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Some Aspects of the M ethod of Fundamental Solutionsfor Certain Biharmonic
Problems

Yiorgos-Sokratis Smyrlist & Andreas K arageor ghist

Abstract: In this study, we investigate the application
of the Method of Fundamental Solutionsfor the solution
of biharmonic Dirichlet problems on a disk. Modifica-
tionsof the method for overcoming sources of inaccuracy
are suggested. We also propose an efficient algorithm for
the solution of the resulting systems which exploits the
symmetries of the matricesinvolved. The techniques de-
scribed in the paper are applied to standard test problems.

1 Statement of the problem

The Method of Fundamental Solutions (MFS) isa mesh-
less method applicable to certain elliptic boundary value
problems. Recently, because of the advantages that
meshless methods possess over other boundary meth-
ods and domain discretization methods, there has been
an increase in the interest in the MFS. The MFS was
first proposed by Alexidze and Kupradze [see Kupradze
(1965); Kupradze and Aleksidze (1964)] and in its mod-
ern numerical version by Mathon and Johnston [see
Mathon and Johnston (1977)]. Recent surveys of MFS-
type methodsare given in [ Fairweather and Karageorghis
(1998)] and [Golberg and Chen (1999)]. Also, a wide
range of applications of the MFS can be found in
[Kolodzigj (2001)], whereas the application of MFS-type
methods to acoustic and el ectromagnetic scattering prob-
lemsis described in [Doicu, Eremin and Wriedt (2000)].

The application of the MFS to the Dirichlet problem for
Laplace’sequationin adisk aswell as varioustheoretical

aspects of the method was the subject of a recent study
[see Smyrlis and Karageorghis (2001)]. The MFS was
applied to biharmonic problems in [Bogomolny (1985)]

and [Karageorghis and Fairweather (1987)], respectively.
Details of various MFS biharmonic formulations may be
found in [Fairweather and Karageorghis (1998)] and ref-
erences therein.
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In this paper, we consider the boundary value problem

Nu=0 in Q,
ou
a—n_g on 0Q,

where A denotes the Laplace operator and f and g are
given functions, and Q is the disk of radiusp,

Q={xclIR?:|x| <p}. (1.2)
Motivated by the simple layer potential representation of
[see Maiti and Chakrabarti (1974)], in the biharmonic
MFS with fixed singularities [see Fairweather and Kara-
georghis (1998); Kupradze (1965); Mathon and Johnston
(1977)] the solution u is approximated by

UN(P;quvQ)

N
Z Wki(PQj) +vjke(PQj)], PeQ,  (13)

where u = (U, W, ..., in) T, V = (V1,Vz,...,un) T and Q
isa2N-vector containing the coordinates of the singular-
itiesQj, j =1,...,N, which lie outside Q. The function
ki(P, Q) is afundamental solution of Laplace’'s equation
given by

ki(P.Q) = (14)

1
and thefunctionkz (P, Q) isafundamental solution of the
biharmonic equation given by

ko(P.Q) = (1.5

1
~gn/P—Ql*loglP—Q,

with |P — Q| denoting the distance between the points P
and Q. The singularities Q; are fixed on the boundary
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0Q of adisk Q concentricto Q and defined by Q = {x ¢
IR? : |x| < R}, where R > p. A set of equally spaced
collocation pomts{P.},:1 ischosen on 90Q, sothatif P, =
(XP,,yP,), then

%o, = pcos 20— DT

R _p N )

yp = psin (I_Nl)n, i=1,...,N. (1.6)
It Qj = (Xq;¥q,), then

XQj — RCOSW’

ij_Rsinw, j=1,...N. (17)

The vectors of coefficientsp and v are determined so that
the boundary conditions are satisfied at the collocation
points {P}N

UN(PQP.,V,Q):f(P,), i:]-?"'?N7 (18)
and
aUN .

