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Variational Formulation and Symmetric Tangent Operator for Shells with Finite
Rotation Field

Yoshitaka Suetaké, Masashilura?and S. N. Atluri3

Abstract: The objective of thispaper isto examine the
symmetry of the tangent operator for nonlinear shell the-
ories with the finite rotation field. Aswell known, it has
been stated that since the rotation field carries the Lie
group structure, not a vector space one, the tangent op-
erator incorporating the rotation field does not become
symmetric. In this paper, however, it is shown that by
adopting a rotation vector as a variable, the symmetry
can be achieved in the Lagrangean (material) description.
First, we present ageneral concept for the problem. Next,
we adopt the finitely deformed thick shell problem as an
example. We also present atensor formula that plays a
key role for the derivation of a symmetric tangent opera-
tor.

keyword: finite rotation, tangent operator, symmetry,
shell theory, variational formulation.

1 Introduction

Many authors have discussed the symmetry and/or un-
symmetry of the tangent operator for nonlinear solid me-
chanics. As well known, when the rotation field is in-
troduced as an independent variabl e, the tangent operator
for anonlinear mechanical systemisnot alwayssymmet-
ric. The reason why the symmetry is lost is that a con-
figuration space represented by a rotation tensor is the
Lie group SO(3) and therefore it does not carry a vector
space structure.

Simo and Vu-Quoc (1986) show that the linearized tan-
gent operator for 3-D finite-strain rods became unsym-
metric at a non-equilibrium configuration. Nour-Omid
and Rankin (1991) separate the rigid body motion from
the total one and also derive an unsymmetric tangent
stiffness matrix for rods and shells including large rota-
tions. A symmetric tangent stiffnessfor finitely stretched
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and rotated 3-D beams is presented by lura and Atluri
(1989), in which an equilibrium state and a conservative
system are assumed. Sansour and Bufler (1992) suggest
that if we define the configuration space by using a ro-
tation vector instead of a rotation tensor, we can derive
a symmetric tangent operator. In addition, Bufler (1993)
showsthat the tangent stiffness of a conservative system
isalwayssymmetric, evenif therotationfield isinvolved.
However, in Bufler (1993), the Géateaux derivative with
respect to the rotation tensor is defined in a similar man-
ner to the derivative on a vector space. In Simo (1992)
it is proposed to replace the conventional definition of
the second Géteaux derivative by the covariant derivative,
whichisdefined by the L evi-Civitaconnection and which
issymmetric even in a non-equilibrium state. Aforemen-
tioned discussions are summarized by Makowski and
Stumpf (1995), in which the question whether the tangent
operator issymmetric or not is controversially discussed.

In the latest research works, Gotou, Kuwataka and
Iwakuma (2003) derive an unsymmetric tangent stiffness
matrix in which rotational degrees of freedom are ex-
pressed by Eulerian angles. On the other hand, Ijima,
Obiya, Iguchi and Goto (2003) present a symmetric for-
mulation for space frames by introducing element end
coordinates. The authors (2003) al so present asymmetric
variationa formulation for 3-dimensinal Timoshenko's
beam and discuss the accuracy of the co-rotational for-
mulation. Asfor shell analyses, Basar and Kintzel (2003)
derive a symmetric tangent equation, in which an as-
sumptionisintroduced for the variation and thelineariza-
tion of rotation fields.

In this paper, the symmetry of the tangent operator is
reconsidered in the context of the conventional Géteaux
derivative, while Simo (1992) and Makowski and Stumpf
(1995) discuss the problem in terms of the differential
manifold and the Lie algebra. Especialy, we deal with
the problem in the context of the material (Lagrangean)
and the spatial (Eulerian) descriptions. As a result, a
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symmetric tangent operator with the rotation field can be
derived as far as the Lagrangean description is adopted
and a conservative system is assumed. It is also shown
that the symmetry of the tangent operator holdseven at a
non-critical (non-equilibrium) point.

The remainder of thispaper isasfollows. Section 2 dedls
with preliminaries. In Section 3, itissymbolically shown
that the second Géateaux derivative of the total potential
energy becomes symmetric in the Lagrangean descrip-
tion. In Section 4, the application of the present con-
cept to the shell problem is presented, in which the func-
tional established by the authors is employed [Suetake,
lura, and Atluri (1999); Atluri, lura, and Suetake (2001);
Atluri, luraand Vasudevan (2001)]. Concluding remarks
isgivenin Section 5.

