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Application of Meshless Local Petrov-Galerkin (MLPG) Method to Elastodynamic
Problems in Continuously Nonhomogeneous Solids

Jan Sladek1, Vladimir Sladek1 and Chuanzeng Zhang2

Abstract: A new computational method for solving
transient elastodynamic initial-boundary value problems
in continuously non-homogeneous solids, based on the
meshless local Petrov-Galerkin (MLPG) method, is pro-
posed in the present paper. The moving least squares
(MLS) is used for interpolation and the modified funda-
mental solution as the test function. The local Petrov-
Galerkin method for unsymmetric weak form in such a
way is transformed to the local boundary integral equa-
tions (LBIE). The analyzed domain is divided into small
subdomains, in which a weak solution is assumed to ex-
ist. Nodal points are randomly spread in the analyzed
domain and each one is surrounded by a circle centered
at the collocation point. The boundary-domain integral
formulation with a static fundamental solution in Laplace
transform domain is used to obtain the weak solution for
subdomains. On the boundary of the subdomain, both
the displacement and the traction vectors are unknown
generally. If a modified fundamental solution vanishing
on the boundary of the subdomain is employed, the trac-
tion vector is eliminated from the local boundary integral
equations for all interior nodal points. The spatial vari-
ation of the displacements is approximated by the MLS
scheme.

1 Introduction

The boundary integral equation method (BIEM) or
boundary element method (BEM) is attractive mainly
due to the possibility of reducing the dimensionality of a
boundary value problem described by linear partial dif-
ferential equations. To be successful in the reduction
of the dimensionality it is needed to have the funda-
mental solution of the original partial differential equa-
tions available in an analytical or simple form. Dif-
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ferent ways for solving the elastodynamic problems in-
clude the Laplace- and the Fourier-domain formulation
[Manolis and Beskos (1988); Dominguez (1993); Sladek
and Sladek (1984); Cruse and Rizzo (1968); Manolis
and Beskos (1981)], time-domain formulation [Cole et
al. (1978); Mansur (1983); Schanz and Antes (1997)],
and the mass matrix approach with domain discretiza-
tion [Nardini and Brebbia (1983); Chirino et al. (1994);
Fedelinski et al. (1993); Perez-Gavilan and Aliabadi
(2000); Kögl and Gaul (2000)]. In the time-domain for-
mulation, both spatial and temporal discretizations are
required. The fundamental solution in such a case is quite
complicated. It increases computational time for the nu-
merical evaluation of integrals. In the Laplace-transform
domain formulation, the fundamental solution is also
complex and several quasi-static boundary value prob-
lems are to be solved for various values of the Laplace
transform parameter. In the mass matrix formulation the
static fundamental solution is utilized. However, it leads
to a boundary-domain integral formulation, because the
static fundamental solution is not the solution of the elas-
todynamic governing equations. The domain-integral of
inertia terms can be transformed into boundary integrals
by the dual reciprocity method [Partrige et al. (1992);
Beskos (1997)]. For a better spatial approximation, ad-
ditional interior nodes to the boundary ones are required.
However, if interior nodes are spread in the domain it is
convenient to use a meshless approximation.

The elastodynamic fundamental solution is available in
the time- and Laplace-transform-domain for a homo-
geneous solid [Dominguez (1993)]. For exponentially
graded non-homogenoeus solids, elastostatic fundamen-
tal solutions have been derived by Martin et al. (2002)
and Chan et al. (2003). A free-space Green’s function
for problems involving time-harmonic elastic waves in
variable density materials under plane strain conditions
has been developed by Manolis and Pavlou (2002). They
used the Hormander method in context of matrix algebra
formalism. For exponentially graded nonhomogenoeus
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solids, Fourier-integral representations of elastostatic and
elastodynamic fundamental solutions have been applied
by Zhang et al. (2003a, 2003b) for elastostatic and elas-
todynamic crack analysis in FGMs. Since no elastostatic
and elastodynamic fundamental solutions are yet avail-
able for general FGMs, one can use alternatively in a gen-
eral nonhomogeneous case a parametrix (Levi function)
instead of the fundamental solutions [Mikhailov (2002)].
Parametrix correctly describes the main part of the funda-
mental solution but is not required to satisfy the original
differential equations.

