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A 2-D Time-Domain BIEM for Dynamic Analysis of Cracked Orthotropic Solids!

Ch. Zhang?

Abstract: A 2-D time-domain boundary integral equa-
tion method (BIEM) for transient dynamic analysis of
cracked orthotropic solids is presented in this paper. A
finite crack in an unbounded orthotropic solid subjected
to an impact loading is considered. Hypersingular time-
domain traction boundary integral equations (BIEs) are
applied in the analysis. A time-stepping scheme is de-
veloped for solving the hypersingular time-domain trac-
tion BIEs. The scheme uses a convolution quadrature
formula for temporal and a Galerkin method for spatial
discretizations. Numerical examples are given to show
that the presented time-domain BIEM is highly efficient
and accurate.

keyword: Time-domain boundary integral equation
method, 2-D orthotropic solids, elastodynamic crack
analysis, elastodynamic stressintensity factors.

1 Introduction

Though the time-domain boundary element method
(BEM) has been successfully applied to dynamic anal-
ysis of isotropic solids for many years, its applications
to anisotropic solids are yet still very limited. Thisis
due to the lack of closed or simple form elastodynamic
Green's functions for anisotropic solids, which influ-
ences the efficiency of the time-domain BEM signifi-
cantly (Beskos, 1997). Recent effort toward developing
simple form time-domain and frequency-domain Green's
functions for anisotropic solids has been presented by
Wang and Achenbach (1992, 1993, 1994, 1995). For
elastodynamic analysis of anisotropic solids, different
BEM formulations can be found in literature. The first
oneisthe so-called dua reciprocity BEM, either intime-
domain (see e.g. Albuguerque and Sollero, 1998; Al-
buguerque, Sollero, and Aliabadi, 1999a, 1999b, 2000;

1This paper is dedicated to Prof. Dr.-Ing. D. Gross, Technical Uni-
versity Darmstadt, Germany, on the occasion of his 60th birthday
2 Department of Civil Engineering, HochschuleZittauw/Gorlitz, Uni-
versity of Applied Sciences, D-02763 Zittau, Germany.

Kogl and Gaul, 2000) or in Laplace transform domain
(see e.g; Albuquerque, Sollero, and Fedelinsky, 2000).
The dual reciprocity BEM applies static Green’s func-
tions, which have ssimple forms, and avoids the use of
complicated time-domain Green’s functions. The sec-
ond one is the conventional time-domain BEM by us-
ing time-dependent Green's functions (see e.g. Hirose,
1999; Hirose, Wang, and Achenbach, 2000; Nishimura,
Kaobayashi, and Kishima, 1986; Nishimura, Kobayashi,
and Takeuchi, 1995; Wang, Achenbach, and Hirose,
1996; Zheng and Dravinski, 2000). The third method
is the frequency-domain BEM which solves the bound-
ary vaue problem in the frequency-domain (see eg.
Dominguez and S&ez, 1998; Mattsson, 1996; S&ez and
Dominguez, 1999a, 1999b, 2000, 2001; Wang, Saez,
and Achenbach, 1995). Recently, Zhang (2000a, 2000b)
presented a time-domain traction BIEM for cracked
anisotropic solids where the convolution quadrature for-
mula of Lubich (see e.g. Lubich, 1988a, 1988b, 1994;
Lubich and Schneider, 1992) is adopted for tempo-
ral discretization of the time-domain traction BIEs and
only Laplace-domain Green’s functions are needed. For
gpatia discretization of the time-domain traction BIES,
Zhang (2000a, 2000b) applied a Galerkin method. Each
of the above mentioned methods has its advantages and
drawbacks. The dual reciprocity BEM avoids the use of
complicared time-domain Green’s functions but involves
internal nodes which may be not suitable and less accu-
rate for unbounded solids. In addition, the applicability
of the dual reciprocity BEM to wave scattering analysis
in unbounded domains for computing the scattered far
filed is questionable, since the radiation conditions for
scattered waves at infinty are not ensured automatically.
The conventional time-domain BEM applies in general
very complicated time-domain Green’s functions, which
are difficult for numerical implementation and reduce
hence the efficiency of the time-domain BEM. Besides,
the choice of the time-step is crucial in the conventional
time-domain BEM: atoo small time-step may lead to nu-
merical instability of the time-stepping scheme, while
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a too large time-step may cause unreasonable numeri-
cal damping of the results. The frequency- or Laplace-
domain BEM hasthe advantagethat it utilizesfrequency-
or Laplace-domain Green's functions which are easy to
obtain and have in most cases a simple mathematical
structure. Through Fourier or Laplace inverse transform,
stable numerical results at large-time can be aobtained,
but the method may be very inaccurate in the short-time
range for impact loaded solids. The time-domain BIEM
for anisotropic solids by using the convolution quadra-
ture formula of Lubich (see e.g. Lubich, 1988a, 1988b,
1994; Lubich and Schneider, 1992) for tempora dis-
cretization as presented by Zhang (2000a, 2000b) com-
bines the advantages of the conventional time-domain
BEM and the Laplace-domain BEM: its formulation is
directly in the time-domain, but it requires only the sim-
ple Laplace-domain Green's functions, and it is highly
accurate and much more stable than the conventional
time-domain BEM.