2 Preliminaries

Throughout this paper, we indicate vectors with an under
bar likev and tensors with an under tilde like T .

Let X be apoint in the reference configuration B. On the
other hand, let x be a point in the current configuration b.
If we introduce convected coordinates &', base vectors at
pointsX and x are defined asfollows:

oX

gi = a_g ) Qi = 3z (1)
We refer to G; in the material (Lagrangean) description
and g, inthe spatial (Eulerian) description.

We define adifferential operator O [see, for example, Og-
den (1984)]:

El:gii

5 @

By using the operator O, the gradients of a scalar and a
vector fields, @ and f, are defined as follows:

ODef-gof; ., foO-ficg. (@)

where ( ),; denotes a partial derivative with respectto &'.
Therefore, the gradient of the vector field Ogis given by
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O (Qg) = (O¢) @0 = ¢|;g @9, (5)
where ¢|;; is the second covariant derivative of a scalar
field @. Notethat Eq. (5) isa symmetric.

For shell problems, we define several quantities. Let X
be a generic point on the undeformed shell reference sur-
face §. The covariant base vectors at X, on § are de-
fined by

_ %o !

— _— B
A(I_ aEa ) A3_2\/Ke A(IXAﬁn (6)

where Greek indices take 1 or 2, €®® is a permutation
symbol, and A = det(Aqg) = det(A, - Ag). By the defini-
tion as Eq. (6), the base vector Az becomes a unit normal
to & and the covariant base vectors in the undeformed
shell domain can be written as

QG = A(X + E3A37C1 ) 93 - Ag.

(7
The contravariant base vectors A' and G' are defined by
A-A =G .G = d; where 8} isthe Kronecker's delta.

L et the vectors X, and A; be mapped into X, and a;. The
base vectors at X, are defined by

ga :)_(070:Aq +g0707 (8)
where u, is a displacement vector at X,. If we assume
that a straight fiber normal to Sy is mapped into another
straight fiber after deformation, the base vector g, in the
deformed shell domain can be expressed as

g, —8,+&5q . g,—as 9

At this stage, we introduce an arbitrary rigid rotation IR
and aternative strain measures ¢; and b, asfollows:

¢=R"a , b,=R-aq.

(10)

We aso define a stress-resultant vector and a stress-
couple vector for shells:
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N = [ thod® (1)

He = | €t oe”. (12)

where t' is a stress vector defined by the first Piolar
Kirchhoff stress tensor ast' = G'-t and | is defined

by using the curvature tensor B and the Gaussian cur-
vature B of the undeformed shell reference surface & as
Ho = 1—BP,&3+B(&3)2. We aso introduce aternative
stress-resultant and stress-coupl e vectors as

2
Il

N .

Py

o N =RN,

(13)

A —Hi

¢ A

o H'=RHA" (14)
We should note that these stress measures are conjugate
with the strain measures defined by Eg. (10).

In the latter section, a functional for shells will be ex-
pressed by the above alternative stress and strain mea-
sures.

3 Gateaux Derivative of Functional

We discuss here the Gateaux derivatives of a potential
energy N = N(x), which alwaysexists for a conservative
system. The argument of the potentia M, namely, x is
expressed by G; in the Lagrangean description, while by
g, in the Eulerian description.

We deal with two mappings: one isrepresented by a vec-
tor field (displacement) u and the other by arotationfield
R. In the following subsections, both mappings are dis-

cussed Separately.

3.1 Vector Field

The mapping form X tox shall be represented by a vector
field u such that x = X +u. We introduce a variation of
uthat is, du = €h, where € is an infinitesimal parameter
and h is an arbitrary vector. Since u belongs to an Eu-
clidean vector space, an infinitesimal transformation X is
simply given by

X =X+¢h. (15)
Note that the variation vector I does not depend on the
current configuration x. Therefore, the first Géteaux
derivative of N iswritten as

€
0 (16)
— (Mg X =0n-
= (g9 3| _,=LnN-h

where 0N = 0 corresponds to a critical point, that is, an
equilibrium equation.