In the present analysis the meshless local Petrov-
Galerkin (MLPG) method [Atluri et al. (1998, 1999);
Atluri and Shen (2002a,b)] is used to solve transient elas-
todynamic problems in continuously nonhomogeneous
solid. The modified elastostatic fundamental solution
or the parametrix on a circular subdomain is used as
the test function in the MLPG method for unsymmetric
weak form. Fundamental solution corresponds to a ho-
mogeneous case with material parameters at the center
of circular subdomain.. It is leading to a local boundary-
domain integral formulation. Formally, it is very similar
to boundary-domain integral formulations, which were
derived for nonlinear problems solved by local bound-
ary integral equation (LBIE) method [Zhu et al. (1998b,
1999)]. In this method, small subdomains covering the
analyzed domain are introduced. On the boundary of
the subdomains (artificial boundary) lying in the inte-
rior of the body, both the displacement and the traction
vectors are unknown. To eliminate the number of un-
knowns, either the parametrix or the corresponding fun-
damental traction vector should vanish on the boundary
of the subdomains. Different methods can be used to ob-
tain a parametrix vanishing on the boundary of the subdo-
mains. Methods based on a companion solution [Zhu et
al. (1998a); Sladek et al. (2000)] and on the cut-off func-
tions are applied in the present paper. Laplace-transform
is used to convert the hyperbolic elastodynamic govern-
ing equations into elliptic partial differential equations.
Local boundary integral equations (LBIEs) are given in
the Laplace-transform domain and applied to small sub-
domains. In such a case, the LBIEs involve a domain-
integral representing the dynamic terms resulting from
the inertia term and the initial values. There are no prob-
lems with numerical integration of this domain-integral
when the MLS approximation is employed for the spatial
variation of the unknown boundary data. Several quasi-

static boundary value problems have to be solved for var-
ious values of the Laplace transform parameter. The Ste-
hfest inversion method [Stehfest (1970)] is applied to ob-
tain the time-dependent values.

Numerical examples are presented to show the accuracy
of the proposed local boundary integral equation method
(LBIEM).

2 Local boundary integral equations

Consider an isotropic, non-homogeneous and linear elas-
tic solid with Young’s modulus E(x) being dependent
on Cartesian coordinates and the Poisson’s ratio ν be-
ing constant. Under these assumptions we can write the
elasticity tensor as

ci jkl(x) = µ(x)c0
i jkl with µ(x) = E(x)

2(1+ν) ,

c0
i jkl = 2ν/(1−2ν)δi jδkl +δikδjl +δilδjk . (1)

In eq. (1), µ(x) represents the shear modulus, and δi j

denotes the Kronecker delta. The equations of motion in
terms of displacements in a non-homogeneous solid have
the following form

µui,kk +
µ

1−2ν
uk,ki

= −Xi −µ,i
2ν

1−2ν
uk,k −µ, j(ui, j +u j,i)+ρüi , (2)

where ui and Xi are the components of the time-
dependent displacement and body force vectors, and ρ
is the mass density of the material, respectively. Also,
a comma after a quantity represents spatial derivatives,
while dots indicate differentiations with respect to time.

Applying the Laplace transform to the equations of mo-
tion (2), we obtain

µui,kk +
µ

1−2ν
uk,ki +Fi +gi −ρp2ui = 0 , (3)

where

gi(x, p) = µ,i(x)
2ν

1−2ν
uk,k(x, p)

−µ, j(x) [ui, j(x, p)+u j,i(x, p)] , and

Fi(x, p) = Xi(x, p)+ pui(x)+ u̇i(x)

is a redefined body force vector in the Laplace-
transformed domain with the initial boundary conditions



Application of MLPG Method to Elastodynamic Problems 639

for the displacements ui(x) and velocities u̇i(x), and p is
the Laplace transform parameter.