S (PRV.Q =g(R), i=1,..N. (1.9)
Thisyieldsa 2N x 2N linear system of the form

of_ M f
G <_) - (_) (110)

v g

where
AO

BO
0 _
<~ (&rtor)

withthe N x N matrices A° = (AIO )
(C,?j> and D° = <D8j> , Where

*<Bi°,j>’coz

1
0
Ai,j:_E_[Iog‘Pl_Qj‘v (1.11)
B0 — — =R —Q;2log|P — Q|| (1.12)
By jl~1og|H ils .
—Yq;
CO = — ( X -|- Jn), 1.13
- GECTAAN =T
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1
O - - 0.
DY} = — & [L+2log|P — Qi
(xR —Xq; )N+ (YR — Yo, )My) »
i,j=1,...,N, (1.14)

and ny and ny denote the components of the outward nor-
mal vector n to 0Q inthe x and y directions, respectively.
The matrices A°, B, C% and DO are circulant?

In earlier work [see Smyrlis and Karageorghis (2001)],
aswell asin the current study, we observed, that the ac-
curacy of the MFS solution is poor when the singulari-
ties are placed very close to 0Q. This problem, in the
present case, arises because our approach may be viewed
as attempting to approximate an integral of the form [see
Maiti and Chakrabarti (1974)]

IP) = [ v(QIP-Q2(log/P—Ql-1)ds(Q)

+ | _uQloglP-Qds(Q) (116
0Q

by a quadrature rule. As we approach the boundary, the
integrand becomes singular and the quadrature rule be-
comes progressively less accurate.

Also, the accuracy of the MFS is poor when the singu-
larities are placed very far from the boundary, i.e. on a
circle of radius R>> p. This problem arises because as
we move away from the boundary the matrix G® becomes
ill-conditioned. This can lead to large errorsin the MFS
approximation [see Golberg and Chen (1996)]. The be-
haviour of the conditioning of the matrix G° for various
numbers of degrees of freedom N =2", n=3,4,...,10;
as € = R— p varies, can be seen from fig. 1. In thisfig-
ure, we plot the logarithm of the condition number versus

2 A square matrix Ais circulant [see Davis (1979)] if it hasthe form

a a an
an a1 an-1

A= . . . (1.15)
ao az e a1

This means that the elements of each row are the same as the ele-
ments of the previousrow but moved one position to the right. The
first element of each row is the same as the the last element of the
previous row. The circulant matrix A in (1.15) is usually denoted
by A=circ(a), wherea= (a1,a,...,an) . Propertiesof circulant
matrices are given in Section 3.1.
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the logarithm of €. The condition number K, of Gg in
the L, norm, is calculated with the NAG pair FO7TADF-
FO7AGF [see NAG (1999)]. From thefigure, we observe
that for sufficiently small €, namely € < 10~ for N = 8
to € < 1072 for N = 1024, and intermediate values for
the other values of N presented, the condition number de-
creases agebraically with e, whileincreasing with N. On
the contrary, for larger values of €, the condition number
grows exponentialy.

In thiswork, we address the above two problems, namely

e the loss of accuracy when the singularities are
placed very close to the boundary, i.e. € < 1 and

e the loss of accuracy when the singularities are
placed very far to the boundary, i.e. € > 1.
2 Rotation and normalization
2.1 Rotation of thesingularities

Asin [Smyrlis and Karageorghis (2001)], we study the
behaviour of the error asthe positionsof the singularities
arerotated. If we denote the coordinates of the singular-
ity Qf by Xqe and yqe, these become

2(j—14a)m
XQ? :RCOS*,
- 2(j—-1
VQ?—Rsnwa J:17 N, (21)

where 0 < a < 1. This means that the positions of the
singularitiesdiffer by an angle 2rta/N from the positions
of the boundary points. The satisfaction of the boundary
conditions

un (R v, Q%) = f(R),
ou .
a—r:\l(Pl;vaan) = g(Pl)v I
now yieldsa linear system of the form

=1,...,N,

af LY [ f
© (T) - (?)’ (22)
where

a ACI BCI
G - < CO( DO( ) (23)
and
A = - loglP — Qf | 24)

21
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1
BY; = — 5P — Qf Plog|R - Qf. 2.5)

1 [ X=X YR — Yoo
CG - _ ] ]
N 2-,-[<‘F)I_Q?‘2nx+‘PI_Q?‘2ny>7 (26)

— L [1+2l0g/R - QY]

a
Di,j _8_]'[

((XP. — Xgu ) Nx+ (YR _yQ?)ny> :

i,j=1,...,N. 2.7
Asinthecase a = 0, the matrices A%, BY, C® and D are
circulant. In the present work, we only studied the effect
of rotating the singularities by an angular parameter a,
wherea € [0,1/2), because of the symmetry of the ge-
ometry about o = 1/2. Also, at o = 1/2 the matrix G®
issingular:

Lemma When N = 2m, m € IN, the matrix G? issingu-
lar.