Since we adopt g, as base vectors, Eq. (16) isthe Eule-
rian description. However, if we express the base vectors
g by G andu = UG;, Eq. (16) can be regarded as the
Lagrangean description. Consequently, Eg. (16) can be
interpreted as both the Eulerian and the Lagrangean de-
scriptions. For simplicity, we make the expression of the
base vectors remaing,. The definition of the differential
operator [ also remains Eq. (2).

In the similar manner to Eq. (16), we can derive the sec-
ond Gateaux derivative of N for an infinitesimal transfor-
mation X* = X+ 1V:

(17)

where we consider that the arbitrary vector h does not
depend on x.

Apparently, theright hand sideof Eq. (17) iscommutable
with respect to h and v. Therefore, we can conclude that
the second Gateaux derivative of I is a symmetric bi-
linear form in both the Lagrangean and the Eulerian de-
scriptions. In addition, the above discussion does not de-
pend on whether or not the current configuration point x
isacritical one (an equilibrium point).

3.2 Rotation Field

In this subsection, our discussionis restricted to therigid
body mapping form X to x such that x = R- X in order
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to clarify the relationship between the rotation field and
the Gateaux derivative. Since the space of the rotation
fieldRis SO(3), not a vector space, the second Géteaux
derivative of the potential M cannot be simply defined as
Eq. (17). Such concept is similar to the aforementioned
literatures.

In the beginning, weintroduce an infinitesimal rotation Q

in order to define an infinitesimal transformation ¥ SJCF]
that

£=QR-X=-Q-x (18)

In the Eulerian description, we can represent the in-
finitesimal rotation Q by

Q=1+e@s x|, (19)

where € isaninfinitesimal parameter again, @ isan arbi-
trary axia vector, and | istheidentity tensor. The second

term in Eq. (19) corresponds to the skew-symmetric ten-
sor 3R R" and means the Eulerian variation of rotation

as sta?edbe Atluri and Cazzani (1995).

Substitution of Eq. (19) into Eq. (18) leadsto the follow-
ing expression:

X=(1 +e@px1)-X=X+€n ; N =@ xX.

(20)

Since the variation with the rotation field has a vector
space structure locally, the first Gateaux derivative of Il
can be defined in the same way as Eq. (16):

dri(x;n) =0n-n.

(21)

The second Gateaux derivative of I, however, cannot be
defined as Eq. (17), since the variation vector i = @5 x X
apparently depends on the current configuration x. For
an infinitesimal transformation x* = x+ tw, in whichw
aso involvesthe rotation field such that w = @5" x X, the
second Gateaux derivative of I is defined as follows:
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(22)

Equation (22) is not commutable with respect to m and
w. As a result, the second Gateaux derivative of 1 is
not a symmetric bilinear form in the Eulerian description
unless the current configuration point is critical (0N =
0).

On the other hand, the situation is changed in the La-
grangean description. As stated by Atluri and Cazzani
(1995), the variation of rotation 3R- R isrepresented by
arotation vector @ in the Lagrangean description. Since
the rotation tensor IS is expressed by the rotation vector
was

1—cosO

sin®
R = cos6l + —5 @x I+ gz QoW (23)
the skew-symmetric tensor 3R- R isgiven by
3R-R" = (T -3w) x I, (24)
where
T =508 4 1=0osBgy ¢ |
ot Y , (25)

[See Atluri and Cazzani (1995)]. In Egs. (23) to (25),
the rotation vector @ is written as @ = 6e where 8 is a
rotation angle and e is a unit rotation axis.

If we replace the variation of the rotation vector dw with
€@, instead of Eq. (19), the infinitesimal rotation @ can

be written by

Q=1+3R-R"=1+¢T-@)xI, (26)

where @ is an arbitrary vector. Substitution of Eq. (26)
into Eq. (18) leads to the following infinitesmal trans-
formation:
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At the same time, we obtain an infinitessimal transforma-
tion for the rotation vector as @ = w+ Q.

The first Gateaux derivative of the potential M has the
same form as Eq. (21):

dr(x;n) =0r-n.