Following the derivation of the boundary-domain formu-
lation for elastostatic boundary value problems in nonho-
mogeneous media [Sladek et al. (1993)], we can obtain
the integral identity

∫
Ω

{
ui,kk(x, p)+

1
1−2ν

uk,ki(x, p)

+
1

µ(x)
[
Fi(x, p)+gi(x, p)−ρp2ui(x, p)

]}
Ui j(x,y)dΩ

= 0 , (4)

where Ui j(x,y) stand for the displacement fundamental
solutions in an elastic medium with µ = 1. Applying the
Gauss divergence theorem to the domain integral in eq.
(4), we obtain
∫
Ω

[
Ui j,kk(x,y)+

1
1−2ν

Uk j,ki(x,y)
]

ui(x, p)dΩ

+
∫
Γ

[
1

µ(x)
t i(x, p)Ui j(x,y)−Ti j(x,y)ui(x, p)

]
dΓ

=
∫
Ω

1
µ(x)

[
ρp2ui(x, p)−Fi(x, p)−gi(x, p)

]
Ui j(x,y)dΩ,

(5)

where

ti(x, p) = µ(x)ui,k(x, p)nk +µ(x)
2ν

1−2ν
uk,k(x, p)ni

+µ(x)uk,i(x, p)nk (6)

is the traction vector with the unit outward normal vector
ni to the boundary Γ. The traction fundamental solutions
are defined as

Ti j(x,y) =
2ν

1−2ν
Uk j,k(x,y)ni(x)+Ui j,k(x,y)nk(x)

+Uk j,i(x,y)nk(x) .

Since

Ui j,kk(x,y)+
1

1−2ν
Uk j,ki(x,y) = −δi jδ(x−y) , (7)

the integral identity (5) yields the integral representation
for the displacements

u j(y, p)

=
∫
Γ

1
µ(x)

ti(x, p)Ui j(x,y)dΓ−
∫
Γ

Ti j(x,y)ui(x, p)dΓ

+
∫
Ω

1
µ(x)

[
Fi(x, p)+gi(x, p)−ρp2ui(x, p)

]
Ui j(x,y)dΩ.

(8)

The integro-differential equations (8) have to be supple-
mented by the integral representation for displacement
gradients in order to get the complete boundary-domain
formulation [Sladek et al. (1993)]. If, instead of the en-
tire domain Ω of the given problem, we consider a sub-
domain Ωs, which is located entirely inside Ω, the fol-
lowing local boundary integral equations (LBIEs) should
also be valid over the sub-domain

u j(y, p)

=
∫

∂Ωs

1
µ(x)

t i(x, p)Ui j(x,y)dΓ−
∫

∂Ωs

Ti j(x,y)ui(x, p)dΓ

+
∫
Ωs

1
µ(x)

[
Fi(x, p)+gi(x, p)−ρp2ui(x, p)

]
Ui j(x,y)dΩ ,

(9)

where ∂Ωs is the boundary of the sub-domain Ω s.

Both the displacement and the traction vectors are un-
known on the artificial boundary ∂Ω s. If the fundamental
solution Ui j(x,y) were vanishing on the boundary of the
sub-domain, the integral containing the traction vector
could be eliminated. This can be realized in two ways.
The first one, more general for a wide class of partial
of differential equations, is based on the use of cut-off
functions [Mikhailov (2002)]. The parametrix Pi j for a
circular sub-domain with a radius r0 can be written in the
following form