Proof. In this case the matrices A%, B%,C% and D? are
of theform

circ(ag,az, ..., 8m, 8m,a&m-1,---,a1),

circ(by, by, ..., bm, bm,bm-1,...,b1),

circ(cy, €2, - -+, Cm, Cmy Cm—1,---,C1), and
circ(dy,dy, ..., dm, dm, dm_1,...,d1), respectively. It
is sufficient to observe that the sum of the first m odd
rows of the matrix G? is equal to the sum of the first m
even rows of G2.

Aswill become apparent in the numerical results section,
the rotation of the singularitiescan improve the accuracy
of the MFS approximation.

2.2 Normalization

When R is large, the poor conditioning of the matrices
G (see Figure 1) and the loss of significance, can lead
to poor results. The loss of significanceis aresult of the
presence of elements of very large size which are almost
identical for large R, in each of thefour circulant matrices
A% BY, C* and D?. For example, in A” al the elements

satisfy the inequalities
iIo R+p) < A" < —ilo (R—p)
—5;109(R+p) = Aj < ——_log(R—p).

Asin [Smyrlisand Karageorghis (2001)], in order to im-
prove the accuracy of the MFS we consider a form of
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Figure1: Condition number versuse = R— 1.

scaling by using the normalized fundamental solutions B — _ 1 1+ 2log IR — Q?\
~ ‘p Q| 4l 8n R
ki(P.Q) = _ET' = (2.8)
((XP. —Xge )Nk + (YR —VQ?)ny>
and R2 )
1[P-Q? |P-Q|
ko(PQ) = —g-—m7 —l0g——=—, (2.9) i j=1....N. (2.13)
then The matrices A®, B®, % and DY are circulant.
Go _ Ac | B As will be reported in the numerical results section, the
e use of normalized fundamental solutions improves the
accuracy of the MFS approximation for large values of
where R.
. 1, [R-Qf
o __ J
A= —onl0—¢x (210) 3 Efficient solution of block circulant system
. P-—QY?% |R—-Q¢ 3.1 Propertiesof circulant matrices
g _ LIR-QF ROl 21D P
8m R R We shall be using the following properties of circulant

~ Xp —Xq¢ N YR — Yoo (2.12) matrices: [See Davis (1979)].
B 2” IR —Qf? ke IR —Qf? & ' Properties Let AcCN*N beacirculant matrix, i.e. A=
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circ(as,...,an) . ThenAisnormal, i.e. AA* = A*A, and
thus diagonalizable. In particular, there exists a unitary
matrix U and a diagonal matrix D = diag(H1,..-,UN) ,
such that

A=U"DU,

with eigenvalues

N
- (k=1(-1)  ; —
M= ) aw ;o 1=1...
2
and corresponding eigenvectors

g — % (1 WD R0 w(n—lm—l))
N ) ) ) ) )

j=1,...,N.

The vectors {&1,...,&n} form an orthonormal basis of
CN. The matrix U is symmetric and its conjugate is the
Fourier matrix

11 1 1
1 w o? N1
U = = |1« o w?(N-1)
T N2
i ;J_)N—l ;*)Z(N—l) ;*)(N—l)(N—l)

Conversely, for any diagonal matrix D, the matrix A =
U*DU iscirculant. Consequently, the product of two cir-
culant matrices is also circulant.

Furthermore, if A is circulant, then A* is also circulant.
If A iscirculant and nonsingular, itsinverse is also circu-
lant.

Finally, any linear combination of two circulant matrices
isasocirculant. Inparticular, if \, u€C and A= circ(a),
B = circ(b), then \A+ B = circ(Aa+ pb) .