In this paper, a 2-D BIEM is presented for transient
elastodynamic analysis of cracked orthotropic solids.
A hypersingular time-domain traction BIE formulation
is used for this purpose, in which the crack-opening-
displacements (CODs) are the fundamental unknown
guantities. To solve the hypersingular time-domain
traction BIES, a time-stepping scheme is developed.
In comparison to the commonly applied time-domain
BEM/BIEM for anisotropic solids, the present method
contains two novel aspects:

e Approximation of the temporal convolution of the
time-domain traction BIEs by the convolution
quadrature formula of Lubich (see e.g. Lubich,
1988a, 1988b, 1994; Lubich and Schneider, 1992).
In the convolution quadrature method, a multistep
method is used and only Laplace-domain elastody-
namic Green’sfunctionsare required. The Laplace-
domain elastodynamic Green's functions for or-
thotropic solids can be expressed as Fourier inte-
grals and have a simple mathematical structure.

e Approximation of the spatial variation of the crack-
opening displacements (CODs) by a Galerkin-
ansatz in terms of Chebyshev polynomials, which
can properly describe the local sguare-root beha-
vior of the CODs at crack-tips. The application of a
gpatial Galerkin method to the time-domain traction
BIEs|eads to a system of linear algebrai c equations
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for the unknown expansion coefficients. A time-
stepping scheme is devel oped for solving the linear
algebraic equations.

One important feature of the present time-domain trac-
tion BIEM isthat it requires no special technique for in-
tegrating the arising hypersingular integrals. Another in-
teresting feauture of the method isthat thetripleintegrals
appearing in the spatial Galerkin method can be reduced
to asingleintegral likein the collocation method, which
reduces the numerical expenses, improves the accuracy
of the Galerkin method, and makes the method especially
attractive.

Elastodynamic stress intensity factors are computed di-
rectly from the numerically calculated CODs. Numer-
ical examples are presented to show the accuracy, effi-
ciency and stability of the method. In the specia case
of isotropy, numerical results are also given and com-
pared with the analytical results of Thau and Lu (1971).
Numerical results for afinite crack in an unbounded or-
thotropic solids are presented and compared with the nu-
merical results of Kassir and Bandyopadhyay (1983). In
addition, numerical resultsfor several valuesof the mate-
rial anisotropy parameter are given to analyze its effects
on elastodynamic stressintensity factors.

A spectral scheme for dynamic fracture analysis of com-
posites was developed by Hwang and Geubelle (2000).
BEM was applied by Shiah and Tan (2000) for frac-
ture mechanics analysisin 2-D anisotropic thermoel astic
solids.

2 Problem Formulation and Time-Domain BIEs

Let us consider a straight finite crack of length 2a in
an unbounded, homogeneous, linearly elastic, and or-
thotropic solid as shown in Fig. 1. The cracked or-
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Figure 1 : A finite crack in an unbounded orthotropic
solid

thotropic solid is subjected to an impact loading on the
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crack-faces, and the deformation of the solid is assumed
to be in a state of generalized plane strain or generalized
plane stress. In the absence of body forces, the cracked
orthotropic solid satisfies the equations of motion (see
Achenbach, 1973)

(1)

Oup,p = Pla

the Hooke'slaw

O11 Ch Cpo O €11
Ox ¢=|Cy1 Cp O €2 ¢, (2
O12 0 0 C66 2812

theinitial conditions

Ua (X, ) = Ug(X,t) =0, for t=0, (3

and the traction boundary conditions on the crack-faces

(4)

Here, 04p, €gp and ug denote the stress, the strain and
the displacement components, p is the mass density, C;;
(i,] = 1,2,6) isthe elasticity matrix, fq(X,t) isthe trac-
tion vector, ng is the unit normal vector, and ' = ¢ +
I are the upper and lower crack-faces, respectively. A
comma after a quantity standsfor partial derivativeswith
respect to spatial variables, while superscript dots repre-
sent temporal derivatives with respect to time. Also, the
conventional summation rule over double indices isim-
plied, and Greek indices take the values 1 and 2. For
orthotropic solids, the elasticity matrix Cj; is related to
the engineering elastic constants by

Ogg (X, t)Ng(X) = fa(X,t), xeTle.