Pi j(x,y) = χ(r)Ui j(x,y) , (10)

where the cut-off function χ(r) can be selected as

χ(r) = 1− r2

r2
0

with r = |x−y| .
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If the displacement fundamental solutions are replaced
by the parametrix Pi j, one obtains an integral represen-
tation for the displacements in the Laplace transformed
domain

uj(y, p)

=
∫

∂Ωs

1
µ(x)

ti(x, p)Pi j(x,y)dΓ

−
∫

∂Ωs

uk(x, p)nl(x)co
klimPi j,m(x,y)dΓ

+
∫
Ωs

{
1

µ(x)
[
Fi(x, p)+gi(x, p)−ρp2ui(x, p)

]
Pi j(x,y)

+ uk(x)co
klim

[
χ,l(r)Ui j,m(x,y)+χ,m(r)Ui j,l(x,y)

+χ,ml(r)Ui j(x,y)]
}

dΩ . (11)

Bearing in mind that χ(r)|∂Ωs
= 0, we may rewrite the

integral representation (11) as

uj(y, p)

= −
∫

∂Ωs

uk(x, p)Nk j(x,y)dΓ

+
∫
Ωs

{
1

µ(x)
[
Fi(x, p)+gi(x, p)−ρp2ui(x, p)

]
Pi j(x,y)

+uk(x)Mk j(x,y)
}

dΩ (12)

where

Nk j(x,y) = Ui j(x,y)nl(x)co
klimχ,m(r),

Mk j(x,y) = co
klim

[
χ,l(r)Ui j,m(x,y)+χ,m(r)Ui j,l(x,y)

+χ,ml(r)Ui j(x,y)] .

The other way for the elimination of tractions on ∂Ω s is
based on the use of a companion solution [Sladek et al.
(2003)]. The companion solution Ũi j is associated with
the elastostatic fundamental solution Ui j and is defined
as the solution to the following equations

cimklŨk j,lm = 0 on Ω′
s ,

Ũi j = Ui j on ∂Ω′
s , (13)

where Ω′
s is a circle of the radius r0, which coincides with

Ωs for interior points. The modified fundamental solu-
tion U ∗

i j = Ui j −Ũi j has to satisfy the governing equation
(7). On the boundary of the circle ∂Ω′

s, this fundamen-
tal solution is zero due to the second condition in (13).
Hence, we can rewrite eq. (9) as

u j(y, p) = −
∫

∂Ωs

T ∗
i j(x,y)ui(x, p)dΓ

+
∫
Ωs

1
µ(x)

[
Fi(x, p)+gi(x, p)−ρp2ui(x, p)

]
U∗

i j(x,y)dΩ

(14)

for the source point y located inside Ω. The explicit ex-
pression for the modified fundamental solutions U ∗

i j and
T ∗

i j can be found in [Atluri et al. (2000)].

For a source point located on the global boundary ζ ∈
Γs ⊂ Γ the LBIEs can be written as

u j(ζ, p)+
∫
Ls

T ∗
i j(x,ζ)ui(x, p)dΓ +

lim
y→ζ

∫
Γs

T ∗
i j(x,y)u j(x, p)dΓ−

∫
Γs

1
µ(x)

ti(x, p)U∗
i j(x,ζ)dΓ

=
∫
Ωs

1
µ(x)

[
Fi(x, p)+gi(x, p)−ρp2ui(x, p)

]
U∗

i j(x,ζ)dΩ .

(15)

The LBIEs (14) and (15) with modified fundamental so-
lutions have a simpler form in elastodynamics than the
previous one (12) with a parametrix utilizing a continu-
ous cut-off function.

