (o/r)* behavior. The
deviationsare dueto the deviation of the elastic constants
from those of the perfect fcc crystallinein thisrange [ac-
tually, in thisrange, the displacement shownin Fig. 5 al-

ready deviates from the (o/r)? behavior]. In the range of
0-1.5 times the lattice parameters, comparison with con-
tinuum theory is impossible, since the elastic constants
cannot be well defined. However, the trend of the stress
value of the present formulation (14) in thisrange iscon-

sistent with that of the displacements shown in Fig. 5.

The results of the Lutsko stress show bad shapes, per-

haps alarger averaging volume isrequired to improve its
performance, even for homogeneous deformations. The
requirement of avery large averaging volume inherently
decreases its use for computational applications. Since
the BDT stressisstrictly valid only for homogeneous de-

formations, it is not surprising that it should not perform
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well in this case.

5 Conclusions

Anatomistic level stresstensor is proposed with physical

clarity, based on the SPH method. This stresstensor rig-
orously satisfies the conservation of linear momentum,
and is appropriate for both homogeneous and inhomoge-
neous deformations. It isin a nonvolume-average form,
and thus does not involve ad hoc specification of a rel-

evant volume, whose extent is not always obvious: in
atomic ensembles with irregular atom arrangement, the
identification of this volume can be ambiguous. In con-
trast to this developed atomistic level stresstensor, other
widely used stress tensors in atomistic analysis are in a
volume-average form, and do not satisfy the conservation
of linear momentum. The formulation is easy to imple-
ment, and is validated for both the homogeneous defor-
mation, as well as defected crystalline solids. The nu-
merical results show that the present formulation is very
robust and accurate, and is superior to BDT and Lutsko
stress formulations. Our numerical results also confirm
that the BDT stress tensor is only appropriate for the ho-
mogeneously deformed system. The averaging volume
and the location affect the Lutsko stress very much. A
large averaging volumeisrequired to get a stable value of
the Lutsko stress, even for homogeneous deformations.

An equivalent continuum is also defined for molecular
dynamics system, based on the developed definition of
atomistic stress and in conjunction with the SPH tech-
nigue. The processis simple and easy to implement, and
the fields are with high-order continuity. This equivalent
continuum is a reinterpretation of the discrete atomistic
force and deformation fields of the MD system. Thisde-
velopment provides a systematic approach to the contin-
uum analysis of the discrete atomic system. It can also
be applied to multiscale modeling of material behavior
which combines both the MD and continuum descrip-
tions in the development of congtitutive relations at dif-
ferent scales.

The atomistic stress tensor derived in this paper will play
an important role in the multiscale simulation [Srivas-
tava, Atluri (20023, b); Garikipati (2002); Ghoniem, Cho
(2002)] and in molecular dynamics. The idea cannot be
limited to mechanical properties, for it can be easily ap-
plied to multiscale modeling, directly linking the elec-
tronic structurelevel to the continuum level. A multiscale
simulation based on this stress formulation is presented

in another companion paper. It is aso noted that the use
of the SPH approximation is not central to the idea of
continuum-stress presented here. Alternate approxima-
tion will be discussed elsewhere.
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