= P
1-vipvar  1-vipvan
VioEp =
1-vivar  1-vivan 0 ()
0 0 G

for generalized plane stress, and

Bl(1-vava)  E(var+ E—iV13V32) 0
S (va+ Byvive) 2 (1-Viava) 0 | (6
0 0 G2

for generalized plane strain, where

A=1-V12V21 —V23V32—V31V13—V12V23V31 — V13V21V32 -

(")

Here, E; and E; are Young's muduli, vi2, V21, V13, V23,
V31 and v, are Poission’sratios, Gy isthe shear modu-
lus, and the following relation holds
V12E2 = V21E1 . (8)
The displacement field can be represented by a boundary
integral as

Uy(X, ) :/ O(B\/*Auunﬁds x¢rs, 9

r+
where OSBV is the time-domain stress Green’s functions,
Aug(y,T) are the crack-opening-displacements (CODs)
defined by
(10)

Aua(va) = Ua(yE r(-:l-7-[) —Ua(ye r(?v.[)v

and an * stands for Riemann convolution which is de-
fined by

t

g(x,t) xh(x,t) = /g(x,t—r)h(x,r)dr. (11)
0

The stress Green's functions GSBV are related to the dis-

placement Green’sfunctions ugy by Hooke'slaw (2),i.e.,

G G
O11y Cu Cp O u(13y,1
(0) gzy = C21 C22 0 . U2y72

(12)

Substituting Eq. (9) into Hooke'slaw (2), taking the limit
process X — [# and considering the traction boundary
conditions (4), time-domain traction BIES are obtained
as

/ yap(X Yt T+ AUy, T)ds= fa(X,t), x€ rs,
(13)

where TC, are time-domain traction Green's functions

yap
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which are related to the stress Green’s functions O%B by

Ty(fl Cu C2 O
Tygz = — |: C21 C22 0 ] X
TS, 0 0 Ce
OGal,lna
Oyaz,2Na , (14)

G G
(Gyal,z + Oyaz,l) Na

The time-domain traction BIEs (13) are hypersingular,
since TV%B(x,y;t,T) have the same singularity as their
corresponding static Green's functions (see Wang and
Achenbach, 1992, 1993, 1994, 1995), i.e.,

for

1
G :
T yit, 1) O TX=y P’ (15)

X—Y.
The hypersingular integralsin (13) are undestood in the
sense of Hadamard finite-part integrals. To solve the hy-
persingular traction BIEs (13), different methods, such
as the Galerkin method, the regularization method and
the direct method can be applied. This analysis uses a
Galerkin method for spatial discretization and the con-
volution quadrature formula of Lubich (see e.g. Lubich,
1988a, 1988b, 1994; Lubich and Schneider, 1992) for
temporal discretization of the time-domain traction BIEs
(13). In this method, an explicit expression of the time-
domain Green's functions TV%B(x,y;t,T) are not needed,
and only their Laplace transform 'fy%B(x,y; p) are re-
quired as will be seen in the next section.

3 Time Stepping Scheme

This section presents a time-stepping scheme for solv-
ing the hypersingular time-domain traction BIEs (13).
Here, the convolution quadrature formula of Lubich (see
e.g. Lubich, 1988a, 1988b, 1994; Lubich and Schnei-
der, 1992) is used for evaluating the temporal convolu-
tion while a Galerkin method is applied for the spatial
approximation of the unknown CODsarising in thetime-
domain BIEs (13).

The unknown CODs Auy(y1, T) are expanded into an in-
finite series of the form

DUy D) = |2 S G tUkalvi/a).
k=1

where ¢, (1) are unknown time-dependent expansion co-
efficients and Ux_1(y1/a) are Chebyshev polynomials of

(16)
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second kind. Substituting Eq. (16) into Eq. (13), multi-
plying both sides by /a2 —x2U;_1(x1/a), and integrat-
ing with respect to x; from —ato +a, the following time-
domain Galerkin traction BIEs are obtained

o T2 ta
> [ Va-du-ia/a) [ (/e Bucaiv/a) ¢

TV%IZ(X]J yl;t7 T) * Cy;k(.[) dy]_dX]_
+a

:/fu(xl,t)\/a2—x§U|_1(x1/a)dx17 =1,2,...,00.

—a

(17)

By applying the convolution quadrature formula of Lu-
bich (see e.g. Lubich, 1988a, 1988b, 1994; Lubich and
Schneider, 1992)

f(t) =g(t) +h(t) = [ gt—h()r
0

=}

— (A= enj(Anh(ja),

0

(18)

to Eq. (17) asystem of linear algebraic equationsfor the
expanssion coefficients is obtained as

n o o
Z} Z A/no_(;ljdc\]/;k = forr];l )
j=0k=1

(n=0,1,...,N;

(19)
=1,2,...,00),

where the time-variable t is devided into N equal time-
steps At, and the upper indices indicate the time-steps.
The system matrix in Eq. (19) corresponds to the inte-
gration weights wn_j(At) of the convolution quadrature
formula (18). The system matrix Ay”;{d and the right-
hand side f3, of Eq. (19) can be obtained by using

S S = —2mi(n—j)m/M
Avakl = M Z Ayaii (Pm)€ . ; (20)
m=0

+a
L= D fala,nt) /a2 @0 (a/a)dx
—a

= (- x { (21)
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where

2 1 ]
O({m) = Z 7(1 jZm)J ;

=

{m=re?mM,

(22)

Here M = N and rN = /€ are chosen with € being the
numerical error arised in the computation of the Laplace-
transform of the system matrix Aygi (pm). ¢From Eq.
(17) it follows that the Laplace-transform of the system
matrix Ayo(;kl (pm) hasthefollowing form

nB/\/aZ X2U_1(x1/a) x

(X1,Y1; Pm) /82 — Y3Uk—1(y1/@)dy1dXs .
in which T

yaB(xl,yl; p) represents Green's functions in
the Laplace transform domain. The numerical com-
putation of the system matrix in the Laplace-domian
Ak (pm) Will be explained in the next section.