(28)

The second Gateaux derivative of 1 also can be defined
as Eq. (22) for an infinitesimal transformation x* = x +

2

d?M(x;n,w) = d[0N -n](x;w)
= &| ome)
=[5 (@eOn) - {(T*-&) xx'}
+OM () T @) xx Y|
=w-(De0mn+0n- & {(T"-&) xx}

(29)

In Eqg. (29), both T* and x* correspond to an infinites-

imal transformation for the rotation as @* = W+ TW .
Especidly, likewise Eq. (27), the vector w is given by
w= (T -w) xXx.

The first term of the right hand side of Eq. (29) is com-
mutable with respect to  and w and therefore symmet-
ric bilinear form. The second term, however, does not
seem to be symmetric. On the other hand, since the ro-
tation vector @ makes a vector space, it is expected that
the second Géteaux derivative also becomes symmetric
as suggested by Sansour and Bufler (1992). In what fol-
lows, we examine whether the second term of Eq. (29) is
symmetric or not.

The second term of the right hand side of Eq. (29) is
rewritten as

on- g A0 @) xx
=0n-{(F] _T"@) xx
T @) x (| _ X)) (30)
=@ [(F| 197 (xx0n
ATT{(§]_x)<omy]

-axb=a-bxcand

where we consider tensor formulaec
A-a=a-A'.

Since T* is evaluated for @* = w-+ 1w, instead of w, in

Eqg. (25) andx* = x+tW, we can straightforwardly derive
the following expressions:

0 * 1

Ao
_|_1 cose{w_ (@_)(Q} < |

+g(1- 989){@®@+@® @ 2 (0 @)oo}

(31)
and
9 f=w= (T -@) xX 32)
ar:o_ —_—(N'Q)X_ (

Substituting Egs. (31) and (32) into the square bracket
in Eq. (30), after careful and straightforward calculation,
we can finally obtain the following formula:

(%], T)T{RX)xOM} @
+TT {(aT R*-X)x ON} = (X,0n)

where we consider
given by

[(a b) = [Cil + =2fawb+bwa)
+1(cost— 909){(axb) v w+w® (@xb)}
+{sin6— 2291 {(w-b) (avw
+w®a)+ (@ a)(bow+wxb)}
+5CowR W),

(34)
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where

Cr=—sinb(a-b) + 5(cos6 — %°)(w-axb)
+ & {sin6— 21290} (0. ) (e2-b) 9

and

CZ:(sine Bcos0)(a-b)

—{sinB+ (cos — ()} (w-ax b) (36)

ot =29) 4 (- b) (@ b).
Note that I (a,b) is a symmetric tensor. Therefore, the

second term of Eq. (29) is commutable with @ and @.
The formula (33) and the tensor I' (a,b) play a key role
for the derivation of the symmetric tangent operator in
shell problems.

Consequently, the second Gateaux derivative, Eg. (29),
can be rewritten as

e{Slne 55|n9_|_

A(T-@)xxt (37

which is also commutable with @ and w. The symmetry
of Eqg. (37) also does not depend on whether or not the
current configurationis critical.

4  Variational Formulation for Shells

In the previous section, it is confirmed that the second
Géteaux derivative of the total potential energy becomes
symmetric in the Lagrangean description even when in-
volving the rotation field. This section deals with the ap-
plication of the above discussionto shell problems. Asan
exampl e of the nonlinear solid mechanics, we consider a
finitely deformed thick shell model that incorporates fi-
nite rotations.

4.1 Mixed Variational Principle

A mixed type variationa principle for shells employed
here has been aready established by Suetake, lura, and
Atluri (1999). Thevariational principleinvolvestherota-
tion tensor R as an independent variable. The functional
for the mixed variational principleiswritten by using the
stress and the strain measures defined in Section 2 as fol-
lows:
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F (U, w,¢5, N R° ﬂ?’)
= Js[— W:(N A R°)
‘HSN (Aa+u01a)+H c31a+N "C3
—P-Uy—M- (R-c3—Ay)] VAdEdE?,

(38)

where W isa complementary energy density, pisan ex-

ternal force, ism an external moment, and the rotation
tensor R is represented by the rotation vector @ by Eq.

(23). In this section we also assume a conservative Ys
tem.