3 Numerical solution method of local boundary in-
tegral equations

Unlike the conventional numerical solution procedures
such as the dual reciprocity method, a meshless method
is presented in this section to solve the boundary-domain
LBIEs (15). The present meshless method is based on
a moving least squares (MLS) approximation, which is
generally considered as one of many schemes to inter-
polate discrete data with a reasonable accuracy. The ap-
proximated function can be written as [Belytschko et al.
(1996)]

u(x, p) = ΦΦΦT (x)û =
n

∑
j=1

φj(x)û j(p) , (16)
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where û j(p) are fictitious parameters and φj(x) is the
shape function associated with node j. Substituting the
MLS approximation (16) into eq. (6) we obtain for the
traction vector

t(x, p) = N(x)D
n

∑
j=1

B j(x)û j(p) , (17)

where the matrix N(x) corresponds to the normal vector
at x, D is the stress-strain matrix and the matrix B j (x)
represents the gradients of the shape functions at x.

Let Γs = Γsu ∪Γst , where Γsu and Γst are parts of Γs over
which the displacements and the tractions are prescribed,
respectively. Making use of the MLS approximations
(16) and (17), the LBIEs (14) and (15) are converted into
a set of linear algebraic equations as

n

∑
j=1


φj(yi)+

∫
∂Ωs

T∗(x,yi)φj(x)dΓ


 û j(p)

=
∫
Ωs

1
µ(x)

U∗(x,yi)F(x)dΩ

−
n

∑
j=1

∫
Ωs

1
µ(x)

U∗(x,yi)
(
ρ(x)p2φj(x)−G j(x)

)
dΩ û j(p)

(18)

for yi ∈ Ω, and

n

∑
j=1


φj(ζi)+ lim

y→ζi

∫
Γst

T∗(x,y)φj(x)dΓ

+
∫
Ls

T∗(x,ζi)φj(x)dΓ

−
∫

Γsu

1
µ(x)

U∗(x,ζi)N(x)DB j(x)


 û j(p)

=
∫
Γst

1
µ(x)

U∗(x,ζi)t̃(x)dΓ

−
∫

Γsu

T∗(x,ζi)ũ(x)dΓ+
∫
Ωs

1
µ(x)

U∗(x,ζi)F(x)dΩ

−
n

∑
j=1

∫
Ωs

1
µ(x)

U∗(x,ζ)
(
ρ(x)p2φj(x)−G j(x)

)
dΩ û j(p)

(19)

for ζi ∈ Γs, where

G j(x)

=
[

2 1−ν
1−2ν µ,1φj,1 +µ,2φj,2 ; 2ν

1−2ν µ,1φj,2 +µ,2φj,1
2ν

1−2ν µ,2φj,1 +µ,1φj,2 ; 2 1−ν
1−2ν µ,2φj,2 +µ,1φj,1

]

and Ls is the circular part of ∂Ωs and Γs = ∂Ωs − Ls, if
the collocation point lies on the global boundary, y ∈ ∂Ω
[Sladek et al. (2001)]. In eqs. (18) and (19), the matrix
notations U∗, T∗ are used instead of the index notations
U∗

i j and T ∗
i j , and the prescribed boundary data are denoted

as ũ and t̃, respectively.

The time-dependent values of the transformed quanti-
ties in the previous consideration can be obtained by an
inverse transform. There are many inversion methods
available for the inverse Laplace transform. As the in-
verse Laplace transform is an ill-posed problem, small
truncation errors can be greatly magnified in the inver-
sion process and hence lead to poor numerical results.
In the present analysis, the sophisticated Stehfest’s al-
gorithm [Stehfest (1970)] for the numerical inversion is
used. If f (p) is the Laplace transform of f (t), an ap-
proximate value fa of f (t) for a specific time t is given
by

fa(t) =
ln2

t

N

∑
i=1

vi f

(
ln2

t
i

)
, (20)

where

vi = (−1)N/2+i
max(i,N/2)

∑
k=[(i+1)/2]

kN/2(2k)!
(N/2−k)!k!(k−1)!(i−k)!(2k− i)!