Ayor k (Pm) = (23)

+a

G
/ Tyap

—a

Unlike the conventional time-domain BIE formulation
which uses in genera very complicated time-domain
Green's functions, the present time-domain BIEM ap-
plies Laplace-domain Green’'s functions. Thus, the
present method requires no explicit expression of the
time-domain Green's functions TV%B The Laplace-
domain Green’sfunctions TG needed here are expressed
as Fourier integrals as will %e shown in the next section.
The system matrix defined by Eg. (20) is symmetric,
real-valued and it is the real-part of the right-hand side
of Eq. (20). The evaluation of Eq. (20) can be per-
formed very efficiently by using the Fast Fourier Trans-
form (FFT).

By considering the zero initial conditions(3), the follow-
ing time-stepping scheme is obtained from the system of
linear algebraic equations (19)

:Igl(ASG;kI)_ [ a;l Z
(n N), (24)

inwhich (AD) " representstheinverse matrix of A%
at the time-step n=0. Eq. (24) can be used to obtain the
expansion coefficients cc;k time-step by time-step. The
elastodynamic stress intensity factors can be computed
immediately from the numerically calculated CODs.

4 Computation of the System Matrix in Laplace-
Domain

To compute the system matrix in the Laplace-domain
Ayai (Pm), the generic boundary value problem in the
Laplace transform domain is described in this section.
Applying the one-sided L aplace transform defined by

R i 1 -
— — Pt At - - Pldp:
f p)_/f(t)e dt;  f(t)= zm_/f(p)e dp;
0 Br
(25
to Eq. (1) the equations of motion can be written as

Gop,g = PP*Ua (26)
where p in Egq. (25) is a transform parameter and Br
denotes the Bromwich integration path which is a line
to the right-hand side and parallel to the imaginary axis
inthe complex p-plane. The boundary and the continuity
conditionson the crack-faces |x;| < aand the crack-plane
|x1| < oo can be stated as

Gaz(x1.0) = fa(x1,0), x| <a. (27)
Gu2(X1,0") = Gg2(x1,07), x| < oo, (28)
Ua (X170+) = Uq (leo_) ) |X1| > a. (29)
Acrossthe crack-faces, the displacementsjump, i.e.,

O (X1,01) — Ug (X,07) = Alg (X1) Ix1| <a, (30)

where Ay (x1) are the crack-opening-displacements in
the Laplace transform domain.

The displacements (y are expressed as the following
Fourier integrals

] ilBE(E)exp(iExl—yﬁxz)dE, X, >0,

OV(X) = _oo B;
I 5 Di@ep(ida+ypedt,  x<0.
(31)

Substitution of Eq. (31) into Hooke'slaw (2) and subse-
guently into eugations of motion (26) results in the fol-
lowing relations

BE — A BB; DE = A DB; (no sum over B),
2 B 2 B

(32)
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and the characteristic equation for yg

ayg+byg+c=0 (33)
where
_ 1 _ 2 2.
Ao = (Cr2+Ceo) (1€)Yp (C66y[23 Cut pp),
_ Ce.
? T G
_ (2 )P, C_C__(C_)
b= {(C66+1)C6 P Ces Cos \Cos
Ci2| 2| .
=<
Cea]E }
- (2 &)( &
¢ = (CGE C66 E—I_Ceep ' (39
Eqg. (33) hasthe smple solutions
V= % (b (1)1 v/b2—dac) (35)

In Eq. (31), Re(yg) > 0 due to the radiation conditions
at infinity, and Be (€) and DE (§) are unknown functions
which have to be determined.

Stress components are obtained by substituting Eq. (31)
into Hokke'slaw (2) as

011 Ch Cpo O
0 ;=] Cxy Cp O X
6-12 0 0 C66
© 2
f leBE(iE) exp(i&x1 — ypX2)dg
© 2
J ng 2 (—Vp) exp(i&xy — ypx2) o€ :
© 2
S 3 [BR(—p)+ B (18) el — ypxe) 62
x>0, (36)
Cu Cp
C21 Cx X
0 CG6

D8 (i&) exp(i&x1 + ypx2) dE

-(||DMN

6-11
6-22
6-12
.
I3
.