3.2 Efficient implementation of basic circulant matrix
operations

The object of this section isto propose an efficient algo-
rithm for the solution of system (2.2). This is done by
exploiting the block circulant structure of G®. Here, the
term block circulant indicatesthat that matrix G® can be
decomposed into four circulant N x N matrices (see 2.3).
The agorithm relies on the properties of circulant ma-
trices, in particular the fact that basic matrix operations
such as multiplication and inversion of can be performed
at acost of O(NlogN) operations[Davis (1979); Smyrlis
and Karageorghis (2001)].
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3.21 Solution of circulant systems

In the solution of the system Ax = b, where A = circ(a),
and nonsingular with A= U *DU, clearly,

x = A1b=uU*DUb.

The evaluation of x is carried out efficiently in the fol-
lowing four steps:

e Step 1 Calculation of the vector b = Ub which
is simply the inverse discrete Fourier transform
(IDFT) of the vector b. In MATLAB, this opera-
tion can be performed using the inverse fast Fourier
transform command ifft (b) .

e Step 2 Calculation of the diagonal matrix D =
diag(d). The vector d of the diagona elements of
D is simply the discrete Fourier transform (DFT)
of the vector a. In MATLAB, this operation can
be performed using the fast Fourier transform com-
mand £fft (a) .

e Step 3 Evaluation of the vector e = D~1Ub which
is simply the elements of the vector Ulb divided by
the corresponding elements of the vector of the di-
agonal elements of D, that is

_ b
.-

In MATLAB thiscan bedoneviab./d.

e Step 4 Calculation of vector x = U*ewhichissim-
ply the DFT of e. In MATLAB thisis carried out
by fft (e) .

Summarizing, we observe that steps 1,24 require
three Fourier transforms, hence O(NIogN) operations.
Step 3 requires only O(N) operations. In MATLAB
the calculation of x can be elegantly summarized as
x=fft (ifft(b)./fft(a)) .

3.2.2 Multiplicationand inversionof circulant matrices

In the case when we need to compute the circu-
lant matrix C = AB (resp. C = A"B) where A =
circ(a) is nonsingular, and B = circ(b), steps simi-
lar to those described earlier for the solution of the
system Ax = b can be applied. If C = circ(c), then
the MATLAB command for the calculation of the
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vector € is merely c=ifft(fft(a).*fft(b)) (resp.
c=ifft(fft(b)./fft(a))). Notethat to calculate the
inverse of a matrix A, we smply take B =1 in the case
C = A"1B. The cost of any of these matrix operationsis
O(N logN) operations.

3.3 Application to block circulant system

Consider the block circulant system

o(5)-(33)(8)-() e

which can be written as
(3.2

Au+Bi = f
Co'u+D% = g.

A | BY
c* | D¢

Provided that A% isnonsingular, it is easy to see that

(DY —CY[AY]1B%) v =g C*[A%] ', (3.3)
where the matrix S* = D% — C%[A%]~!B is the Schur
complement of A% in G®. Further, $* is nonsingular if
and only if G isnonsingular, provided A® is nonsingu-
lar [see Stewart (1998)]. The system (3.3) can be solved
efficiently because the Schur complement matrix S* is
circulant. This follows from the fact that the submatri-
ces A%, BY,C® and D are circulant. The construction of
the system (3.3) can be performed efficiently as it only
involves multiplications and inversions of circulant ma-
trices.

Oncev has been computed, p can be found from

p=[A%"1(f —B%). (3.4)
More precisely, if

A% = circ(a”), B* =circ(b®),

C* =circ(c”), D% = circ(d?), (3.5)

we have the following Algorithm:

e Step 1 Compute the DFT of the vectorsa®, b®, c®
and d®, which are denoted by s?, s°, s° and s%, re-
spectively. These are the diagonals of the diagonal
matricesUAU*, UB°U*, UC®U* and UD®U"*, re-
spectively. Also, compute the IDFT of the vectors f
and g which are denoted by s’ and <°.