. (21)

Sutradhar et al. (2002) have suggested to use N = 10 for
single precision arithmetic. It means that for each time
t it is needed to solve N boundary value problems for
the corresponding Laplace parameters p = i ln2/t, with
i = 1, 2, ..., N. If M denotes the number of the time in-
stants in which we are interested to know f (t), the num-
ber of the required Laplace transform solutions f (p j) is
then M×N. Most of the methods for the numerical inver-
sion of the Laplace transform require the use of complex-
valued Laplace transform parameter, and as a result, the
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application of complex arithmetic may lead to additional
storage requirement and an increase in computing time.
A critical study of various inversion algorithms is given
by Davies and Martin (1979).

4 Numerical examples

4.1 A nonhomogeneous elastic strip

As the first numerical example, a nonhomogeneous elas-
tic strip as depicted in Fig. 1 is considered. The strip is
subjected to an impact traction loading t 1 = 10H(τ −0)
at the end x1 = L, while the opposite end is fixed in the
x1-direction. The other boundaries are free of tractions.
Here, H(τ-0) is the Heaviside unit step function. The
length of the strip is L = 10 and the width w = 2. Young’s
modulus varies linearly according to

E(x1) = E0 +(x1 −L/2)γE0 . (22)

The material parameters used in the calculation are:
Young’s modulus E0 = 104, nonhomogeneity parameter
γ= 0.1, Poisson’s ratio ν = 0.2, and mass density ρ = 1.
In Fig. 2, the numerical results obtained by the present
LBIEM are compared with the FEM results provided by
the NASTRAN code. In the FEM analysis the domain is
discretized by 80 linear elements and 6000 time steps.

In the LBIEM, 48 boundary nodes and additional 57 in-
ternal nodes with a regular distribution is used, see Fig.
1. For the inverse Laplace transform, the Stehfest algo-
rithm is applied. The time variation of the displacement
component u1 at the mid of the strip, i.e., x1 = L/2 and
x2 = w/2, is shown in Fig. 2 for γ= 0.1. One can observe
in Fig. 2 a quite good agreement between both numeri-
cal results. This confirms the accuracy and the reliability
of the present LBIEM. The time variation of the traction
vector at the fixed end x1 = 0, is shown in Fig. 3. Again
a good agreement of both numerical results is obtained.

The influence of the nonhomogeneity parameter on the
time variation of the displacement component u1 is pre-
sented in Fig. 4. Before the first wave arrival at the mid
of the strip, the displacement is zero. The velocity of
wave propagation is changing in a continuously nonho-
mogeneuos strip. The largest value of the displacement is
expected when the reflected wave is interfering with the
initial incident wave. With increasing value of the non-
homogeneity parameter γ the absolute value of the first
pick of the displacement u1 increases. The time varia-
tion of the displacement component u1 corresponding to

L
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x1

Figure 1 : A nonhomogeneous elastic strip subjected to
an impact loading
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Figure 2 : Time variation of the displacement compo-
nent u1 at the mid of the nonhomogeneous strip with the
parameter γ= 0.1
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Figure 3 : Time variation of the traction component t 1 at
the fixed end of the nonhomogeneous strip
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Table 1 : Relative errors for radial displacements and hoop stresses in a homogeneous hollow cylinder under a static
load

Radial displacements Hoop stresses Radial 

coordinate 

Analytical LBIEM
Relative

errors Analytical LBIEM 
Relative

errors

r = a 33,8044 10 33,774 10 0,008 4,555 4,501 0,0118

r = b 33,5555 10 33,573 10 0,0049 3,555 3,587 0,009

a homogeneous strip is presented by a solid line without
symbols in Fig. 4.
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Figure 4 : Time variation of the displacement component
u1 at the mid of the strip for three different values of the
nonhomogeneity parameter γ

4.2 An infinitely long hollow cylinder

In the second numerical example, an infinitely long
hollow cylinder with a radial exponential variation of
Young’s modulus is considered