For smplicity, we omit several termsthat concern bound-
ary conditionsand therefore only the principal part of the
functional is presented in Eg. (38). In addition, for the
application to numerical formulation, the rotation field R

or w is assumed to be constant within a sub-region, i.e.,
within a finite element.

4.2 Gateaux Derivatives

In this subsection, we calculate the first and the second
Gateaux derivatives of the functional F. Here, we ex-
pressthe first Gateaux derivative ssimply as an operator &
and the second one as A.

From Eg. (38), we obtain the following expression as the
first Géteaux derivative of F:

A3 A Q
—ON”- %% 18R N - (A +Upa)
+5ﬂa'RT (A +Uo,a)+5uomr R N° (39)
+5|:|a'031a+6c310( A%+ N eyt ocy N

~8U,-P— (8R-C5 + 3¢5 -RT)- Jﬂdzldzz

For linear elastic material, the complementary energy
density W¢ is given by a bilinear form of the stress mea-
sures, for example,

V\b(&a,ﬂa,&'&) _ %(&G C(s) . "\]B
~op (40)
+A%.cP AP L R3.c@.RP,
Ro.C, H+N-.Co-N

whereCl¥, c®),
] ~aB ~ap ~
pliance tensors.
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Inwhat follows, we discuss only the L agrangean descrip-
tion. Therefore, it is assumed that the variation of rota-

tion, 6R RT can be expressed as Eq. (24). Considering

Eq. (40) and the vector formulaaxb-c=a-bxcagain,
we obtain the following expression from Eqg. (39):

(€3 —C-N’) — du, - P v/AdE dE2.

(41)

Next we calcul ate the second Gateaux derivativeof F. In
the calculation of the second Gateaux derivative, we must
pay attention to the underlined termsin Eq. (41), because
itincludes AT . The Géteaux derivative of the underlined

termsin Eq. z41) involvesthe following part:

ATT{(R-N") x (Aq +Up.a)}
+TT-{(AR-N%) x (Aq +U.a)}
—ATT - {(R-c3) xm} —T"-{(AR-¢c3) xm}

(42)

In view of the formula (33), it is easily understood
that the expression (42) is rewritten by using the tensor
I'(ab)as

(TR, Ay +Uga) —T (€M)} - Aw (43)

Finally, we obtain the second Gateaux derivative of F as
follows:

ASF
= J [guq - { — (R-N) xT - Aw+R-AN"}
+80-TT- (R-N%) x Mg, + " R - Ay,
30 (R, A +Uga) —T (€3, M)} - Aw
+30-TT - {MxR-Ac; — (Aq +Ug.q) X R-AN"}
3¢, RT-Mx T -Aw )
+3N° ‘RT-(Ag +Uga) X T - 0w
+0C3,q - AR +6H -DCayq
+3c, - AR 4 3N° Ac3—6N .c¥. /P

~ap
" c;<B —oN°.C@ . R*)]/Adg d?.
~a

(44)

where we consider ATT -R= —(T" - Aw) x | when AR-

R" = (T -Aw) x | and avector product between a vector
and a second-order tensor asa x A simply meansa x | ) -
A. In Eqg. (44), we present only the part concerning the

tangent operator, that is, we omit the part concerning the
external force.

It should be noted that since the tensor IM(a,b)
is symmetric, EqQ. (44) is apparently commutable
with respect to (Sug, 3w, 3c;, N 3%, and
(Dug, Aw, Acs, AN AR AR®). Thus, we can conclude
that the tangent operator for shellswith thefinite rotation
field becomes symmetric in the Lagrangean description
even at non-equilibrium point.

5 Concluding Remarks

We discussthe symmetry of the tangent operator for non-
linear mechanical systems that are conservative. In par-
ticular, we deal with the problem in both the Lagrangean
and the Eulerian descriptions.

If independent variables are only vector fields, the tan-
gent operator, that is, the second Gateaux derivative of
the functional becomes symmetric in both descriptions.
In addition, the symmetry of the tangent operator does
not depend on whether or not the current configuration
pointisat an equilibrium state.