CMES, vol.4, no.5, pp.535-550, 2003

e Step 2 Compute the IDFT of the vector p =g —
CY[A%]~1f whichistheright hand side of (3.3), and
which is denoted by sP. Thisis obtained with O(N)
operationsvia

S=S-ScS/R k=1,

Also compute the vector 1 which is the diagonal of
the diagonal matrix

N.

Q =U (D*—C"[A%)]'B*) U*.
Thisisalso donewith O(N) operationsvia

%?:i_ﬁi'ss/iv k=1,...

Then we obtain the IDFT of the vector w, which we
denote by s, given by

N.

s=s/s, k=1,...,N.

Next, compute the IDFT of the vector
[A%]~1(f —B%), which is the right hand side
of (3.4), and which is denoted by s". It is obtained
with O(N) operationsvia

$=(s-s) /., k=1....N.

e Step 3 Compute the vectors p and v by taking the
DFT of the vectorss* and s’ respectively.

From the description of the Algorithmit is clear that the
total cost of the solution of system (3.1) is O(N logN)
operations.

The implementation of the above algorithmin MATLAB
isparticularly elegant:

Stepl fa=fft(a); fb=£fft(b); fc=£fft(c);
fd=£ft(d); sf=ifft(f); sg=ifft(g);

Step2 sp=sg-sf.xfc./fa;
sn=sp./(fd-fc.*fb./fa);
sm= (sf-sn.*fb)./fa;

Step3 m=£fft(sm); n=£fft(sn);

Note that in order to simplify the description of the Al-
gorithm, we have not included some minor modifications
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Figure 2 : Maximum relative error versuse = R— 1 in Example 1.

which enable us to make additional savings of O(N).
For example, the quantitiessli /s need only be computed
once in Step 2. Further, instead of computing the Schur
complement of A” in G® after equation (3.2), we could
have computed the Schur complement of any of thethree
matricesBY, C® or D% in G®. Any of these choiceswould
have yielded an algorithm similar to the one constructed
from equations (3.3) and (3.4). Numerical experiments
reveadled that any of these choices would have had little
effect on the behaviour of the error.

4 Numerical Results

We considered the following three examples in Q with
p = 1 satisfyingproblem (1.1). Inall three casesthe max-
imum relative error

E — HU_UNHOO
[ulle

in the approximate solution, is calculated on an mx m
grid defined by the points
[ _2n(j—-1)

_791 - o

(ricos8j,rising;), r; - p

iaj:]-v"'vm'

The parameter mistaken to be equal to 101.

41 Examplel

We consider the case with f(x,y) = x* —y* and g(x,y) =
4(x3ny — y®ny) which corresponds to the exact solution
u(x,y) = x* —y*. In Figure 2, we present the maximum
error Ease=R—1lisvaried, forN=2". n=3,4,---,10.
From these results, as expected, the accuracy of the
method is poor when € = R— 1 is either very small or
very large. In Figure 3, we present the maximum error
E for various o € [0,1) for certain values of R. These
show that, for small values of €, the accuracy is sensitive
to the value of a. We only consider theinterval [0, %), for
the reasons given in section 2.1. In Figure 4, we present
a magnification of Figure 3 for certain values of N and
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Figure 3 : Maximum relative error versus angular parameter in Example 1.
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Figure 4 : Magnified plots of error versus angularparameter in Example 1.
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Error
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Figure5: Approximation with normalized versus unnormalized fundamental solutionsin Example 1.

R, which reveal an improvement in the accuracy of the
method for certain angles a. In Figure 5, we present the
maximum error E as € = R— 1 is varied, for the values
of N=2", n=3,4,---,8; in the cases when we use the
unnormalized fundamental solution approximation (1.3)
and when using the normalized fundamental solution ap-
proximation with (2.8) and (2.9) as fundamental solu-
tions. This figure reveals that there is a noticeable im-
provement in accuracy for large values of R when using
the normalized fundamental solutions.