/ Z DzVB exp(i&xy 4 ypX2) d& )

—0 B=1

1[D‘i’vs+ D (i€)] exp(i&xy + Ypx2) €

I

-(||DMN

X2 < 0, (37)
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By substituting Egs. (36) and (37) into the stress conti-
nuity equations (28) the following relations are obtained

2
Y |-veBt+ (8BS~ vt - (i&)D =0, (39
B=1

2

> {ClZ(iE)BE - szyng —Co(i8)D} - szyng} =0.
B=1

(39)

Substitution of Eq. (31) into the displacement continuity
and discontinuity equations (29) and (30) leadsto

]0 2 Bs DB (E )dE 07 |Xl| > a,
eXp I¢ X1
oo BZl Aly(x1), [x1] < a.
(40)

Eq. (40) can be inverted as

2
Z Be D[3 / A0y (y1) exp(—i&y1)dys . (41)

B:
Egs. (38), (39) and (41) together with Eq. (32) result in
four algebraic equations for the four unknown functions
BE’ und DE’

a; a ao B% 0
by b, -by —by B2 | J O
11 -1 -1 D} () d [ (42)
A A2 A1 A D? d
where
= (i€ Aa—VYa; ba=C12(i&) — C2YaAa;
(no sum over a), (43)
1 _ :
do = 5 [ Alays) eXp(—iEy2)dys. (44)
Egs. (42) have the following solutions
1 b a
1+ 2 2
Bl o 2 (bz — b1 d1+ az)\l — al)\zdz) ’ (45)
1 b a
2+ 1 1
Bl o 2 (bz — b1 d1+ az)\l — al)\zdz) ’ (46)
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Di=Z d 47
! 2(b2—b1d1+a2)\1—a1)\2 2) 7 (47)

1 b1 a1
D= - do | . 48
172 (bz—bldl a1 — a2 2) (48)

By substituting Egs. (32) and (44)-(48) into Eq. (31) an
expression for y(x) is obtained as

+a

Uy(X) = / GGy (X, Y: P)Ala(y1)dyi

—a

(49)

where the stress Green’s functions ogzy(x, y; p) are given

by
Gan/(XYiP) = 4
/ S < eplEa—y) ~ o Yol (50
oo B=1
inwhich
1 b, .
S = sgn; §1 Sgn
b, — by
Szl . ap . . —al .
1 az)\l — al)\z ' - az)\l — al)\z '
oA —biA
1 DA . 1A2
S = bo—by’ S = bp—by’
1 &M _ _ —alh
SZZ - az)\l—al}\zsgm gz - az)\l—al)\ZSgn
_ +17 X2 > Y2,
Sgn_{ -1, X<y &0

By the same way, substitution of Egs. (32) and (44)-(48)
into Egs. (36) and (37) yields a representation integral
for the stress components G5 (X)

Gas (X / vas(X1, Y1; P)Aly(y1)dy1, (52)

in which the traction Green’s functions Tyié(x,y; p) are
given by

1
=——X

@2
/Z y5exp|E X1 —Y1) — Yg|X2 — yo|]d€, (53)

387
where TSazs = Tséa, and
b2C1 = - b1C2
Ty = n;, Tiy=———5s0n;
1= b by &Y " S
apxCq — —a1C
Ton= e Top=— 2
27 o — ko 27 gk — o
=1 ah, =2 —agh
Tip= v Tip= ;
112 = Ces by — br 112 = Ces by~ by
=1 a1 .o=2 =1
T212:C66a2)\1—a1)\28gn’ To12=—T2p;
=1 b1b> 2 =1
Tin= Tip=-Tix
b, — by
Tl aghy =2 _ —abp
22— az)\l — al)\z ' 22— az)\l — al)\z '
Co = C11(i§) — Ci2YaAa; (nOosumovera). (54)

Substituting Eq. (53) into Eqg. (23) and usingtherelations

1
| Vi=n?Uca(n) ep(ian)dn =
21

?Jk(a)ap{i(k—l)g}, (55)

B _ ii—ve)
abz — 8xby = (C11+Ceg)Y1Y28
[(C11E2+ pP?) (Co2VaY2 + PP?) — Cy1Y-E156)
by — by = (clfféz (i-v3) . (57)
aph1—ajhy = (Cli -I\-/%C_efvwﬁ (Cu&®+pp?), (58)

the system matrix in the Laplace-domain Ay (pm) can
be evaluated as

n

Avata (Pr) = 5 (=)' (K)2%Cos [ Fyal§: P 5 %
0

3
W(—Ea)J (Ea)exp [3i(k+|)g} dE, (59)

where Jy(-) is the Bessel function of first kind and k-th
order, and

Eo_ (C22/Ces)Y1Y2 0
ya — - ’
0 F
(C11/Ce6)&* + (P/Ce6) Pin
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(60)

inwhich

F =

- (gzz) V1V2§]

By invoking the relation (Abramowitz and Stegun, 1972)

‘Jk(_z) = (_1)ka(Z)7 (k integer)v (62)

Eg. (59) can be rewritten as

0, k+1 odd,

L
even.
(63)

Ay (pm) = ~B(k)

azik+lc66/|:ya(§7 Pm)
0

X(&a)J (Ea)dg, K+1

For § — o, the integrand in Eq. (63) behaves as 1/&2
due to the following asymptotics of the Bessel function
(Abramowitz and Stegun, 1972)