On the other hand, when the functional for the mechan-
ical system incorporates the finite rotation field, we can-
not simply revea the symmetry problem because of the
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special orthogonality of the rotation group. In the Eu-
lerian description the tangent operator does not become
symmetric unless the current state satisfies the equilib-
rium condition. In the Lagrangean description, however,
the tangent operator aways becomes symmetric even at
anon-critical point.

Asan example, we adopt thefinitely deformed thick shell
problem that involves the rotation field. We evaluate the
second Gateaux derivative of the well-established mixed
type functional and confirm that the obtained tangent op-
erator has a symmetric bilinear form.

6 References

Atluri, S. N.; Cazzani, A. (1995): Rotations in com-
putational solid mechanics. Arch Comput Meth Engrg,
vol.2, No.1, pp. 49-138.

Atluri, S. N.; lura, M.; Suetake, Y. (2001): A consis-
tent theory of, and a variational principlefor, thick elas-
tic shells undergoing finite rotations. In: D. Durban, D.
Givoli, and J. G. Simmonds (ed) Advances in the me-
chanics of plates and shells, Solid mechanics and its ap-
plications, vol. 88, pp. 17-32. Kluwer Academic Pub-
lishers, Dordrecht.

Atluri, S.N., lura, M. and Vasudevan, S. (2001): A
Consistent Theory of Finite Stretches and Finite Ro-
tations, in Space-Curved Beams of Arbitrary Cross-
Section, Computational Mechanics, vol. 27, pp. 271-
281.

Basar, Y.; Kintzel, O. (2003): Finite Rotations
and Large Strains in Finite Element Shell Analysis.
CMES Computer Modeling in Engineering & Sciences,
vol.4, No.2, pp. *?*.

Bufler, H. (1993): Conservative systems, potential oper-
ators and tangent stiffness: reconsideration and general-
ization. Arch Appl Mech, vol. 63, pp. 51-58.

Gotou, H.; Kuwataka, T.; lwakuma, T. (2003): Fi-
nite Displacement Analysis Using Rotational Degrees of
Freedom about Three Right-angled Axes. CMES Com-
puter Modeling in Engineering & Sciences, vol.4, No.2,
pp" 7"

lima, K.; Obiya, H.; lguchi, S.; Goto, S. (2003): El-
ement Coordinates and its Utility in Large Displacement
Analysisof Space Frame. CMES Computer Modelingin
Engineering & Sciences, vol.2, No.2, pp. "7".

lura, M.; Atluri, S. N. (1989): On a consistent theory,

CMES, vol.4, no.2, pp.329-336, 2003

and variational formulation of finitely stretched and ro-
tated 3-D space-curved beams. Comput Mech, vol .4, pp.
73-88.

lura, M.; Suetake, Y.; Atluri, S. N. (2003): Accuracy of
Co-rotational Formulation for 3-D Timoshenko's Beam.
CMES Computer Modeling in Engineering & Sciences,
vol.4, No.2, pp. " 7" .

Makowski, J.; Stumpf, H. (1995): On the “symmetry”
of tangent operatorsin nonlinear mechanics. ZAMM, vol.
75, pp. 189-198.

Nour-Omid, B.; Rankin, C. C. (1991): Finite rota-
tion analysis and consistent linearization using projec-
tors. Comput Meth Appl Mech Engrg, vol.93, pp. 353-
384.

Ogden, R. W.(1984): Non-linear elastic deformations,
Dover Publications, Mineola.

Sansour, C.; Bufler, H. (1992): An exact finite rotation
shell theory, its mixed variational formulation and its fi-
nite element implementation. Int J Numer Meth Engrg,
vol. 34, pp. 73-115.

Simo, J. C.(1992): The (symmetric) Hessian for geo-
metrically nonlinear models in solid mechanics:. intrin-
sic definition and geometric interpretation. Comput Meth
Appl Mech Engrg, vol.96, pp. 189-200.

Simo, J. C.; Vu-Quoc, L. (1986): A three-dimensiona
finite-strain rod model. Part I1: Computational aspects.
Comput Meth Appl Mech Engrg, vol .58, pp. 79-116.
Suetake, Y.; lura, M.; Atluri, S. N. (1999): Shell the-
ories with drilling degrees of freedom and geometrical
and material assumptions. Comput Model Smul Engrg,
vol.4, No.1, pp. 42-49.