4.2 Example2

In this case we consider a test example from [Kuwa
haraand Imai (1969)], also studied in [Mills (1977)] and
[Karageorghis and Tang (1996)] where, in polar coordi-
nates, f(6) = —2% and g(6) = —3(1+ cosB) which cor-
responds to the exact solution u(r,8) = 3(1—r?)(1+
rcose) — %1. In Figure 6, we present the maximum er-
ror E as the radius R is varied, for the values of N =
2" n=3,4,---,10. The behaviour of E is very simi-
lar to the corresponding behaviour of E in Example 1,
which indicates that the accuracy deteriorates when € is
either very small or very large. In Figure 7, we present

the maximum error E asa € [0, 1) for selected values of
N and R. These reveal the sensitivity of the accuracy of
the method to the value of a. In Figure 8, we present the
maximum error E astheradius Risvaried, for the values
of N = 24,25 26 27 for both the standard and the normal -
ized fundamental solutions. Asin the previous example,
there is an obviousimprovement when using the normal-
ized fundamental solutions.

4.3 Example3

The final and most difficult example describes viscous
flow in a circular driven cavity, first studied in [Mills
(21977)] and subsequently in [Karageorghis and Tang
(1996)] and [Belhachmi, Bernardi and Karageorghis
(2001)], in which

f(0)=0
and

-1, Bp<6<6;

9(8) =
0, 0,<0<2m+8 .
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Figure 7 : Selected plots of error versus angular parameter in Example 2.
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Figure 8 : Approximation with normalized versus unnormalized fundamental solutionsin Example 2.

The exact solutionis (see Mills (1977))

(1-r) + arctan —tanel_e
Y 1—r 2

21

1+r 6p—6
— t —t
arcan(l_ran > )],

0, B;—TI<B<By+Tr

u(r,6) = L

where

y:
T, B+TI<B0<B+TT.

This problem describes the motion of a viscous fluid in-
side a cylinder, which is generated by the movement of
part of its surface at constant speed. The points where
the moving surface meets the stationary surface gener-
ates two singularities. Thus we have singularities at
the points where the boundary condition for the normal
derivative changes, that is at the boundary points where
08 = 6y and where 6 = 6;. In Figure 9, we present the
maximum error E as the radius R is varied, for the val-
uesof N=2" n=3,4,---,10 in the case 6 = 0 and
81 = Tt It can be observed that the error is smallest for

arange of valuesof R, i.e. Re (1+ 01,1+ &), where
0< &1 < 0y < 1, close to the boundary because of the
boundary singularity. This range becomes narrower and
gets closer to the boundary as N increases.

The corresponding results for the case 8o = 7 and 61 =
?jT" are very similar to those of the previous case.

In an effort to improve the accuracy of the method we
took a denser grid close to the singular points. Let the
total number of collocation points be N; + N, = N, of
which N; + 1 correspond to the part of the boundary
where where the boundary condition is g(6) = —1 and
N, — 1 correspond to the part of the boundary where the
boundary conditionisg(8) = —0. Then, wetook thefirst
™ +1 collocation pointsto be

Xp —cos(eoJr (91;90) [z(iN_ll)r)
yp —sin<90+ (91;90) [2(-N_11)r> |
T )

...,7
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Figure9: Maximum relative error versustheradiusR in Example 3inthecase 8g =0and 6, =Tt

and the next % collocation points were placed symmet-
rically about the point (0, 1), namely

= “XPy 210 YR 2 = Py 2eaio
Ny
R
Similarly, the remaining N, — 1 collocation points are
takento be

XPy, 24140

i=1,.

XPNl+1+i = Cos (el + 2 N,

21— (81— 8p) [2ir>’

. 21'[—(91—90) 2i1°
s = in{or T80 3]
N>

i=1...,—=
9 727

XPi1ing /20 = " XPupraing 20 YPuprting 2 — YPNp LNy 210
. N>
i=1,...,—-1
2

The parameter s € IR determines the density of the collo-
cation points near the singularities. In the cases= 1 we

have the uniform distribution of equation (1.6), whilefor
s> 1 we have adenser distribution of collocation points
near the singularities, the density increasing with s. In a
similar way, singularitieswere placed at

Xg =RxXp, Yo =Rym, i=1,...,N.