2
Jk(Z)N\/57 |z =, |7 >[K], (64)
and the asymptotic behavior
1 1
FVG(E7pm)E_2_GVG'Ev E—>007 (65)
inwhich
G 1 s G (o)
(C2/Ce6)(H1+H2) |Ces Ces \ Cos
SRS U
(C11/Ce6)(H1+H2) |Ces Ces  \ Cos
G2 =G =0;
) 1 Cu C C\? .Ci
H2,— - =} | At 2 (M) oMzl
27 2(C2/Ces) | |Cos Ces  \ Ces Ceo
Cun Cx (Clz) 2 C12 Cn sz}
i e (e B R e P E 2 V7Y
Jceacea Coo) ~2Ca| *Co Coo S

1 Ci1.9 P 2 )(% P 2)
\’1-|-\’2[((366E +C6 Pm C66y1y2+c66pm

(61)
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The slow convergency rate 1/€2 of the integrand in Eq.
(63) is inconvenient for numerically computing the sys-
tem matrix in the Laplace-domain. To get a better con-
vergency, Eq. (63) isrecast into

[

Aya;kl(pm):—g(kl)azik“cee{/[':va(i Pm) El Gya- ;
0

5—"'|}, k+1 even, (67)

K(&a)J (Ea)dE + Gyq ot

where use is made of the orthogonality relation of the
Bessel function (Abramowitz and Stegun, 1972)

o

/0OCJ %Jk(z)i (z)dz= k——|—| .

(68)
It can be easily shown that for & — o theintegrand in Eq.
(67) behavesas 1/&4, and theinfiniteintegral of Eq. (67)
thus converges much more faster than the corresponding
integral of Eq. (63) does. For the numerical computation
of the system matrix in the Laplace-domain Ay (Pm),
thefast convergency of theinfiniteintegral in (67) isvery
advantageous.

The system matrix Ay (pm) is symmetric, complex-
valued and has to be computed at N discrete values pm,
(m=0,1,2,...N—1). Subsequently, the system matrix
A/”a;kl (n=0,1,2,...,N)a N+ 1 time-steps can be evalu-
ated by using Eg. (20). Note herethat the present method
requiresonly anumerical integration of asingleintegral,
whilethe usual Galerkin method in general involvesanu-
merical integration of tripleintegral sin anisotropic cases,
since the Laplace-domain Green’s functions do not have
closed form expressions. Here, the triple integrals aris-
ing in the system matrix are evaluated analytically twice
which makes the numerical scheme especialy efficient
and attractive. The infinite integral of (67) is computed
numerically by using an adaptive Romberg quadrature
method in conjunction with the truncation method. The
upper limit of the integration in the truncation method is
taken as &a = 20 which is sufficient.

5 Computation of Elastodynamic Stress |ntensity
Factors

At acrack-tip in linear elastic and anisotropic solids, the
displacement field has the following asymptotic expres-
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sions
2r 1
ur=+/—< KRe 4/ cosO sin®
Y ﬂ{ ! [I-’-l—l-’-z (b2 T
—uZplx/cose—l—ulsine)]
+K Re[ 1 ( 4/ C0s0+ | SiN6
I W — o P2 >

—wm)] } .(69)

2r 1
=14/ —3KRe 4/ Cc0os0 sin®
2 T[{ | [Hl—uz (Hle + H
—M2014/COSO + ulsine) ]
+ K Re[ ! ( 4/ C0SO+ o SN0
I W — o 07) Ho

—qmm)] } . (70)

where K, and K|, arethe mode-I and mode-I| stressinten-
sity factors, r and 6 are polar coordinates with the origin
centered at the crack-tip, [y are the complex roots of the
material characteristic equation

bk + (2b12+ bes) 2 + bz = 0, (72)
bij (i, ] = 1,2,6) isthe material compliance matrix, and
Pa = b11p@ +b12; G = baopla + b2/ o (72)

For orthotropic solids, the material compliance matrix bj;
isrelated to the engineering elastic constants by

1 _ V12
E1 E1 0
V21 1
-5 5 O (73)
1
0 0 s
for generalized plane stress, and
1 _Vh _vp_vpvm
E B E; E;
_ V21 Vaivap 1 Y% 74
E, E E & 0 (74)
0 0 1

for generalized plane strain. The characteristic equation
(71) hasthe solutions

\/O(o—ﬁo_l_i\/ao—l-ﬁo

= 2 2
b = —\/GO%BOH\/GOTJFBO, (75)
inwhich
b2o 2b12+ bes
= /2 = 22T 7
o " Bo 2bry (76)

The asymptotic displacement field described by Egs.
(69) and (70) yields then the following relation between
the elastodynamic stress intensity factors and the crack-
opening-displacements

{ Ki*(t) N
Kt (t)

. 1
} " 8/la0+ po 2 VAR

a
{ EC;AUZ(X].J) } 7(77)