E(r) = E0 exp(γ(r−a)) , (23)

where E0 = 104, Poisson ratio is considered to be con-
stant ν = 0.2, and the mass density is constant too ρ = 1.
The inner and outer radii of the hollow cylinder are taken
as a = 8 and b = 10, respectively. A uniform pressure
p = 1 is acting on the inner surface of the cylinder. Due
to the axial symmetry of the problem it is sufficient to
analyze only one quarter of the cylinder. In the LBIEM
84 nodes are used for the MLS approximation of the
displacements. A regular distribution of nodes with 42
boundary nodes is considered, see Fig. 5. To test the
accuracy of the present method a homogeneous hollow
cylinder, i.e., γ= 0, and a static load are considered in the
first step. Numerical results for the radial displacements
and the hoop stresses are compared with the following
analytical solutions

ur =
pr

(b/a)2 −1

1
E0

[
(1+ν)

(
b
r

)2

+1−ν

]
, (24)

σϕϕ =
p

(b/a)2 −1

[(
b
r

)2

+1

]
. (25)

One can observe in Tab. 1 that the relative errors for the
radial displacements are less than 0,8% and for the hoop
stresses less than 1,18%.



644 Copyright c© 2003 Tech Science Press CMES, vol.4, no.6, pp.637-647, 2003

1 7

22

28

42

a

x1

x2

u =01

u =02

p=1

Figure 5 : Node distribution in a quarter of the hollow
cylinder under a pressure load on the inner surface
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Figure 6 : Time variation of the hoop stress on the inner
surface of a homogeneous hollow cylinder

The numerical results corresponding to a uniform impact
pressure load on the inner surface of the hollow cylinder
are compared with those obtained by the FEM analysis,
where the domain is discretized by 576 linear elements
and 6000 time steps are used for the time approximation.
The hoop stresses at the inner radius (point A) are given
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Figure 7 : Time variation of the hoop stress on the inner
surface of a nonhomogeneous hollow cylinder with γ =
0.5
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Figure 8 : Time variation of radial displacements on the
inner and outer surfaces of the nonhomogeneous cylinder

in Fig. 6. One can observe a good agreement of both
results.

Next, a nonhomogeneous cylinder with γ = 0.5 is ana-
lyzed. The same node distribution as in the previous
numerical example is used. The hoop stresses at point
A are compared with FEM results in Fig. 7. The time
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variations of the radial displacements on inner and outer
surfaces of the cylinder are shown in Fig. 8. The time
variations on both surfaces are very similar. The max-
imum values of the radial displacements are reached at
the same instants.

The time variations of the hoop stresses on both inner
and outer surfaces of the nonhomogeneous hollow cylin-
der are presented in Fig. 9, which shows that the peak
hoop stress on the inner surface is larger than that on the
outer surface of the hollow cylinder. The influence of the
material nonhomogeneity parameter γ on the time vari-
ation of the hoop stress at point A is shown in Fig. 10.
It can be seen from Fig. 10 that the peak hoop stress at
the same point on the inner surface of the hollow cylinder
is reduced as the nonhomogeneity parameter γ increases,
which is favourable from the mechanics points of view.

5 Conclusion

A local boundary integral equation formulation in
Laplace-transform domain with a meshless approxima-
tion has been successfully implemented to solve 2-
d initial-boundary value problems in transient elas-
todynamics for continuously nonhomogeneous solids.
The static fundamental solution is used to derive the
boundary-domain integral formulation. The analysed do-
main is divided into small no-overlapping circular sub-
domains to which the local boundary integral equations
are applied. The limitation of the conventional boundary
element approaches to homogeneous solids is removed
by using the present LBIEM. The computational accu-
racy of the present LBIEM is comparable with that of
FEM. However, the versatility and the adaptability of the
present LBIEM are higher than in the conventional FEM.
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Figure 9 : Time variation of hoop stresses on both inner
and outer surfaces of the nonhomogeneous cylinder
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hoop stresses on the inner surface of the homogeneous
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