In Figure 10, we present the concentration of the bound-
ary points for various degrees of density, namely s =
1, s=12ands=14whenN =128, inthecase 6y =0
and 81 = Tt In the same figure we also present the corre-
sponding graphs of the maximum error E versus the ra-
dius R. the From Figure 10 we can see the improvement
in accuracy as the density factor s increases. However,
the range of values of R for which thisimprovement oc-
curs decreases as sand N increase.

In Figure 11, we present the graph of E versusR, for the
valuesof N = 27,28 29 210 in the case 6g = § and 81 =
3 and the values of s=1,1.3,1.6,1.9,2.2. Again, an
improvement in the accuracy is observed as s increases.
Asin the previous case, however, the range of values of
R for which thisimprovement occurs decreases as s and
N increase.
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Figure 10 : Concentration of boundary pointsfor thevaluess= 1, s= 1.2 and s= 1.4 with corresponding maximum
relative error versus R graphsfor N = 128 in Example 3, inthecase 6o =0and 61 = Tt
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pointsand the singularitiesin the case 8¢ = ¥ and 6, = 3.
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Figure 12 : Contour plot of the streamfunction for Example 3inthecase 8¢ =0and 81 =T

Note that the range of values of s for which there is an
improvement in the accuracy of the method is quite dif-
ferent in the two cases examined. In the case when the
singularitiesare closer to each other, a denser concentra-
tion of boundary pointsis needed to produce more accu-
rate results.

In Figures 12 and 13 we present the contour plots of
the streamfunction in the cases 8 = 0 and 61 = 11, and
8o = 7 and 6, = 3T, respectively, obtained with N = 20,
These are in excellent agreement with the correspond-
ing plots in the literature [see Belhachmi, Bernardi and
Karageorghis (2001)]. Finaly, in Figure 14 we present
the contour plot of the vorticity in the case 8¢ = 0 and
91 =TL

Theideaof using a denser boundary grid close to bound-
ary singularities has also been used with the MFS in
[Karageorghis and Fairweather (1987)]. It should be
noted that for values of s+ 1 the matrices A%, B®, C° and
DO are no longer circulant. In this example, experiments
with rotated singularities (o > 0) failed to produce any
improvement in the accuracy of the results.

5 Summary

We examined some of the shortcomings associated with
the numerical solution of the homogeneous biharmonic
equation in circular geometries with the MFS. In par-
ticular, we examined ways of overcoming the poor ac-
curacy of the method when the singularities are placed
either very close to or very far from the boundary. In
the case where the circle on which the singularities are
placed is located very close to the boundary, numeri-
cal experiments revealed that the angular positioning of
theseis of crucial importance. In the case where this ar-
tificial boundary islocated very far from the boundary, a
normalization of the fundamental solutions leads to im-
proved accuracy. Exploiting the fact that the matrices in-
volved in the above approaches can be written as a block
of circulant matrices, leads to an efficient algorithm for
the solution of the resulting systems. It should be noted
that this algorithm is only applicable in the case of the
specific problem examined.

We also examined a problem with boundary singularities
where it was observed that the accuracy of the method
was poor except when the singularities were placed on
acircle very close to the boundary. Thisis expected, as
the method is only applicable to problems the solution of
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Figure 13 : Contour plot of the streamfunction for Example 3inthecase 8¢ = 7 and 81 = ?jT".

Figure 14 : Contour plot of the vorticity for Example 3inthecase8o=0and 6; =Tt
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which is analytically continuous across the boundary. In
this case, adenser concentration of boundary collocation
points (and singularities) close to the boundary singular-
ities produced improved results.

Preliminary numerical experiments were also carried out
in the case when Q is not adisk. It should be noted that
when Q isnot adisk, the corresponding matrix G cannot
be decomposed into four circulant matrices and the ef-
ficient algorithm developed in section 3.3 cannot be ap-
plied. In particular, we carried out numerical tests when
Q is arectangle and the exact solution is that of Exam-
ple 1. These revealed that the same phenomena persist,
namely the numerical results are poor when the singu-
larities are placed either very close or very far from the
boundary. We also performed numerical experimentsin
the case of the driven cavity problem in a square region.
Asin the case of the circular driven cavity, a denser con-
centration of boundary collocation points (and singulari-
ties) near the boundary singularities, improves the accu-
racy of the method.
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