1
EAU:I_(X]_7 t)
where “£" indicates the left and the right crack-tips at
X1 —+aandx; — —a.
Substituting Eg. (16) into Eq. (77) and using the identity
(Abramowitz and Stegun, 1972)
U a(£1) = (£1)* (78)

arelation between the elastodynamic stressintensity fac-
tors and the expansion coefficients cy(t) isobtained as

K= (t) B v y
ki) | 4V (c0+Bo)/2

(1)K ke (t)

[

(79)

Fl- S8
~

~

IM8 IIM 8

(&1 “Hkep(t)

Once the expansion coefficients cy(t) have been deter-
mined numerically by using the time-stepping scheme
(24), the elastodynamic stress intensity factors can be
calculated by using Eq. (79).
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For conveni ence normallzed elastodynamic stressinten-
sity factors Kl and K” areintroduced as

Kim) =KEO/KS K =K /K,

where K and K are the corresponding static stressin-
tensity factors of a finite crack of length 2a contained
in an infinite orthotropi ¢ solid subjected to remote static
stress|oadings 03, and o%,at infinity, i.e.,

K¥=0ohvm;, Ki=oLhvm.

(80)

(81)

6 Numerical Examples

To test the accuracy and the stability of the present time-
domain traction BIEM, a finite crack in an unbounded
isotropic solid isfirst considered. The crack is subjected
to an impact loading on the crack-faces as shownin Fig.
1. Numerical results for the normalized mode-I and
mode-11 elastodynamic stressintesnity factors are shown
in Fig. 2, versus the dimensionless time c t/a, where
cL = +/ (A +W)/pisthevelocity of thelongitudinal wave
with A and p being the Lamé's elastic constants. In the
numerical calculation, Poisson’sratio istaken asv=0.25,
plane strain is assumed, 20 terms in the Galerkin-ansatz
(16) for k and | are used, and the time-step is selected
as crt/a= 0.1, with cr = /p/p being the velocity of
the transverse shear wave. The parameters used in the
computation of the time-dependent system matrix Afq
defined by Eq. (20) arechosenas: M =N, £ = 10~ and

N = /€. A comparison between the present numerical
results and the analytical results of Thau and Lu (1971)
as well as the numerical results of Zhang and Savaidis
(1999) shows very good agreements, which confirms the
high accuracy of the present time-domain traction BIEM.
The analytical results of Thau and Lu (1971) were ob-
tained by a Wiener-Hopf technique for solving the inte-
gral eugations and they are valid only in the short-time
range before the arrival of the diffracted waves from one
crack-tip to the crack-tip considered. The numerical re-
sults of Zhang and Savaidis (1999) were obtained by a
hypersingular time-domain traction BEM, where time-
domain Green's functions were applied and the same
time-step was used.

The effects of the upper truncation limits K = L (number
of terms of Chebyshev polynomials) for k and |, which
are needed for computing the system matrix A”a W onthe
numerical resultsare shownin Fig. 3. Thetime-step used
here is ctAt = a/20. By tria and error it is concluded
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Figure 2 : Normalized Kli- and Kﬁ-fa@tors (isotropic
solids)

that to keep the error of the numerically computed elas-
todynamic stressintensity factors lessthan 3% it is suffi-
cient to take K = L = 10. Fig. 3 shows that no essential
improvements can be obtained by using K = L = 20 and
K=L=40.

Fig. 4 shows the dependence of the numerical results
on the choice of the time-step ctAt, where 40 terms of
Chebyshev polynomials,i.e., K =L = 40 were used. Fig.
4 reveasthat atime-step ct At = a/20 is sufficient to ob-
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Figure 3 : Effects of the truncation limit K on Ei- and
K, -factors (cr At = a/20, isotropic solids)

tain accurate numerical results, and a smaller time-step
than crAt = a/20 does not influence the numerical re-
sults significantly. Thus, all results presented below are
obtained with a time-step ctAt = a/20. Furthermore,
Fig. 4 shows that the present time-domain BIEM us-
ing the convolution quadrature of Lubich (1988a,1988b,
1994) is pretty insensitive to the choice of the time-step,
in contrast to the conventional time-domain BEM using
time-dependent Green’ sfunctions. In thetime range con-
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Figure4 : Effects of the time-step crAt onK; - and K;; -
factors (K = 40, isotropic solids)

sidered in thisanalysis, the present time-domain traction
BIEM provides stable numerical results for all the three
time-stepscrAt = a/10, a/20 and a/40.

Next, a class of orthotropic materials investigated by
Kassir and Bandyopadhyay (1983) is considered. The
corresponding engineering elastic constants are listed in
Tab. 1. Numerical resultsfor the normalized mode-1 and
mode-11 elastodynamic stress intensity factors are pre-
sented in Figs. (5)-(10) and compared with those ob-
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tained by Kassir and Bandyopadhyay (1983). Here, gen-
eralized plane stress is assumed and the dimensionless
timecrt/aisused, where ct = 1/G12/p. Numerical cal-
culationsare performed by using K = L = 20 and atime-
step ctAt = a/20. Kassir and Bandyopadhyay (1983)
applied a dual integral equation method in the Laplace
transform domain in conjunction with an inverse Laplace
transform to obtain the time-dependent sol utions numer-
ically. The comparision shows that the agreement be-
tween the present numerical resultsand those obtained by
Kassir and Bandyopadhyay (1983) isquite satisfactory in
the large-time range, while some discrepancies between
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both results are noted in the small-time range. Presum-
ably, the numerical results of Kassir and Bandyopadhyay
(1983) may not be accurate enough in the small-time
range, a common fact in the frequency or Laplace trans-
form method. The global behaviors of the normalized
elastodynamic stress intensity factors versus the dimen-
sionless time for orthotropic materials considered here
are similar to those for isotropic materials as shown in
Fig. 2. The dynamic stress intensity factors increase
rapidly with increasing time in the small-time range, de-
crease after reaching a peak, and tend to their correspond-
ing static valuesin the large-time range.
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To analyze the effects of materia anisotropy on the elas-
todynamic stress intensity factors, additional numeri-
cal calculations are carried out, and the used engineer-
ing elastic constants are given in Tab. 2. Generalized
plane stress is assumed, and an anisotropy parameter
0 = E;/E; is introduced for convenience. Also here,
K =L =20and atime-step ctAt = a/20 are applied in
the numerical calculations. For simplicity, only the en-
gineering elastic constant E; is varied, while the other
elastic constants E,, Gy and v, are kept as constant.
Thisleads to different values for the anisotropy parame-
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ter 8. The orthotropic material with = 10 corresponds
to a graphite-epoxy composite. Fig. 11 shows that the
material anisotropy influences both the peak vaues of
the normalized elastodynamic stressintensity factors and
the time at which the peaks arise. A smaller value of the
anisotropy parameter 6 shiftsthe peaks of the normalized
elastodynamic stressintensity factorsto alarger value of
the dimensionless time cra/t. The maximum dynamic
overshoot of the elastodynamic stress intensity factors
over their coppresonding static valuesis about 30%.
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7 Conclusions

A 2-D time-domain BIEM for cracked orthortropic solids
is presented in this paper. The method has the following
advantages:

e The method is especialy suited for unbounded do-
mainswith straight cracks. The radiation conditions
for the displacement and the stress field at infinity
are satisfied automatically.

e The formulation is in the time-domain, but no
explicit expression of Green's functions in time-

D08,

n
\ MNO, 6.

| 54\0,6 { | —— This work
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Figure 10: Normalized K; - and K;; -factors

domain is required. The method needs, however,
Laplace-domain Green's functions, which should
have a simple mathematical structure. The use
of Laplace-domain in lieu of time-domain Green's
functionsin the present time-domain BIEM is made
possibleby applying the convol ution quadraturefor-
mulaof Lubich (1988a, 1988b, 1994).

Though the use of a Galerkin method for spatial dis-
cretization of the BIEs, only asingleintegral instead
of double or triple integrals needs to be computed
numerically. This means that the present spatial
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Table 1 : Engineering elastic constants

[ Materid | E; [GPa] | E;[GPd] | G12 [GPd] | V12 |

Boron- | o406 | 12,69 443 | 0256
epoxy |
Boron- | o516 | 17065 | 483 | 0036
epoxy |1
Glass: 38.27 9.17 372 0.28
fiber
Graphite- | 1,575 | 689 379 | 028
fiber
Sted- | 18101 | 2830 620 | 0.44
mylar
Beryllium | 29310 | 339.84 | 11240 | 0.24

Table 2 : Elastic constants and anisotropy parameter

| E1[GPe] | E;[GPe] | G12[GPe] | viz | & |
1.44692 | 14.4692 5.8565 0.21002 | 0.1
7.23460 | 14.4692 5.8565 0.21002 | 0.5
14.4692 | 14.4692 5.8565 0.21002 | 1.0
144.692 | 14.4692 5.8565 0.21002 | 10

Galerkin method is computationally not expensiver
than the collocation method, which also involves
a single integral to be evaluated. In the present
method, thearising tripleintegralsin the system ma-
trix are reduced to asingleintegral by twice analyt-
ical integrations.

Numerical examples show that the present time-
domain BIEM is highly accurate, efficient, and
much more stable than the conventional time-
domain method using time-dependent Green’sfunc-
tions, which have in anisotropic case very compli-
cated forms and are in genera difficult to imple-
ment.

The method can be extended to general anisotropic
solidsis in a straightforward manner. For cracked
solids with general anisotropy and in antiplane
strain, the corresponding time-domain traction
BIEM has been presented by Zhang (2000a).
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Figure 11 : Effectsof the anisotropy parameter 4 on Kli-
and K| -factors

The extension of the present time-domain BIEM to gen-
eral anisotropic solidswith cracks, and to finite domains
isin progress and the corresponding results will be re-
ported in future.
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